
확률 변수 및 확률과정의 기초

Functions of a Random Variable

Y = g(X),
where g(x) is a real-valued function defined on the real line.g( )
X and Y are random variables

P[Y in C] = P[g(X) in C] = P[X in B][ ] [g( ) ] [ ]
where C and B are equivalent events.

Three useful types of equivalent eventsee use u types o equ a e t e e ts
The event {g(X) = yk}:  the magnitude of the jump at a 
discontinuous point yk of cdf
The event {g(X) ≤ y}:  the cdf of Y
The event {y < g(X) ≤ y+h}:  the pdf of Y
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확률 변수 및 확률과정의 기초

Ex. 3.21
X:  the number of active speakers in a group of Np g p

independent speakers
p:  the probability that a speaker is active
M:  # of transmittable voice signals at a time
If  X > M,  X－M randomly selected signals are discarded.

Th b f i l di d dThe number of signals discarded = r.v. Y
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확률 변수 및 확률과정의 기초
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cf)  pj : the pmf of a binomial random variable X.
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확률 변수 및 확률과정의 기초

Ex. 3.22
A continuous random variable X can be mapped into aA continuous random variable X can be mapped into a 
discrete random variable Y via a quantizer

q(x)
quantizer

xx
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확률 변수 및 확률과정의 기초

Y = g(X) is constant during certain intervals and                    
the pdf of X is nonzero in these interval p

→ Jump in the cdf of YJump in the cdf of Y
→ The pdf of Y contains delta functions
→ Y : either discrete or mixed type→ Y : either discrete or mixed type
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확률 변수 및 확률과정의 기초

Ex. 3.23
Let Y = aX + b,   a ≠ 0,
FX(x) : the cdf of X
Find the cdf of Y : FY(y)

sol)
The event {Y ≤ y} occurs when A = {aX + b ≤ y} occurs 
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확률 변수 및 확률과정의 기초
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확률 변수 및 확률과정의 기초

Ex. 3.24
X : a Gaussian random variable with mean m and

standard deviationstandard deviation σ
Y = aX + b : a linear function of X
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A linear function of a Gaussian random variable is also a
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A linear function of a Gaussian random variable is also a 
Gaussian random variable



확률 변수 및 확률과정의 기초

Ex. 3.25   
Y = X2,  X : a continuous random variable,
Find the cdf and pdf of Y

sol)
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확률 변수 및 확률과정의 기초
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Ex. 3.26
X : a Gaussian random variable with m = 0 and σ = 1

→ A standard normal random variable
Y = X2

Find the pdf of  Y
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확률 변수 및 확률과정의 기초
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확률 변수 및 확률과정의 기초

A nonlinear function   Y = g(X)

① The event  Cy = {y < Y < y + dy}
It i l t t

12

② Its equivalent event By



확률 변수 및 확률과정의 기초

③ g(x) = y has three solutions  x1, x2 , x3

④ By = {x1 < X < x1 + dx1}∪{ x2 + dx2 < X < x2 }∪{x3 < X < x3 + dx3}y

⑤

where  |dy| is the length of the interval  y < Y ≤ y + dy
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확률 변수 및 확률과정의 기초

E 3 28Ex. 3.28  
Y = cos(X)
X is uniformly distributed in the interval (0 2 ]X is uniformly distributed in the interval (0,2π]
Y = cos(x) has two solutions for －1 < y < 1
→ x = cos-1(y) x = 2π－x→ x0 = cos (y),     x1= 2π x0
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확률 변수 및 확률과정의 기초
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확률 변수 및 확률과정의 기초
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확률 변수 및 확률과정의 기초
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확률 변수 및 확률과정의 기초

3.6  Expected Value of Random Variables

The expected value of X
Mean of  X or the center of mass
Average of  X
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확률 변수 및 확률과정의 기초

cf) Cauchy Random Variable
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확률 변수 및 확률과정의 기초

Then, why doesn’t the expected value exist???
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확률 변수 및 확률과정의 기초

cf) Gaussian
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확률 변수 및 확률과정의 기초

When the pdf is symmetric about a point m, E[X] = m
fX(m－x) = fX (m + x) for all xfX(m x)  fX (m + x) for all  x

(m－t) :  odd symmetric about  t = m( ) y
fX(t) :  symmetric about  t = m

∴ (m－t) fX(t) : odd symmetric about t = m
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확률 변수 및 확률과정의 기초

When  X  is a nonnegative random variable
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Proof)
dtttfXE X∫

∞
=

0
)(][

dtttf
x

Xx ∫
∫

∞→
=

0

0

)(lim

dttFttF

x

x

X
x

Xx

∫

∫∞→

⎤⎡

⎥⎦
⎤

⎢⎣
⎡ −=

00
)()(lim

dFF

dttFxxF

x

x

XXx

∫

∫∞→

⎤⎡

⎥⎦
⎤

⎢⎣
⎡ −=

0

))(1()1)((li

)()(lim

dttF

dttFxFx

X

XXx

∫

∫
∞

∞→

−+=

⎥⎦
⎤

⎢⎣
⎡ −+−=

0

))(1(0

))(1()1)((lim

24

dttFX∫+ 0
))(1(0



확률 변수 및 확률과정의 기초
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확률 변수 및 확률과정의 기초

Expected Value of Y=g(X)
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확률 변수 및 확률과정의 기초
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확률 변수 및 확률과정의 기초

Ex. 3.33
Y = a cos(ωt + Θ),            a, ω, : constants,  t : variable( ), , , ,

Θ : r.v. in (0,2π)
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확률 변수 및 확률과정의 기초
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확률 변수 및 확률과정의 기초

Variance of  X

The extent of the rv’s variation about its mean

D = X－E[X] : the deviation of  X  about its mean.
→ negative or positiveg p

D2 : always positive → information of variation of amplitude.

E[D2] : the variance of the random variable

VAR[X] = E[(X－E[X])2] : the variance of the r.v.  X
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확률 변수 및 확률과정의 기초

STD[X] = (VAR[X])½ : the standard deviation of the r.v.  X
→ a measure of the “width” or “spread” of  a distribution.
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확률 변수 및 확률과정의 기초

Ex 3 37Ex. 3.37 
Variance of Geometric Random Variable
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확률 변수 및 확률과정의 기초
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확률 변수 및 확률과정의 기초

Note VAR[c] = 0
VAR[X + c] = VAR[X]
VAR[cX] = c2VAR[X]

Note    The nth moment of the random variable  X.

dxnfxXE X
nn ∫

∞

∞−
= )(][

Note 
mean : The first momentmean     : The first moment

variance : The second moment – the square of the first moment
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확률 변수 및 확률과정의 기초

3.7  The Markov and Chebyshev Inequalities

Markov inequality
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확률 변수 및 확률과정의 기초

Chebyshev inequality
E[X] =  m,   VAR[X] = σ2[ ] [ ]
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Note   {D2 ≥ a2} and  {|X－m| ≥ a} are equivalent events.
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확률 변수 및 확률과정의 기초

cf) VAR[X] = 0

P[|X－m| ≥ a] ≤ 0 
→ P[X = m] = 1
⇒ the random variable is equal its mean with probability one.

Note  
Chebyshev inequality can give rather loose bounds.
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3.9  Transform method

The characteristic function
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For a discrete random variable X
discrete random variable∑=Φ xj
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⇒ Fourier transform of the∑

∞

−∞=

=Φ⇒
k

kj
XX ekp ωω )()(

sequence  pX(k)

d f f)()2( ΦΦ : periodic function of ω
with period of 2π.

)()2( ωπω XX Φ=+Φ

40



확률 변수 및 확률과정의 기초

1 …,2,1,0       )(
2
1)(

2

0
±±=Φ= ∫ − kdewkp kj

XX

π ω ω
π

∵  ΦX(ω) is periodic → Fourier series expansion.
i.e.,   pX(k) : the coefficients of the Fourier series of the periodic

function ΦX(ω) 

Moment theorem
fX(x) and ΦX(ω)  : a transform pair

0

)(1][ Φ=
ω

w
d
d

j
XE Xn

n

n
n

41

0=ωj



확률 변수 및 확률과정의 기초

Proof)

⎫⎧ )( 2Xjω "
⎭
⎬
⎫

⎩
⎨
⎧

+++=Φ ∫
∞

∞−

][)(][)(

!2
)(1)()(

22 XEjXEj

dxXjXjxf

nn

XX
ωωω

"" +++++=
!

][)(
!2

][)(][1
22

n
XEjXEjXEj

nnωωω

][)(
0

X XjE
d
d

=Φ
=ω

ω
ω

][)(
0

0

nn
Xn

n

XEj
d
d

=Φ

ω

ω
ω

42

0=ω
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The Probability Generating Function
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The Laplace Transform of the pdf

Nonnegative continuous r.v.’s
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