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Frequency Response
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Frequency Response

( ) j t j ty t ae ae

P P

ω ω−= +
jω

( ) ( )

( ) ( )

2 2( )
2

( )

s j

P Pa G s s j G j
s j

P Pa G s s j G j

ω

ω ω ω
ω

ω ω ω

=−
= ⋅ + = − −

+ ( )G jω

jω

yG

( ) ( )

( )

2 2( )
2s j

x y

a G s s j G j
s j

G j G jG

ω
ω ω

ω

ω

=
= ⋅ − =

+

= +
φ

xG σ

( ) ( )

( ) ( ) ( )

cos sin

cos sin j

G j j G j

G j j G j e φ

ω φ ω φ

ω φ φ ω

= +

= + = ( )G jω−

( ) ( )

( ) ( )

j

j

G j G j e

P Pa G j G j e

φ

φ

ω ω

ω ω

−

−

− = −

⇒ = − − = −

Similarly,

( )j

( ) ( )

( ) ( )

2 2

2 2
j

a G j G j e
j j

P Pa G j G j e
j j

φ

ω ω

ω ω

⇒ = − − = −

= =

Seoul National Univ.
School of Mechanical                           
and Aerospace Engineering

Spring 2008

2 2j j



Frequency Response
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Frequency Response of  First Order Systems
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Frequency Response of Second Order Systems
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Frequency Response of  Second Order Systems

G(s)
sin t

sinusoidal input
ω sin( )A t

sinusoidal output
ω φ+

2ω
2 2( ) , 0 1

2

( ) ( ) sin

n

n n

G s
s s

R s r t t

ω ζ
ζω ω

ω ω

= < <
+ +

= =2 2

2

2 2 2 2 2 2 2 2

( ) , ( ) sin

( )
2 2

n

n n n n

R s r t t
s

as b cs dY s
s s s s s s

ω
ω
ω ω
ζω ω ω ζω ω ω

= =
+

+ +
= = +

+ + + + + +

( ) cos sin cos sin

i ( ) i ( )

n n

n n n n

t t
d d d d

d
t

by t ae t e t c t d t

A t B t

ζω ζω

ζω

ζ ζ

ω ω ω ω
ω
θ φ

− −

−

= + + +

sin( ) sin( )nt
dAe t B tζω ω θ ω φ= + + +

transient            
response

Steady-state            
response

Seoul National Univ.
School of Mechanical                           
and Aerospace Engineering

Spring 2008



Steady State Frequency ResponseSteady State Frequency Response
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Steady State Frequency ResponseSteady State Frequency Response
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Steady State Frequency Response
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Steady State Frequency ResponseSteady State Frequency Response
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Unit Step Response VS Frequency ResponseUnit Step Response  VS  Frequency Response
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Control System Design in Frequency ResponseControl System Design in Frequency Response

1. large                fast time responsemω →

2.                   : function of damping ratio
large                large 
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3. good damping characteristics

p

1 1.4mM< <

4. minimum effect of any undesirable noise

( )M ω

1.4

1.0

mω ω

Seoul National Univ.
School of Mechanical                           
and Aerospace Engineering

Spring 2008



Exponential Determination of Transfer FunctionExponential Determination of Transfer Function
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Transfer Functions and Frequency Magnitude PlotTransfer Functions and Frequency Magnitude Plot

Bode Plot  (Logarithmic Plots)•

i) Log Magnitude  ( ) 20log ( )mL G j G j dBω ω=

ii) dB : decibel, Logarithm of the magnitude 

iii) 1 decade : frequency width1 ~10Hz Hziii) 1 decade :                            frequency width

D i th B d Pl t

1 10
2.5 ~ 25
Hz Hz

Hz Hz

Drawing the Bode Plots

The reason of using logarithm  - mathematical operation

•

, ,× ÷ → + −
- typical three types : simple straight line

asymtotic
approximations

Seoul National Univ.
School of Mechanical                           
and Aerospace Engineering

Spring 2008

approximations



Transfer Functions and Frequency Magnitude Plot
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Transfer Functions and Frequency Magnitude Plot
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Transfer Functions and Frequency Magnitude Plot
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Transfer Functions and Frequency Magnitude Plot
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Vibration Isolation in Rotating SystemsVibration Isolation in Rotating Systems

Vibration due to rotating unbalance
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Vibration Isolation in Rotating Systems
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Vibration Isolation in Rotating Systems

Vibration isolators

Force

system

i l

system

i l

Motion

isolator isolator

M hi S i
Force Motion

Machine Suspensions

Reduce the magnitude of force
transmitted from a machine to

Reduce the magnitude of motion
transmitted from a vibratorytransmitted from a machine to

its foundation
transmitted from a vibratory 
foundation to a system

Isolator i) load supporting elements springIsolator   i)  - load supporting elements,  spring.
- energy-dissipating elements,  damper.

ii)  - Synthetic rubber : both load supporting and energy dissipating
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TransmissibilityTransmissibility

Transmissibility : 
A measure of the reduction of transmitted force or motion afforded by an isolator.

( ) the force amplitude transmitted to the foundationTR machine
the amplitude of the exciting force

=

( ) the vibration amplitude of the systemTR suspensions
the vibration amplitude of the foundation

=
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Transmissibility for Force ExcitationTransmissibility for Force Excitation
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Transmissibility for Force Excitationy
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Automobile Suspension Systems

spring&damper
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Dynamic Vibration Absorbers
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If b is small and 
Then resonance - excessive vibration

- extremely large force transmitted
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Dynamic Vibration Absorbers
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Dynamic Vibration Absorbers
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Dynamic Vibration Absorbers
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Seismograph

A device used to measure ground displacement 
during earthquakes
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Z s ms sTransfer Function
Y s ms bs k s sζω ω

− −
⇒ = =

+ + + +

2 , 2n n
k b
m m

ω ζω⎛ ⎞= =⎜ ⎟
⎝ ⎠
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Seismograph

( )
2 2( )Z jω ω β β /( )2 2 2

( )
( ) 2 1 2

( ) ( )

n
n n

Z j
Y j j j

z t y t

ω ω β β ω ω
ω ω ζω ω ω β ζβ

= = = /
− + + − +

≅We hope,

( )1, 1
( )

Z j
Y j

ωβ
ω

>> = −If,
Z
Y

1( ) ( ) n

n

z t y t for ω ω

ω

≅ >>

Choose        as small as possible.
(l f i )

nω ωn
k
m

ω
⎛ ⎞

=⎜ ⎟⎜ ⎟
⎝ ⎠

(large mass, soft spring)
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Accelerometer

z x y= −
The system configuration is basically 
the same as the seismograph buty&& y the same as the seismograph, but 
choice of undamped natural frequency 
is different.

Accelerometer
y

mz bz kz my+ + = − &&&& &Equation of motion : the same as the seismograph,

( ) 1Z s mT f F ti − −
⇒ 2 2 2 2

( ):
( ) 2 n n

Transfer Function
s Y s ms bs k s sζω ω

⇒ = =
+ + + +

Frequency response

2

( ) 1
( )

n

Z s
s Y s

ω ω

ω

>>

≅ −
2

1

nω

( ) ns Y s ω

nω ωoperating
range
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Performance CharacteristicsPerformance Characteristics

( )Y se+ ( )G s

( )H s

( )Y se
R +

−

( )H s

( )Y G

( )

( )

( )

( ) ( )

Y G s e

R H s Y e

Y G R H Y

=

− =

⇒ ( )
( )

( ) ( )

1 ( ) ( ) ( )

( ) ( )

Y G s R H s Y

Y G s H s G s R

Y G

⇒ = −

+ =

0
( ) ( ) ( )
( ) 1 ( ) ( )

Y s G s G s
R s G s H s

⇒ = =
+
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Step Input Response

Consider, 2nd order system 

Step  Input  Response

02 2

( ) ( )
( ) 2 n n

Y s K G s
R s s sζω ω

= =
+ +

Now, consider "time-response"-"pole" of the transfer function relations

2 2

1( ) ( )
2

KY s step input response
ζ

=

( )

2 2

22

2 2

( ) ( )
2

/ 2 //
2

n n

n nn

p p p
s s s

K s KK
s s s

ζω ω

ω ζ ωω
ζω ω

+ +

− −
= +

+ +

2 2

2

2 0

n ns s s

s s

ζω ω

ζω ω

+ +

+ + =pole

2

2 0

1

n n

n n

s s

s

ζω ω

ζω ζ ω

+ + =

= − ± −

pole 
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Step  Input  Response

21s j jζω ζ ω ζω ω± ±
21d nω ω ζ= −

jω) 0 1i ζ< <

( )
( ) ( )

22

2 2 2

1

/ 2 //( )
1

n n n d

n nn

s j j

K s KKY s
s s

ζω ζ ω ζω ω

ω ζ ωω
ζω ζ ω

= − ± − = − ±

− −
= +

+ + η

d n ζ

( ) ( )

1 22

1

( ) cos sinn n

n n

t t
d d

n

s s

Ky t C e t C e tζω ζω

ζω ζ ω

ω ω
ω
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η

nζω− σ

( )2 sin , 0n

n
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n
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ω

ω φ ζω
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−= + + − < 21nω ζ− −

1 22 2 2

2 1,
1n n

K KC C ζ
ω ω ζ

⎛ ⎞
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Step Input Response
) 1ii ζ =

j

Step  Input  Response
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Step  Input  Response

) 1iii ζ >
2 1n ns ζω ω ζ= − ± −
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Step  Input  Response

) 1 0v ζ− < <
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Step Input Response

) 1vi ζ < −

Step  Input  Response

2 1
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Step  Input  Response

21d n ns j tσ ω ζω ζ ω= ± = − ± −Poles : 

p p p

jω
( ) ty t Ceσ=

: sin d

constant damped
frequency tω

djω

η
σ

cos
constant damping ratio

ζ η=

constant underdamped
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cosζ η=
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