Functions of a Random Variable

Y =0(X),
where g(x) is a real-valued function defined on the real line.
X and Y are random variables

% P[Y in C] = P[g(X) in C] = P[X in B]
where C and B are equivalent events.

< Three useful types of equivalent events

» The event {g(X)=Y,}: the magnitude of the jump at a
discontinuous point y, of cdf

» The event {g(X) <y}: the cdf of Y
» The event {y < g(X) < y+h}: the pdf of Y



w Ex. 3.21

» X:. the number of active speakers in a group of N
Independent speakers

> p: the probability that a speaker is active

» M: # of transmittable voice signals at a time

> If X>M, X—M randomly selected signals are discarded.
The number of signals discarded =r.v. Y

Y =(X=M)”
0 for x<0

where (x)" = {x for x>0



< sol)
S, ={0,1,...,N-M}

> P[Y =0]=P[X in {0,1,...,M}]=§: P,

P[Y =k]=P[X =M +k]=p,.., O<k<N-M

cf) p; : the pmf of a binomial random variable X.



< Ex. 3.22

A continuous random variable X can be mapped into a
discrete random variable Y via a quantizer

A

q(x) T

guantizer

v




< Y =¢g(X) Is constant during certain intervals and
the pdf of X is nonzero in these interval

— Jump Iin the cdf of Y
— The pdf of Y contains delta functions
— Y : either discrete or mixed type



% EX. 3.23
> LetY=aX+h, a#0
> Fy(X) : the cdf of X
> Find the cdf of Y : F(y)

sol)
» The event {Y <y} occurs when A= {aX + b <y} occurs

“if a>0 - Az{Xg(y_b)
a

\ J

(y—b)
a

S

a<0 > A=<X>2>

S

J







% EX. 3.24
» X : a Gaussian random variable with mean m and
standard deviation o
>»Y=aX+b:a Iinear function of X

f (X) e —(x-m)? /257

Tors
=g (%5

_ 1 e—(y—b—am)2/2(ac7)2
\/27z‘a‘0'
> Mean b+am, standard deviation \3\0

> A linear function of a Gaussian random variable is also a
Gaussian random variable




 EX. 3.25

> Y =X2, X :acontinuous random variable
» Find the cdf and pdf of Y

sol) {y <y}={X’<y}
= {—\/? <X < ﬁ} for nonnegative vy

cf) the event is null for y<0



0 for y<O

F (y)=
(v) {Fx(ﬁ)—lrx(—ﬁ) for y>0

f (WY)  f(=JY)
fy (y) =
W) 2.y " 2.y

% EX. 3.26
X : a Gaussian random variable with m=0 and o=1
— A standard normal random variable
Y = X?
Find the pdf of Y
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fy(y)= f(fﬂ 'x é_ff)

1 e—(ﬁf/z e—(—ﬁf/z
— +
NoY: 2«/ 2.y

1 —y/2

712\/7

_ ——e’? fory>0

2y
» The pdf of a Chi-Square random variable with one degree of

freedom: x (k=220 %2
fy (X)=—7 for x>0
2¥°T(k/2)




< A nonlinear function Y = g(X)

v =g(x) &

y+dy

Xy .rt+dl'] Xz"‘d.l’z X3 X3 -f3+dﬁ3

@ The event C,={y<Y<y+dyj}
@ Its equivalent event B,




g(X) =y has three solutions x,, X, , X,

B, = {X; <X <Xy +dX } U {X+dX, <X <X, U {X; <X < X3+ dXs
P[C,1= f, (y)|dy|

where |dy| Is the length of the interval y<Y <y +dy

P[By] — fx (Xl)‘dxl‘ + fx (Xz)‘dxz‘ + fx (X3)‘dx3‘

PIC,]=PI[B,]

fy (Y) = Zk: (%)

dy/dx

X:Xk

:Z fy (X)

dx
dy

X:Xk
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» EX. 3.28

> Y = cos(X)
» X Is uniformly distributed in the interval (0,2x]
» Y =cos(X) has two solutions for —1<y<1

— X,=cos’l(y), X=2m—X,

0.5

-0.5

v
cos~l(y) n 2m — cos”ly 2n

14



W _ sin(x,) = —sin(cos™ (y)) = /1 y?
dx|,,
% :—sin(27z'—X0)=—|—Sin(X0)=+\/1_y2
XX1
1
fX(X):E
fY(Y): ! 1 + : :
2 \1-y* 27 \1-y?

15



. .

0 for y<-1
. -1
FY(y):<l+Sln y for —1<y<I1
2 T
1 for y>1

) F(y=[ f,(ydy
Butf(y)=0 for —1<y<1

16



F (y) = .'_YOO fy (y)dy
= [ty + [ £, (y)dy

=0+ f, (y)y

< HW. 32, 34, 35, 37, 40, 42, 45, 50, 51, 54, 538, 59
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3.6 Expected Value of Random Variables

< The expected value of X
» Mean of X or the center of mass
» Average of X
E[X]= J'wootfx (t)dt for a continuous random variable X

E[X]1=) %Py (x,) foradiscrete random variable X
k

» cf) Condition for the existence of the expected value (See Prob.
71 & 72 for examples of non-existence)

EOX[1= ft/fx ®dt <o
E[‘X‘] = Z‘Xk‘px (X, ) <00

18



» cf) Cauchy Random Variable

1
f, (X)=
1, 1 x (X) 71+ Xx%)
/\7{(1+X2)

0 t 0

| i —~dt = 2| L gt
. = a(l+t7) O z(1+17)

:Z-Lln(1+t2)
27 0

= o0
~ Note : Consider if the upper half plane converges or not.

19



< Then, why doesn’t the expected value exist???

o t t
dt = dt + dt
J‘—OOﬂ(1+t2) -[0 r(1+1t%) J-—°°7z(l+’[2)

j‘ [t Iw | U] dt
07z(1+t) 0 z(1+12)

— o0 —o0 = ?

20



» cf) Gaussian

0 1
Lo X oro

2 2
e—x /20' dX —

1

\N27mo

1

N2mo

1

1

J2r

o0 2 2
_[O x-e7%729" dx

2[— ol ]:

20 < ©
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< When the pdf is symmetric about a point m, E[X] =m
fu(m—x)=f,(m+x) for all x

(m—t) : odd symmetric about t=m
fu(t) : symmetric about t=m
s (m—1) f () : odd symmetric about t=m

0= j“; (m—t)f, (t)dt=m-— j:tfx (t)dt

jw tf, (t)dt =m

22



<+ When X is a nonnegative random variable

E[X]= [ (1-Fy (D)t

E[X]:iP[X > K]

23



Proof)
® E[X]= jo"otfX (t)dt

— lim jox tf, (t)dt

X—>00

 lim| tF, O - jox = (t)dt}

X—>00

 lim| XF, (X)— jo F, (t)dt}

X—>00

— lim_x(FX (X)—1)+ jox (1-F, (t))dt}

X—>0

=0+ [ (1-Fy (D)t

24



= (P[X =1]+P[X =2]+..)+(P[X =2]+..)
+(P[X =3]+...)+...
= P[X =1]+2P[X =2]+3P[X =3]+...

25



Expected Value of Y= g()Q

E[Y]= [, 900 f (x)dx

—p = -

/ =¥ h&
Xk

E[Y]= Z y Ty (yoh Y =0(%) and f,(y)h= 1, (x)h,

= Z g(x) fx (X )h,

26



Let h— 0
then E[Y]=[ g(xf,(x)dx

dx
dy

cf) fy(y)=> (%

X:Xk

dy

[ty = v, <x>j—§ dy =] 9002 1, <x>j—§

X:Xk

= [ 900 fy ()

dx

where dy —h, dx — h,, d—ydy—>2hk
k

27



< Ex. 3.33
> Y=acos(wt+ ),

E[Y]=E[acos(at +0)]

7 1
= j-oz acos(wt + 6) ~2—d6’ < where f (0)=
T

=—asin(wt +0)|"
=0

a, w, . constants, t: variable
® :r.v.in (0,2n)

1

i e

27
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E[Y2]=E[

a’ cos’ (Wt +©)]

[ .2
=E A a2 cos(2wt + 2@)}
_a .2 [ cos(2ut +20)——do
2 2 70 27
a2

2
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» Note

E[c]=cC
E[cX]=CE[X]

E[Y]=E{igk<><>

= Elg, (X);
E[X+c]=E[X]+C

30



Variance of X
% The extent of the rv’'s variation about Iits mean

» D=X-—E[X] : the deviation of X about its mean.
— negative or positive

» D? : always positive — information of variation of amplitude.

» E[D?] : the variance of the random variable

» VAR[X] = E[(X— E[X])?] : the variance of the r.v. X



» STD[X] = (VAR[X])” : the standard deviation of the r.v. X
— a measure of the “width” or “spread” of a distribution.

VAR[X]=E[X? —2E[X]X +(E[X])*]
= E[X*]-2E[X]E[X ]+ (E[X])?
= E[X*]-(E[X])’

32



o EX. 3.37

» Variance of Geometric Random Variable
VAR[V]=E[N*]-(E[N])’

ikz -pg*” —ik- g’ = pi(kz ~k)g*"
k=1 k=1 k=1

33



= Pq d”[ = Pq
dg*\1-g

1

—pg— =2
(1-q) (1-09)’
2 20 |
E[N2]-E[N]= . E[N]=—
[][](1—q)2 []IO
E[Nz]:1+2q
P
VAR[N]=E[N?*]-(E[N])’
:1+q_ | SN

:
dq

(1-0)

J
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> Note | VAR[c]=0
VAR[X + c] = VAR][X]
VAR][cX] = c?VAR[X]

> Note The nt moment of the random variable X.
E[X”]:f X", (n)dx

» Note
mean - The first moment

variance : The second moment — the square of the first moment

35



3.7 The Markov and Chebyshev In

< Markov inequality

P[X >a]<

E[X]

equalities

d

Bound

worst case analysis

for X nonnegative

» Proof) E[X]=

>

>

°: tf, (t)dt

O"” tf, (t)dt = [0“ tf, (t)dt + f tf, (t)dt

': af,, (t)dt =aP[X > a]

36



< Chebyshev inequality
» E[X]=m, VAR[X]=c?

2

P[\X—m\ka]s%

> Proof) D?=(X-m)’
E[(X-m)*]_o°

2 2

P[D* >a*]<
a a

> Note {D?>a?} and {|{X—m|>a} are equivalent events.

37



» cf) VAR[X]=0
P[[X—m|>a] <0

— P[X=m]=1
= the random variable is equal its mean with probability one.

> Note
Chebyshev inequality can give rather loose bounds.
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3.9 Transform method

% The characteristic function

@, (w) = E[e'™] « Expected value of a function of X, e™*

:f f, (x)e!”dx « Fourier transform of the pdf f, (x)

- cf) S(w)= jw s(t)e “dt “a reversal in the sign of the
- exponent”

1 * — Jox
f (X) :ELO(DX (w)e "dw

» Every pdf and its characteristic function form a unique Fourier
transform pair

39



% For a discrete random variable X
D, (w) = Z D, (Xk)eika discrete random variable
k

Integer valued random variable
= Fourier transform of the
sequence py(k)

S, ()= Y py (ke

K=—c0

O, (w+27)=D, (w) . periodic function of w
with period of 2x.

40



px(k)_—j @, (W)e *dw

d,(w) Is periodic — Fourier series expansion.
. the coefficients of the Fourier series of the periodic

l.e., py(k)

function

<+ Moment theorem

fy(x) and ®,(w)

Dy (w)

. a transform pair

E[X"]=

1 d”

n

7 Dy (W)
"

=0

K

—0.+1,42,...



> Proof)

D, (w)= J-_OOOO fx (X){l-l- JoX + (Ja;()z -I—--}dX

s e (s UOPEDCT | (0) ELX]

2! n!
d .
d_(Dx(w) = JE[X]
@ 0=0
dn n n
@ =0

+ ...
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The Probability Generating Function

» Gy(2)=E[z"] N = a nonnegative integer-valued r.v.

— i Pn (k)zk

N

the z-transform of the pdf with a sign
change in the exponent

> Oy (0)=Gy(el?)

43



1 d*
Py (K)=—

1 gk on (@)

d - _
EGN (2) :Z Pn (k)kzk 1

IZ:1

—kaN(k)
= E[N]

z=0

z=1

= pmf by G,(z) : Probability
generating function

44



>

d? - _
FGN(Z) = py(Ok(k-1)z*
z=1 k=0 z=1

i oy (KK (k1)

E[N(N —=1)]= E[N?]—E[N]

E[N] =Gy (1)
VAR[N]=G! (1)+ G/ (1)- (G, (1))
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The Laplace Transform of the pdf

< Nonnegative continuous r.v.s

X*(s) = j: f, (X)e *dx = E[e™]

E[X"]=(-1)"

dn
ds"

X" (s)

s=0

e

Laplace transform of the pdf

The moment theorem

» HW : 67, 69, 72, 74, 75, 76, 83, 86, 91, 93, 95, 99, 100
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