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Effect of residual stress on reliability
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Various Methods to Evaluate Residual Stress

Scale
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Instrumented indentation testing (IIT)

Hardness
Elastic modulus

Tensile properties
Fracture toughness

Residual stress

Indentation load-depth curve

Load

Depth

Loading

Unloading

•••

Easier and simpler to measure quantitative mechanical properties
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Basic concept of evaluating residual stress using IIT
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[Y.H. Lee, D. Kwon, Acta Mater. (2004)]
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Quantification of residual stress by stress tensor





































































x
res

x
res

x
res

x
res

x
res

x
res

3
)p1(00

0
3

)1p2(0

00
3

)p2(

3
)p1(00

0
3

)p1(0

00
3

)p1(








































000
0p0
00

000
00
00

x
res

x
res

y
res

x
res

Hydrostatic stress Deviatoric stress

[Y.H. Lee, D. Kwon, Acta Mater. (2004)]
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Deviatoric stress along  z-direction :Change of indentation stress :

= contact area in stressed state
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Necessity of Knoop indentation
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Review of previous researches
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[Y.H. Lee, D. Kwon, Acta Mater. (2004)]

Assumption : bi-axial stress
: isotropic mechanical properties
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Limitations

Knoop indenterVickers indenter

• Inconvenience(or impossible) to change indenter tip

• Time consuming procedure for two kind of indentations

In-field testing

: In case of curvature

• Restriction on testing area in case of some structures

Applicability to in-field testing

Knoop Testing area for 
Vickers & Knoop indentation

1 cm

1 
cm

1 cm

1.3 ~ 1.5 cm
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Limitations

Testing area for indentation

Interval between indents
≥ 2~3 mm (10 X indentation depth, ISO 14577-1)

Elastic

Plastic

• Residual stress = f(distance)

• Testing area ↓ Measuring resolution ↑

Vickes + Knoop
indentation

Knoop
indentation

Conical
indentation
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Indentation Results Depending on Residual Stress
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Why DIC?

- Full field optical technique (lots of information)

- Applicable to multiscale from macro to nano

- Simple equipment

[McGinnis et al, 2005] [Schajer et al., 2012]

What is DIC?

- Using random speckle patterns

- Searching the same points between reference and target images

Digital Image Correlation (DIC)

Image Displacement Strain



12

Characteristic of Conical indenter

• Deformation of axisymmetry
→ specimen for unknown direction of principal stresses

Berkovich indenter Conical indenter

[Z. Shi, et al., Int. J. Plasticity, 2010]

𝜽

[Z. Tang, et al., Adv. Mater. Sci. Eng., 2015]

• Similar mechanical response as sharp indenter
→ using Lee’s model for evaluating average of principal 
residual stresses

𝜃 ൌ 70.3°
for same projected contact area with Vickers
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a

• Evaluating surface displacement caused by indentation using DIC method.

• Confirming the dependence of surface displacement on residual stress.

Residual imprint
of conical indentation

Indentation & Digital Image Correlation

DIC analysis area

Before

After
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Basic Concept

𝝈𝒓𝒆𝒔
𝒙

Stressed stateStress-free state

A circle with the same 
radial displacement value

•  Distribution of indentation surface displacement depends on stress state of specimen

Relation between “indentation surface displacement” and “residual stress”

Principal direction (𝜽𝑷), 
Stress ratio, p 
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Experimental Procedures

1) Apply uniaxial stress state to the steel beam

2) Select the testing area

3) Capture the reference image using DIC

4) Perform a single indentation (conical indenter / ℎ௠௔௫ ൌ 200𝜇𝑚)

5) Capture the target image using DIC

6) Analyze the displacement change of testing area 

1), 2) 3) 4) 5) 6)
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Experimental Result (SUS316L)

X displacement

Y displacement

Compressive Stress-free Tensile

[Uniaxial stress state]

Radial displacement

Hoop displacement
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Compressive stress Tensile stress

displacement
displacement

Residual stresses influence the indentation surface displacement

- Compressive stress

- Tensile stress

Residual stresses influence the indentation surface displacement

- Compressive stress

- Tensile stress

promotes displacement in a vertical direction

disturbs displacement in a parallel direction

promotes displacement in a parallel direction

disturbs displacement in a vertical direction

Relation between stress and displacement

Stress free



Tensile stress stateStress-free stateCompressive stress state

12

312

3

Basic Concept, Displacement

𝝈𝒓𝒆𝒔
𝒙 𝝈𝒓𝒆𝒔

𝒙

1

•  Distribution of indentation surface displacement depends on stress state of specimen
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Basic Concept, Tensor

0 0 0
0 0 0
0 0 0

 
 
 
 
 

20 0 0 0
3 30 0

0 0 0 0 0 0 0
3 3

0 0 0
0 0 0 0

3 3

x x
res res

x
res x x

res res

x x
res res

 


 

 

   
   
    
    

      
    

     
   

   

- Uniaxial stress state

- Stress-free state

matched with ∆𝐿
3

1
x
res

c

L
p A

 




2 0
3

0
3

x
res

x
res






Effect on the plastic deformation in x-direction

Effect on the plastic deformation in y-direction

β=-0.5

[Lee and Kwon, Acta Mater., 2004]
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Directional Information

▶ Principal Direction ▶ Stress Ratio

0
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𝜃௉ 𝑝 ൌ

𝜎ଶ
𝜎ଵ

How ?
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Analysis area

ac

2ac 4ac
5ac

- Large plasticity around residual imprint :  ~2ac

- Pileup/sink-in (deformation in direction of indenting axis) causes 

error in 2D digital image correlation analysis

- The area between 2ac ~ 5ac is considered suitable for digital image 

correlation analysis
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Determination of principal direction 

θ
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𝜃௣

(θ, displacement)

Premise: “Maximum radial displacement occurs in principal directions”

1. Obtain x, y coordinates of maximum radial displacement in each circumference.

2. Display the θ, D coordinates.

3. Identify the direction of principal stresses.

Compressive stress Tensile stress

2ac ≤ r i ≤ 5ac

𝜃
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Quantification of Indentation Surface Displacement

𝑋 𝑡 ൌ 𝑋 𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 at radius of r

(2) Reanalyze the images to obtain x- and y-displacements

𝐷௫ ൌ 4 · න 𝑋ሺ𝑡ሻ · 𝑑𝑡
గ
ଶ

଴

𝑌 𝑡 ൌ 𝑌 𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 at radius of r

r

t

(1) Rotating the results by principal direction (setting principal direction to x, y-axis)

(3) Calculate 𝑫𝒙 and 𝑫𝒚 using X(t) and Y(t)

X(t)

r

t

Y(t)

𝐷௬ ൌ 4 · න 𝑌ሺ𝑡ሻ · 𝑑𝑡
గ
ଶ

଴

𝑟 ൌ 4 ൈ 𝑎௖
(𝑎௖ : contact radius)
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Displacement Change in Uniaxial Stress State 

𝝈𝒓𝒆𝒔
𝒙

Stressed stateStress-free state

A circle with the same 
displacement value

𝐷௫,଴

𝐷௬,଴

𝐷௫,௦ ൌ 𝐷௫,଴ ൅ ∆𝐷௥௘௦
௫

𝐷௬,௦ ൌ 𝐷௬,଴ ൅ ∆𝐷௥௘௦
௬

(∆𝐷௥௘௦
௬ ൌ 𝛽 · ∆𝐷௥௘௦

௫ ൌ െ0.5 · ∆𝐷௥௘௦
௫ )

[Uniaxial stress state]
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Parameter  𝒌

Tensile stress Stress-free Compressive stress

< x-displacement in uniaxial stress state >

x-displacement at red circle linearly depends on stress state

Al2024

𝐷௫,௦ ൌ 𝐷௫,଴ ൅ ∆𝐷௥௘௦
௫

∆𝐷௥௘௦
௫ ∝ 𝜎௥௘௦

௫

∆𝐷௥௘௦
௫ ൌ 𝒌 · 𝜎௥௘௦

௫

𝒌 is a proportional factor

Tensile stress Stress-free Compressive stress
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ൌ 𝐷௬,଴ െ 0.5 · 𝑘 · 𝜎௥௘௦
௫

𝐷௫,௦ ൌ 𝐷௫,଴ ൅ 𝑘 · 𝜎௥௘௦
௫𝝈𝒓𝒆𝒔

𝒙

𝐷௬,௦ ൌ 𝐷௬,଴ ൅ ∆𝐷௥௘௦
௬

(∆𝐷௥௘௦
௬ ൌ െ0.5 · ∆𝐷௥௘௦

௫ )
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Displacement Change in Biaxial Stress State

𝐷௫,௦ ൌ 𝐷௫,଴ ൅ ∆𝐷௥௘௦
௫  ൅ β · ∆𝐷௥௘௦

௬ ൌ 𝐷௫,଴ ൅ 𝒌 · 𝝈𝒓𝒆𝒔
𝒙 െ 𝟎. 𝟓 · 𝒌 · 𝝈𝒓𝒆𝒔

𝒚 ൌ 𝐷௫,଴ ൅ ሺ𝟏 െ 𝟎. 𝟓 · 𝒑ሻ · 𝒌 · 𝝈𝒓𝒆𝒔
𝒙

𝐷௬,௦ ൌ 𝐷௬,଴ ൅ ∆𝐷௥௘௦
௬  ൅ β · ∆𝐷௥௘௦

௫ ൌ 𝐷௬,଴ ൅ 𝒌 · 𝝈𝒓𝒆𝒔
𝒚 െ 𝟎. 𝟓 · 𝒌 · 𝝈𝒓𝒆𝒔

𝒙 ൌ 𝐷௬,଴ ൅ ሺെ𝟎. 𝟓 ൅ 𝒑ሻ · 𝒌 · 𝝈𝒓𝒆𝒔
𝒙

𝐷௫,௦ െ 𝐷௫,଴ ൌ ሺ𝟏 െ 𝟎. 𝟓 · 𝒑ሻ · 𝒌 · 𝝈𝒓𝒆𝒔
𝒙

𝐷௬,௦ െ 𝐷௬,଴ ൌ  ሺെ𝟎. 𝟓 ൅ 𝒑ሻ · 𝒌 · 𝝈𝒓𝒆𝒔
𝒙

𝜌 ൌ
𝐷௬,௦ െ 𝐷௬,଴

𝐷௫,௦ െ 𝐷௫,଴ ൌ
ሺെ𝟎. 𝟓 ൅ 𝒑ሻ · 𝒌 · 𝝈𝒓𝒆𝒔

𝒙  

ሺ𝟏 െ 𝟎. 𝟓 · 𝒑ሻ · 𝒌 · 𝝈𝒓𝒆𝒔
𝒙  

ൌ
െ𝟎. 𝟓 ൅ 𝒑

𝟏 െ 𝟎. 𝟓 · 𝒑 

𝝈𝒓𝒆𝒔
𝒙

𝝈𝒓𝒆𝒔
𝒚 (𝐩 · 𝝈𝒓𝒆𝒔

𝒙 ൌ 𝝈𝒓𝒆𝒔
𝒚

)

[Biaxial stress state]
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Same Stress Ratio (p)

Same stress ratio (p) Same slope (ρ)

(A, B) 
A : stress in x-direction
B : stress in y-direction
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(A, B) 
A : stress in x-direction
B : stress in y-direction

0.0 0.2 0.4
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 P= 0.5

D
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(0, 0) (200, 100)
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FEA Results

(A, B) A : stress in x-direction
B : stress in y-direction

x-direction

y-direction

-0.2 0.0 0.2 0.4
-0.2
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0.2

0.4

 sf
 p=-1
 p=-0.25
 p=0
 p=0.25
 p=0.5
 p=0.6
 p=0.7
 p=0.8
 p=0.9
 p=1.0
 p=1.25
 p=2.0
 p=inf

D
y
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p=-1

p=-0.25

p=0

p=0.25

p=0.5

p=0.6

p=0.7

p=0.8

p=0.9

p=1.0

p=1.25

p=2.0
p=∞

The slope (𝜌) is a value determined by the ratio between principal stresses and rule of 𝛽.
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Stress Free Point

-0.2 0.0 0.2 0.4
-0.2

0.0

0.2
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D
y

Dx

(𝐷௫,௦, 𝐷௬,௦)

(𝐷௫,଴, 𝐷௬,଴) ?
𝜌 ൌ

𝐷௬,௦ െ 𝐷௬,଴

𝐷௫,௦ െ 𝐷௫,଴ ൌ
ሺെ𝟎. 𝟓 ൅ 𝒑ሻ · 𝒌 · 𝝈𝒓𝒆𝒔

𝒙  

ሺ𝟏 െ 𝟎. 𝟓 · 𝒑ሻ · 𝒌 · 𝝈𝒓𝒆𝒔
𝒙  

ൌ
െ𝟎. 𝟓 ൅ 𝒑

𝟏 െ 𝟎. 𝟓 · 𝒑 

𝐷௬,௦ ൌ 𝜌 · 𝐷௫,௦ െ 𝐷௫,଴ ൅ 𝐷௬,଴

?
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Mechanical Property Dependency – Stress Free Point
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𝐷௫,଴ ൌ 0.146746 ൈ ሺ0.95174 ൅ 0.15274 · 𝜈 ൅ 0.47714 · 𝜈ଶ െ 1.50022 · 𝜈ଷሻ ൈ ሺ1.34625 െ 0.49286 · 𝑛ሻ ൈ 2.46324 ·
𝐸
𝜎௬

ି଴.ଵସଶହଵ

Effect of Poisson’s ratio

Effect of Strain-hardening exponent

Effect of Yield strain

0.12 0.14 0.16 0.18
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0.14

0.16

0.18


y,
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Dx,0

- For conical indentation, 𝐷௫,଴ ൌ 𝐷௬,଴

- Stress-free point depends on mechanical properties

(Poisson’s ratio, Strain-hardening exponent, E/YS)

(∆௫,଴ൌ ∆௬,଴ for conical indentation)

[from ABAQUS]
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