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Frequency Response
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Frequency Response
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Frequency Response
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Frequency Response of First Order Systems
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Frequency Res

u ponse of Second Order Systems

r(t) y(t)
. G(s) >
sin wt Asin(awt + @)
sinusoidal input sinusoidal output
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M ((()) A I
y(t) = A(Jo)sin(aot + ¢) i
Magnitude ratio 1.0
M () = ‘y“ G(jo) 5 >
#(iw)y ; ‘
| o
Phase  ¢(jw)=~2G(jw)
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Steady State Freguency Response
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Unit Step Res
r(t)
r(t)=u,(t)

1
y(t)=1-
J1-¢7

Unit step response
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Control System Design in Frequency Response

1. large w, — fasttime response

2. M, Mp : function of damping ratio ¢
large M — large Mp

3. good damping characteristics 1<M_<14

4. minimum effect of any undesirable noise

M (a))u

14
1.0

v
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Exponential Determination of Transfer Function

Unknown
I’ t > > t
® System y(®)
rt)=sinot ; y(t)=M(m)sin(at—g¢)
some frequency . — measure M (0).)
steady state
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Transfer Functions and Frequency Magnitude Plot
e Bode Plot (Logarithmic Plots)

i) Log Magnitude L G(jw)=20log|G(jw)|dB

ii) dB : decibel, Logarithm of the magnitude

iii) 1 decade : 1Hz ~10Hz frequency width
2.5Hz ~ 25Hz

e Drawing the Bode Plots

The reason of using logarithm - mathematical operation x, + — +, —
— typical three types : simple straight line
asymtotic
approximations
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Transfer Functions and Frequency Magnitude Plot

K(1+5sT,)(1+5sT,)
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i) L,-K=20logK dB -

straight line

log @

»

M (@)’

straight line \
With negative slope -20dB/decade .
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Transfer Functions and Frequency Magnitude Plot

i) (1+ joT) ey
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Transfer Functions and Frequency Magnitude Plot
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Transfer Functions and Frequency Magnitude Plot
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Vibration Isolation in Rotating Systems

Vibration due to rotating unbalance

() M%+bx+kx=p(t)
= mre® sin ot

X(s) 1
P(s) Ms”+bs+k

=G(s)

unbalanced
mass

m_ -7

$ P(t) = mrw? sin wt

M : total mass

L.

v

Ft : transmitted force
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Vibration Isolation in Rotating Systems

(2) Frequency response
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Vibration Isolation in Rotating Systems

Vibration isolators

l Force

system

isolator

& B OB TS e N
™ TForce

Machine

Reduce the magnitude of force
transmitted from a machine to
its foundation

system Motion

isolator I

TN N N = Y~ Motion
Suspensions

Reduce the magnitude of motion
transmitted from a vibratory
foundation to a system

Isolator i) - load supporting elements, spring.

- energy-dissipating elements, damper.

ii) - Synthetic rubber : both load supporting and energy dissipating
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Transmissibility :
A measure of the reduction of transmitted force or motion afforded by an isolator.

the force amplitude transmitted to the foundation

TR(machine) =
( ) the amplitude of the exciting force

the vibration amplitude of the system

TR(suspensions) = —— _ .
the vibration amplitude of the foundation
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Trancmicceithihit \I v Cnvrrao Everitatinn
1 FalnSImiSSiotii y —Orce XCitatiorni
p(t) = mre’ sin ot = F, sin ot
f(t) =bx+kx = F, sin (ot + )
X (5) = ————P(s)
Ms? +bs +k
F () = (bs+ k)X (5) =— 57K ps)
t Ms? +bs +k
Frequency response
F(jo) bjow + - (b/M) jo+(k/M)
p(jo) -Mo&’+bjo+k -0’+(b/M)jo+k/M
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Transmissibility for Force Excitation

kKiM=a, bIM=2n, = Rllo) _ 21+122§6-0/a)n)
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Automobile Suspension Systems

j\\

[{

o

spring&damper

Simplified model

e T X(t)

‘ p=Psinat

mX+b(X—p)+k(x—p)=0

X(s)  bstk x(jo)  bjw+k
P(s) ms®+bs+k’ p(jo) -mao’+bjo+k
x(jo)| Vbt +K?

TR =

p(jo)
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Dynamic Vibration Absorbers

P=mro’

i (ml‘a)z)\/bza)z—i—k2

X TR =
k; L 5 \/(k—mw2)2+b2a)2

If b is small and @ =,

Ak D A A ATET Then resonance - excessive vibration
— extremely large force transmitted

@ is very close to w,, critical speed, ‘X(Jw)"
=> A dynamic vibration absorber Y
1
k/m ®
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Dynamic Vibration Absorbers

M X =—kx—bx—k, (x—y)+ p(t)

) é ly m,¥ =—k, (y—X)

l p(t) =Psinat Laplace Transform
M
Ix (Ms? +bs +k+k, ) X(s)-k,Y (s) = P(s)
k§§ 1] 5 (m,s?+k, )Y (s) -k, X (s) =0
2
FF S IRFEIET () _ S+,

P(s) (Ms2 +bs+k+ka)(mas2 +ka)—ka2
Frequency response
X(jo) —maa)2 +K,

P(jw) _(_Ma)z"‘k"‘ka)(—mawz+ka)—ka2 for small b

The transmitted force

f(t) = kx+ bx = kx
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Dynamic Vibration Absorbers

k, —m, o’
Mo’ +k+k, )(k, +mae) -k,

a

(o)<l P(je)

(-Ma@? +k+k, )(k, +m,a?) -k,

a

mro?’ (K, —m,o’ )

If we choose k., m, so that,
k, -m.o° =0
then, |X(jw)|=0, |f(t)=0 at this frequency.

— X(j
If @, =o, [ (o)

we use dynamic vibration absorbers.

@ o o, @
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Dynamic Vibration Absorbers

Physically, fa(t)T | p(t) = Psin ot

M

f,(t) ==k, (x-y)=k,y=p(t), (at &, =0, x=0)

Spring force K,y cancels p(t).

Y(jo) _ K,
P(jo) (-Ma’ +k+k, )(-m@® +k, )k,

a

If we choose M, k, sothat, k,—m,w"=0

then Y(J_a)):—i magnitude ratio |—
P(Jo) kK, .
p(t) =sin wt

1 . P .
t)=—Psin{wt—-180" ) = ——sIn wt
y(t) = 1—Psin(@ J=—sine

a a

(phase -180°)
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Seismograph

A device used to measure ground displacement
during earthquakes

Equation of motion: mX=k(y—x)+b(y—x)
measurement: Z=X-Y
=>m(y+Z)+bz+kz=0

mZ + bz + kz = —my

it j School of Mechanical
sy and Aerospace Engineering

_ Z(s —ms? —s*
= Transfer Function : () =— = 2
Y(s) ms°+bs+k s +2{w.S+m,
K b
— = a)nzi - = zga)n
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Seismograph

Z(jo) _ o’ _ Vi
Y(jo) - +2lw jo+mn? 1-5°+2(8]

We hope, z(t) = y(t)

(B=dlw,)

|, pes1, ZUD 4
Y(jo) .
o
Z(t) = y(1) for o>>aw, 1

Choose @, as small as possible.
(large mass, soft spring)

v
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Accelerometer

The system configuration is basically

y Z=X=Y the same as the seismograph, but
y Accelerometer > grap

\ 4

choice of undamped natural frequency

is different.

Equation of motion : the same as the seismograph,  mZ7 +bz +kz =-my

Z(s) —m -1

— Transfer Function : — =— =3 2
SY(s) ms“+bs+k s°+2{w,s+w,

Frequency response 4 | |
C()n >> 1 E E
Z(s) . 1 o’ | |
sY(s) @ | i
operating ' ‘o, N o
range
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RT‘i G(s)
- H(s) |

Y =G(s)e

R-H(s)Y =e

=Y =G(s)(R-H(s)Y)
Y (1+G(s)H(s))=G(s)R

YO8 g
R(s) 1+G(s)H(s)

bty Seoul National Univ. i
's;_'fj School of Mechanical Spring 2008
sy and Aerospace Engineering




(D
92
K

(@)
-]
wn
D

~ = = - = -

Step Input R

Consider, 2nd order system

Y(s) K
R(s) s*°+2lms+a)f

= Go (s)

Now, consider "time-response"-"pole" of the transfer function relations

1 K
Y(S)=—— >
S S +20w, S+ w;

(step input response)

Klo? —(Klo’)s-20Kla,
= +

< <2 e 1 2
S S*+ 20w, S+ w;

2 2
pole S°+2{w S+w =0

s=—Cw, ++/¢° -1,
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Step Input Response

) 0<¢ <1
S:_é/a)ni 1_g2wnj:_é/a)nia)dj

K/w? —(K/a)nz)s—Zg“K/a)n
_|_

Y(s) =
S (s+§b%)2+(1—§4)a%2 |
K _é/a)n o
y(t) =—+C,e*" cos m,t + C,e ™" sin a,t
K ~Cot A X _________ 2
=—+Ae"'sin(ot+¢), —Clw, <0 —o1-¢
a)n
K 2K 1 "4
C=yr G ] /N
n n 1_ é/ U N~
cosnp=¢
>t
5 Seoul National Univ. Spring 2008

) p- .
it j School of Mechanical
oy and Aerospace Engineering




Step Input Response
i) £=1
S=—Cw +0]=-m, liw
Y(s)=2—F
s(s+w,)
a b C —Aa)n o
=—+ + >
S S+, (S+w,)
(a:g, po— K __ﬁj
a)n a)n a)n
y(t)=a+b-e™™ +c-te™™ y(t)
yt)=-ob-e™ +c-e™ —p c-te™™
> t
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Step Input Response

Ao
i) ¢>1
S:—ga)nia)n\/é’z—l X X >
S S °
1 K a b c 2
s(s—s;)(s—s,) S sS—S S-S5, 4
Sl:_é/a)n_i_a)n\lélz_l’ Szz_é/a)n_a)n 4,2_1
y(t)=a+b-e* +c-e%, s, <5 <0
>t
AjC()
X @,] v) =0 s=%aq,]
> 1 K a bs+c¢
¢ V() =~72 IR 2
s(s°+w) s (sS"+w)
><_a)n.l
c .
y(ty y(t)=a+—-sino,t+b-cosa,t
n
=a+\/(c/a)n)2+bzsin(a)nt+¢)
>t
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Step Input Response

v) -1<¢ <0 @, ]

s=—Co, *\J1-CP o, j=—Co, t o, ]

A

Klo? —(Kio})s-2Klw,
+
S (s+§a)n)2+(1—§2)a)n2

Y(s)=

K o ot s
y(t) =— +C,e™ cosw,t +C,e " sin w,t

n

qV

K ot y(D) 4
=—+ Ae"'sin(w,t +¢)
a)n
—¢w, >0
K 20K 1
Cl _——2, C2 - > >
@, " J1-¢
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vi) {<-1

S=~Cw, ¢ 10, =0, £ 0,
K a b C

Y(S):E =—+ +
s(s—s;)(s—s,) S Ss—s S-—

82
Sl:_é/a)n_|_a)n ng _11 SZ =—§Ce)n—a)n\/§2 -1

y(t) =a+be* +ce®

A o
V V | -
N N >
o >
S1 S2 t
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Step Input Response

Poles : s=otju, =—Cw, £1-aot

y(t) =Ce™
constant damped
frequency : sin a,t

constant underdamped
natural frequency

constant ratio OV

decay : e”

i Seoul National Univ. .
{ School of Mechanical Sp ring 2008
and Aerospace Engineering



