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Definition of Wind Speed Characteristics
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▶ If the flow were laminar, wind speeds would be the same for all averaging 
time. However, owing to turbulent fluctuations, the definition of wind 
speeds depends on averaging time.

▶ Mean wind speed

▶ Instantaneous maximum wind speed

▶ Peak 3-s gust speed, ASCE
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Wind Speeds and Averaging Times
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Wind Speeds and Averaging Times
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Gust factor = Max. wind speed / Mean wind speed

Peak 3-s gust speed=28.2m/s

10-min. averaged max. speed 
=20.4m/s

Instantaneous max. 
speed=29.7m/s

e.g.1)

3sec-averaged

e.g.2)

10min.-averaged

Raw data

(50Hz sampling)

10min.=600s

3s

29.7m/s
27.3m/s

28.2m/s 26.3m/s

20.4m/s

10min.=600s
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▶The approximate mean ratio r of the t-s speed to the hourly (3600-s) speed 
at 10m above ground in open terrain is listed for selected values of t as 
follows:

4

Wind Speeds and Averaging Times

t (s) 3 5 40 60 600 3600

r 1.52 1.49 1.29 1.25 1.1 1.0

< Ratio of probable maximum speed averaged over period t to that averaged over one hour >



Seoul National University
Structural Design Laboratory

▶Example 1
§ For a peak 3-s gust speed at 10m over open terrain of 30m/s,
• Corresponding hourly speed is 30/1.52=19.7m/s
• Corresponding 10-min averaged speed is 19.7*1.1=21.7m/s

▶Example 2
§ For the time history of wind speed in page 2
• 10-min averaged max. wind speed=20.4m/s
• Peak 3-s gust speed=28.2m/s

▶Example 3
§ For a fastest-mile wind speed at 10m over open terrain of 90mph
• The averaging time is 3600/90=40s. 
• Corresponding hourly speed is 90/1.29=69.8mph
• Corresponding peak 3-s gust is 69.8*1.52=106mph
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Wind Speeds and Averaging Times

38.1
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Definition of Flow

Theory of Bridge Aeorodynamics (Strommen) Wind Resistant Design of Bridges (Fujino et al.)
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Components of Wind Speed

Wind direction
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Developing Wind Profile
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▶Wind profile

▶Determine friction velocity
§ Let the mean wind speed 40m/s at the height of 10m 
§ Let roughness length 

▶General form of logarithmic law

9

Wind Profiles over Horizontal Terrain with Long Fetch

0
* ln 5.2)(
z
zuzU = )(zU

*u
0z

: Mean wind speed at elevation z

: friction velocity

: roughness length

where

*u

mz  01.00 =

sm
z

Uu / 316.2
01.0

10ln40
5.2

110ln)10(
5.2

1
0

* =÷
ø
ö

ç
è
æ´=÷÷

ø

ö
çç
è

æ
×=

)ln(
)ln()()(
0

0

zz
zzzUzU

ref
ref=

refz : reference elevationwhere



Seoul National University
Structural Design Laboratory10

Roughness Length Z0

Terrain category 0 (    =0.003m)

Sea, coastal area exposed to the open sea
0z
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Terrain category I (    =0.01m)

Lakes or area with negligible vegetation and without obstacles
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Roughness Length Z0

0z
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Roughness Length Z0

Terrain category II (    =0.05m)

Area with low vegetation such as grass and isolated obstacles

(trees, buildings) with separations of at least 20 obstacle heights

0z
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Roughness Length Z0

Terrain category III (    =0.3m)

Area with regular cover of vegetation or buildings or with

isolated obstacles with separations of maximum 20 obstacle

heights (such as villages, suburban terrain, permanent forest)

0z
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Roughness Length Z0

Terrain category IV (    =1.0m)

Area in which at least 15% of the surface is covered with

bulidings and their average height exceeds 15m

0z
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Roughness Length Z0

Type of Surface (m)

Water 0.005-0.01

Open terrain 0.015-0.15

Urban and suburban terrain, wooded areas 0.150-0.70
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Roughness Length Z0
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▶Wind profile
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Wind Profiles over Horizontal Terrain with Long Fetch
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▶Power law exponent
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Wind Profiles over Horizontal Terrain with Long Fetch
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▶ If the profile of mean wind speed U(z1) at the height z1 with roughness 
length z01 is known, the profile of mean wind speed at the height z with 
roughness length z0 can be determined as follows.

▶ If the basic wind speed is given for the terrain with roughness category II at 
the height of 10m in KBDC, then the basic wind speed for the other terrain is 
determined as

19

Wind Profiles for various terrain conditions
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Design Guidelines for Steel Cable-Supported Bridges (KSCE 2006)
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▶We considered the relation between wind speeds averaged over various 
time intervals for the case of open terrain. 

▶The following approximate relation may be used for any type of surface.

𝑽𝒕 𝒛 = $𝑽 𝒛 𝟏 +
𝜼𝒄 𝒕

𝟐. 𝟓𝒍𝒏 ⁄𝒛 𝒛𝟎
where Vt(z)=speed averaged over t seconds

V(z) =speed averaged over 1 h for terrain with surface roughness z0

21

Wind Speeds v.s. Averaged Time Intervals for Any Type of Surface
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▶The wind flow is not larminar (smooth). Rather, it is turbulent – it fluctuates 
in time and space.
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Wind Velocity Fluctuations (Atmospheric Turbulence)

)()( tuUtU +=
)(tu

Peak

RMS

Mean wind speed

t

)(wuS

w

Fourier transform

Power spectrum



Seoul National University
Structural Design Laboratory

▶Why is atmospheric flow turbulence of interest?
§ The turbulence can influence significantly the wind flow around a structure 

and therefore the wind-induced forces.
§ The flow fluctuations produce dynamic effects in flexible structures.

▶Useful descriptors of atmospheric turbulence
§ Turbulence intensities
§ Integral lengths
§ Turbulence spectra and co-spectra

23

Wind Velocity Fluctuations (Atmospheric Turbulence)
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▶Definition

24

Turbulence Intensities

=Mean wind velocity along-wind direction    u, v, w=3 components of wind fluctuation
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b

▶

▶

▶ e.g. z0=0.03m, z=20m then ƞ(z0)=2.45 and Iu(z)=0.15 
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Turbulence Intensities
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Turbulence Intensities in other references

▶Design Guidelines for Steel Cable-Supported Bridges (KSCE 2006)

§ e.g. z0=0.03m, z=20m then α≈0.14 and Iu(z)=0.153
▶Theory of Bridge Aerodynamics (Strømmen 2010)
§ 𝐼# = ⁄1 ln( ⁄𝑧 𝑧$) when z>zmin

§ 𝐼% = ⁄3 4 𝐼# 𝐼&= ⁄1 2 𝐼#
§ e.g. z0=0.03m, z=20m then α≈0.14 and Iu(z)=0.154
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Dependency of Turbulence Intensity on Wind Speed



Seoul National University
Structural Design Laboratory28

Turbulence Intensities in the Mokpo Bridge Site

Along wind Vertical wind

Iu=14.0%

pier 14 pier 13 

Ultrasonic type
Anemometer

Iw=9.5%Iv=11.5%

Lateral wind

Turbulence 
intensity

Roughness
Category Ⅰ

Roughness
Category Ⅱ

Iu 11.6 % 14.1 %

Iv 9.3 % 11.3 %

Iw 5.8 % 7.1 %

pier 14 

Ultrasonic type
Anemometer

Propeller type
Anemometer
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▶ Any temporal statistics are based on a continuous or discrete time variable 
X, which is stationary and homogenous (i.e. have constant statistical 
properties) such that 

𝑿 = $𝒙 + 𝒙 𝒕
▶ Its mean value and variance are then given by

$𝒙 = lim
𝑻→)

𝟏
𝑻
?
𝟎

𝑻
𝑿𝒅𝒕

𝝈𝒙
𝟐
= lim

𝑻→)

𝟏
𝑻
?
𝟎

𝑻
𝒙(𝒕) 𝟐𝒅𝒕
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Temporal Statistics and Ensemble Statistics
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▶ (e.g.) N simultaneous realizations of the along wind velocity in space
§ 𝑿𝒌 𝒕 , 𝒌 = 𝟏,⋯ ,𝑵
§ Type of statistics that provides a stochastic description of the wind field 

distribution in space

30

Temporal Statistics and Ensemble Statistics
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▶ (e.g.) N different observations of a stochastic process have been recorded, 
each taken within a certain time window not necessarily at the same time
§ An illustration of the situation when a number of time series have been 

recorded of the wind velocity at a certain point in space, each taken during 
different weather conditions. 

§ The statistical properties of the data set of extracted mean values will 
then represent an example of long term ensemble statics.

§ Typically, PDF of a data set of mean values may attain a shape of Weibull
or a Rayleigh distribution.

31

Temporal Statistics and Ensemble Statistics
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▶A Rayleigh distribution is often observed when the overall magnitude of a 
vector is related to its directional components. 

§ PDF  𝑓 𝑥; 𝜎 = -
.!
𝑒/ ⁄-! 1.! , 𝑥 ≥ 0 for parameter 𝜎(= 𝑚𝑜𝑑𝑒) > 0

§ CDF  𝐹 𝑥 = 1 − 𝑒 ⁄/-! 1.! ,   for 𝑥 ∈ [0,∞)

32

Rayleigh Distribution
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▶The expected value (mean, or the first moment) of a random variable is the 
weighted average of all possible values that this random variable can take on.

▶The median is described as the numerical value separating the higher half of 
a sample, a population, or a probability distribution, from the lower half. 

▶The mode is the number that appears most often in a set of numbers.

33

Mean, Median, and Mode
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▶One example where the Rayleigh distribution naturally arises is when wind 
speed is analyzed into its orthogonal 2-dimensional vector components. 
Assuming that the magnitude of each component is uncorrelated and 
normally distributed with equal variance, then the overall wind speed 
(vector magnitude) will be characterized by a Rayleigh distribution. 

▶A second example of the distribution arises in the case of random complex 
numbers whose real and imaginary components are i.i.d. (independently and 
identically distributed) Gaussian. In that case, the absolute value of the 
complex number is Rayleigh-distributed. 

▶𝑅~𝑅𝑎𝑦𝑙𝑒𝑖𝑔ℎ 𝜎 is Rayleigh distributed if 𝑅 = 𝑋1 + 𝑌1, where 𝑋~𝑁 0, 𝜎1
and 𝑌~𝑁 0, 𝜎1 are independent normal random variables. (This gives 
motivation to the use of the symbol σ in the above parameterization of the 
Rayleigh density.)

34

Rayleigh Distribution
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▶Given two realizations 𝑿𝟏 𝒕 = 𝒙𝟏 + 𝒙𝟏 𝒕 and 𝑿𝟐 𝒕 = 𝒙𝟐 + 𝒙𝟐 𝒕
▶Correlation

𝑅-"-! = 𝐸 𝑋3(𝑡) c 𝑋1(𝑡) = 𝑙𝑖𝑚
4→)

1
𝑇
?
$

4
𝑋3(𝑡) c 𝑋1 𝑡 𝑑𝑡

▶Covariance

𝐶𝑜𝑣-"-! = 𝐸 𝑥3(𝑡) c 𝑥1(𝑡) = 𝑙𝑖𝑚
4→)

1
𝑇
?
$

4
𝑥3(𝑡) c 𝑥1 𝑡 𝑑𝑡

▶Ensemble correlation 

𝑅-"-!(𝜏) = 𝐸 𝑋3𝑋1 = 𝑙𝑖𝑚
5→)

1
𝑁
h
673

5

𝑋3# c 𝑋1#

▶Ensemble covariance 
𝐶𝑜𝑣-"-! 𝜏 = 𝐸 𝑋3 − 𝑥3 c 𝑋1 − 𝑥1 =

𝑙𝑖𝑚
5→)

1
𝑁
h
673

5

(𝑋3# − 𝑥3) c (𝑋1# − 𝑥1)

35

Correlation and Covariance
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▶ taken on the process variable itself

▶Auto correlation
§ 𝑅- 𝜏 = 𝐸 𝑋 𝑡 𝑋(𝑡 + 𝜏)

= 𝑙𝑖𝑚
4→)

3
4 ∫$

4𝑋(𝑡) c 𝑋 𝑡 + 𝜏 𝑑𝑡

▶Auto covariance
§ 𝐶𝑜𝑣- 𝜏 = 𝐸 𝑥 𝑡 𝑥(𝑡 + 𝜏)

= 𝑙𝑖𝑚
4→)

3
4 ∫$

4 𝑥(𝑡) c 𝑥 𝑡 + 𝜏 𝑑𝑡

36

Auto Correlation and Auto Covariance
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▶As long as 𝝉 is considerably smaller than T
𝐸 𝑋(𝑡) = 𝐸 𝑋(𝑡 + 𝜏) = 𝑥̅

▶Relationship between 𝑹𝒙 and 𝑪𝒐𝒗𝒙
𝐶𝑜𝑣- 𝜏 = 𝐸 {𝑋 𝑡 − 𝑥̅} c {𝑋 𝑡 + 𝜏 − 𝑥̅} = 𝑅- 𝜏 − 𝑥̅1

▶Symmetry
𝐸 𝑥 𝑡 c 𝑥(𝑡 − 𝜏) = 𝐸 𝑥(𝑡 − 𝜏) c 𝑥 𝑡 = 𝐸 𝑥(𝑡 − 𝜏) c 𝑥(𝑡 − 𝜏 + 𝜏)

𝐶𝑜𝑣- 𝜏 = 𝐶𝑜𝑣- −𝜏
▶Calculation with discrete data (j must be considerably smaller than N.)

𝐶𝑜𝑣- 𝜏 = 𝑗 c ∆𝑡 = 𝐸 𝑥(𝑡) c 𝑥(𝑡 + 𝜏) =
1

𝑁 − 𝑗h
673

5/8

𝑥698 c 𝑥6

▶Auto covariance coefficient

𝝆𝒙 𝝉 =
𝑪𝒐𝒗𝒙 𝝉
𝝈𝒙𝟐

𝝆𝒙 𝝉 = 𝟎 = 𝟏

37

Auto Correlation and Auto Covariance



Seoul National University
Structural Design Laboratory

▶Given two realizations 𝑿𝟏 𝒕 = 𝒙𝟏 + 𝒙𝟏 𝒕 and 𝑿𝟐 𝒕 = 𝒙𝟐 + 𝒙𝟐 𝒕
▶Cross correlation 

𝑅:":! 𝜏 = 𝐸 𝑋3(𝑡) c 𝑋1(𝑡 + 𝜏) = 𝑙𝑖𝑚
4→)

1
𝑇
?
$

4
𝑋3(𝑡) c 𝑋1 𝑡 + 𝜏 𝑑𝑡

▶Cross covariance

𝐶𝑜𝑣-"-!(𝜏) = 𝐸 𝑥3(𝑡) c 𝑥1(𝑡 + 𝜏) = 𝑙𝑖𝑚
4→)

1
𝑇
?
$

4
𝑥3(𝑡) c 𝑥1 𝑡 + 𝜏 𝑑𝑡

▶Cross covariance coefficient

𝜌-"-! 𝜏 =
;<%$"$!(>)
.$".$!

38

Cross Correlation and Cross Covariance
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▶ Spatial Separation and Time Lag Covariance Function
§ 𝐶𝑜𝑣-- ∆𝑦, 𝜏 = 𝐸 𝑥(𝑦, 𝑡) c 𝑥(𝑦 + ∆𝑦, 𝑡 + 𝜏) =

𝑙𝑖𝑚
4→)

3
4 ∫$

4 𝑥 (𝑦, 𝑡) c 𝑥(𝑦 + ∆𝑦, 𝑡 + 𝜏)𝑑𝑡

▶ Extended to sum of variables 𝒙𝟏 𝒕 and 𝒙𝟐 𝒕
§ 𝑉𝑎𝑟 𝑥3 + 𝑥1 = 𝐸 𝑥3 + 𝑥1 c 𝑥3 + 𝑥1

= 𝑉𝑎𝑟 𝑥3 + 𝑉𝑎𝑟 𝑥1 + 2 c 𝐶𝑜𝑣(𝑥3 c 𝑥1)
§ 𝑉𝑎𝑟 ∑@735 𝑥@ = 𝐸z

{
(𝑥3 + 𝑥1 +⋯+ 𝑥@ +⋯+ 𝑥5) c (𝑥3 + 𝑥1 +⋯+ 𝑥8 +

⋯+ 𝑥5)
⇒ 𝑉𝑎𝑟 ∑@735 𝑥@ = ∑@735 ∑8735 𝐶𝑜𝑣(𝑥@ c 𝑥8) = ∑@735 ∑8735 𝜌(𝑥@ c 𝑥8) c 𝜎@𝜎8

§ If 𝑥@(𝑡) are independent (i.e. uncorrelated)

then 𝐶𝑜𝑣 𝑥@ c 𝑥8 = }𝜎-%
1
𝑤ℎ𝑒𝑛 𝑖 = 𝑗

0 𝑤ℎ𝑒𝑛 𝑖 ≠ 𝑗
then 𝑉𝑎𝑟 ∑@735 𝑥@ = ∑@735 𝜎-%

1

39

Spatial Separation and Time Lag Covariance Function
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▶Auto Covariance Functions

§
𝐶𝑜𝑣#(𝜏)
𝐶𝑜𝑣%(𝜏)
𝐶𝑜𝑣&(𝜏)

=
𝐸 𝑢(𝑡) c 𝑢(𝑡 + 𝜏)
𝐸 𝑣(𝑡) c 𝑣(𝑡 + 𝜏)
𝐸 𝑤(𝑡) c 𝑤(𝑡 + 𝜏)

= 3
4 ∫$

4
𝑢(𝑡) c 𝑢(𝑡 + 𝜏)
𝑣(𝑡) c 𝑣(𝑡 + 𝜏)
𝑤(𝑡) c 𝑤(𝑡 + 𝜏)

▶Auto Covariance Coefficients

§ 𝜌A 𝜏 =
!"#! $
%!"

▶Properties
§ 𝜌A 𝜏 = 0 = 1 𝑤ℎ𝑒𝑟𝑒 𝑛 = 𝑢, 𝑣, 𝑤
§ lim

>→)
𝜌A 𝜏 = 0 𝑤ℎ𝑒𝑟𝑒 𝑛 = 𝑢, 𝑣, 𝑤

40

Auto Covariance for Wind Velocity Fluctuations
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▶Time Scale

§ 𝑻𝒏 = ∫𝟎
)𝝆𝒏 𝝉 𝐝𝛕 𝑤ℎ𝑒𝑟𝑒 𝑛 = 𝑢, 𝑣, 𝑤

§ 𝜌A(𝜏) = exp(−𝜏/𝑇A) 𝑤ℎ𝑒𝑟𝑒 𝑛 = 𝑢, 𝑣, 𝑤

▶ In homogeneous terrain, at heights below 100m (Strømmen 2010)
§ 𝑇#=5~20s,   𝑇%=2~5s,   𝑇&=0~2s

▶Turbulence convection in the main flow direction takes place with the mean 
wind velocity (i.e. that flow disturbances travel with the average velocity V),

§
-&𝐿A = 𝑉 c 𝑇 = 𝑉 c ∫$

)𝜌A 𝜏 𝑑𝜏 𝑤ℎ𝑒𝑟𝑒 𝑛 = 𝑢, 𝑣, 𝑤
§ These turbulence length scales may be interpreted as the average eddy size 

of the u, v, and w components in the direction of the main flow.
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▶ The flow is assumed to be homogeneous in space as well as stationary in time.
▶ Simultaneous two point recordings

§ 𝒖! =
𝑢(𝑠, 𝑡)
𝑣(𝑠, 𝑡)
𝑤(𝑠, 𝑡)

and 𝒖" =
𝑢(𝑠 + Δ𝑠, 𝑡 + 𝜏)
𝑣(𝑠 + Δ𝑠, 𝑡 + 𝜏)
𝑤(𝑠 + Δ𝑠, 𝑡 + 𝜏)

𝑠 = 𝑥#, 𝑦# 𝑜𝑟 𝑧#
𝜏 = a time lag that theoretically can take any value within ±𝑇

∆𝑠 = arbitrary separation (between the two recordings) 
in the 𝑥#, 𝑦# 𝑜𝑟 𝑧# directions
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▶ Three by Three Covariance Matrix (27 possible covariance functions)

§ 𝑪𝒐𝒗 ∆𝑠, 𝜏 =
𝐶𝑜𝑣!! 𝐶𝑜𝑣!" 𝐶𝑜𝑣!#
𝐶𝑜𝑣"! 𝐶𝑜𝑣"" 𝐶𝑜𝑣"#
𝐶𝑜𝑣#! 𝐶𝑜𝑣#" 𝐶𝑜𝑣##

= 𝐸 𝒖$ ⋅ 𝒖%
&
= '

& ∫(
& 𝒖$ ⋅ 𝒖%

&
𝑑𝑡

§ 𝐶𝑜𝑣'( ∆𝑠, 𝜏 (
𝑚, 𝑛 = 𝑢, 𝑣, 𝑤

Δ𝑠 = Δ𝑥) , Δ𝑦) 𝑜𝑟 Δ𝑧)
§ Covariance Coefficients

𝜌'( Δ𝑠, 𝜏 = *+,!" -.,0
1!⋅1"

(
𝑚, 𝑛 = 𝑢, 𝑣, 𝑤

Δ𝑠 = Δ𝑥) , Δ𝑦) , Δ𝑧)

▶ Cross covariance between two different turbulence components may be neglected. Then, 
the number of possible covariance estimates is reduced to nine:

§
𝐶𝑜𝑣33 Δ𝑠, 𝜏
𝐶𝑜𝑣,, Δ𝑠, 𝜏
𝐶𝑜𝑣44 Δ𝑠, 𝜏

= 𝐸
𝑢(𝑠, 𝑡) ⋅ 𝑢(𝑠 + Δ𝑠, 𝑡 + 𝜏)
𝑣(𝑠, 𝑡) ⋅ 𝑣(𝑠 + Δ𝑠, 𝑡 + 𝜏)
𝑤(𝑠, 𝑡) ⋅ 𝑤(𝑠 + Δ𝑠, 𝑡 + 𝜏)

= 5
6∫7

6
𝑢(𝑠, 𝑡) ⋅ 𝑢(𝑠 + Δ𝑠, 𝑡 + 𝜏)
𝑣(𝑠, 𝑡) ⋅ 𝑣(𝑠 + Δ𝑠, 𝑡 + 𝜏)
𝑤(𝑠, 𝑡) ⋅ 𝑤(𝑠 + Δ𝑠, 𝑡 + 𝜏)

𝑑𝑡

where 𝑠 = 𝑥) , 𝑦) 𝑜𝑟 𝑧)
§ Covariance Coefficients

𝜌(( Δ𝑠, 𝜏 = *+,"" -.,0

1"
# (

𝑛 = 𝑢, 𝑣, 𝑤
Δ𝑠 = Δ𝑥) , Δ𝑦) , Δ𝑧)
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▶ The situation at 𝝉 = 𝟎 is particularly interesting because 
.𝐿( = ∫7

8 𝜌(( Δ𝑠, 𝜏 = 0 𝑑 ∆𝑠
is a characteristic length scale 
that may be interpreted as 
the average eddy size of 
component n in the direction s.

§ (e.g.) 
9$𝐿3 ,

9$𝐿, ,
9$𝐿4 are quantities representing the average eddy size of u, v, w 

components in the direction of the main flow.

§ (e.g.) 𝐿3
9
(= 9$𝐿3)is an indicator of the extent to which a longitudinal wind speed 

fluctuation u will engulf a structure in the along-wind direction and will thus affect its 
windward and leeward sides simultaneously. 

§ (e.g.) 𝐿3
:
(= :$𝐿3)and 𝐿3

;
(= ;$𝐿3)are measures of the transverse and vertical spatial 

extent of the longitudinal fluctuation u.

§ (e.g.)  𝐿4
9
(= 9$𝐿4)is a measure of the longitudinal spatial extent of the vertical wind 

speed fluctuation w. If the mean wind is normal to a bridge span and 𝐿4
9
(= 9$𝐿4)is 

large, a vertical speed gust will act on the entire width of the bridge deck.
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Turbulence Scale

강제난류 발생 장치
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▶ Full scale recording in sites
§ 𝜌(( Δ𝑠, 𝜏 = 0 ≈ exp ⁄−Δ𝑠 .𝐿(

>
𝑛 = 𝑢, 𝑣, 𝑤
𝑠 = 𝑥), 𝑦), 𝑧)

▶ Approximation of the length scale for homogeneous conditions not unduly close to the ground 
(Strømmen 2010)

:$𝐿3
;$𝐿3
9$𝐿,
:$𝐿,
;$𝐿,
9$𝐿4
:$𝐿4
;$𝐿4

=

1/3
1/4
1/4
1/4
1/12
1/12
1/16
1/16

⋅ 9$𝐿3 where:     

%$<&(;$)
%$<&(;$')

≈
;$
;$'

7.@

𝑧) ≥ 𝑧)7 = 10 𝑚
9$𝐿3 𝑧)7 = 100 𝑚
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▶ A periodic function F(t) can be expressed as the infinite sum of sine and cosine 
functions.

▶

47

Fourier Series
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▶
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Fourier Series

<Sine term> <Cosine term>
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▶
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Complex Fourier Series
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Complex Fourier Series
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Homework

▶ Express the given periodic function F(t) with the complex Fourier series expansion. 
(Due to next class) 
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▶ The auto spectral density is the 
frequency domain counterpart to the 
concept of variance. 

▶ Given zero mean time variable x(t),
▶ 𝑥 𝑡 = 𝑙𝑖𝑚

(→*
∑+,-( 𝑋+(𝜔+ , 𝑡) where 0𝜔+ = 𝑘 2 ∆𝜔

∆𝜔 = 2𝜋/𝑇
§ 𝑋! 𝜔! , 𝑡 = 𝑐! ⋅ 𝑐𝑜𝑠(𝜔!𝑡 + 𝜑!)

§ 𝑐! = 𝑎!" + 𝑏!" , 𝜑! = arctan( ⁄𝑏! 𝑎!)

§
𝑎!
𝑏! = "

# ∫$
# 𝑥(𝑡)

𝑐𝑜𝑠𝜔!𝑡
𝑠𝑖𝑛𝜔!𝑡

𝑑𝑡

▶ 𝑆. 𝜔+ = / 0!"

12
=

3#!
"

12

▶ 𝑆. 𝜔+ = 𝑙𝑖𝑚
4→*

-
12

⋅ -
4 ∫5

4 𝑐+cos(𝜔+𝑡 + 𝜑+) 6𝑑𝑡

▶ 𝑆. 𝜔+ = 𝑙𝑖𝑚
7→*

-
12

⋅ -
7⋅4!

⋅ 𝑛 ⋅ ∫5
4! C

D

𝑐+ cos E

F

69
4!
𝑡 +

𝜑+
6
𝑑𝑡 = :!"

612

▶ 𝜎. 6 = 𝑙𝑖𝑚
(→*

∑+,-( 𝜎0!
6 = 𝑙𝑖𝑚

(→*
∑+,-( :!"

6

= 𝑙𝑖𝑚
(→*

∑+,-( 𝑆.(𝜔+) ⋅ 𝛥𝜔

▶ 𝑆. 𝜔 = 𝑙𝑖𝑚
4→*

𝑙𝑖𝑚
(→*

/ 0"(2,=)
?2

▶ 𝜎.6 = ∫5
* 𝑆. 𝜔 𝑑𝜔
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▶ Spectral Densities
§ Represents the frequency properties for the turbulence components

▶ Kaimal Spectra

𝑓 2 𝑆7 𝑓
𝜎76

=
𝐴7 2 K𝑓7

1 + 1.5 2 𝐴7 2 K𝑓7
@/B 𝑤ℎ𝑒𝑟𝑒 𝑛 = 𝑢, 𝑣, 𝑤

§ %𝑓; = 𝑓 ' <)𝐿;/𝑉 and 
<)𝐿; is the integral length scale of the turbulence components. 

An is defined as follows: 𝐴= = 6.8, 𝐴>= 𝐴? = 9.4

▶ Von Karman Spectra
§ It contains only the length scale that require fitting to the relevant data

𝑓 2 𝑆7 𝑓
𝜎76

=
4 2 K𝑓7

1 + 70.8 2 Y𝑓7
6 @/C 𝑤ℎ𝑒𝑟𝑒 𝑛 = 𝑢

𝑓 2 𝑆7 𝑓
𝜎76

=
4 2 Y𝑓7 2 (1 + 755.2 2 K𝑓7

6
)

1 + 283.2 2 K𝑓7
6 --/C 𝑤ℎ𝑒𝑟𝑒 𝑛 = 𝑣,𝑤
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Spectral Density Functions
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▶Given condition

§ U = 43.8m/s

§ z = 37.965m, z0 = 0.01m, α = 0.12

§ Iu = 12.1%,  Iv = 9.71%,  Iw = 6.07%

§ Lu = 112.49m,  Lv = 28.124m,  Lw = 9.375m

§ σu = 5.3182m/s,  σv = 4.2546m/s,  σw = 2.6591m/s

▶Target ranges for bridge aerodynamics

§ Structural frequency: 0.05Hz – 5Hz

§ 10 mean wind velocity: 10m/s – 80m/s

§ Reduced frequency (𝑓 c -&𝐿A/𝑉)

• Longitudinal: 0.07 – 28.12

• Vertical: 0.006 – 2.344
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▶ Longitudinal Turbulence

▶ Vertical Turbulence
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Examples of Turbulence Spectrum

[ Normalized ]
: x, y axis

[ Un - normalized ]
: none of axis

[ Semi – normalized ]
: x axis

Target range Target range Target range

Target range Target range Target range
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▶ Adopting a frequency axis
§ spanning the entire range of both of positive and  negative (imaginary) values, introducing 

the Euler formulae

𝑒ABC
𝑒DABC

= 1 𝑖
1 −𝑖

𝑐𝑜𝑠𝜔𝑡
𝑠𝑖𝑛𝜔𝑡

and defining the complex Fourier amplitude

𝑑E =
1
2 𝑎E − 𝑖 E 𝑏E

𝑥 𝑡 =G
D8

8

𝑋E(𝜔E , 𝑡) =G
D8

8

𝑑E(𝜔E) E 𝑒AFBDC

Taking the variance of the complex Fourier components and dividing by ∆𝜔

𝐸 𝑋E
∗
E 𝑋E

∆𝜔 =
1
𝑇K7

6 𝑑E
∗𝑒DABDC 𝑑E𝑒ABDC

∆𝜔 𝑑𝑡 =
𝑑E

∗𝑑E
∆𝜔

𝐸 𝑋E
∗
E 𝑋E

∆𝜔 =
1
4
𝑎E + 𝑖 E 𝑏E 𝑎E − 𝑖 E 𝑏E

∆𝜔 =
𝑐EH

4∆𝜔
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Auto Spectral Density in a Complex Format
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▶A symmetric double-sided auto spectrum
§ Associated with −𝜔6 as well as +𝜔6
§ The complex Fourier component is used to extend the frequency axis from 

minus infinity to plus infinity

𝑆- ±𝜔6 =
𝐸 𝑋6

∗
c 𝑋6

∆𝜔
=
𝑑6

∗𝑑6
∆𝜔

=
𝑐61

4∆𝜔

§ In the limit of T and N → ∞, becomes the continuous function 𝑆- ±𝜔6
§ The variance of the process may be obtain by ∫/)

9)𝑆- ±𝜔6 𝑑𝜔
§ Thus, the connection between double- and single-sided spectra is simply 

that𝑆- 𝜔 = 2 c 𝑆- ±𝜔 . 
§ Assuming that the process is stationary and of infinite length, such that the 

position of the time axis for integration purposes is arbitrary, then the non-
normalized amplitude is defined as a Fourier constant.

𝑎6 𝜔6 = ?
$

4
𝑥(𝑡) c 𝑒/@UV#W𝑑𝑡 = 𝑇 c 𝑑6
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Auto Spectral Density in a Complex Format



Seoul National University
Structural Design Laboratory

in which case the double-sided auto-spectral density defined by

𝑆[ ±𝜔\ =
𝑑\

∗𝑑\
∆𝜔

=
⁄𝑎\∗ 𝑇 ⁄𝑎\ 𝑇
2𝜋/𝑇

=
1
2𝜋𝑇

D 𝑎\∗𝑎\

In the limit of T and N → ∞ this may be written on the following continuous form

𝑆[ ±𝜔 = lim
^→`

lim
a→`

1
2𝜋𝑇 D 𝑎

∗(𝜔) D 𝑎(𝜔)

and accordingly, the single sided version is given by

𝑆[ 𝜔 = lim
^→`

1
𝜋𝑇 D 𝑎

∗(𝜔) D 𝑎(𝜔)

▶ Application of the frequency f (hz) for the wind engineering, 

𝑆[ 𝑓 D ∆𝑓 = 𝑆[ 𝜔 D ∆𝜔 = 𝑆[(𝜔) D (2𝜋 D ∆𝑓)

⇒ 𝑆[ 𝑓 = 2𝜋 D 𝑆[ 𝜔 = lim
^→`

lim
a→`

1
2𝜋𝑇

D 𝑎∗(𝑓) D 𝑎(𝑓)
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Auto Spectral Density in a Complex Format



Seoul National University
Structural Design Laboratory

▶Given two stationary time variable functions x(t) and y(t), both with length T 
and zero mean value 

𝑥(𝑡)
𝑦(𝑡) = lim

A→)
h
/5

5
𝑋6(𝜔6, 𝑡)
𝑌6(𝜔6, 𝑡)

where,

𝑋6(𝜔6, 𝑡)
𝑌6(𝜔6, 𝑡)

= 3
4

𝑎:#(𝜔6)
𝑎X#(𝜔6)

c 𝑒@UV#W,    
𝑎:#(𝜔6)
𝑎X#(𝜔6)

= lim
A→)

∫/4/1
4/1 𝑥(𝑡)

𝑦(𝑡) c 𝑒/@UV#W𝑑𝑡

and where 𝜔6 = 𝑘 c ∆𝜔 and ∆𝜔 = 2𝜋/𝑇. 
▶The definition of the double-sided cross-spectral density 𝑺𝒙𝒚 associated with 

the frequency 𝝎𝒌

𝑆-[ ±𝜔6 =
𝐸 𝑋6∗ c 𝑌6

∆𝜔 =
1
2𝜋𝑇 𝑎:#

∗ c 𝑎X#
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Cross spectral density
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▶Orthogonality of the Fourier components

𝐸 𝑋b 𝜔b , 𝑡 D 𝑌c 𝜔c , 𝑡 = O
𝑆[d 𝜔\, 𝑡 D ∆𝜔 𝑤ℎ𝑒𝑛 𝑖 = 𝑗 = 𝑘
0 𝑤ℎ𝑒𝑛 𝑖 ≠ 𝑗

▶ Covariance between x(t) and y(t) are given by

𝐶𝑜𝑣[d = 𝐸 𝑥(𝑡) D 𝑦(𝑡) = lim
a→`

𝐸 Y
ea

a

𝑋b DY
ea

a

𝑌c = lim
a→`

Y
ea

a

(𝐸 𝑋\ D 𝑌\ )

⇒ 𝐶𝑜𝑣[d = lim
a→`

Y
ea

a

𝑆[d(±𝜔\) D ∆𝜔

▶ Double-sided cross spectral density in a continuous format

𝑆[d ±𝜔 = lim
^→`

lim
a→`

𝐸 𝑋∗(𝜔, 𝑡) D 𝑌(𝜔, 𝑡)
∆𝜔

= lim
^→`

lim
a→`

1
2𝜋𝑇

𝑎f∗(𝜔) D 𝑎g(𝜔)

▶ The single sided cross spectral density

𝑆[d 𝜔 = 2 D 𝑆[d ±𝜔 = lim
^→`

lim
a→`

1
𝜋𝑇

𝑎f∗(𝜔) D 𝑎g(𝜔)
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▶Single-sided version using frequency f (Hz)

𝑆-[ 𝑓 = 2𝜋 c 𝑆-[ 𝜔 = lim
4→)

lim
5→)

2
𝑇
c 𝑎-∗ 𝑓 c 𝑎[ 𝑓

▶Covariance between the two processes

𝐶𝑜𝑣-[ = ?
/)

9)
𝑆-[ ±𝜔 𝑑𝜔 = ?

𝟎

9)
𝑆-[ 𝜔 𝑑𝜔 = ?

$

9)
𝑆-[ 𝑓 𝑑𝑓

▶Cross-spectrum
𝑆-[ 𝜔 = 𝐶𝑜-[ 𝜔 − 𝑖 c 𝑄𝑢-[ 𝜔

▶Alternatively, the cross-spectrum may be expressed by its modulus and phase
𝑆-[ 𝜔 = 𝑆-[(𝜔) c 𝑒@U\$I V

▶where the phase spectrum 𝜑-[ 𝜔 = 𝑎𝑟𝑐𝑡𝑎𝑛 𝑄𝑢-[(𝜔)/𝐶𝑜-[(𝜔)
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▶Auto-spectra can also be calculate from the auto covariance function.

𝑆- 𝜔 = lim
4→)

𝐸 𝑋6
∗
𝑋6

∆𝜔
= lim

4→)

𝐸 1
𝑇 ∫$

4 𝑥(𝑡)𝑒@VW𝑑𝑡 c 1
𝑇 ∫$

4 𝑥(𝑡)𝑒/@VW𝑑𝑡
2𝜋/𝑇

= lim
4→)

3
1]4 ∫$

4 ∫$
4𝐸 𝑥(𝑡3) c 𝑥(𝑡1) c 𝑒/@V(W!/W")𝑑𝑡3𝑑𝑡1

⇒ 𝑆- 𝜔 = lim
4→)

1
2𝜋𝑇

?
$

4
?
$

4
𝐶𝑜𝑣-(𝑡1 − 𝑡3) c 𝑒/@V(W!/W")𝑑𝑡3𝑑𝑡1

▶Replacing 𝒕𝟐 with 𝒕𝟏 + 𝝉, the integration limit changes accordingly

?
$

4

?
$

4

𝑑𝑡3𝑑𝑡1 = ?
/4

$

?
/>

4

𝑑𝑡3𝑑𝜏 + ?
$

4

?
$

4/>

𝑑𝑡3𝑑𝜏
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▶ Replacing 𝒕𝟐 with 𝒕𝟏 + 𝒅𝝉

𝑆[ 𝜔 = lim
^→`

1
2𝜋𝑇

]
e^

j

]
ek

^

𝐶𝑜𝑣[(𝜏) D 𝑒eblk𝑑𝑡m 𝑑𝜏 + ]
j

^

]
j

^ek

𝐶𝑜𝑣[(𝜏) D 𝑒eblk𝑑𝑡m 𝑑𝜏

= lim
^→`

1
2𝜋

]
e^

j

1 +
𝜏
𝑇
𝐶𝑜𝑣[(𝜏) D 𝑒eblk𝑑𝜏 + ]

j

^

1 −
𝜏
𝑇
𝐶𝑜𝑣[(𝜏) D 𝑒eblk𝑑𝜏

⇒ 𝑆[(𝜔) = lim
^→`

1
2𝜋

]
e^

j

1 −
𝜏
𝑇

𝐶𝑜𝑣[(𝜏) D 𝑒eblk𝑑𝜏

As a result of the limit of 𝑻 → ∞,

𝑆[(𝜔) =
1
2𝜋

]
e`

n`

𝐶𝑜𝑣[(𝜏) D 𝑒eblk𝑑𝜏
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▶ This shows that the auto spectral 
density is the Fourier transform of 
the auto covariance function.

𝑆[(𝜔) = ]
e`

n`

𝐶𝑜𝑣[(𝜏) D 𝑒eblk𝑑𝜏

𝐶𝑜𝑣[(𝜏) = ]
e`

n`

𝑆[(𝜔) D 𝑒blk𝑑𝜔

▶ Similarly, the cross spectral density 
is the Fourier trans form of the 
cross covariance function.

𝑆[d 𝜔 = m
op ∫e`

n`𝐶𝑜𝑣[d 𝜏 D 𝑒eblk𝑑𝜏

𝐶𝑜𝑣[d(𝜏) = ]
e`

n`

𝑆[d(𝜔) D 𝑒blk𝑑𝜔
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Wiener-Khintchine Relationship

Time 
domain

Frequency 
domain

Wiener-Khintchine theorem

Auto covariance 
function

𝐶𝑜𝑣<(𝜏)

Power spectral 
density

𝑆<(𝜔)

Fourier 
transform

Inverse Fourier 
transform
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▶Coherence function

𝐶𝑜ℎ-[ 𝜔 =
𝑆-[(𝜔)

1

𝑆-(𝜔) c 𝑆[(𝜔)
§ If 𝒙(𝒕) and 𝒚(𝒕) are realizations of the same process

𝑆-- 𝜔 = 𝑆-(𝜔) c 𝐶𝑜ℎ--(𝜔) c 𝑒@\$$(V)

𝐶𝑜ℎ--(𝜔) : root-coherence function
𝜑-- : phase spectrum

▶A normalized co-spectrum

�𝐶𝑜-- 𝜔 =
𝑅𝑒 𝑆-[(𝜔)
𝑆-(𝜔) c 𝑆[(𝜔)

§ If 𝒙(𝒕) and 𝒚(𝒕) are realizations of the same stationary and ergodic process

𝑅𝑒 𝑆-[(𝜔) = 𝑆-(𝜔) c �𝐶𝑜--(𝜔)
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▶While cross covariance functions represent the time and space domain 
properties of the turbulence components, it is a auto and cross spectral 
densities that describe the frequency-space domain properties. 

𝑆AA ∆𝑠, 𝜔 =
1
2𝜋

?
/)

9)

𝐶𝑜𝑣AA ∆𝑠, 𝜏 c 𝑒/@V>𝑑𝜏

▶Application of the frequency f (hz) for the wind engineering, 

𝑆AA ∆𝑠, 𝑓 = ?
/)

9)

𝐶𝑜𝑣AA ∆𝑠, 𝜏 c 𝑒/1]^>𝑑𝜏

▶Expression with single point spectra, coherence function and phase spectra.

𝑆AA ∆𝑠, 𝑓 = 𝑆A 𝑓 c 𝐶𝑜ℎAA ∆𝑠, 𝑓 c exp[𝑖𝜑]

where 𝑛 = 𝑢, 𝑣, 𝑤 and ∆𝑠 = ∆𝑥^, ∆𝑦 , ∆𝑧 .
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▶The normalized co-spectrum with single point spectrum 

�𝐶𝑜AA ∆𝑠, 𝑓 =
Re 𝑆AA ∆𝑠, 𝑓

𝑆A(𝑓)

§ Since the wind field is usually assumed homogeneous and perpendicular to 
the span of the (line-like) structure, phase spectra may be neglected. 

§ In structural response calculations, spatial averaging takes place along the 
span of the structures, and then all imaginary parts cancel out and only a 
double set of real parts remain. 

where 𝑛 = 𝑢, 𝑣, 𝑤 and ∆𝑠 = ∆𝑥^, ∆𝑦 , ∆𝑧 . That is necessary to give special 
attention to in wind engineering.
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▶Some simple expressions occurs in the literature
§ For a first approximation
§ Under homogeneous conditions

�𝐶𝑜AA ∆𝑠, 𝑓 = exp −𝑐A_ c
𝑓 c ∆𝑠
𝑉(𝑧 )

where 𝑛 = 𝑢, 𝑣, 𝑤, 𝑠 = 𝑥^, 𝑦 , 𝑧 , ∆𝑠 = ∆𝑥^, ∆𝑦 , ∆𝑧 and

𝑐A_ =

𝑐#[& = 𝑐#`& = 9
𝑐%[& = 𝑐%`& = 𝑐&[& = 6
𝑐&`& = 3

Caution should be exercised as the variation in 𝑐A_ value is considerable. 
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▶The simple expressions for normalized co-
spectrum has the obvious disadvantages:
§ the spectrum value become unity at all ∆𝑠

when f = 0 while typical reduced-co spectrum 
will decay at any value of f

§ It is positive in entire range of ∆𝑠 and it is in 
conflict with the definition of zero mean 
turbulence components.
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The normalized co-spectrum

▶Krenk’s derivation applicable for the along-wind u component
§ Under the assumption of isotropic condition

�𝐶𝑜AA ∆𝑠, 𝑓 = 1 −
𝜅 c ∆𝑠
2

c exp(−𝜅 c ∆𝑠)

where

𝜅 =
2𝜋𝑓
𝑉

1
+

2𝜋𝑓
1.34 c <𝐿@

1 3/1

Typical reduced-co spectrum 
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