Computational Plasticity Spring, 2023

Chapter 6: Basic Plasticity
Ch. 6.7
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Ch. 6 6.6 INTEGRATING THE RATE EQUATIONS -
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6.6 INTEGRATING THE RATE EQUATIONS -
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For simplicity, let Q= I+A/1C(a fj

Q Ca Ao l' 0= l'-l-QAG-i—Azﬂ,Ca [variation of eq.6.80]
[ —A'}[Mj N f -

a 0= f + aTAc ’Azl [variation of eq.6.82]

0=r+QAc+A’iCa = Ac=-Q'(r+A’ACa)

substitutionto6.82 mp 0= f—a' Q"' (r + Az/’LCa) ~ANA=f-a"Q'r- (aTQ_lCa + A') A2

Tyl
» Azﬂ,: f aQ r and Ac:—Ql[r J - aQ r a)

a Q 'Ca+ 4 a’'Q'Ca+ 4

[variation of eq.6.83] 3



Ch. 6 6.6 INTEGRATING THE RATE EQUATIONS -

® 6.6.7 The radial-return algorithm, a special form of backward-Euler procedure

From the figure,
A a; and a, are same.

Also, their magnitudes are the same.

3

a=— LS [eq. 6.33]
20,
3
........ a,=——Ls,
20 S S
eB B — C
3 o
- _ - eB eC
Trial stress B ac = LSC
20,

» aB = aC [eq. 6.91]

X This is valid only for isotropic hardening. For general
case, see Simo, Hughes, “Computational Inelasticity”
ch3.3

[Radial return in von Mises criterion]



Ch. 6 6.6 INTEGRATING THE RATE EQUATIONS

* Backward Euler method is finding roots of these 2(7) equations.

6.=6,— M,Cac [eq. 6.78] Set of unknowns (independent variables) {Ad,a.}
i or {AA,6.} since a,= [ﬁf/ac]c i
f(Gc) =0 i or {AA, Ag,} since o :C(AS—ASP)E

* However, for von Mises criterion, a. is already know by a. =a; , so the only unknown is
AA and the only equation neededis f(6,.)=0

0=f(6.)=0,—-0,¢

* O, can be obtained after some manipulation.
O. =0,5)+Sc

=0,,j+8; —AACa,

=0, ] +8; —AACa,

Ca:i—’u [eq. 6.35] q . [ 3,UAAJ
= mBJ+ 1_ SB
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Ch. 6 6.6 INTEGRATING THE RATE EQUATIONS -

* For linear hardening, A4 can be obtained even without N-R, since A’ is constant.
O, =0, +tANe, =0, + AN

» O:fc

= GeC - GOC
A

_ [ _Mj 0., —(0,, + AAA)
O-eB

= f,—(3u+4) A%

m

3u+ A




Ch. 6 6.6 INTEGRATING THE RATE EQUATIONS -

* For non-linear hardening, AA can be obtained by N-R.

0=f+Af:f+%Azﬁ
of P X You may obtain A4 analytically depending
— (ae — (70) on the specific form of hardening..
OAAL  OAA
0 3,UA}L old . . o
=——IV|l-—— |0, -0, X For linear hardening, it can be thought as
OAA O, ‘N-R converges at 1%t try with initial
- P » guess AL =0.
—%7((06 —3yA/1)—00)
0
= (%)
= _3ILl - A, Azl = f

3u+ A

» do AAl<« Ad+ / while | f [>tolerance

3u+ A




Ch. 6 6.7 THE CONSISTENT TANGENT MODULAR MATRIX

NNN\N

SN

q,=(c,+Ac,)A Ap=4K,
T until g =0

Ao, = fn&an_l A€,

n “
ke

—— memory Ag =Ap/L

\‘equilibriated stress : 0, }

[Equilibrium iteration - Incremental strains]

* To keep ‘quadratic convergence’ of overall equilibrium iteration, K should also be consistent with finite
strain increment Ag, .

K, = IBTC“ZgBd V + (initial stress matrix)

* In other words, C“2in the above equation should be consistent with the finite strain increment.



Ch. 6 6.7 THE CONSISTENT TANGENT MODULAR MATRIX -

® 6.7.2 A combined formulation

* |nsection 6.3, modular matrix was derived from

A9

g’ = e = czc(s—sp)zc(s—zg)

=0

»...» 65| C— [ A,jssTis;

: modular matrix

[\

—
Q

* However, since stress update(integration) algorithm is based on finite strain increment, formulations
should be derived from:

If changing A€ , to Ag T O€ resultsin 6 to 6+ OG in the backward Euler scheme, what
is the linear relationship between them?

= A
{G fn(609 8t) » 56:Calg58+0(5£2)

6+ 00 = fn(c ,Ag, +0¢)



Ch. 6 6.7 THE CONSISTENT TANGENT MODULAR MATRIX -

e Starting from backward Euler scheme:

{ 6=06,—-AlCa=0¢,+CAg, -AlCa

f=0
l (D) 66=5(c,+CAg, — AACa)
@ 61=0
oa
(D = 56=Ce-5(A1)Ca-AICSa where da=—_00

oa
06

= (3 56=R(5t-5(A1)a)
@ = v-7-(2) s0- Lot
—a’ 56— A'5(AR) m) 0=2a'"R(5e-5(A1)a)-A'5(A1)

- @) 5(A1)= a' Roe

a'Ra+ A' 10

1
m) 56—(I+A/1C j C(58—5(A/1)a) ~let’s simplify R = (I—i—AﬂCaaj C

06




Ch. 6 6.7 THE CONSISTENT TANGENT MODULAR MATRIX -

a’Ro¢
oo =R| og— a
®+@ = 5o [ AR j

(aT R&:)Ra
a’Ra+ 4’

(RaaT R’ )58
a'Ra+ 4’

:(R— l}aaTRT j5£
aRa+ 4
» coe —[ R Raa R
a’Ra+ A’

X Proof of (aTR5£)Ra = (RaaTRT)5£

=Rog—

= (aTR5£)Ra = (RaaTRT)58
=Roe -

(aTRéa)Ra = (akR,d (), )R..a e = (R..a a,R, )(55)1 e = (RaaTRT )58

yoJi y-J

(Einstein notation with 1 to 6)
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Thank you!
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Trial stress B
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Ch. 6 6.6 INTEGRATING THE RATE EQUATIONS -
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For simplicity, let Q= I+A/1C(a fj

Q Ca Ao l' 0= l'-l-QAG-i—Azﬂ,Ca [variation of eq.6.80]
[ —A'}[Mj N f -

a 0= f + aTAc ’Azl [variation of eq.6.82]

0=r+QAc+A’2Ca ™ Ac=-Q'(r+A*iCa)

substitutionto6.82 mp 0= f—a' Q"' (r + Az/’LCa) ~ANA=f-a"Q'r- (aTQ_lCa + A') A2

Tyl
» Azﬂ,: f aQ r and Ac:—Ql[r J - aQ r a)

a Q 'Ca+ 4 a’'Q'Ca+ 4

[variation of eq.6.83] 15



Ch. 6 6.6 INTEGRATING THE RATE EQUATIONS -

® Representation of normality in figure

>0
f=0

f<0

[Fig 6.9 The forward-Euler procedure]
(a) Locating the intersection print, A

« Since VJf =as strain quantity, the direction cannot be directly compared with : Ao

* Inthese kinds of figures, normality (onrB = O) Irépgesents Ao || (CaAorB)
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6. =0,,j+8;, —ACay =  [eq.694]
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3UAA
SC = OCSB :(1— g }SB [eq. 6.94]
eB

Sc =08, +as, =2uae, +as, =2uaé.+as, [eq. 6.95]

. 1. .
Sc =2uali e, +as;  [eq 6950

. 3ud 3uAd . l-a) : (I-a) .
o =— £ + ,u2 O'eB:( a)/1+( a)aeB [eq. 6.96]
GeB O-eB Aﬂ’ O-eB
3s,:8 3 : 3 . 3 : 3 :
aeBz\/:sB > _ S,18, =15, 6, =5 e, =156, [eaco
2 || SB || 2 O-eB O-eB O-eB O-eB

. _ N
f=aoc,+ac,,—AA=0  lea695

O s —(3,u + A('j)/l —(0 leq.6.99]

a=2uBs,: €, =2uBs,€, [eq 6100

p= 32 (lI-a)|1- Oes = 32 (1_a)(3ﬂ+Ac)_3'u [eq. 6.101]
20, Aﬂ,(3,u+A’C) 20, (3,u+Aé)

Sc =2u(al+fs, ®s,):é. = 2,u(aL‘1 +,BsBsg)éC feq. 6.102]

t

C :( —Z'LlTaj(l®1)+2,u(aI+ﬂsB®sB) [eq. 6.103a]
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C, =£ —MTaj(jjT)+2,u(aI+,BsB ®SB) [eq. 6.103b]
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Ch. 6 6.7 THE CONSISTENT TANGENT MODULAR MATRIX -

® 6.7.1 Splitting the deviatoric from the volumetric components

In radial-return algorithm, basic return is

A
SC:OCSB:(I—?,IU A]SB [eq. 6.94]

GeB

To obtain a consistent tangent, eq.6.94 is differentiated.
As. =als, +Aas, =2uale, + Aas, =2uale . + Aas ylea. 6.95]
. -1- .
or S.=2uclie.+as, |eq 6950

* « can be expressed as

_3,ux1+3,uA/lo._ _ (l—a)/i+(1—a)o._eB

o =
2 eB
O-eB O-eB Aﬂ’ GeB

[eq. 6.96]

O,z can be expressed as

/3 S,:S 3 3u 3u 3u
_ BB __ 0 — o/ e— - T,
s =45 =5 SpiSp =" Spi€p=—"—Szi€ =——8€, [ea6]
|| SB || C eB C eB C eB C eB 20
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* Inradial-return algorithm, basic return is

RYVAVS

GeB

Sc =08, = 1— Sy [eq. 6.94]

* To obtain a consistent tangent, eq.6.94 is differentiated.

Sc=0aS,tas; =2uae, +as, =2uae.+as, [eq. 6.95a]
. -1- .
or S.=2uclie.+as, |eq 6950

* « can be expressed as

. B . I
o =— Sy + 3”?/1 T 5 = (1-a) A+ (1-a) G, leq.6.96]
O-eB O-eB Aﬂ’ GeB

Oz can be expressed as

/3 S, :S 3 3u 3u 3u
_ BB __ 0 — o/ e— - T,
||SB || CeB CeB CeB Cel’i‘
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