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Definition of Wind Speed Characteristics

[

7 —=(1/ 'To 7 7 —(1/ e 7
V,=(UT)] o V(i v=m] v mnd
T
L:Z”)T (53 = [I,ITO}JG“ [uz{f)]zdr V, = mean gf maximum values, [V_(T)]
in period T,
IH.' - GH f I"Z
0 Time ——> To

l\/

=
MR
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Wind Speeds and Averaging Times

» If the flow were laminar, wind speeds would be the same for all averaging
time. However, owing to turbulent fluctuations, the definition of wind
speeds depends on averaging time.

» Mean wind speed

T
J. u(t) dt/T , Where T is averaging times
0

e.g.) 10min. averaging speed in KBDC, Japan, Eurocode, WMO

1hr. Averaging in National Building Code, Canada, ASCE7, ESDU

» Instantaneous maximum wind speed

t=T
t=0

max [u(?)]

» Peak 3-s gust speed, ASCE

max [ [P /3}

T

0

O UEND

5 ®i% Seoul National University
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Wind Speeds and Averaging Times

e Gust factor = Max. wind speed / Mean wind speed

:z Wﬂ
Raw data 7

(50Hz sampling)

M s o

speed=29.7m/s

U A L
e.g.1) .,MM i MNMWV ww\f wW v W 0

3sec-averaged q Peak 3-s gust speed=28.2m/s

e.g.2) q 10-min. averaged max. speed

10min.-averaged =20.4m/s

10min.=600s elOmin.=600s%

\Ej % Seoul National University
E\ Structural Design Laboratory




Wind Speeds and Averaging Times

| Winel speeds with different averaging times for epen terrain
» The approximate mean ratio r of the t-s speed to the hourly (3600-s) speed
at 10m above ground in open terrain is listed for selected values of t as

follows:
t(s) 3 5 40 60 600 3600
r 1.52 1.49 1.29 1.25 1.1 1.0
SRR SRR Rl G R R
6 k\\‘
1.1 \\ -
rob—L rrppud o esnd eSSy
1000 10,000

1

10

100

t (s

< Ratio of probable maximum speed averaged over period t to that averaged over one hour >

bR

R
V.
V
¥
Yy
Pl

TR
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Wind Speeds and Averaging Times

» Example 1
= For a peak 3-s gust speed at 10m over open terrain of 30m/s,
* Corresponding hourly speed is 30/1.52=19.7m/s
* Corresponding 10-min averaged speed is 19.7*1.1=21.7m/s
» Example 2
= For the time history of wind speed in page 2
* 10-min averaged max. wind speed=20.4m/s
* Peak 3-s gust speed=28.2m/s

peak 3s gust speed 138 zﬂ ~1.38

10 —min. averaged max. speed - 1.1

» Example 3
= For a fastest-mile wind speed at 10m over open terrain of 90mph
* The averaging time is 3600/90=40s.
* Corresponding hourly speed is 90/1.29=69.8mph
e Corresponding peak 3-s gust is 69.8*%1.52=106mph
%% Seoul National University
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Definition of Flow

I Theory of Bridge Aeorodynamics (Strommen)

b) Definition of cross sectional forces (stress resultants)

Wind Resistant Design of Bridges (Fujino et al.)

(reference axis)
> X

Seoul National University
Structural Design Laboratory



Components of Wind Speed

® Wind direction 3 ¥
V ————————————
f=arctan | —| | AL i
° InCidence angle ,,,,,, 5T ,,,’,/ (reference aXls)
———— > > X

W U
@ = arctan > > | where U, V, W=Mean wind speed accordingto x, vy, z
NU"+V

Time averaging

¢ \Wind direction ,sz;_TOarctan (V(IU dt/T

u(t

w) dr IT
Ju@)? +v(@)?

* Incidenceangle ,_ arctan

£

Seoul National University

=
Structural Design Laboratory
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Developing Wind Profile

Internal layer

Equilibrium ’ Site Wind profile changing as x increases x = 100 km
boundary layer x New equilibrium
boundary layer

y
vr'_/

i

3¢ Seoul National University
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Wind Profiles over Horizontal Terrain with Long Fetch

| Logarithmic Law
» Wind profile

—_— Z _
U (Z) =25u,In— where U (Z) :Mean wind speed at elevation z
Zy U, : friction velocity
Z, : roughness length

» Determine friction velocity u.
= Let the mean wind speed 40m/s at the height of 10m
= Let roughness length z,=0.01m

:1-(7(10) In 10 :1><4O/ln(10j:2.316m/s
2.5 z,) 2.5 0.01

» General form of logarithmic law

U(z) _ U(Zref) In(z/z,)

where z : reference elevation
In(z, of / Z,) ref

‘E}»“ Seoul National University
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Roughness Length Z,
| @.g. Eurocode

Terrain category 0 (z,=0.003m)

Sea, coastal area exposed to the open sea

VVp’

M

“Ej*g Seoul National University
LY Structural Design Laboratory
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Roughness Length Z,
| @.g. Eurocode

Terrain category | (2,=0.01m)

Lakes or area with negligible vegetation and without obstacles

r/

=
‘b

E Structural Design Laboratory

= Ej*‘ Seoul National University
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Roughness Length Z,
| @.g. Eurocode

Terrain category |l (ZO=O.05m)

Area with low vegetation such as grass and isolated obstacles

(trees, buildings) with separations of at least 20 obstacle heights

eoul National University
tructural Design Laboratory
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Roughness Length Z,
| @.g. Eurocode

Terrain category Il (ZO=O.3m)
Area with regular cover of vegetation or buildings or with
isolated obstacles with separations of maximum 20 obstacle

heights (such as villages, suburban terrain, permanent forest)

— }—
il P 011
T
TR — |
o '|:"|I|"' = -
| 1 1
| TH B 1
RS .
-t
] - ﬂ |
] )
L
%538 Seoul National University
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Roughness Length Z,
| @.g. Eurocode

Terrain category IV (ZO=1.Om)

Area in which at least 15% of the surface is covered with

bulidings and their average height exceeds 15m

LN

S

\LLLL<

14

5% Seoul National University
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Roughness Length Z,

| @.g. ASCE 7-05 Commentary
Type of Surface (m)
Water 0.005-0.01
Open terrain 0.015-0.15
Urban and suburban terrain, wooded areas 0.150-0.70

15

r/

go‘ Seoul National University
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Roughness Length Z,

Terrain Description
9F
@8- ESDU 82026
I oo s
4 } Rugged hilly terrain (d =12 zp)
3L
d (m)
1 S E } Centres of large towns, cities Forests 15t0 25
6: r Centres of small towns
; i Fairly level wooded country Sto10
3l Suburbs
R } Many trees, hedges, few buildings
0t L
3L Many hedges
é_ L Few trees, summer time 0to2
: r Farmland Long grass (=0.06 m) crops
3k Isolated trees Pack ice
R Uncut grass
_, Fairly level grass plains
10~ 9 Few trees, winter time
St Cut grass (=0.03 m)
[ Natural snow surfaces (farmland) . X
St Arctic sea ice
. 4L
% (m) 3l Airports (runway area)
Sea ice with wind normal to
s L snow ridges
107 9
st Large expanse of water (see Equation (6.1))
6. .
; : Desert (flat)
ir Sea ice with wind parallel
s L to snow ridges
10, L Calm open sea
% C Snow — covered plains
s [
|
3L
Ice, mud flats
10°¢

6 ¥§5% Seoul National University
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Wind Profiles over Horizontal Terrain with Long Fetch

| Power Law
» Wind profile

Height U,

T [i] (z <z4)

1 (z >z;)
Wind
speed

Ll A i T T

where (7(2) : Mean wind speed at height z

UG : Gradient speed

Zg ¢ Gradient height

o :power law exponent

frr 7

g*‘ Seoul National University

‘E Structural Design Laboratory
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Wind Profiles over Horizontal Terrain with Long Fetch

|rr Law

» Power law exponent (a ~ o g)
400 400 |
300 300 |
x !
OA
200 200 |
¢jor
i a=1/4.1
100 100 |
E 60 T eof
= £ -
. 40 ) Y Y LN
= &
T T i
20 L 0L
10 L4 10 o
Iy 3630 4050 0 3030 2050

Mean wind speed (m/s) Mean wind speed (m/s)

eoul National University
tructural Design Laboratory
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Wind Profiles for various terrain conditions

» If the profile of mean wind speed U(z,) at the height z, with roughness
length z,, is known, the profile of mean wind speed at the height z with
roughness length z, can be determined as follows.

Height

a(z)
at z U(z) _| = Yo Y
Ug ZG
a(zy) - N
at z U(z) :( %1 j
Ug Zg1 Zg
U(z,zy)
a(z) a(z) ZGI
z z
~U(2)=U (Zl)[Z—J [f) — Tz "
G 1 T rrrr
Wind speed

» If the basic wind speed is given for the terrain with roughness category Il at
the height of 10m in KBDC, then the basic wind speed for the other terrain is
determined as

a(z) 0.16
(@j _ (@j ~1.925
4 10

a(z)
~U(z)=1.925 U(lO)(iJ

E},“ Seoul National University
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Design Guidelines for Steel Cable-Supported Bridges (KSCE 2006)

822 2AHJIES

J})

#AIN=EES

Vp
0f B2lRol gwHoz AFCH

- AT B220t teX 2 Z20 UZZSS DS U2 B I 22 Ko2%H
3 B4 1B 70| AStel A (e 82.1)8 MBY 4+ UCH 0N NEZSH4 @, B
1S ze H2E0 2, 121D ZS20| 2= HE T 8219 28 A8D, NEZS2ES
S2DEHIIEY FE BECL

;o_one2

V,=C, -V, | = 2,2z,
R (sHe 8.2.1)

=C, V| = 5, <2,
-G2
GOIM C,= DS U =S SFHLZ K UKol s ¢S LB,
‘o ,.al
c, =|L‘ (e 8.2.2)

ofg H 8.2.1 NIEZEZ=ZE0 M2 A=zt

NEEET = | Il I} 1\
a 0.12 0.16 0.22 0.29

Zg (m) 500 600 700 700

25 (m) 5 10 15 30

Z, (m) 0.01 0.05 0.3 1.0

o A (OH& 8.2.2)H XEESTE lol of
% BB 2, z, @S BUYG, J=
n]

€ ¥ == EFHS G= 1.9250t ECk

D A (afe 8.2.1)0 K=Kt 1
31 +

DIES4E 7E &+ UG Ol

4
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Wind Speeds v.s. Averaged Time Intervals for Any Type of Surface

» We considered the relation between wind speeds averaged over various
time intervals for the case of open terrain.

» The following approximate relation may be used for any type of surface.

oot e

where V,(z)=speed averaged over t seconds

V(z) =speed averaged over 1 h for terrain with surface roughness z,

TABLE 2.3.3. Factors 7(z,) and c(f)

Zp (m) 0.005 0.03 0.30 1.00
& M(2o) 2.55 2.45 2.30 2.20
t 1 10 20 30 50 100 200 300 600 1000 3600

9 c() |3.00 232 200 1.73 135 1.02 ().76 0.54 0.36 0.16 0.00

‘L‘E}? Seoul National University
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Wind Velocity Fluctuations (Atmospheric Turbulence)

» The wind flow is not larminar (smooth). Rather, it is turbulent - it fluctuates

in time and space.

Peak
Un=U+ut)y Y/
/UM/\: N u(f) h __RMs
A VN AN A
Fftcd 7 A

o b

Mean wind speed

v

!

Fourier transform

!

Power spectrum

»

S, (@) 4

C()

Seoul National University

G
Structural Design Laboratory
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Wind Velocity Fluctuations (Atmospheric Turbulence)

z; A z, A

c,(z)
V(z)

SONNNNNNNNNNNN AONNNNNNNNNNNNN ANNNNNNNNNNNNN

» Why is atmospheric flow turbulence of interest?

= The turbulence can influence significantly the wind flow around a structure
and therefore the wind-induced forces.

= The flow fluctuations produce dynamic effects in flexible structures.
» Useful descriptors of atmospheric turbulence

= Turbulence intensities

= |ntegral lengths

= Turbulence spectra and co-spectra

>3 Seoul National University

Eﬂ\ Structural Design Laboratory



Turbulence Intensities

p Definition

o, o, o,
[M I ’ ]v I ’ Iw E——
U U U
U =Mean wind velocity along-wind direction u, v, w=3 components of wind fluctuation
w(t)
U
> u(t) < 7
v(?)

AU(t) =V +u(t)

u(t) .

A

|

YR

nﬂn .'”‘1 "\l”" |
YTTUU H—
LR

"\," '

< T =10 min 4
>

2
L g

WSS
Es
s

24
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Turbulence Intensities

> o =fu.
< Values of,B Corresponding to Various Roughness Lengths >
Z, 0.005 0.07 0.30 1.00 2.50
p 6.5 6.0 5.25 4.85 4.00
>/ (2)= \/E_U* - ‘/_E U(Z) _ \/E ~ 77(20)
’ U U 25n(z/z,) 25In(z/z,) 2.5In(z/z,)

» e.g.z,=0.03m, z=20m then n(z,)=2.45 and lu(z)=0.15

53¢ Seoul National University
25 1 £h)
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Turbulence Intensities in other references

» Design Guidelines for Steel Cable-Supported Bridges (KSCE 2006)

= AZ0 OE JIRYE UREIT [,= 4 (HE 8.25)8 AIE5I0{ &3 £ QUCHL Ol XNE
TEHF o ZEH2=E0 2z, del) EEZ0| 2= HE = 8.2.12] 2&t& AtEEtLL.
1 30
L= — , z 100m
In(30/ z, zZ )
,  a (of&£ 8.2.5)
__ 1 30 | o
In(30/z,) | z, T
= ABYB() L STUB(WY UBATE A A (HE 8.2.6)2 AB ASE + UCH
I =0.80-1, )
(& 8.2.6)
I =050-1

" e.g.2,=0.03m, z=20m then a=0.14 and lu(z)=0.153
» Theory of Bridge Aerodynamics (Strommen 2010)

= [, =1/In(z/zy) when z>z,,,;,

= [, =3/41, I,=1/21,

" e.g.2,=0.03m, z=20m then a=0.14 and lu(z)=0.154

’e ‘g*‘ Seoul National University
E\ Structural Design Laboratory




Dependency of Turbulence Intensity on Wind Speed

T.l. comparison (6 m)

0.50

045 — i ® LTl
4 ® O MmastcupTl
040 —| glI ¢ Fitted line of lidar T.I.
= === Fitted line of Mast-cup T.I.

035 —

B

0.25

Turbulence intensity

020 —

o4
-
o

e
-
o
|

0.05

0.00

0 2 4 6 8 10 12 14 16 18 20
Wind speed [m/s)
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Turbulence Intensities in the Mokpo Bridge Site

lu=14.0% Iv=11.5% Iw=9.5%
50 50 50
£ 40 £ 40 40
: :
0
0 5 10 15 20 25
Mean wind velocity (m/s) Mean wind velocity (m/s) Mean wind velocity (m/s)
Along wind Lateral wind Vertical wind
Ultrasonic type
Turbulence Roughness Roughness Ultrasonic type Propeller/type Anemometer
intensity Category I Category II AN\ Q-ToE
pier 14 Q
lu 11.6 % 141 %
\Y} 9.3 % 1.3 %
Iw 5.8 % 71 %
St ")\
28 Kppe Seoul National University
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Temporal Statistics and Ensemble Statistics

| Temporal Statistics
» Any temporal statistics are based on a continuous or discrete time variable
X, which is stationary and homogenous (i.e. have constant statistical

properties) such that

X=x+x(t)
» Its mean value and variance are then given by
1 T
X = lim = | Xdt
Tooo T
0
2
o, = lim x(t)]“dt
L= Jim j 0
XAx(t) x A
A !
N A o,
- ﬂﬂf\n(\:';:-"::::: > s L
’ JIVIVI U T s v
I'v: / |‘." Gaussian
a ! >
>»

29 XHp% Seoul National University
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Temporal Statistics and Ensemble Statistics

| Ensemible Statistics
» (e.g.) N simultaneous realizations of the along wind velocity in space
= X, (t),k=1,--,N
= Type of statistics that provides a stochastic description of the wind field
distribution in space

Fig. 2.3 Ensemble statistics of simultaneous events

30 X558 Seoul National University
Eﬁ\ Structural Design Laboratory




Temporal Statistics and Ensemble Statistics

| Ensemible Statistics

» (e.g.) N different observations of a stochastic process have been recorded,
each taken within a certain time window not necessarily at the same time

= Anillustration of the situation when a number of time series have been
recorded of the wind velocity at a certain point in space, each taken during
different weather conditions.

= The statistical properties of the data set of extracted mean values will
then represent an example of long term ensemble statics.

= Typically, PDF of a data set of mean values may attain a shape of Weibull
or a Rayleigh distribution.

)(1A XkA
o alffife o fialan — B
X, =t —

> > >
t t t

Xy A X A X 4

—»

>
t

p(X)

a) N independent short term realisations b)  The probability of mean values

Fig. 2.4 Ensemble statistics of mean value recordings

e

S
31 .
“\‘u
i

® Seoul National University
\” Structural Design Laboratory

m
m@



Rayleigh Distribution

» A Rayleigh distribution is often observed when the overall magnitude of a
vector is related to its directional components.

= PDF f(x;0) = X e™x*/20% x>0 for parameter o(= mode) > 0
O'Z

= CDF F(x)=1—-e%/29°  forx € [0, 00)

12F T T T T ] 1.0 T T = T
1or —0=0.5 1 % ’
—o0=1.0 /
0.8 I —0=2.0 _- r / b
i —6=30 ] 0.6 i
I —0=4.0 ] —0=0.5 |
0.6 5 I —06=1.0 ]
i 0.4 _ 6=2.0 i
I - / —0=3.0 .
Aff s
041 _ ,, —0=40 1
X - . L 02} —
02 — ] /o ]
0.0 . R L — ; ] 0.0 J / A T T T TP
0 2 4 6 8 10 0 2 4 6 8 10
X X
V2

r

E}*‘ Seoul National University
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Mean, Median, and Mode

» The expected value (mean, or the first moment) of a random variable is the
weighted average of all possible values that this random variable can take on.

» The median is described as the numerical value separating the higher half of
a sample, a population, or a probability distribution, from the lower half.

» The mode is the number that appears most often in a set of numbers.

— mode
— median
— mean

o=0.25

00 0.2 04 06 08 10 12 14 16 18 20 22

Seoul National University
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Rayleigh Distribution

» One example where the Rayleigh distribution naturally arises is when wind
speed is analyzed into its orthogonal 2-dimensional vector components.
Assuming that the magnitude of each component is uncorrelated and
normally distributed with equal variance, then the overall wind speed
(vector magnitude) will be characterized by a Rayleigh distribution.

» A second example of the distribution arises in the case of random complex
numbers whose real and imaginary components are i.i.d. (independently and
identically distributed) Gaussian. In that case, the absolute value of the
complex number is Rayleigh-distributed.

» R~Rayleigh(o) is Rayleigh distributed if R = VX2 + Y2, where X~N (0, 5?)
and Y~N (0, o?) are independent normal random variables. (This gives
motivation to the use of the symbol ¢ in the above parameterization of the
Rayleigh density.)

TN

5% Seoul National University
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Correlation and Covariance

» Given two realizations X1 (t) = x71 + x1(t) and X, (t) = x5 + x,(t)
» Correlation
1 T
Raye, = B ) - Xo(0)] = Jim = [ X0 Xo(de
0
» Covariance

1 T
Covi, = Ela(®) - :a(8)] = fim 7 | xa(8) - xalO)de

» Ensemble correlation

Ry, (1) = E[X1X,] = lim ~ lek Xy,

N—>oo

» Ensemble covariance
Covy, , () = E[(X1 —%1) - (X; —X3)] =
N

1 _ _
lim NZ(X”‘ —x71) * (Xz, —X2)
k=1

N—>oo

® Seoul National University
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Auto Correlation and Auto Covariance

» taken on the process variable itself < A

» Auto correlation / \/’LW\K VYU
x(t+T)

" R,(7) = E[X(©)X(t +1)]
= lim ~ [ X(t) - X(t + 1)t

x A x(t+71)
p Auto covariance / X(t)
= Covy(7) = E[x(®)x(t + 7)] YATAR 'I M/?,,\v\ U \1\/ o
= lim = f x(t) - x(t + T)dt J
T—oo T 7 |
A x(t) - x(t+1)
S VAT S .
U \VAVAAZAAAY t

Fig. 2.5 The auto covariance function

® Seoul National University
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Auto Correlation and Auto Covariance

» As long as 7 is considerably smaller than T
EIX()]=E[X(t+1)] =%
» Relationship between R, and Cov,
Covy(t) = E[{X(t) — X} - (X(t + 7) — X}] = Ry (1) — ¥
» Symmetry
Elx(t)  x(t—17)] =E[x(t—17) - x(t)] =E[x(t —1) - x(t — T+ 1)]
Cov, (1) = Cov,(—T)

» Calculation with discrete data (j must be considerably smaller than N.)
N—j

1
Cov,(t=j-At) = E[x(t) - x(t + 17)] = N——]Z: Xk+j * Xk
k=1
» Auto covariance coefficient
(0) = Cov,(1)
px 1) = ze
px(t=0)=1

37 \E}"‘ Seoul National University
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Cross Correlation and Cross Covariance

» Given two realizations X1 (t) = x71 + x1(t) and X, (t) = x5 + x,(t)
P Cross correlation

1 T
RX1X2 (T) = E[Xl(t) ) XZ(t + T)] — ’Il"l—zgo?J Xl(t) ) XZ(t + T)dt
0
» Cross covariance
1 T
Covy, x,(T) = E[x1(t) - x2(t + 7)] = 7ljm ?j x1(t) - x,(t + 7)dt
— 00 0

P Cross covariance coefficient Xyt

Covxlxz (T)

O-xlo-xz
y:\ .
N\

px1x2 (T) —

Fig. 2.6  Cross covariance of time series at positions y, (k=1,2,....,N)

38 Cfgw Seoul National University
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Spatial Separation and Time Lag Covariance Function

p» Spatial Separation and Time Lag Covariance Function
= Covy(Ay,7) = E|x(y,t) - x(y + Ay, t + 7)] = Cov,y(As,T)
lem %fOTx (y,t) - x(y + Ay, t + 1)dt

» Extended to sum of variables x{(t) and x5 (t)
= Var(x; +x3) = E[(x1 + x2) - (x1 + x3)]
= Var(x,) + Var(xy) + 2 - Cov(xqy - x3)
: Var(Zl X)) =E[Oq +xg et xg o Fay) (g Fxg o+ x +
-+ xN)]
= VC””(ZL 1x1) = Zév=1 Zﬂy=1 Cov(x; - xj) = Iiv=1 Z?’=1 p(x; - xj) " 0;0j
= |If x;(t) are independent (i.e. uncorrelated)

2

then Cov(x; - xj) = a,g WV]:ZSTE;]] then Var(X)L, x;) = Y- 1%

39 ® Seoul National University
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Auto Covariance for Wind Velocity Fluctuations

p Auto Covariance Functions

Covy ()| [E[u(®) - -u(t+1)]] u(t) - u(t+1)]
= |Cov,(0) | = | E[v(®) - v(t +1)] | = %fOT v(t) - v(t + 1)
Covy,(T)| [E[w()-w(t+1)] w(t) w(t+1)]

p Auto Covariance Coefficients

Covy,(T)

= pp(7) = Tz

» Properties

= p,(t=0)=1 where n=u,v,w
= lim p,(t) =0 where n = u,v,w
T—00

40 E}»“‘ Seoul National University
ﬁﬂ\ Structural Design Laboratory




Integral Turbulence Scales

» Time Scale

(00]
= fo pn(t)dTt  where n=u,v,w o.(%) A

= p,(t) =exp(—1/T,,)) where n=u,v,w (1 ______
Pu(T) = eXP(-—)

T T

u

» In homogeneous terrain, at heights below 100m (Strommen 2010)
= T,=5%20s, T,=2~5s, T,,=0~2s

» Turbulence convection in the main flow direction takes place with the mean
wind velocity (i.e. that flow disturbances travel with the average velocity V),

. fon=V°T=V'fOOOPn(T)dT where n=u,v,w

= These turbulence length scales may be interpreted as the average eddy size
of the u, v, and w components in the direction of the main flow.

E},“ Seoul National University
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Spatial Properties of Wind Turbulence

» The flow is assumed to be homogeneous in space as well as stationary in time.

» Simultaneous two point recordings

u(s,t) u(s + As,t + 1)
= u, =|v(s,t)| and u, =|v(s+As,t+71)
w(s,t) w(s + As,t + 1)

S = Xf, Y5 OT Zf

T = a time lag that theoretically can take any value within +T
As = arbitrary separation (between the two recordings)

in the x¢, yr or z; directions

u(y; + Ay, t+ 1)

u(t)

s u(t)

ufyy, t)

¥55% Seoul National University
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3x3 Covariance Functions

» Three by Three Covariance Matrix (27 possible covariance functions)

Covy, Cov,, Covy,,
= Cov(As,7) = [Covvu Cov,, Covy,
Covy, Cov,, Cov,,

=E[ua-ubT]=%f0T(ua-ubT)dt

= Covy,,(As,T) As = Axf; A)’f or AZf

{ mn=1uuv,w
= Covariance Coefficients

Covmn(As,T) mn=1u,v,w
As = Ax]—', Ayfi AZf

Pmn (As,T) =

Om'On

» Cross covariance between two different turbulence components may be neglected. Then,
the number of possible covariance estimates is reduced to nine:

Covy,, (As, 1) u(s,t) -u(s + As,t + 1) u(s,t) -u(s +As, t + 1)
1 T
= | Cov,,(As,T) | = E|v(s,t) - v(s+As,t+71) | = Ffo v(s,t)-v(s+As,t+ 1) |dt
Covy,,, (As, T) w(s,t) -w(s + As, t + 1) w(s,t) -w(s + As, t + 1)

where s = x¢, Yy o1 zf
= Covariance Coefficients

__ Covpn(AsT) n=uvuvw
pnn(AS, T) - p) {AS — Axf,Ayf,Azf

On

Seoul National University
Structural Design Laboratory
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Length Scale for the Spatially Distributed Wind Turbulences

» The situation at T = 0 is particularly interesting because

"Ly = fooo Pnn(As, T = 0)d(As) Pon(AS) A
is a characteristic length scale
that may be interpreted as
the average eddy size of
component n in the direction s.

14<-——-—————-

P,.(As) = exp(-As/SL,)

= (e.g.) fou, fov, foW are quantities representing the average eddy size of u, v, w
components in the direction of the main flow.

X
= (eg)Ll, (= fou)is an indicator of the extent to which a longitudinal wind speed
fluctuation u will engulf a structure in the along-wind direction and will thus affect its
windward and leeward sides simultaneously.

y z : :
= (e.g) L, (= nyu)and L, (= ZfLu)are measures of the transverse and vertical spatial
extent of the longitudinal fluctuation u.

X
= (eg) L, (= *IL.Vis a measure of the longitudinal spatial extent of the vertical wind
w w

w)is

speed fluctuation w. If the mean wind is normal to a bridge span and wa(: L

large, a vertical speed gust will act on the entire width of the bridge deck.
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Turbulence Scale
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Length Scale for the Spatially Distributed Wind Turbulences

» Full scale recording in sites
" pnn(8s,7 = 0) = exp(—As/ *Ly)
n=unvw
{S = X5 Yfi 2f Ay

Puu(Ay)

» Approximation of the length scale for homogeneoﬁs%nyditions not unduly close to the ground
(Stremmen 2010)

_yf

Ly |
T, 11/37
xf 1/4 x
Thy| | 1/8 | Tluzro)  \7ro0
2 = - Ly where: S — 10
L, 1/12 Zg = Zgg = 10m
X 1/12 Xy _
"Lu| {116 " Lu(zp0) = 100m
1, L1/16
ZfLW

r/

e E}*‘ Seoul National University
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Fourier Series

» A periodic function F(t) can be expressed as the infinite sum of sine and cosine

functions.
F(1)
A
AVYAVA v
PRESZANN A CZANN AN SZANN

> F(t)=a0+2an cosna_)t+2bn sIn nwt (1)

n=l n=l
|y 27
here, a,=—\| F@®)dt , w=— (2)
where, g =— ], (1) -
2" ot d
an—5i0 (t)cosnwt dt (3)
2 (T .
b =—| F(t)smnaotdt (4)
T.O

J:L

¥55% Seoul National University
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Fourier Series

» F(t)=a,+ Zan cosnmt + an sin nwt
n=l n=I1

F(?)

N t

7 7 7

T T T

n=1 \ / ¢
(sin 1) N \_/

A

AN N
(sianTz)t) Vi VARV

n=3 /\ /\ S \ /\ /\ p
(sin3at) \/ \/ i\/ \/

S
r=2% r=2%
3w 3w

<Sine term> <Cosine term>

3552 Seoul National University
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Complex Fourier Series

» Eulereq. ™ =cosx+isinx , e~ =cosx—isinx (1)
. B inwt . e—ina_)t B einat + e—in@t
sinnwt = : cosnmt = (2)
21 ’ 2

F(t):a0+2an cosn5t+2bn sin nwt (3)

n=I1 n=I

(0.0)

inwt
— 4
F(t)= Y C,e (@

n=—00

—

5)

where, Cn = %J-OT F(t) e " dt

=

4

LN

49 X% Seoul National University
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Complex Fourier Series

1 rr2 —inwt
— j Ft)e""dt co (1)
T J-1/2 ]

F?) = _
Continuous in time domain| ' > Discrete in frequency
with a period T domain
~ ,"
N 7 2z
\ ’ “
\ /
: ‘ ‘ - e
\ /
< \I 1 > < PR | I | | I L >
-t =T/2 T/2 Time (¢) - 002w Frequency @

<<

F(t)= ) C,e"™ (2)

r/
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Homework

» Express the given periodic function F(t) with the complex Fourier series expansion.
(Due to next class)

| N

|

N

(9]

l\]

=~ N

+ [N

“"‘lr’il"l
H

4

4

Ll

T

» g*“ Seoul National University

E' Structural Design Laboratory
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Auto Spectral Density from a Fourier Decomposition

» The auto spectral density is the
frequency domain counterpart to the Rarentxariabiexit); var(x) = o,”

concept of variance. () = E[x(0)
T
» Given zero mean time variable x(t), t = lim§ (et
=k-A
> x(t) = Al]im Y_ Xk (wg, t) where {wk @

Aw = 2n/T
= Xp(wg,t) = cx - cos(wit + @) x(t) = ixk where x,(t) = c,cos(®,t+60,)
k=1

. 0,0 = ¢2l2
— 2 2 — -
g = fak + b~ , @, = arctan(b,/ay) xA“®, T,=2nlo, . -
¥ . " o’=Y0¢
X P xk

1 ]
COS(A)k C1,(l)1 /\ L\ /AN -

L[] _ 2T t = 7 ! 2
bk] - TfO x(t) [sinwkt] at 6,0, Xzﬁ ~ ~ - t =,ze:{_°2_'<
2 X
— E[sz] _ 9xg C,, () 3R JANYA WA NYA WS
> Splwp) =——=—= VARVARSG y
T 1 1 0T 2 Cy® ;
> Sy(wy) = %L@E'Ffo [crcos(wit + @p)]?dt 0@ XSIQ@%%QU‘—N zef.. e
11 Tk 2m 505 L%Dﬁ%%»: ()% 280
4 Sx(a)k)=llm—-—-n-f0 [ckcos(T—t+
k

n—oo Aw n-Tg 4}
2

The spectral density of x:

Amplitudes of

2 N 2 N X ?armloni:::I component)s 5. (o)
= [i = [i A amplitude spectrum): X
» o, Iél_{gozkﬂ Ox, Al[l_T](}oZkﬂ 5 o)
— I N )4 ————
= Al,llrolo 2k=1Sx(wy) - Aw -
e . E[X*(w,0)] k=[1]2[314[5] ,
> Sxlw) = Jim i = o
S (w)dw=02=
> 0,2 = f0°° S.(w)dw [s(@)do = 0, = var(x)
52 X% Seoul National University
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Spectral Density Functions

» Spectral Densities
= Represents the frequency properties for the turbulence components

» Kaimal Spectra

f'Sn{f}_ An'fn

5 = - where n =u,v,w
On (1+15-4,-fr

)5/3

. fn =f- fon/V and fon is the integral length scale of the turbulence components.
An is defined as follows: 4, =68, 4,=4,, =94

» Von Karman Spectra
" |t contains only the length scale that require fitting to the relevant data

f'Sn{f}: 4'fn

where n=1u
2 —_o1\5/6
On (1+708-7°)

f-Salf} _4-fo- (147552 £°)

where n =v,w
2 _o\11/6 ’
On (1+2832-,)

24
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Example of Turbulence Spectrum

» Given condition
= U=43.8m/s
z=37.965m, z,=0.01m, a =0.12
|, =12.1%, |,=9.71%, |, =6.07%
L,=112.49m, L,=28.124m, L, =9.375m
o, =5.3182m/s, o,=4.2546m/s, o, =2.6591m/s

» Target ranges for bridge aerodynamics
= Structural frequency: 0.05Hz — 5Hz

= 10 mean wind velocity: 10m/s — 80m/s

= Reduced frequency (f - fon/V)

* Longitudinal: 0.07 —28.12
 Vertical: 0.006 — 2.344

54
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Examples of Turbulence Spectrum

» Longitudinal Turbulence

1000

2, 1 —von karman kaimal [ 1000 —von karman kaimal | —von karman kaimal |
_i“ o lareetrange {g 100 \ Target range E o ,\la_rge_t_r e
f ' | . LS O\ .
[ AN I " T l '
0.1 1 1 g 1 1 g 1 :
1 1 ﬁ ! 1 sl ! |
g ! 1 1. ! 1 g ! 1 |
" ' - : . | .
g : ; ﬁ 0.1 I g 01 ! :
H | . | ' | .
® 0.01 : J 0.01 i : 001 i !
0.001 0.01 | 0.1 1 10 0.001 0.01 0.1 | 1 1 10 0.001 0.01 101 1 10 I 100
L o o o o o o o o | T T T e D | T T e -
Reduced frequency f-*L,/V Natural frequency f [Hz] Reduced frequency f-*L,/V
» Vertical Turbulence
2 t —von karmgn - ka’imal ] ] 1000 —von karman kaimal 3 1000 —von karman kaimal 3
i Target range ] Target range ] Target range
oo T P —— e m————— 1 [ 100 e ——— .
f L : L : : L : ;
t I 10 I " 10 = :
' 1 ¥ ) I t !
0.1 | n n I 1
E : : g 1 : : 1 I :
3 ' ! ! !
v ' | | : : '
g : I § o1 I ) § o1 ; :
q I : : : : I
R oo : 0.01 t p 0.01 . :
0.001 0.01 i _01_ e _1 _ _I 10 0.001 0.01 0.1 I_ . 1_ I | 10 0.001 0.01 e 21 ______ 1_ ___ = 10
Reduced frequency f-"L"/V Natural frequency f [Hz] Reduced frequency f-*L, /V
[ Normalized ] [ Un - normalized ] [ Semi — normalized ]
: X, Y axis : none of axis : X axis
3532 Seoul National University
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Auto Spectral Density in a Complex Format

» Adopting a frequency axis
spanning the entire range of both of positive and negative (imaginary) values, introducing

the Euler formulae
[ etwt ] [1 ] [coswt
—lwt —il lsinwt

and defining the complex Fourier amplitude

1
dy = E(ak — i by)
X() = ) K@) = ) dilwy) - K

Taking the variance of the complex Fourier components and dividing by Aw

[Xk Xk T (dy” “‘“kt)(d elwkt) _ didi
j Aw

E[Xk 'Xk]_1(ak+i'bk)(ak_i‘bk)_ Cr”

Aw T4 Aw AAw

2
%
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Auto Spectral Density in a Complex Format

» A symmetric double-sided auto spectrum

57

Associated with —wj, as well as +wy

The complex Fourier component is used to extend the frequency axis from
minus infinity to plus infinity

[Xk Xk] di'dy o’

Sx(fwy) =——~ Ao Ahw

In the limit of Tand N — oo, becomes the continuous function S, (+wy)

The variance of the process may be obtain by f_+;o Sy(fwg)dw

Thus, the connection between double- and single-sided spectra is simply
thatS,(w) = 2 - S, (Fw).
Assuming that the process is stationary and of infinite length, such that the

position of the time axis for integration purposes is arbitrary, then the non-
normalized amplitude is defined as a Fourier constant.

T

ak(a)k) = f .X'(t) . e_i"‘)ktdt =T- dk
0

E},“ Seoul National University
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Auto Spectral Density in a Complex Format

in which case the double-sided auto-spectral density defined by

di"die _ (ax”/T)(a/T) _ 1

Se(fawy) = =
(L) == 21T 2nT

- Qg ag
In the limit of Tand N — oo this may be written on the following continuous form

1
Se(w) = lim lim >—- a* (@) - a(w)

and accordingly, the single sided version is given by

5,@) = Jim —+ a*() - a(w)

» Application of the frequency f (hz) for the wind engineering,

Sx(f) - Af = 5 (w) - Aw = Sy (w) - 21 - Af)

1
= Sx(f) =2+ Sy(w) = lim lim -—-a*(f) - a(f)

58 ¥55% Seoul National University
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Cross spectral density

P Given two stationary time variable functions x(t) and y(t), both with length T
and zero mean value

N
x(O] _ . Xy (W, t)
[}’(t) - Tlll—rEOZN: [Yk(wk; t)
where,

X (W, t) 1[an(wk) - otwxt [an(wk) _ fim [ [x(t) gkt gy
Yi(wp, t)]l  T|ay, (wk) ay, ()|~ noe?-T/2[y(t)

and where w, = k- Aw and Aw = 2m/T.

P The definition of the double-sided cross-spectral density S, associated with
the frequency wy,

E[Xy - Y] 1
Ao 27T X Wk

Sxy(ia)k) =

59 %% Seoul National University
W2 Structural Design Laboratory




Cross spectral density

» Orthogonality of the Fourier components

el o )] -

Sxy(Wg, t) - Aw wheni=j =k
O wheni # j

» Covariance between x(t) and y(t) are given by

N N N
Covyy = E[x(t) - y(1)] = lim E ZXi z Y| = I\IIEY(}OE(E[XR i)
_11\\], —N —-N

= Covyy = 1\l/im Sxy(Zwy) - Aw
—N

» Double-sided cross spectral density in a continuous format

S (4o = Tim 1 ElX*(w,t) - Y(w, )] lim 1 .
xy(Fw) = Jim lim v = lm lim >—ax (w) - ay(w)

» The single sided cross spectral density

1
Sxy(W) =2+ Syy(tw) = 711_{210 I\IIEEon_TaX*(w) - ay(w)

5% Seoul National University
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Cross spectrum

» Single-sided version using frequency f (Hz)

2
Sxy(f) = 2T - Sxy(a)) = hm I\lllm T a,*(f) - ay(f)

» Covariance between the two processes

+ 00 +00
Covyy =J Sxy(tw)dw =f

—00 0

+ 00

Sep(@do = [ S(Pdf

0
» Cross-spectrum

Sxy(a)) = Coxy(w) — i quy(w)
p Alternatively, the cross-spectrum may be expressed by its modulus and phase
Sxy(a)) = |Sxy(a))| . el'cpx:)I(w)

» where the phase spectrum ¢, (w) = arctan[quy (w)/Coyy (a))]

1S4l A Co A oA Qu A

eV
ey

R

ey
¢
{

ey
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Spectra and Covariance

» Auto-spectra can also be calculate from the auto covariance function.

[Xk ' X4 ] - E K x(t)e“"tdt) (% fOTx(t)e_i‘”tdt)]
= pm

S = lj
o(@) = Jim —— 21T
}ITE}OTI f E[x(t1) - x(tz)] - e 2"t dt, dt,
= S (w) = ’111“01027'[—Tf j Covy(t, — t;) - e @zt gt dt,

» Replacing t, with t; + 7, the integration limit changes accordingly

LA« S
/&." /T- 1«." TA
T # T
T T T T T "' 1 ’ ////* \W\\ t‘ = T't
jfdtldtz = J JdtldT+fj dtldT = //r/ '|‘ O [ﬁ\\w7
00 ToT 0 A — N
) \
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Spectra and Covariance

» Replacing t, with t; + dt
TT-1

Sx(a))z’lll_l)l.}oﬁ ijOUx(T) e Wt dt, dr+]j Covy,(T) - e 1% dt, dt
T -t

0 T
1
— | - —lwT - —lwT
_Th—r»goZan 1+ Covx(r) e dr+j(1 T) Cov,(T) - e dt

0

T—o00 27‘[ T
-T

1 f( ; |>
= S,(w) = lim — 1 ——)Cov,(7) - e ' ¥%d7

As a result of the limit of T — oo,

1 .
Se(w) = o J Cov,(t) - e %1

63 XHp% Seoul National University
Eﬂ\ Structural Design Laboratory



Wiener-Khintchine Relationship

» This shows that the auto spectral
density is the Fourier transform of
the auto covariance function.

+00

Se(w) = j Cov, (1) - e @7
o
Covy,(7) = J Sy(w) - e Tdw

» Similarly, the cross spectral density
is the Fourier trans form of the

cross covariance function.

Suy(@) = — [*7 Covyy (1) - e%d7
+ 00

Covyy (7) = J Syy(w) - e™“Tdw

— 00

64

Time Frequency
domain domain

Wiener-Khintchine theorem

Power spectral

| ! ‘

Auto covariance
i ransform

function [ ; ‘

density
Inverse Fourier
con 9 5.
| | l
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Coherence Function and Normalized Co-spectrum

p Coherence function

|Sxy(“))|2
Sx(w) - Sy (w)
= If x(t) and y(t) are realizations of the same process
Sxx(W) = Sy(w) - \/COhxx((U) . el Pxx(®)

\/ Coh,.,(w) : root-coherence function

Cohy, (w) =

P« + phase spectrum

» A normalized co-spectrum

o) = ()

\/Sx(w) + Sy (w)

= |f x(t) and y(t) are realizations of the same stationary and ergodic process

Re[Sxy(w)] = Sy (@) * Coxx(w)

E}"“ Seoul National University
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Spectra and Coherence Functions for Wind Turbulences

» While cross covariance functions represent the time and space domain
properties of the turbulence components, it is a auto and cross spectral
densities that describe the frequency-space domain properties.

1 .
Spn(As, w) = oy j Covy,(As, 7) - 71T

» Application of the frequency f (hz) for the wind engineering,

+ 00

Son(As, ) = j Covyy,(As, T) - e 2™ dr

— 00

» Expression with single point spectra, coherence function and phase spectra.

Sin(8s, ) = Sp(f) - {/Cohpy (Ass, f) - exp[ig]

wheren = u,v,w and As = Axg, Ays, Azs.

E},“ Seoul National University
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Normalized Co-spectrum

» The normalized co-spectrum with single point spectrum

Re[Spn(4s, f)]
Sn(f)

= Since the wind field is usually assumed homogeneous and perpendicular to
the span of the (line-like) structure, phase spectra may be neglected.

éOnn(AS, f)=

= |n structural response calculations, spatial averaging takes place along the
span of the structures, and then all imaginary parts cancel out and only a
double set of real parts remain.

wheren = u,v,w and As = Axg, Ays, Azs. That is necessary to give special
attention to in wind engineering.

E},“ Seoul National University
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Normalized Co-spectrum (Root Coherence)

» Some simple expressions occurs in the literature
= For a first approximation
= Under homogeneous conditions

A B f-As
Conn(4s, f) = exp <_Cns . @)

wheren =u,v,w, s = Xf, Y5 Zpy As = DAxp, Ayr, Azg and

fcuyf = Cuz; =9
Cns = 3 vaf = Cvzf = Cwyf =6
| Cwzp = 3

Caution should be exercised as the variation in ¢, value is considerable.
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The normalized co-spectrum

» The simple expressions for normalized co-
spectrum has the obvious disadvantages:

= the spectrum value become unity at all As
when f = 0 while typical reduced-co spectrum
will decay at any value of f

= |tis positive in entire range of As and it is in
conflict with the definition of zero mean
turbulence components.

Typical reduced-co spectrum

» Krenk’s derivation applicable for the along-wind u component
= Under the assumption of isotropic condition

A K- As
Copn(As, ) = (1 - ) - exp(—k + As)
where
1/2
~ (an)z (2t ?
A A7 134 - *L,
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THANK YOU

for your attention!
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