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Partition Function of a Diatomic Gas

Partition function of a molecule 𝑍𝑚𝑜𝑙 ≡෍

𝑖=1

𝑛

𝑔𝑖𝑒
−𝜀𝑖
𝑘𝑇 =෍

𝑗=1

𝑘

𝑒
−𝜀𝑗
𝑘𝑇

𝐸𝑚𝑜𝑙 = 𝐸𝑡𝑟𝑎𝑛𝑠 + 𝐸𝑟𝑜𝑡 + 𝐸𝑣𝑖𝑏

𝜀𝑖 = 𝜀𝑡𝑟𝑎𝑛𝑠,𝑖 + 𝜀𝑟𝑜𝑡,𝑖 + 𝜀𝑣𝑖𝑏,𝑖Particular energy level

Energy of a molecule
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Partition Function of a Diatomic Gas

cf) Heat capacity

𝑍𝑚𝑜𝑙 =෍

𝑗=1

𝑘

𝑒−(𝜀𝑡𝑟𝑎𝑛𝑠,𝑗+𝜀𝑟𝑜𝑡,𝑗+𝜀𝑣𝑖𝑏,𝑗)/𝑘𝑇

∴ 𝒁𝒎𝒐𝒍 = 𝒁𝒕𝒓𝒂𝒏𝒔𝒁𝒓𝒐𝒕𝒁𝒗𝒊𝒃

The partition function of a molecule is the product of each term.

𝐶𝑉,𝑚𝑜𝑙 = 𝐶𝑉,𝑡𝑟𝑎𝑛𝑠 + 𝐶𝑉,𝑟𝑜𝑡 + 𝐶𝑉,𝑣𝑖𝑏

=෍

𝑗=1

𝑘

𝑒−𝜀𝑡𝑟𝑎𝑛𝑠,𝑗/𝑘𝑇෍

𝑗=1

𝑘

𝑒−𝜀𝑟𝑜𝑡,𝑗/𝑘𝑇෍

𝑗=1

𝑘

𝑒−𝜀𝑣𝑖𝑏,𝑗/𝑘𝑇
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Partition Function of a System

System partition function 𝚭𝒔𝒚𝒔 – Partition function of a system composed of N-

particles

Partition function of a molecule: 𝑍𝑚𝑜𝑙 ≡෍

𝑖=1

𝑛

𝑔𝑖𝑒
−𝜀𝑖
𝑘𝑇 = 𝑍𝑡𝑟𝑎𝑛𝑠𝑍𝑟𝑜𝑡𝑍𝑣𝑖𝑏

Partition function of a system: 𝑍𝑠𝑦𝑠 = 𝑍𝑚𝑜𝑙
1 𝑍𝑚𝑜𝑙

2 ⋯𝑍𝑚𝑜𝑙
𝑁 =ෑ

𝑖=1

𝑁

𝑍𝑚𝑜𝑙
𝑖 = 𝑍𝑚𝑜𝑙

𝑁

(for 1 ~ N particles)

If the system consists of indistinguishable particles, permutations of the particles 

should be considered. (next page)
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Partition Function of a System

※ Distinguishable vs Indistinguishable particles

N – distinguishable particles: 𝑍𝑠𝑦𝑠 = 𝑍𝑁

N – indistinguishable particles (gas): 𝒁𝒔𝒚𝒔 =
𝒁𝑵

𝑵!

1 2
2 1

2! ways

1 2 3
1 3 2
2 1 3

2 3 1
3 1 2
3 2 1

3! ways

※ N! Permutations for 

indistinguishable particles

2 particles 3 particles
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Mixtures of Chemically Inert Perfect Gases

gas a

gas b

Assume an isolated vessel of volume V contains Na molecules of gas ‘a’ and Nb

molecules of gas ‘b’

※ A particular energy level of the system, εv

𝜀𝑣 = 𝜀𝑎 + 𝜀𝑏

Where subscript a and b imply gas ‘a’ and ‘b’

The system partition function in vessel

𝑍𝑠𝑦𝑠 = ෍

𝑣=1

𝑘

𝑔𝑣𝑒
−𝜀𝑣
𝑘𝑇 = 𝒁𝒔𝒚𝒔

𝒂 𝒁𝒔𝒚𝒔
𝒃

𝑁 = 𝑁𝑎 + 𝑁𝑏

Where 𝒁𝒔𝒚𝒔
𝒂 means the system partition function of gas ‘a’ 
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Mixtures of Chemically Inert Perfect Gases

gas a

gas b

𝑍𝑠𝑦𝑠
𝑎 =

𝑍𝑎
𝑁𝑎

𝑁𝑎!
𝑍𝑠𝑦𝑠
𝑏 =

𝑍𝑏
𝑁𝑏

𝑁𝑏!

The system partition function of each gas species

𝑍𝑠𝑦𝑠 = 𝑍𝑠𝑦𝑠
𝑎 𝑍𝑠𝑦𝑠

𝑏 =
𝑍𝑎
𝑁𝑎𝑍𝑏

𝑁𝑏

𝑁𝑎 + 𝑁𝑏 !
𝑜𝑟

𝑍𝑎
𝑁𝑎𝑍𝑏

𝑁𝑏

𝑁𝑎! 𝑁𝑏!

Indistinguishable

(treated as one kind)

distinguishable

Entropy of the system

𝑆𝑠𝑦𝑠 =
𝑈

𝑇
+ 𝑘 ln𝑍𝑠𝑦𝑠

𝑆𝑑 =
𝑈

𝑇
+ 𝑘𝑁𝑎 ln 𝑍𝑎 + 𝑘𝑁𝑏 ln 𝑍𝑏 − 𝑘 ln 𝑁𝑎! 𝑁𝑏!

for distinguishable

molecules (𝑎 ≠ 𝑏)

𝑆𝑖𝑛𝑑 =
𝑈

𝑇
+ 𝑘𝑁𝑎 ln 𝑍𝑎 + 𝑘𝑁𝑏 ln 𝑍𝑏 − 𝑘 ln 𝑁𝑎 + 𝑁𝑏 !

for indistinguishable

molecules (𝑎 = 𝑏)
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Mixtures of Chemically Inert Perfect Gases

Because  numerically 𝑁𝑎! 𝑁𝑏! < 𝑁𝑎 + 𝑁𝑏 ! , thus  𝑺𝒅 > 𝑺𝒊𝒏𝒅

The higher entropy of a mixture of operationally distinguishable elements –

the entropy of mixing – is seen to be a direct consequence of their 

distinguishability.

∆𝑆𝑚𝑖𝑥 = 𝑆𝑑 − 𝑆𝑖𝑛𝑑 > 0
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Mixtures of Chemically Inert Perfect Gases

Use Stirling’s approximation ln𝑁! = 𝑁 ln𝑁 − 𝑁

∆𝑆𝑚𝑖𝑥 = 𝑆𝑑 − 𝑆𝑖𝑛𝑑

Note that molecules where 𝐍𝐀 is the Avogadro # (6.022Ⅹ1023/mol) 𝑁𝑎 = 𝑛𝑎𝐍𝐀

∆𝑆𝑚𝑖𝑥 = 𝑘 𝑛𝑎 + 𝑛𝑏 𝐍𝐀 ln 𝑛𝑎 + 𝑛𝑏 − 𝑘𝑛𝑎𝐍𝐀 ln 𝑛𝑎 − 𝑘𝑛𝑏𝐍𝐀 ln 𝑛𝑏

= 𝑘 𝑁𝑎 + 𝑁𝑏 ln 𝑁𝑎 + 𝑁𝑏 − 𝑘𝑁𝑎 ln𝑁𝑎 − 𝑘𝑁𝑏 ln𝑁𝑏
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Mixtures of Chemically Inert Perfect Gases

∆𝑆𝑚𝑖𝑥 = 𝑘 𝑛𝑎 + 𝑛𝑏 𝐍𝐀 ln 𝑛𝑎 + 𝑛𝑏 − 𝑘𝑛𝑎𝐍𝐀 ln 𝑛𝑎 − 𝑘𝑛𝑏𝐍𝐀 ln 𝑛𝑏

∆𝑆𝑚𝑖𝑥 = 𝑛𝑎 + 𝑛𝑏 𝑅 ln 𝑛𝑎 + 𝑛𝑏 − 𝑛𝑎𝑅 ln𝑛𝑎 − 𝑛𝑏𝑅 ln𝑛𝑏 (∵ 𝑘𝐍𝐀 = 𝑅)

∆𝑆𝑚𝑖𝑥 = −𝑛𝑎𝑅 ln
𝑛𝑎

𝑛𝑎 + 𝑛𝑏
− 𝑛𝑏𝑅 ln

𝑛𝑏
𝑛𝑎 + 𝑛𝑏

Entropy change of mixing in perspective of statistical thermodynamics

Since 𝑛𝑎 + 𝑛𝑏 𝑅 = 𝑃𝑉/𝑇

Mole fraction  𝑥𝑎 = 𝑛𝑎/ 𝑛𝑎 + 𝑛𝑏 and 𝑥𝑏 = 𝑛𝑏/ 𝑛𝑎 + 𝑛𝑏

∴ ∆𝑺𝒎𝒊𝒙 = −
𝑷𝑽

𝑻
(𝒙𝒂 𝐥𝐧 𝒙𝒂 + 𝒙𝒃 𝒍𝒏𝒙𝒃) > 𝟎 𝑥𝑎 < 1, 𝑥𝑏 < 1


