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First Order Systemsy
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First Order Systems
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Second Order Systemsy
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Second Order Systems
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Second Order Systems
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Experimental Determination of Damping Ratio
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Experimental Determination of Damping Ratiop p g

Logarithmic decrement
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Estimate  of  Response  Time
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Second  Order  Transients
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Second  Order  Transients
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Second  Order  Transients

2) Settling time :  The time required for the oscillations to decrease to a

specified absolute percentage error Tspecified absolute percentage error.
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Second  Order  Transients

4) Frequency of oscillation of the transient 
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Solution of Linear (Time Invariant) State Equation
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Basic Matrix Linear Algebra                                   
H S l ti-Homogeneous Solution
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State Transition Matrix
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Complete Solution of the State Equation
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Complete Solution of the State Equation
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Matrix Exponential
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Matrix Exponential
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AteHow to Evaluate eHow to Evaluate  
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AteHow to Evaluate

b) Jordan Form
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AteHow to Evaluate  
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AteHow to Evaluate
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AteHow to Evaluate
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AteHow to Evaluate eHow to Evaluate  
d) General A (-> Jordan form)

repeated      : multiple eigenvalue λp p g
iλ

[ ] ( )( )2
1 2det I A A :3 3

( A) 0
iλ λ λ λ λ

λ

− = − − ×

1 1 1

2 2 2

( I A) 0

( I A) 0

( I A) 2 ?

p p

p p

if k th

λ

λ

λ

− = ⇒

− = ⇒

2 3( I A) 2 ?if rank then p

p such that

λ

λ

− =

⎡ ⎤

Find 

1

2 1 1 1

2

AP P 1 A ,p p
λ

λ λ
λ

⎡ ⎤
⎢ ⎥= ⇒ =⎢ ⎥
⎢ ⎥⎣ ⎦

2 2 2

3 2 2 3 2 3 2

A
A , (A )

p p
p p p p p

λ
λ λ

=
= + − Ι =

Seoul National Univ.
School of Mechanical                           
and Aerospace Engineering

Spring 2008



Multiple Eigenvalue - Diagonal FormMultiple Eigenvalue Diagonal Form

1 0 1 1 0 1λ− −⎡ ⎤
⎢ ⎥

ex1) 

A 0 1 0 ( ) det I A 0 1 0
0 0 2 0 0 2

Q λ λ λ
λ

⎢ ⎥= = − = −⎢ ⎥
⎢ ⎥ −⎣ ⎦

( ) ( )

( )

2

1 2 3

1 2
: 1, 1, 2eigenvalue

λ λ

λ λ λ

= − −

= = =

( ): I A 0

0 0 1 1 0
1 0 0 0 0 0 1

i i i i ieigenvector Ap p p

p choose p p

λ λ

λ

= − =

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥= = ⇒ = =⎢ ⎥ ⎢ ⎥ ⎢ ⎥1,2 1,2 1 21, 0 0 0 0 0 , 1
0 0 1 0 0

1 0 1

p choose p pλ = = ⇒ = =⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦ ⎣ ⎦

⎡ 1−⎤ ⎡ ⎤

3

1 0 1
2, 0 1 0

0 0 0
λ

⎡
= 3 3

1
0 0

1
p p

⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= ⇒ =⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
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Multiple Eigenvalue - Diagonal Form

[ ] 1

1 0 1 1 0 1
P 0 1 0 P 0 1 0−

−⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥

Multiple Eigenvalue Diagonal Form

[ ] 1
1 2 3P 0 1 0 , P 0 1 0

0 0 1 0 0 1

1 0 0

p p p ⎢ ⎥ ⎢ ⎥= = =⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

⎡ ⎤
-1

1 0 0
P AP 0 1 0

0 0 2

⎡ ⎤
⎢ ⎥⇒ = = Λ⎢ ⎥
⎢ ⎥⎣ ⎦

x A x=&

1

1 1

x A x

ˆ ˆ ˆx P APx x

ˆ ˆ ˆx( ) x(0) P x x P x( ) P x(0)t tt e t e

−

Λ − Λ −

=

= = Λ

= = ⇒ =

&

1 A

x( ) x(0), P x x P x( ) P x(0)

x( ) P P x(0) x(0)

0 0 0

t t

t t t

t e t e

t e e

e e e

Λ −

= = ⇒ =

∴ = =

⎡ ⎤ ⎡ ⎤
A 1

2 2

0 0 0
P 0 0 P 0 0

0 0 0 0

t t t

t t

e e e
e e e

e e

−

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= =⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
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Multiple Eigenvalue - Jordan Form

1 1 2 1 1 2λ − − −⎡ ⎤
⎢ ⎥

Multiple Eigenvalue Jordan Form

2

A 0 1 3 ( ) det I A 0 1 3
0 0 2 0 0 2

Q λ λ λ
λ

⎢ ⎥= = − = − −⎢ ⎥
⎢ ⎥ −⎣ ⎦

( ) ( )

( )

2

1,2 3

1 2
: 1, 2

A A 0

eigenvalue
λ λ

λ λ

λ λ

= − −

= =

( ): A I A 0

0 1 2 1
1 0 0 3 0 0

i i i i ieigenvector p p p

p p

λ λ

λ

= − =

− −⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= − = ⇒ =⎢ ⎥ ⎢ ⎥

We can find only 
1 eigenvector

1,2 1,2 11, 0 0 3 0 0
0 0 1 0

1 1 2 5

p pλ = − = ⇒ =⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦

− −⎡ ⎤ ⎡ ⎤

1 eigenvector 
for  1λ =

3 3 3

1 1 2 5
2, 0 1 3 0

0 0 0
p pλ

⎡ ⎤
⎢ ⎥= − = ⇒ =⎢ ⎥
⎢ ⎥⎣ ⎦

3
1

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦
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Multiple Eigenvalue - Jordan Form

If not able to find 3 independent vectors, find        which transforms A 
J d f

2p

Multiple Eigenvalue Jordan Form

as Jordan form.

1

1

1 0
AP = PJ P 0 0

λ
λ

⎡ ⎤
⎢ ⎥= ⎢ ⎥1

3

1

AP PJ P 0 0
0 0

1 0

λ
λ

λ

⎢ ⎥
⎢ ⎥⎣ ⎦

⎡ ⎤
⎢ ⎥[ ] [ ]1 2 3 1 2 3 1

3

A 0 0
0 0

p p p p p p λ
λ

⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

[ ] [ ]
[ ]

1 2 3 1 1 1 1 2 3 3

1 1 1 1 1 1

A A A

A I A 0

p p p p p p p

p p p p

λ λ λ

λ λ

⇒ = +

= − = ⇒So that, 

[ ]
[ ]

1 1 1 2 1 2 1 2

3 3 3 3 3 3

A A I

A A I 0

p p p p p p

p p p p

λ λ

λ λ

= + − = ⇒

= − = ⇒
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Multiple Eigenvalue - Jordan Form

0 1 2 1 a⎡ ⎤ ⎡ ⎤ ⎡ ⎤

Multiple Eigenvalue Jordan Form

[ ]1 2 2 2

0 1 2 1
A I = 0 0 3 0 , ,

0 0 1 0

a
p p let p b

c
λ

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥− = =⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

2

0
2 1, 3 0, 0 1, 1

0
b c c c b choose p

⎡ ⎤
⎢ ⎥+ = = = → = = ⎢ ⎥
⎢ ⎥⎣ ⎦

1

0

1 0 5 1 0 5
P 0 1 3 , P 0 1 3−

⎢ ⎥⎣ ⎦

−⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= = −⎢ ⎥ ⎢ ⎥P 0 1 3 , P 0 1 3
0 0 1 0 0 1

1 0 5 1 1 2

⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

−⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥

1 0 5 1 1 0⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥-1P AP 0 1 3 0 1 3

0 0 1 0 0 2

⎢ ⎥ ⎢ ⎥⇒ = −⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

0 1 3 0 1 0
0 0 1 0 0 2

⎢ ⎥ ⎢ ⎥=⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

Jordan form 
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Multiple Eigenvalue - Jordan Form

1 1 2⎡ ⎤
⎢ ⎥

Multiple Eigenvalue Jordan Form

Ax 0 1 3 x Ax , x( ) x(0) ?
0 0 2

tif t e⎢ ⎥= = =⎢ ⎥
⎢ ⎥⎣ ⎦

&

1

ˆ ˆPx x, x = Px
1 1 0

ˆ ˆ ˆ ˆ( ) P AP J 0 1 0

let =
⎡ ⎤
⎢ ⎥

&&

& 1ˆ ˆ ˆ ˆx( ) P APx J x 0 1 0 x
0 0 2

t t

t − ⎢ ⎥= = = ⎢ ⎥
⎢ ⎥⎣ ⎦

⎡ ⎤
J J

2

0
ˆ ˆ0 0 , x( ) x(0)

0 0

t t

t t t

t

e te
e e t e

e

⎡ ⎤
⎢ ⎥= =⎢ ⎥
⎢ ⎥⎣ ⎦

J -1 A

0 0

x( ) P P x(0) x(0)t t

e

t e e

⎢ ⎥⎣ ⎦

= =
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Multiple Eigenvalue - Jordan Form

1 0 5 0 1 0 5t te te⎡ ⎤⎡ ⎤ ⎡ ⎤

Multiple Eigenvalue Jordan Form

A J 1

2

1 0 5 0 1 0 5
P P 0 1 3 0 0 0 1 3

0 0 1 0 0 0 0 1

t t t

t

e te
e e e

e

−

⎡ ⎤ −⎡ ⎤ ⎡ ⎤
⎢ ⎥⎢ ⎥ ⎢ ⎥∴ = = −⎢ ⎥⎢ ⎥ ⎢ ⎥
⎢ ⎥⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎣ ⎦

2

2

5 1 0 5
0 3 0 1 3

t t t

t t

e te e
e e

⎣ ⎦ ⎣ ⎦⎣ ⎦

⎡ ⎤ −⎡ ⎤
⎢ ⎥ ⎢ ⎥= −⎢ ⎥ ⎢ ⎥

( )

2

2

0 3 0 1 3
0 0 0 0 1t

e e
e

= −⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦⎣ ⎦

⎡ ⎤( )
( )

2

2

5 3 5

0 3 3

t t t t t

t t t

e te e te e

e e e

⎡ ⎤− − +
⎢ ⎥
⎢ ⎥= − +
⎢ ⎥

20 0 te
⎢ ⎥
⎢ ⎥
⎣ ⎦
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Summary

1
1 0 teλλ ⎡ ⎤⎡ ⎤

⎢ ⎥

1. Diagonal Form 

2

3

1

2

3

A
0

tAt

t

e e
e

λ

λ

λ
λ

⎡ ⎤
⎢ ⎥⎢ ⎥= → = ⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦

1 1
1 1 0 0t te teλ λλ ⎡ ⎤⎡ ⎤

⎢ ⎥⎢ ⎥

2. Jordan Form 

1

2

1

2

A 0 0 0 0 ,
0 0 0 0

tAt

t

e e
e

λ

λ

λ
λ

⎢ ⎥⎢ ⎥= → = ⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦

1 1 1

1 1

2

1

1
1 0 2

A 0 1 0

t t t

t tAt

e te t e

e e te

λ λ λ

λ λ

λ
λ

⎡ ⎤
⎢ ⎥⎡ ⎤
⎢ ⎥⎢ ⎥= → = ⎢ ⎥⎢ ⎥

1

1

1

A 0 1 0
0 0 0 0 t

e e te
eλ

λ
λ

= → = ⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥⎣ ⎦ ⎢ ⎥
⎣ ⎦
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SummarySummary

-1x A x B A , P APi i iu p pλ= + = = Λ&

3. General A 

1 1 1

ˆx = Px

ˆ ˆ ˆx P APx P B x P B

let

u u− − −= + = Λ +&

( ) 1

x P APx P B x P B

ˆ ˆx( ) x(0) P B ( )t t

u u

t e e u dτ τ τΛ Λ − −

+ Λ +

= + ∫
1 ( ) 1

1 A

ˆPx( ) x( ) P P x(0) P P B ( )

P P

t t

t t

t t e e u d

e e

τ τ τΛ − Λ − −

Λ −

= = +

=

∫
P Pe e=

Seoul National Univ.
School of Mechanical                           
and Aerospace Engineering

Spring 2008



Laplace Transformation MethodLaplace Transformation Method 

A A( )
0x A x B , ( ) B ( )

t
t tu x t e x e u dτ τ τ−= + = + ∫&

0

1 1

Laplace Transformation 

1 1
0 0

A -1 1

X( ) AX( ) B ( ) , X( ) ( I A) ( I A) B ( )

( I A)t

s s x s u s s s x s u s

e s

− −

−

− = + = − + −

⎡ ⎤∴ = −⎣ ⎦L

1
1 1 1( I A) I As

s s

−
− ⎛ ⎞− = −⎜ ⎟

⎝ ⎠

2 3
2 3

1 1 1 1I A A A
s s s s
⎛ ⎞= + + +⎜ ⎟
⎝ ⎠

L

2 3
2 3 4

1 1 1 1I A A A
s s s s

= + + + L
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Laplace Transformation MethodLaplace Transformation Method 

Laplace transformation table 

[ ] 1
2

1 1 1, , ( ) ( 1) ( )
( 1)!

n
n n n

n n

dt t t f t F s
s n s ds

−⎡ ⎤ ⎡ ⎤= = = −⎢ ⎥ ⎣ ⎦−⎣ ⎦
L L L

-1 1 -1 2 3
2 3 4

1 1 1 1( I A) I A A As
s s s s

− ⎡ ⎤⎡ ⎤⇒ − = + + +⎣ ⎦ ⎢ ⎥⎣ ⎦
LL L

2 2 3 31 1I A A A
2! 3!

s s s s

t t t

⎣ ⎦ ⎢ ⎥⎣ ⎦

= + + + L

A 2 2 3 31 1I A A A
2! 3!

te t t t∴ = + + + +L
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Solution of Linear (Time Invariant) State EquationSolution of Linear (Time Invariant) State Equation 

Method 1.  Diagonalization

Method 2.  Laplace Transformation

Method 3.  Sylvester's Interpolation Formula
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