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Chap. 10| Contents for 1st class of week 8
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- Bessel’s differential equation and Bessel function

» Characteristics of TE and TM wave propagation



Chap. 10 | Introduction: Circular waveguide

* Circular waveguide

- Round metal pipe having a uniform circular cross-section

- Inside filled with a dielectric (v and €)

- Wave equations for EM waves in a circular waveguide

V!E+KE=0

3 —>

V’H+KH=0
E=E,+a,E.

Here, <

H=H, +aH.

NE
(Vs

4

where <

+V? )E +k’E =0 i Vf(p . Laplacian for a transverse polar plane (r and ¢)
where -
+ Vi)H +k°’H =0 \Vﬁ . Laplacian for a longitudinal axis ()

E.(r.9.2)=E(r9)e”

» Longitudinal field components

- For TM

2 0
— Vr¢Ez +

mode

H _ =0 (By definition)
(V2 +V2)E.+K°E, =0

— V2 E +h°E] =0

()/2 +k2)Ef

=0

(H.(r.2)=H (rg)e™

- For TE mode

( E =0 (By definition)
(V2,+V2)H, +KH_=0

>V H +(y>+k*)H? =0

SVEH +PHC =0

<Example of circular waveguide>



Chap. 10 | Bessel’s differential equations and Bessel functions (1/3)

- Wave equation

- In cylindrical coordinate

1o( 0E’) 1 9°E’
VI,E.+h’E; =0 —— = 14 < 4
ot T E: ~ rar(r Br] r’ 0¢°
- Separation of variables
E'(r9)=R(r)®(¢) )
- By substituting (2) into (1),
19 ( OR(r 1 9°®
LOLL RN g g) + L E2U0) Ry 4 () (9) =
7 dr or )
() d( dR(r)j [ 1 do®)
— r Fhor” =] — .
d’?(r) dr dr )L D(¢9) d°¢ y
only a function of r! only a function of ¢!
- Two ODEs
o )
L20), was)=0
d ¢
3
r_d (rdR(r)) Fh'rt =n’
L R(r) dr dr y

0

FRPE) =0 (1) (HWY)

2 Friedrich Wilhelm Bessel

(Prussian (German))
(1784-1846)

= n’ : Both sides equal to the constant to be satisfied for all r and ¢!

Bessel’s Differential Equation

-
dzR(r) | 1dR(r)
ar* o dr

= (hz—:f—ij(r):O

Img src: Wikipedia



Chap. 10 | Bessel’s differential equations and Bessel functions (2/3)

* Bessel’s differential equation

- Second-order equation = Two linearly independent solutions exist!

dr2 r dr r2 For derivation!

d2R(r) 1 dR(r) | [hz B n_sz(r) 0 Refer to Engineering Mathematics

- Solution 1: Bessel function of the 1st kind (of nth order)

1, ()= 3L

m=0

where n is an integer value

- Jn(0) = O for all n, except for Jo(0) = 1
- Jn(x): i) Alternating functions of decreasing amplitudes that ii) cross the zero level at iii)

progressively shorter intervals. iv) As x becomes large, Jn(x) approach a sinusoidal form

- Solution 2: Bessel function of the 2nd kind (of nth order)

cosnm)J, (hr)—J_, (hr)
SINNTT

¥, (hr) ="

where n is an integer value

* General solution

R(r)=C J (hr)+ DY, (hr)

) ".." g 1 (\ )
0.6 N J2(x) \
A\ \ Ja(x) Ja(x) J=(x)

Yy (x)
et
0.4 ! N\~
! X —
SN -~._:‘,.\- .;;,__., )
n.2 N XT
N/ N XN
' *\ \ r ,."" _\'
f :I" / : .-"/ 3 A G
f '3 \"\ / y . ‘%
3 | /.,/ ./
- ." \\,(,, '/ —

<Bessel function of the 2nd kind>



Chap. 10 | Bessel’s differential equations and Bessel functions (3/3)

* Bessel solution for a circular waveguide

- Characteristics of Bessel function of the 2nd kind

If hr >0, Y, (hr)—

- However, our region of interest should include the axis where r =0
- -~ A solution R(r) CANNOT have Yn(hr) that leads to unphysical situation!

r.‘. R(r)=CJ, (hr)1

\. J

- “Zeros” of Bessel function of the 1st kind

1= A

m=0

<Table 1>
Zeros of Jn(X) = Xnp

p\n 0 1 2
1 |2.405 3.832 5.136

............................................................................................................

............................................................................................................

—Determine eigenvalues for TM mode!

There are several hr values (zeros) that
make Jn(hr) = 0!

—)

<Table 2>
Zeros of Jn’(X) = X’np

p\n012

1 |3.832 1.841 3.054

............................................................................................................

............................................................................................................

Determine eigenvalues for TE mode!

N

‘ Jo(x)

'."'.‘.‘ J l (.\ ’
Ve Ja(X)
‘o‘ - md g o ) e .

2N\ - Ja(x) . h_‘ X) j_;(.,\' )

<Bessel function of the 1st kind>

Img src: Wolfram MathWorld



Chap. 10| TM waves in circular waveguide (1/5)

- Circular waveguide

- Circular waveguide of radius “a”

- Dielectric medium (v and €) enclosed by metallic skin

 Longitudinal field components
 H_=0 (By definition)

E(r9.2)=E(r.9)e ™ where VAE) +H°E" =0 and E°(r.6)= R(r)®(9)

- Solution components

( R(r)=CJ (hr)
2
< (I) : d (I)(¢) , 2 _
\ (¢) < Solution of —=+n (I)(¢)—O
do
* s h
All the field components are periodic with respect to ¢ (period = 2r7) Ef ( r. ¢) =CJ ( hr) cosng (TM modes)
* @(¢) should be in a sinusoidal form! . )
* Because of the periodicity, n should be integer values * sin(ng) and cos(ng) does not matter!

(only reference changes)



Chap. 10| TM waves in circular waveguide (2/5)

 Transverse field components (Recall 10.2: General wave behaviors along uniform guides)

- Transverse E-field components expressed in terms of longitudinal E-field for TM modes

0 0

Cartesian: (E? )TM =a E + ayES = —%VTES where V., =a_ o ta, E% (Gradient in transverse plane)
X Y
Cylindrical: (E?) =a E)+ a(/)EO =—-V_E’ where V, =a, 9 +a, 9
™ h ar I’a¢
é )
%(EO) —aE +aFE) =a y 9OF, -a y 9E (1)
Mg = Zrmr DT B2 9 ) L B 99
. J
- Transverse H-fields related to transverse E-fields via impedance Ztwm
1 4 Right-hand rule
(HT )TM = 7 |: V4 ><(E'T )TMiI where ZTM = . (Q) r Y ! ~
™ JE B
axa,=a.
(E
(HT)TM:aer+a¢H§:]—azx(arEf+a¢E§) < a,xa =a,
4
) . axa =a,
. J
(D (WE
=a,,( / Ef)+a¢(‘]— gj -(2)
4 4
. J




* Transverse field components
- From equations (1), (2), and (3)

Chap. 10| TM waves in circular waveguide (3/5)

a 0 0 )
Yy OE; | y OE B
a,,E,?+a¢E$=ar[— 3 ar]'%( en a¢] (1) E(r.¢)=C,J,(hr)cosng --(3)
a,,Hf+a¢H§=ar( jw€E§j+a¢(jﬁEfj (2)
- 4 4 y

- We can obtain transverse E and H-fields!

~

" R 9r h

* K 90 K

0 WE JWEN
H =——F;= .
I5; h'r
WE
H,=—FE
B h

( . E() .
pr=_dPOE _ P,

. 0 .
g0 =P OE P b (h)sinng
C.J, (hr)sinng

)= JCr C,J (hr)cosng

~
" (hr)cosng

n

_J

* Eigenvalues h

- Eigenvalues provided by B.C. where tangential E-fields =0 atr = a

g Medium 1 Medium 2 A
(dielectric) (Conductor)
E, 6 =0 E, =0
a,<H;=J; H,=0
a,, D;=p D,, =0
L Bln — O B2n — O J

From Chap. 7-5.1

E(;):Eg:O forallg atr=a

[ o J (ha)=0 j




Chap. 10| TM waves in circular waveguide (4/5)

(]n(ha)=OJ

* Lowest cutoff frequency for TM modes

- From <Table 1>, the lowest zero of Jn(x) is xo1 = 2.405

- Thus, the smallest ha for Jo(hr) = 0 — Xo1

2.405

ha=2405 — h,,, =

- Since cutoff frequency for TM modes is given by

h g b 0383

S ondie \'.°(][C)TM01:27Z e afue

Is it a dominant mode?

 Eigenvalue Notation for a circular waveguide

I'M

np
n: number of half-wave field variations in ¢ direction

p: number of half-wave field variations in r direction

0.

D. 5

0.

<Table 1>
Zeros of Jn(X) = Xnp

p\n012

............................................................................................................

<Bessel function of the 1st kind>

— E(r,g)=C,J (hr)cosn¢




Chap. 10| TM waves in circular waveguide (5/5)

* TMo1 mode
E-field H-field
E° = —%CHJ; (hr)cosng = —% J? (hr) (nonzero) H = ];E” C J (hr)sinng=0
r
3 Eg = ”Z?n C.J (hr)sinng=0 ] g = ]2)8 C.J (hr)cosng = ]2)8 C,J; (hr) (nonzero)
r
E’=C,J (hr)cosng=C,J,(hr) (nonzero) H’® =

* E-field 1 H-field

1 ~
* E-field lines form the radial pattern TIRRNC
* Density of H-field lines increases with “r” 0.6 “%"'..,\'.__j_'ff_\') ey
2N N\ 3(.x) Jalx;) 50.X)
(from O to a) 0.4 —"J i
(DE € 0.2 . ,// &
HY =-C, 2% 17 (hr)= C, 22 1, (hr) [ &</,
h T h ~0.2 h a Y S
—— E-field ----- H-field o Jo(hr)=—J,(hr) 04 =
' fthe 1st ki
<E & H-field patterns in a polar plane> why? <Bessel function of the 1st kind>

Img src: Wolfram MathWorld



» Longitudinal field components
E.=0
H_(r..2)=H’(r.9)e”

- Similarly to the TM case,

Z 2
where pr

"+ h*H

r

H)(r,0)=D,J (hr)cosn¢ (TE modes)

J

 Transverse field components

- Transverse magnetic fields:

(H7),, = +aH, |- _%VTHS =
- Transverse electric fields:
|:(E£) —aE +a¢E¢:| —ZTE(aZX(Hg)TE):

#

’=0 and H)(r,p)=R(r)®

0

a, —+a

" or

Jwﬂ(

aH ta,

0 )HO
‘rog ) ¢

Chap. 10| TE waves in circular waveguide (1/2)

0
H¢

)

.

B oH’ 15;
HO=—]'B : __JP
' h* or

jB JE.  jBn .
Hq?:—hzr 3 =7 D J (hr)sinng

D, J' (hr)cosng

(W€ Jjwen .

E'=——"—"H"= D J (hr)sinn
WE | (DE

E=H=-Ip (hr)cosng

"B




Chap. 10| TE waves in circular waveguide (2/2)

* Eigenvalues h

- Eigenvalues provided by B.C. where tangential E-fields =0 atr = a

[ - " (ha)=0 J

 Lowest cutoff frequency for TE modes

- From <Table 2>, the lowest zero of J'n(x) is x11 = 1.841

- Thus, the smallest ha for = J’1(ha) = 0 = x11

ha=1841 — h, =14

- Since cutoff frequency for TE modes is given by

h g 0.293 A

_ . — hTEll —
ﬁ_zn\/ﬁ ~ \”(fC)TE“ 2m\JUE a ,ue)

Is it a dominant mode?

- Comparison between TE and TM modes

. (f ) O 293 ( ) O 383 TE 11 mode is a dominant mode of
e a+| e ot a+/ ,LLE a circular waveguide!

by definition — Eg —0 _

E;):O forallgp atr=a

)/ E
E,=—H), = _J =D J!(hr)cosng
15, h
<Table 2>
Zeros of Jn'(x) = X'np

1 |3.832| 1.841 3054§

............................................................................................................




Chap. 10| TE waves in circular waveguide (Example)

Example 10-12

(@) A 10 GHz signal is transmitted inside a circular conducting pipe. Determine the inside diameter of the pipe

such that its lowest f: is 20% below this signal frequency. (b) If the pipe is to operate at 15 (GHz), what

waveguide modes can propagate in the pipe?

(a) Lowest fc = (fc)TE11

a )
8 0.087
(). = 0.293 _0.293c _ 0.293x3x10° _ 0.0879 GHz) - 9 (GH2)=10x0.8 (GHz) 5 | d=2a=22 (cm)
TR alue a a a a
\_ Y,
(b) Cutoff frequencies for various modes are given as <Table 1> (for TM!)
Zeros of Jn(X) = Xnp
(£ ) () son = () Tog = 1045 (GH) P\n,_ 0| 1| 2
(f ) — (f ) 3.054 — 1327 (GHZ) 3 832 ......... 1 ............. 240538325136 .....................
B B N (F)n = ey gy = 1665 GH > 15 | 2 15520 7.016 8417 ...
3.832 . -
(f) 0 =(£.) 0, oy = 1625 (GH2) > 15
- | <Table 2> (for TE!)
Zeros of Jn’(X) = X'np
4 ) p\n 0 1 2
. TE11, TE21, TMo1 modes can propagate at a given 1 | 3 835 841 3 054
operating frequency 15 (GHz) and all other higher order | [ 2 """""" . 01653316706 """""""""""""
\modes should attenuate. Y i R e
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- Cutoff frequencies and possible modes



Chap. 10 | Introduction: Dielectric waveguide

* Dielectric-slab waveguide

- Thin dielectric slab (v and €) with thickness d situated in free space (uo and &o)
- Even without conducting walls, both TM and TE waves can be supported!

(shown later)

* Assumptions

- Z: propagation direction

OE  OH S |
- x: Infinite in extent and no variation of the fields — B_ =0, 8_ — () <Dielectric-slab waveguide>
X X
- Lossless dielectric (oq = 0)
VIE. =0
..
2 _—
* Wave equations n the z-direction, / | ViH. =0
( (
(V’E+KE=0 {: (V2+V2)E +KE, =0 BB ()
3 3 where <
V’H +k*H =0 (V2+V2)H +k°H =0 H.(v.2)=H](y)e”
where - E=a.b +ak +al, ~—Wave equations for longitudinal fields N

H=a.H +a,H +aH,

( VIE, +()/2+k2)Ef =0 --- for TM modes with H. =0

V§H§+(7/2+k2)Hg =0 --- for TE modes with E. =0
— y




Chap. 10| TE waves along a dielectric slab

* Longitudinal field components
- Ez — O
- H; satisfies wave equation: Vng (72 kz)Hg — () where HZ (y,z) = H? (y)e‘yz O'I

* Transverse field components

L 1 a aH

E =—— ) o <Dielectric-slab waveguide>

__JwHoH,
1 / Yk 9y
7/ oy ]a),u ES -0 Free-space

< 1 a HO O (”0’ 80)

H = ]a)e ) © y --- y=d/2

o _ % BHS O¥—>z Dielectric Id
vtlmagg)
- 0 0

. y x

- Fields must be considered both in dielectric (core) & free-space (cladding)

Vs

Free-space
(Mo, €o)

regions
- Field components should satisfy B.C. aty =d/2 and y = -d/2

(i.e. B.C. between two lossless dielectric)



- Solution for dielectric (y < |d|/2)

- Modes propagating in z-direction without attenuation (y = j3)

- A solution should be in a sinusoidal form

(i.e. a bounded standing wave)

VIH+(kK’+y’)H =0 — V:H'+hH’=0

Here,[hd2 =k*+y'=0’ue, - B > O.J

— Wavenumber for a bounded wave

[ ~H’(y)=H, sinh,y+H, coshdyj

— “Odd” & “Even” functions

Ho, €0
EVGI’J Odd k cladding
/ B e
Ey\ ( G5 6
\ \ cladding
Ho, €0

Chap. 10| TE waves along a dielectric slab (general solution)

- Solution for free-space (y = d/2 and y < -d/2)

- Waves decay exponentially in the y-direction (“Evanescent wave”)

— Waves bounded only within the guide (total internal reflected)

— Waves not radiating away from it

VIH!+(y*+k°)H =0 — V:H'+hH’=0

Here,[h()2 =k’

Y =w’u,e,— B> <0. Thus, h,” = -0 J

s

H!(y)= Cue_a(y_gj ¥ ly%
. fnd) o)
H](y)=Ce " *+Dg/" * wherey<-d/2
y

~
) where y > d/?2

y

Evanescent wave

1

1

1

1

1

1

|'

1

1

1
K

=
/l\\
D] ~
’ 1 ~
o
1
1

Ho, €0

cladding

HUd, €d
core

/— Evanescent wave

cladding

Ho, €0

Img src: Cornell ECE 303

(Farhan Rana)



Chap. 10| TE waves along a dielectric slab (Odd TE modes)

» Odd TE modes in the dielectric (ly| < d/2)

~ )

- Longitudinal components ( Hf (y) =H sinh,y+ H _ cosh,y where \y\ <d/2

ESZO’ H?(Y):Hosmhdy ( dj

of -2

- Nonzero Transverse components y H g (y ) =C,e */ wherey >d/2

rE()(y): JOU, ang_jwﬂdH cosh,y H (y)=C a(y%) h <-dJ?2

’ h: Oy h, ° ‘ h, : Wavenumber for SRRV WHETE Y =
4
OH° - the bounded wave — 2 Q2
; a 9Y d o’ = —h02 =[5 - 602,11080

- Odd TE modes in the upper free-space (y = d/2)

- Longitudinal components

of 4 d . h.d (-B.C. Continuous
Ho(y):Ce (y 2j where H?(—):Cu:HosmL (
z “ 2 2 tangential H-fields)

- Nonzero Transverse components

e ,a) aHO .w g _g
Eg (y): J élo . __ JOH Ce (y 2)
< hy 0y 04 o . Attenuation coefficient
oH" ; | y-4 for evanescent wave
H,(y)= )/2 - :—ﬂCe (y Zj
N hO ay (04




Chap. 10| TE waves along a dielectric slab (Odd TE modes)

* Relations between hqg and a

- Provided by B.C. such that tangential E-fields (at y = +d/2) should be continuous

Eo(é) 5
2

%

.]a)udH COSh d _ ]a)ll“tO H
h, 2 o
é )
- ‘Ltd J

- By directly equating expressions for hqg and q,

(12 2

hd _a);udgd_ﬁ
2 02 2

o= [T -0y,

2

=

h,’

. h,d
Sin ——

2

:hq-a relation
for odd TE modes

2 _ 2 2
T =0 U,E,—0 HE,

%

ka = \/0)2 (audgd - ;uogo)_ hd2

...(2)J

- By substituting equation (2) into (1), we get

\/0)2 (.Udgd _.uogo)_h ’ ,UO

h,

Hy

( )
tan
2

r
. My

k#OV

:Transcendental equation

for odd TE modes

\_

y=d/2
y=-d/2
g B.C. between two
lossless dielectrics
E =EFE
T2 tangential)
Hlt — H2t
Dln — D2n
(normal)
Bln — B2n
\— ),
- . y
)
E(y)=—22E4 g cosh,y - for |y <<
h, 2
| 0 JOOU, - ( _%) d
\Ex(y)— o Ce - for y 29/,
h.d
where C,=H, sm%




Chap. 10| TE waves along a dielectric slab (Even TE modes)

» Even TE modes in the dielectric (ly| < d/2)

- Longitudinal components
E!=0, H](y)=H,cosh,y

- Nonzero Transverse components

r

o, OH  jo |
E. (y)= / ﬁtd c = J% H, sinh,y
h, dy h, h, : Wavenumber for
4
0H ],B the bounded wave
H(y)=—- H , sinh
k y (y) h; ay hd dy

- Even TE modes in the upper free-space (y = d/2)

- Longitudinal components

~af 35 d hd (-B.C.Conti
HO (y): Cue ()’ 2j where Hg(z) ( ontinuous

C =H, cos——
tangential H-fields)

<

- Nonzero Transverse components

r

ou, 0H' {0 ~af »-5

()= T __Joth o o

< hy 0y & o . Attenuation coefficient
10 (y)= y 0 Hf - ],B (y——j for evanescent wave

] h; 0y 05

-

= E sinh,y+E, cosh,y where |y|<d/2

d
y——

H)(y)= Cue_a( j where y > d/2

d
H)(y)=Ce (y ) where y < —d/2

~




Chap. 10| TE waves along a dielectric slab (Even TE modes)

* Relations between hqg and a

- Provided by B.C. such that tangential E-fields (at y = +d/2) should be continuous

]w‘uOH coshd

Eg(g) > ]w‘udH sin 4 _ _

2 h, 2 o
( R
Chy )

2

:hqg-a relation

- By directly equating expressions for hqg and q,

2

h =0 e, P

( 2

d d #>
< 2 2 2
B4 =p" - 0"l

h,’

%

for even TE modes

2 _ 2 2
T =0 U,E,—0 HE,

ka = \/0)2 (audgd - ;uogo)_ hd2

...(2)J

- By substituting equation (2) into (1), we get

o (e, —ue)—h’
\/ (.Ud a — Mo 0) d =—&C0t(hd
hy H, 2
( )
5 | - Ha (:udgd — Hy& )d 1 = — Cot(M) :Transcendental equation
H V (hdd ) 2 for even TE modes
\_ y,

y=d/2

\_

[ B.C. between two
lossless dielectrics
Elt — E2t .
(tangential)
Hlt — H2t
Dln — D2n
(normal)
Bln — B2n
\_ ),
4 . d \
EY(y)=LF4H sinh,y - for [y <=
hd 2
| gy . o)
J A
\Ef(y): auOCue ? ---foryz%
h,d
where C =H, cOos —4—
2 J




Chap 10 | Cutoff freq uencies for dielectric QUI des (Note: Definition of cutoff frequency for dielectric waveguide is

different from those for others |parallel-plate, single conductor, ...])

 Cutoff frequencies

: Frequencies where the waves are no longer bounded to the dielectric = Absence of attenuation, a = 0 (Not evanescent!)

0522132_602.“08020 — :B:a)\/auogo

- On the other hand, from the hg-a relations we have

hﬂ & an(hzd) .--for odd TE modes 0= tho tan(hzdj — %—nﬂ
! o - h.d E> < - h,d h,d 1 (n=0,1,2, )
g:—&cot(L) ---for even TE modes Oz—&cot( j — ——(n+—)7r
hy Hq 2 \ U, 2 2 2
- Since hq is given by hd _ wcod\/ﬂdgd — M€ _ .
hd2 :wzaudgd_ﬁz :a)zudgd—a)zuogo :> 3 2 2 (n=0,1,2,-)
M _ a)ced\/udgd _:LtogO _ +l T
- hy= a)\/:udgd — Ko 2 B ) —| " p)
o ) B
f. = for odd TE modes
d\/:udgd — Ko
.°.< 1/2 (n:O,l,z,...)
f.. = " for even TE modes
k \ d\/:udgd — €y )




Chap. 10 | Possible modes for dielectric guides

* Possible modes

- From transcendental equations for odd & even TE modes,

-

Hy W (audgd — Hy€& )d

o'\ (h,d)

1 = tan(M)
2

Hq ®’ (:udgd — Ho& )d

()

\

TE d_ TE,

ﬁo, n=0 ][ce, n=0

. Decreasing i «— | —> Increasing

. “intercept on hqd” axis & the entire curve
. determined by frequency (f) of the waves :

0 T 2T ,
;-fco,nzli

1=—cot(M
2

T'E

ol

13725

Equation requirements:

L.H.S (green) and R.H.S (blue & reqd)

v,

~

J

L should be ALL POSITIVE!
e Cutoff frequencies
>0 ---Odd TE modes f — n ...0Odd TE modes
d\/:udgd — Ko
< 12 n=0,1,2,--)
n
j>0 . .Even TE modes fce:d\/,ug 0 .--Even TE modes
L d<d 00
\_
Example

- With a given width d of a slab and a frequency of the propagating
waves (f), It f. ., <[ <[f..

- There exist three possible modes, TEoo, TEco and TEo1

: hod - Only a finite number of modes are allowed!
. Am: ’
fce = fco =2 Dominant mode?
'Ifn:O_’fco:O

— TEoo (lowest-order odd TE mode) = Dominant mode!

— TEoo can propagate along a waveguide with any thickness!



Chap. 10 | Meaning of cutoff in dielectric waveguide

- Geometrical interpretation (Recall Section 8-10) <Propagating (bounded) situation> <Unbounded situation>
- Below cutoff = No total internal reflection = No propagation! Above cutoft frequency Below cutoff frequency
(Lo, €o) y Evanescent :
: \ wave ;
Slnet _ l/lO _ \/udgd \/HO : :Qt
—t =0 — > sinf = (1) ; :
sin@;,  u, \/ Ho€o T \/ Hq€4
0.=6,0 =— :
2 : :
6; > 90: 9/5
- Below cutoff frequency, there is no total internal reflection since ' -
IB IB Oc: critical angle when 6; = 90°

sin@, <sin@.  --+(2) Here, SIn6, =

o O

- By plugging (1) and (3) into (2),

B<oJue, @) where B=1Jk>—h: =0 e, —h> ---5)

- By plugging (5) into (4),

hd

O\ L,E, — Uy <h, — f< .(6)
ceoTrr 277\/,‘161861 — Ko
- Smallest allowable hq for n-th TE mode T . Yy +k>=h;
s n ) 2 12 2 (..
M—nn (forodd TE mode) — h, = nz s f < = Jfeo ki =h+p ('7_]’8)
2 d . d\/;udgd — Ho&o y




Chap. 10 | Example

» Characteristic equations for dielectric-slab waveguide

Mode Characteristic equation Cutoff frequency
I o & h.d : n —
 Oad h_zs_oan(%) | J _d\/ E,— M,E
S R — dd‘ud _____ T ‘UOO ________________ Practice to derive
| o £ hd n+1/2 at home!
Even — =——20C0l| —— S =
d ¥ 2 d\/audgd — Hy& _
o U, h,d j _ n
- 0dd — = tan(— /.
hd M 2 d\/tudgd — Hy€,
TE ''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''' / """""""""""""""""""""
| o h.d n+1/2
Even R (L) Joe =
;M\ 2 d\J 11,6, — HoE,

Example 10-13 | A dielectric-slab waveguide with (uq, €4) = (U0, 2.5¢€0) is situated in free space. Determine the minimum
thickness d such that a TM or TE wave of the “even” type at a frequency f = 20 GHz may propagate along the guide.
n+1/2

-Since foorm = Jeors = - d
d\/:udgd — Hy&

n+1/2 1
— — dmin — o
fce\/cudgd — Hy&, T 20x10 XZ\/yOgO V2.5-1
n=1

=6.12(mm)



