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Newton’s Laws

1)First law : conservation of momentum

no external force

= no momentum change

linear momentum : mv

angular momentyjw:

S E dv
2) Secondlaw: >XF =ma=m
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Three Basic Elements in Modeling Mechanical Systems

i) Inertial elements ( kinetic energy ):
masses: M moments of inertial : J

ii) Spring elements ( Potential energy )

7 F=k ax

7% [ =k(X1-X2)
/ — VA

Torsional spring

iii) Damper elements ( energy dissipation ) ¢ stifness
E b, F =bx
% [ p T=b,6 [~
A T b X X
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Examples of Modeling Mechanical Systems

ex]) t=0, w(0)=0, -
bW %

equation of motion :

do _ —bw
dt
Jd—w+b =0 —>d—w+E =0
dt
let, w(t) =ce™ - 1e™ +%eﬂt =) off) 4
b .
A=——
J w,e” =0.3680),
by -
_ J
w(t) =ce Bl =0, »(0)=0,=C Al v (time constant)
b
——t
olt)=we "’
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Examples of Modeling Mechanical Systems

Spring-Mass
ex2)

X(t) =X, cos \/%t =X, Cosat

d?x
mF:ZF:—kX

. 21

e Period T= [sec]

m+kx=0 — 5('+£x:0 Vkim
m

e Frequency f:lzi\/E H

x(t) = Acos\/Kt + Bsin \/Et T 2z\m
m m
x(0)=A=X, « Natural frequency
X(O):—A\/Ksin\/KHB\/Ecos\/Kt :B\/Ezo k
m m m m m o =2rf = - [rad /sec]
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Examples of Modeling Mechanical Systems

Spring-mass-damper

k ’—'X
mllil (0=,
%(0) = X,
] it
) d*x ,
® . w7 e = —kx —bx
b
‘W/ X’+£>’<+£x:0
m m
let, E:a)z,

b b

_:2 —
] N ¢
X+2Zmx+afx=0, xt)=c-&" X +2Lni+afx=0

f A =—La, t4({w,) —0? = (o, £ 1o,
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Examples of Modeling Mechanical Systems

.. b . k ~0 X(O):Xo
X+EX+HX— X(O)ZXOZO
Kk b b
Iet, _:a)ﬁ, —:2 C()n, _— =
m m 5 Zﬁ 4

X+2lw X+ @' %x=0
Laplace Transform
(S*X(S) =S X, — X, )+ 2L, (SX(S) —X,) + @ X (s) =0
(s° +2lw s+ @)X (s)—S X, —2(@ X, =0
(s° +2lw s+’ )X (S) =5 X, +2Lw, X,
S+ X, + 20w, X,
s°+2w S+’

X(8) =
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Examples of Modeling Mechanical Systems

S X, +20w, X, S« X, N 20w, X,

s’ +2lw s+w. ST+2lw S+ S°+2lw S+’

s’ +2¢w S+’ : charateristic polynomial

s’ +2¢w. s+’ =0 : characteistic equation

s=—Cw, + \/(ga)n ) —wf = o, + a)n\/m : charateristic roots
1) £ <1 underdamped

s=—Co, tw (' -1=—Co + ja)n\/]?

X(S = (S+§wn)2xo 2 + é;a)nXOZ 2

(S+§a)n) +a)n(1_§ ) (S+§wn) +wn(1_g)

X(t) =e ™| x,c0sy1- ot + ¢ X, Sin\/—¢ o t
1- 2
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Examples of Modeling Mechanical Systems
2) £ >1 overdamped

s=—Cw w1

X(S) — (S+2§a)n)'xo

(S+§a)n —a)f\/?—l)(s+§a)n +a)f\/§27—1)

(—(con +\/T—1a)n) k e(—g“a)n —\/gzi—lcon )t

t
+ 2

X(t) = k.

3) £ =1 critically damped

S =—¢w,

(s+2¢w,)- X,
(SJré’a)n)2

X(t) = ke 4k, tet e

X(s) =
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Examples of Modeling Mechanical Systems

1) ¢ <1 Underdamped

X(t) = e [XO cos1-¢ Pt +sz0 siny—¢ o t

@, . natural frequency Wy =+1- ‘o
¢ . damping ratio

2) ¢>1 Overdamped

X(t) _ kle(—gwn+mwn)t n kze(—g'a)n—\/zwn)t
A=—Co, +¢% 1o,
3) =1 A=—lo,

X(t) = ke " +k,te ™"
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Dry Friction (no lubricant)

o]

I—)
F——
Fu — —
mg T =hbw
I
e Fus = Static Friction Force
= Fuk = Kinetic Friction Force
M
e oFus = usN us : Static Friction Coefficient
> % Fuk = ukN gk : Kinetic Friction Coefficient
\ x=0 X#0

F - P PSR, F =F,son(x)
F.son(F) IfF>F;

Spring 2008
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Friction (with lubricant)

-2

I—)
F——
Fu — —
mg T =hw
17
[ bx+G-Nsgn(x) VX > ¢
F, =1 F if [X| <& and |[F<(F,+G-N)

(F, +G-N)sgn(F) otherwise e, if X <eand |F>(F,+G-N)
b: viscous friction coefficient
G: load-dependent factor
N: normal force
Fs: the maximum static friction
& > asmall bound for zero velocity detection
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Work , Energy, and Power

e Mechanical work : W = F-x [N-m] = [Joule]

= Force x displacement
e Energy : capacity or ability to do work. Electrical, Chemical, Mechanical, etc.

e Mechanical energy : Potential energy - position

Kinetic energy - velocity
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Potential Energy

ex1)
WM F -
x1 x1 1
dw= F-dx = kx-dx jclw:jkxolx:-kx2
0 0 2
ex2)
h E, = mgx (Potential Energy)
Mg
x X=0
S
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Kinetic Energy
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Work and Energy

+ External Work = E:

Energy Ei W

E, + W E,

E,+W=E,
_ Byl om 4w m |,
1m\/12+FI=1m\/§
2 2
m —4—» Vi m —— V2
1 1

—m\f—FI:Em\g
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Power

Power : time rate & doing work P = d_W [M} _ [Watt]
dt

Sec
Ex) 2000 kg
1
(M) M) - V = 72km/h = 20m/s (in 10sec)
\/ \/
Vo=10

W = %(2000)(20)2 = 400x1000 Nm = 400 kNm[kJ]

5 _ W _ 400x1000 Nm

}mVZ +W:lm\/2 t 10 sec
2 2 = 40x1000 Nm/s = 40x1000 W = 40W

1hp = 745.7 W - P =54hp
Power dissipated in a damper
- IR . L
] i3 e P =Fv=bx-x = bx°
b ——— by
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An Energy Method for Deriving Equations of Motion

e Conservative system : No energy dissipation

E,+W=E,
E,- E =W

e KineticEnergy T
e Potential Energy U

A(T+U) = AW

(the change in the total energy)
= (the net work done on the system by the external force)

no external force ; AW =0
A(T+U) =0 T+U = constant
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Examples of Energy Method

ex1) T-tme, u=1we, T+u-=C
2 2
5 Ltheslne o
2 2
%(T+U):O, mxX + kxx = (mX+kx)x =0
X#0, ..(mX+kx)=0
ex2) T 1m'/2 11 1|N2
I =—IlR , U =—RA
2 2

%(T +U) =-bx*, mxx+kxx=—bxx=0

(mX+kx+bx)x=0

X#0, = (mX+kx+bx)=0
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Examples of Energy Method

ex3) Spring with mass
X(t)

k
I,
| +x I +x

1 -, 11 2 1 1 .2
[==mX® +=(Zmg)X° ==(m+=m)X
2 2(3 o) 2( 3 o)
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