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Chapter 1

Introduction to Rotor Dynamics

The objective of this chapter is to introduce the topic of rotor dynamics, as applied to rotorcraft.
Helicopters are the most common form of a rotorcraft. It has a single main rotor, and a smaller tail
rotor. Some rotorcraft have multiple main rotors like the tandem, co-axial, and tilt-rotor aircraft.
Some have unusual configurations like a compound with a wing and propeller, a stopped or slowed
rotor, or a quad tilt-rotor with two wings and 4 main rotors. The main rotor, or rotors form the
heart of every rotorcraft. To begin the study of rotor dynamics one needs familiarity with the
following concepts. The purpose of this chapter is to introduce these concepts.

1) Basic rotor aerodynamics

2) Basic Structural Dynamics

3) Aero-elastic Response

4) Loads

5) Helicopter trim

Typically, a helicopter rotor has a large diameter, and produces thrust at disk loadings (thrust
per unit area) of 2-10 lbs/ft2 (200-450 N/m2). It consists of two, three, four or sometimes five to
seven blades. The blades are like large aspect ratio wings (chord/Radius ∼ 15), made of special
airfoil sections. The U.S. manufactured blades rotate counter clockwise (looking from above facing
toward helicopter). The rotor RPM is generally around 300-400. The tip speeds are of the order
of 700 ft/sec. The speed at which it sucks in air, called the downwash velocity, is in comparision
around 30-50 ft/sec. There is a small diameter rotor at the far end of the body called the tail
rotor. The purpose of the tail rotor is to counterbalance the shaft torque reaction of main rotor
and provide directional stability to the vehicle. Let us briefly examine the aerodynamics of two
major flight modes of the helicopter, hover and forward flight.

1.1 Basic Rotor Aerodynamics

1.1.1 Hover

Hover is a flight condition of the helicopter with zero forward speed and zero vertical speed. The
flow condition on the rotor disk is axisymmetric. Momentum theory is widely used to calculate
the minimum power that is necessary to generate a given thrust using a given disk area. First,
the velocity with which the surrounding air needs to be sucked in through the rotor to generate
the thrust, is calculated. This velocity is also called rotor downwash or inflow. The power is then
simply the thrust multiplied with inflow. Larger the rotor diameter, smaller the inflow for a given
thrust, and hence smaller the power requirement.

Momentum theory does not tell us whether a rotor will be able to generate a given thrust. The
rotor may stall before an intended thrust level is achieved. The blade element theory can be used
to calculate the maximum thrust capability. The blade element theory is discussed later.

9
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Momentum Theory

Momentum theory assumes a uniform, incompressible, zero-swirl flow through the rotor disk. It
uses the three basic laws of fluid mechanics: conservation of mass, conservation of momentum, and
conservation of energy. It solves for the three unknowns: the inflow velocity, v, the velocity of the
fully contracted far wake, w, and the fully contracted flow area, A4. The flow around a rotor in
hover is shown in Fig. 1.1 The total pressures at each of the four stations are

Station 1

Station 2
Station 3

Station 4

Thrust T

Area   A

inflow v

      w

Area   A4

Pr
es

su
re 3 4

T A
-

3 4
T A

+

p �

p �

p �

Figure 1.1: Flow around a rotor in hover

p01 = p∞ static pressure far upstream
p02 = p2 +

1
2ρv

2

p03 = p3 +
1
2ρv

2

p04 = p∞ + 1
2ρw

2

As no force is applied on the fluid between sections 1 and 2, and then between sections 3 and 4,
there is no change in total pressure.

p02 = p01
p03 = p04

Force is only applied on the fluid between sections 2 and 3, leading to the pressure differential

p3 − p2 =
T

A

Thus

p2 = p02 − 1
2ρv

2

= p∞ − 1
2ρv

2

p3 = p03 − 1
2ρv

2

= p04 − 1
2ρv

2

= p∞ + 1
2ρw

2 − 1
2ρv

2
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Therefore

p3 − p2 =
1

2
ρw2

Equating this with the pressure differential we have

T =
1

2
ρAw2

where A is the disk area. Upto this was conservation of energy. Conservation of momentum gives

T = mass flow rate . change in fluid velocity
= ρAv(w − 0)

Equating the expressions from conservation of momentum and conservation of energy we have

w = 2v

Thus the air which is at rest far upstream is accelerated by the rotor to velocity v at the disc, and
then to velocity 2v far downstream. It follows

T = 2ρAv2

The induced velocity and induced power are then

v =

√
T

2ρA

P =
T 3/2

√
2ρA

In addition, from conservation of mass, the far downstream flow area is

A4 =
A

2

The pressures above and below the rotor disk are given as

p2 = p∞ − 1
2ρv

2

= p∞ − 1
4
T
A

p3 = p∞ + 1
2ρw

2 − 1
2ρv

2

= p∞ + 3
2ρv

2

= p∞ + 3
4
T
A

The induced velocity v can be non-dimesionalized as

λ =
v

ΩR

where

Ω = rotational speed (rad/sec)
R = rotor radius (ft)

The thrust and power can be non-dimensionalized as

CT =
T

ρA(ΩR)2
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CP =
P

ρA(ΩR)3

Using T = 2ρAv2 in the above expression produces a relation between inflow ratio λ and the thrust
coefficient

λ =

√
cT
2

Note that this relation is based on uniform flow through the entire rotor disk. To cover nonuniform
flow, tip losses, and momentum loss due to swirl flow, an empirical correction factor κh is used

λ = κh

√
cT
2

Typically, κh = 1.15. The power coefficient then becomes

CP = λCT = κh
C

3/2
T√
2

The Momentum theory assists in the preliminary evaluation of a rotor and helps in the comparison
of various rotors. However, the theory does not help directly with the design of a rotor.

Blade Element Theory

To calculate the aerodynamic force distribution on the blade, the simple blade element theory is
widely used. It is also called 2-dimensional (2D) Strip Theory. Each blade element is a 2D airfoil
which is assumed to operate independantly of the other elements. The aerodynamic forces acting
on each blade element are the lift, drag, and pitching moments. They are called air loads.

���

�� � �

��

θ

α

φ

�
�	

�


���

��
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UT = tangential velocity (in the plane of rotation)

UP = normal velocity

V = resultant velocity
√

U2
P + U2

T

∼= U2
T

θ = pitch angle

α = effective angle of attack

= θ − tan−1 UP

UT

∼= θ − UP

UT

dL = lift generated on an element of length dr located at a radial station r

=
1

2
ρV 2cl c dr

c = chord

cl = lift coefficient

= a

(
θ − Up

UT

)
a = airfoil lift curve slope (linear below stall)

dD = element drag force

=
1

2
ρV 2cd c dr

Resolved force components are

dFz = dL cosφ− dD sinφ
∼= dL

=
1

2
ρU2

T ca

(
θ − UP

UT

)
dr

=
1

2
ρca
(
θU2

T − UPUT

)
dr

dFx = dL sinφ+ dD cosφ

∼= Up

UT
dL+ dD

=
1

2
ρca
(
θUTUP − U2

P

)
dr +

1

2
ρU2

T ccddr

The rotor thrust T, torque Q, and power P are

T = Total forces from Nb blades

= Nb

∫ R

0
dFz

Q = Total torque from Nb blades

= Nb

∫ R

0
rdFx

P = ΩQ

Assume, for simplicity, an uniform induced inflow on the disk. Later on we will see that this
assumption is strictly true only for ideally twisted blades. Before we study ideal twist, and other
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twist distributions, consider a zero twist case. For a zero twist rotor, the blades have a constant
pitch angle, θ across the blade span. We have

cl = a

(
θ − UP

UT

)

For hover

UT = Ωr

Up = λΩR

Consider the following non-dimensionalizations. First, define a solidity ratio as the ratio of total
blade area to disk area. For uniform chord blades

σ =
Nbc

πR

A local solidity ratio can be defined as

σ(r) =
Nbc(r)

πR

Also

x =
r

R

ut =
UT

ΩR
= x

up =
UP

ΩR
= λ

Thrust coefficient

cT =
T

ρA(ΩR)2

=
Nb

∫ R
0

1
2ρca

(
θu2t − uput

)
dr

ρ(πR2)

=
1
2aNbc

∫ 1
0

(
θx2 − λx

)
dx

πR

=
σa

2

∫ 1

0

(
θx2 − λx

)
dx

=
σa

2

(
θ

3
− λ

2

)

Now consider a linear twist distribution

θ = θ75 + θtw

(
r

R
− 3

4

)
Here θ75 is the pitch at 75% radius position and θtw is the linear twist distribution. Again assuming
a uniform induced inflow λ, one obtains

cT =
σa

2

∫ 1

0

(
θ75x

2 + θtwx
3 − 3

4
θtwx

2 − λx

)
dx

=
σa

2

(
θ75
3

− λ

2

)
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Note that the twist distribution θtw has got cancelled. Thus, it is a general relationship valid
for both uniform pitch and linearly twisted blades. From momentum theory, induced inflow is

λ = κh

√
cT
2

The thrust level is related to the pitch setting

cT =
σa

2

(
θ75
3

− 1

2
κh

√
cT
2

)

θ75 = 6
cT
σa

+
3

2
κh

√
cT
2

Thus, blade element theory gives the blade setting required to generate an inflow of κh

√
CT
2 , which

in turn is necessary to produce a particular thrust coefficient CT . Note that the assumption here
is that the airfoils do not stall at angle of attack produced by this pitch setting, and operates at at
the lift curve slope a.

Now consider the torque coefficient for a constant pitch setting and uniform chord.

Torque Q = Nb

∫ R

0
r dFx

= Nb

∫ R

0

1

2
ρca

(
UPUT θ − U2

P + U2
T

Cdo

a

)
rdr assuming cd = cdo

The Torque coefficient is

CQ =
Q

ρ(πR2)(ΩR)2R

=
Nb

1
2ρac

∫ R
0

[
λΩR.Ωrθ − (λΩR)2 + (ΩR)2 cdoa

]
rdr

ρ(πR2)(ΩR)2R

=
σa

2

∫ 1

0

(
θλx2 − λ2x+

cdo
a

x3
)
dx

= λ
σa

2

∫ 1

0

(
θx2 − λx

)
dx+

σa

2

∫ 1

0

cdo
a

x3dx

= λCT +
σa

2

∫ 1

0

cdo
a
x3dx

= λCT +
σcdo
8

For example, using the CT expression for uniform pitch we can get

CQ =
σa

2
λ

(
θ

3
− λ

2

)
+

σ

8
Cdo

Note that CQ has broken up into two parts, one related to CT , the other related to sectional drag.

CQ = CQi +CQo

These are called the induced torque, and profile torque.
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The Power coefficient, by definition, is identical to the torque coefficient. Thus the induced
power and profile power are identical to induced torque and profile torque.

CP =
P

ρ(πR2)(ΩR)3

=
ΩQ

Ωρ(πR2)(ΩR)2R

= CQ

= CPi +CPo

The induced power is the power spent to generate thrust. It is an absolute minimum, without
which the thrust cannot be sustained. It is spent to push the airflow downwards. In an ideal case
the entire induced power would be spent on pushing the airflow downwards. In reality a part of
the induced power is lost in swirl flow, tip losses, non-uniform inflow. This can be accounted for,
as we saw before, using the factor κh. The profile power is spent to overcome drag. We would like
this to be minimized as much as possible. An important parameter is used to estimate the hover
performance of a rotor. It is called the Figure of Merit, M. The Figure of Merit, M, is defined as
the ration of ideal power to the actual power.

M =
(Cpi)ideal

(Cpi)real +Cpo

=
(λCT )ideal

(λCT )real +
σ
8Cdo

=

C
3/2
T√
2

κh
C

3/2
T√
2

+ σ
8Cdo

Typically, the value of M lies between 0.6 to 0.8. The higher value is more true for recent
rotors. From the above expression it seems that a rotor operating at high CT would have a high
M, other factors remaining constant. Indeed, as CT increases, M assymptotes to κh. In reality it is
different. Airfoil stall prevents the other factors from remaining constant. Even though CT is high,
the sectional cl should still be below stall. The sectional cl is directly related to rotor CT

σ . Thus
the solidity, σ, has to be increased as well. Alternatively, the sectional cl may be pushed up close
to stall. In this case the airfoil drag increases. Using simply cdo as a constant drag is no longer an
acceptable assumption. Thus it is impossible to keep increasing CT indefinitely without increasing
the second factor in the denominator.

Shaft horsepower

HP =
P

550
(P ft-lb)

Example 1.1: In a circulation-controlled airfoil, a thin jet of air is blown from a spanwise slot
along a rounded trailing edge. Due to the Coanda effect, the jet remains attached by balance of
centrifugal force and suction pressure. For a CCR, the thrust can be controlled by geometric pitch
as well as blowing.
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Assuming lift coefficient cl = c1α+ c2μ, establish a relationship between thrust coefficient, cT ,
geometric pitch, θo (uniform), and blowing coefficient, cμ (uniform), for a hovering rotor. Assume
a uniform inflow condition.

For hover

UP = λΩR

UT = Ωr

T = Nb

∫ R

0
dFz

= Nb

∫ R

0

1

2
ρcΩ2r2cldr

cl = c1α+ c2μ

= c1

(
θ0 − λ

x

)
+ c2μ
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cT =
T

ρπR2(ΩR)2
and σ =

Nbc

πR

=
σ

2

∫ 1

0
x2
[
c1

(
θ0 − λ

x

)
+ c2cμ

]
dx

=
σ

2

[
c1

(
θ0
3

− λ

2

)
+

1

3
c2cμ

]
λ = κh

√
cT
2

θ0 =
6cT
σc1

+
3

2
λ+

c2
c1
cμ

Momentum Theory in Annular Form

In the earlier derivations, the induced velocity was assumed to be uniform over the rotor disk.
In reality, the inflow is highly non-uniform. The non-uniformity in inflow can be calculated and
accounted for by using what is called the Combined Blade Element Momentum Theory. It combines
Blade Element Theory with Momentum Theory. The momentum theory is used in its annular form.
The idea is simple. The momentum theory is simply applied to an annular ring of thickness, dr ,
located at radial position, r , extended both far upstream and far downstream. For this elemental
ring, the induced velocity in the far wake is again twice the induced velocity at the disk. Thus the
thrust on the annular ring

dT = = mass flow rate . change in fluid velocity

= ρdAv(w − 0)

= ρ(2πrdr)v(2v − 0)

= 4ρv2πrdr

dCT = 4λ2xdx

Combined Blade Element Momentum Theory

Combines momentum theory and blade element theory to obtain non-uniform spanwise induced
velocity, or inflow, distribution. From blade element theory we had the following expressions.

dCT =
Nb dFz

ρA(ΩR)2

=
1

2
σa

(
θ − λ

x

)
x2dx

=
1

2
σcl(x)x

2dx

Earlier when we integrated the above expression to obtain CT , we assumed σ(x) = σ, a constant
for convenience. Here, we leave it in general to be a function of radial station. Thus is it the local
solidity.

cl(x) = a(θ − λ

x
)
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dCP = dCQ

=
Nb r dFx

ρA(ΩR)2R

=
1

2
σ (clφ+ cd)x

3dx where φ =
λ

x

=
1

2
σclφx

3dx+
1

2
σcdx

3dx

= dCPi + dCP0

Let us obtain an expression for sectional bound circulation. The bound circulation is obtained
using 2D Kutta condition. The Kutta condition relates the span-wise gradient of blade lift dL

dr to
the bound circulation Γ(r) using following the simple relation

dL

dr
= ρUΓ(r)

where U is the local incident flow velocity. Keeping in mind, that the blade lift in hover is simply
the rotor thrust divided by the number of blades, it follows

dL(r) = ρUTΓ(r)dr

dT (r) = NbρUTΓ(r)dr

dCT (r) =
Nb

ΩA
xΓ(x)dx Now use blade element expression on the left

1

2
cl(x)x

2dx =
Nb

ΩA
xΓ(x)dx From here it follows

Γ(x) =
1

2
Ω
σA

Nb
cl(x)x

=
1

2
Ωc(x)Rcl(x)x dimension m2/s

γ(x) =
Γ(x)

ΩR

=
1

2

c(x)

R
cl(x)x non-dimensional

Now we have all the necessary equations to study the results of Combined Blade Element
Momentum Theory. The theory gives us a method to calculate non-uniform inflow across the span.
Simply relate the dCT expressions from Blade Element and Annular Momentum theories.

1

2
σa

(
θ − λ

x

)
x2dx = 4λ2xdx

Solve for λ as a function of x

λ(x) =
√

A2 +Bθx−A (1.1)

where

A =
σa

16

B =
σa

8
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Another interesting expression can be obtained as follows. Instead of really solving for λ we
can re-arrange the above equation to read as

1

2
σ(x)clx

2dx = 4λ2dx

1

2
σ(x)aαx2dx = 4λ2dx

which gives

λ =

√
σxaα

8
(1.2)

Note that, the α above is the sectional angle of attack θ− λ/x, with a λ hiding inside. Let us now
study the effect of different twist distributions. Consider the following cases one by one.

Case I : θ = θ75 = const

λ(x) ∼= linear ∼= λ0x

cl(x) ∼= a(θ75 − λ0) = constant

Γ(x) ∼= linear

dCT (x) ∼= parabolic

CT =
1

2
σa

(
θ75
3

− λ

2

)

Case II : θ(x) = θ0 + xθtw

λ(x) = non-uniform

cl(x) = non-uniform

Γ(x) = non-uniform

dCT (x) = non-uniform

CT =
1

2
σa

(
θ0
3

+
θtw
4

− λ

2

)
=

1

2
σa

(
θ75
3

− λ

2

)

Case III : θ(x) =
θtip
x

λ(x) = const

= φx

= φtip

cl(x) =
1

x
a(θtip − φtip)

=
1

x
αtip hyperbolic

Γ(x) = const

dCT (x) = linear

=
1

2
σaαtipxdx

CT =
1

4
σaαtip assume constant σ
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Thus for the twist distribution given above, αtip has to equal 4CT
σa to produce a given thrust CT .

The lift coefficient distribution, cl, then equals 4CT
σx . Two ideas follow: (1) the inflow distribution

is λ =
√

σxcl/8 =
√

CT /2. This is the uniform inflow expression as obtained earlier using the
momentum theory. Recall that momentum theory gives the absolute minimum power that must
be supplied to the rotor to sustain a given thrust. Thus the above twist requires minimum induced
power. (2) θtip =

4CT
σa + φtip =

4CT
σa +

√
CT /2. Thus the twist depends on one particular CT value.

The twist distribution, as it minimizes induced power, is called ideal twist, and such a rotor an
ideal rotor. Note that it is ideal only for a given CT . If CT changes it no longer remains ideal. For
example, if a higher (or lower) CT is required a constant pitch must be added (or subtracted) to
the hyperbolic distribution. This makes the inflow distribution non-uniform again.

A similar case is that of an optimum rotor. An optimum rotor, given as Case IV below, seeks to
minimize both induced and profile power at the same time. Again, it is optimum only for a given
thrust level. Minimum induced power can be achieved only if the inflow is forced to be uniform
λ =

√
CT /2. The question is, what should be the form of twist θ(x) that would minimize profile

power in addition to induced power.

Case IV : Choose θ(x) = α0 +
λ
x , where α0 is an unknown. λ is known, and must be uniform

with value
√

CT /2 in order to minimize induced power.

α(x) = θ(x)− λ

x
= constant = α0

cl(x) = constant = aα0

Now equate the inflow expressions and solve for solidity

λ =

√
σ(x)xaα0

8
=

√
CT

2
Thus the solidity must be choosen such that it equals

σ(x) =
4CT

aα0
=

σtip
x

This value of solidity will realize the minimize induced power criteria. The only unknown that
remains is α0. However, we know that this is the angle of attack all sections will operate in. What
angle of attack do we want the sections to operate in ? Such, that the profile power is minimized.
Using the expression for profile power obtained above, and remembering that the sectional drag cd
remains constant along the span (because the angle of attack remains constant α0) we have

CP0 =
1

2

∫ 1

0
σ(x)cdx

3dx

=
4CT

aα0

∫ 1

0
cdx

2dx

=
2

3
CT

cd
cl

So to minimize profile power, simply choose α0 such that it maximizes Cl/Cd based on airfoil
property data. Once this α0 has been choosen, the geometric properties of the optimum rotor are
set as

σ(x) =
1

x

4CT

aα0

θ(x) = α0 +
1

x

√
CT

2
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Solidity Ratio

To examine the performance of non-rectangular blades, we saw that the local solidity can be defined
as

σ(r) =
Nbc(r)

πR

where c(r) is the local chord at station r and Nb is total number of blades. For rectangular blades,
the overall solidity, σ, is the same as the local solidity, σ. For non-rectangular blades, often, there
is a needs to define an equivalent solidity, σe. That is, what would be the solidity of a rectangular
blade that is equivalent to a given non-uniform blade ? Then the question is, equivalent in what
sense ? Generates same thrust ? Or requires same power ? Naturally then, there are two types of
equivalent solidities, thrust basis and power basis. The power basis is based on profile power. First
equate the following two expressions

CT =
1

2
σe

∫ 1

0
clx

2dx =
1

2

∫ 1

0

Nbc(x)

πR
clx

2dx

CP0 =
1

2
σe

∫ 1

0
cdx

3dx =
1

2

∫ 1

0

Nbc(x)

πR
cdx

3dx

Then assume cl, cd to be constant over span to obtain

σe = 3Nb
πR

∫ 1
0 cx2 dx thrust basis (x = r

R )

σe = 4Nb
πR

∫ 1
0 cx3 dx power basis

The equivalent solidity is used for performance comparison of two different rotors. They are of
limited importance however, because of the following assumptions : (1) the sectional coefficients
remain constant over span, and (2) the sectional coefficients would remain the same between the
real and equivalent rotors. In reality, none of them hold true. The best way to compare two rotors
is simply to compare their power requirements at the same thrust, or their Figure of Merits.

Taper Ratio

Linear variation of solidity is sometimes expressed as a taper ratio. For linearly tapering planform,
the taper ratio is defined as root chord over tip chord.

�� ��

����������	�
�
��
��

�� ����
�



1.1. BASIC ROTOR AERODYNAMICS 23

For partial linear tapered planform

taper ratio =
extended root chord

tip chord
=

cer
ct

For large diameter rotors, the taper appears viable for performance gains.

1.1.2 Axial Climb

Upto now only the hover condition was considered. The analysis of axial climb and descent are
shown using momentum theory, and combined blade element momentum theory. The theories, as
before, are methods to related rotor inflow to rotor thrust.

Axial climb: Momentum theory

The fluid flow around the rotor looks very similar to that of hover, except that now a constant
downwash, Vc is superimposed on the velocities. Thus the total far upstream, disk, and far down-
stream velocities are now 0 + Vc, vi + Vc, and w + Vc respectively. Again, as in the case of hover,
the thrust T can be easily related to the far downstream induced velocity w, using a momentum
balance. The next step is then to simply relate w to vi. This is done using energy balance. It can
be shown that w is again equal to 2vi. The slipstream contraction then, follows obviously from
mass balance. The steps are shown below.

In hover, the energy balance was formulated by conserving total pressure. It can also be
formulated easily by conserving kinetic energy. The kinetic energy of the fluid moving out of the
control volume per unit time is 1

2ṁ(vc +w)2. The kinetic energy moving in per unit time is 1
2ṁv2c .

The balance is the work done on the fluid per unit time, i.e., thrust times the displacement of the
fluid per unit time T (vc + vi). Thus

T (vc + vi) =
1

2
ṁ(vc + w)2 − 1

2
ṁv2c energy balance

T = ṁ(vc + w)− ṁvc = ṁw momentum balance

Using the second expression in the first equation it follows, w = 2vi.
Keeping in mind ṁ = ρA(vc + vi), we have T = ρA(vc + vi)w. This can be expressed either in

terms of only vi or w. Thus T = 2ρAvi(vc + vi) = ρAw(vc + w/2). The first expression is usually
used to directly relate vi to T. Often, instead of T, vi is related to the hover induced velocity, i.e.,
what vi would be in case of hover. Recall, that vi in case of hover is related to thrust by the relation
v2h = T

2ρA . Thus we have

v2h = (vc + vi)vi

It follows

vi
vh

= − vc
2vh

±
√(

vc
2vh

)2

+ 1

The positive sign provides the physically meaningful solution, as vi should always be positive, i.e,
downwards, for a positive thrust T upwards. The power required to climb, as a fraction of power
required to hover, is simply

P

Ph
=

Pi + Pc

Ph
=

T (vi + vc)

Tvh
=

vi
vh

+
vc
vh

=
vc
2vh

±
√(

vc
2vh

)2

+ 1
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where the positive sign provides the physically meaningful solution.

Consider a case when the rate of climb is such that vc/vh << 2.

vi
vh

∼= − vc
2vh

+ 1

vi ∼= vh − 1

2
vc

Pi = T (vh − 1

2
vc) + Tvc + P0

= Tvh + P0 + T
vc
2

= Ph + T
vc
2

assuming profile power remains same as in hover

This means that the increased power required for steady climb is half the rate of change of potential
energy. Which means that if the maximum power of an aircraft is Pmax, and the hover power is
Ph, then a steady rate of climb of twice the excess power to thrust ratio can be established,
vc = 2(Pmax − Ph)/T . This approximation holds as long as the rate of climb remains much lesser
compared to the hover induced velocity.

Note that the initial climb rate is (Pmax − Ph)/T , but a final steady-state climb rate of twice
this value can be reached. This is because the induced velocity in steady climb is reduced by twice
the climb velocity from induced velocity in hover.

Axial climb: Combined Blade Element Momentum theory

We have for an annulus

dT = ρ(2πrdr)(vc + vi)(2vi − 0)

dCT = 4λ(λ− λc)xdx

where

λ =
vc + vi
ΩR

λc =
vc
ΩR

Then equate dCT Blade Element theory and Momentum theory

1

2
σa

(
θ − λ

x

)
x2dx = 4λ(λ− λc)xdx

Solve for λ as a function of x

λ(x) =
√

A2 +Bθx−A (1.3)

where

A =
σa

16
− λc

2

B =
σa

8
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1.1.3 Axial Descent

Descending flight is similar to ascent, except that vc is negative. For example, a descent of 5 m/s
can be viewed as an ascent of -5 m/s. However the same expressions as ascent cannot be used.

Note that in all three conditions, hover, ascent, and descent the thrust must act upwards. Thus
the force on the fluid must be downwards. The control volumes therefore have a similar geometry,
constricted below the rotor and expanded above. In all three cases the rotor pushes the fluid down.
However, during descent, unlike in hover and climb, the freestream velocity is from below the rotor.
As a result, the fluid, in response to the rotor pushing it down, slows down or decelerates above
the rotor. The far upstream, disk, and far downstream velocities are still vc, vc + vi, and vc + w,
except far upstream is now below the rotor, and far downstream is above the rotor.

Axial descent: Momentum theory

Define positive direction to be downwards.

T (vc + vi) =
1

2
ṁ(vc)

2 − 1

2
ṁ(vc + w)2 energy balance

T = ṁ(vc)− ṁ(vc + vi) = −ṁw momentum balance

Using the second expression in the first equation it follows, w = 2vi.
Following the same procedure as in axial climb we have

T = −ṁw = −2ρA(vc + vi)vi

v2h = −(vc + vi)vi

It follows

vi
vh

= − vc
2vh

±
√(

vc
2vh

)2

− 1

The negative sign provides the physically meaningful solution. The power required to climb, as a
fraction of power required to hover, is simply

P

Ph
=

Pi + Pc

Ph
=

T (vi + vc)

Tvh
=

vi
vh

+
vc
vh

=
vc
2vh

±
√(

vc
2vh

)2

− 1

where the negative sign provides the physically meaningful solution.

Axial climb: Combined Blade Element Momentum theory

We have for an annulus

dT = −ρ(2πrdr)(vc + vi)(2vi − 0)

dCT = −4λ(λ− λc)xdx

where

λ =
vc + vi
ΩR

λc =
vc
ΩR
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Then equate dCT Blade Element theory and Momentum theory

1

2
σa

(
θ − λ

x

)
x2dx = −4λ(λ− λc)xdx

Solve for λ as a function of x

λ(x) =
√

A2 +Bθx−A (1.4)

where

A =
σa

16
+

λc

2

B = −σa

8

1.1.4 Forward Flight

In hovering flight, there is an axial symmetry of airflow, whereas, in forward flight there is no axial
symmetry of airflow. There is a periodic aerodynamic environment. For an anti-clockwise rotation
from the top, the blades on the starboard side advances into the oncoming airflow, and the blades
on the port side retreates from it.

�

�

x

Ω

ψ

��������	
���
� �
��	��	
���
�

Clearly is a greater velocity of airflow on the advancing side of the disk as compared to the
retreating side. This results in periodic variation of air loads on the blade. Left to themselves, the
blades would generate more lift on the advancing side than on the retreating side and the aircraft
would roll over to the left. The remedy is to put a flap hinge at the blade root, so that the blades
can freely flap up about the hinge, without rolling the whole aircraft over. The idea was suggested
by Charles Renard (1904), patented by Louis Breguet (1908), and applied successfully by Juan de
la Cierva on the autogyro (1923). When the blades are allowed to flap, the problem is now reversed.
For a lifting rotor, transitioning from hover to forward flight, the aircraft now rolls to the right.
We shall see later why. The remedy is to introduce a mechanism for cyclic pitch variations along
with a flap hinge. The roll moment can now be completely controlled. In addition to flapping,
the other important blade motions are lag and torsion. The lag motion is extremely important
for aero-elastic stability. The elastic twist is extremely important for aero-elastic loads. The blade
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motions are created in response to the airloads. In turn, the motions change the trajectory of the
blades in space, and determine the airloads. During a steady flight, the variation of airloads are
periodic. Even though the airloads vary with azimuth, they vary in exactly the same manner over
every rotor revolution. During unsteady flights, like evasive turns, rolling pull-outs, pull-up, diving
turns, and other maneuvers, the airloads are not periodic. We shall consider only steady flight in
this chapter.

V cos α

V sin α + v

V R

α

Disk Plane

α

V

v

Thrust, T

Disk Plane

Shaft

V

w

Figure 1.2: Flow around a rotor in forward flight

Momentum theory : Glauert’s combination

Glauert (1926) combined momentum theory in hover with forward flight theory of fixed wings. A
thin planer wing with elliptical loading has an induced drag given by

Di =
T 2

2ρAV 2

The induced power and power to thrust ratio then becomes

Pi = DiV

=
T 2

2ρAV
Pi

T
=

T

2ρAV

Now replace Pi/T with vi from the rotor result. This gives

vi =
T

2ρAV
T = 2ρAviV

According to Glauert, for a rotor in forward flight replace V with
√

(V cosα)2 + (V sinα+ vi)2 to
have

T = 2ρAvi
√

(V cosα)2 + (V sinα+ vi)2

The goal was simply to achieve the following: at high speed vi ∼= 0, we get back fixed wing result
T = 2ρAviV = 2ρA(Pi/T )V = 2ρA(DiV/T )V ; at low speed V = 0, we get back rotor hover result
T = 2ρAv2i .

Thus, Glauert postulated the momentum theory for forward flight by mathematically connecting
the fixed wing and the hovering rotor results. The theory satisfies the outer limits (end conditions)
and strangely, it is satisfactory even for intermediate flight conditions.
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Momentum theory: Physical interpretation

A physical interpretation of Glauert’s theory is as follows. Figure 1.2 shows the flow around the
rotor disk in forward flight.

V = forward speed of the helicopter

v = normal induced velocity at the disk

w = far wake induced velocity

α = disk tilt

then, in keeping with the axial flow results, the induced velocity at the far wake is assumed to be
twice the induced velocity at the disk.

w = 2v

T = ṁ2v

ṁ = ρAVR

where VR is the resultant velocity through the disk, see figure 1.2.

VR =
√

(V cosα)2 + (V sinα+ v)2

T = 2ρAv
√

(V cosα)2 + (V sinα+ v)2

Now define advance ratio μ and inflow ratio λ as follows.

μ =
V cosα

ΩR
=

tangential velocity at the disk

Tip velocity

λ =
V sinα+ v

ΩR
=

Normal velocity at the disk

Tip velocity

λ = μ tanα+ λi

Typically μ = 0.25 to 0.4 and λi is of order 0.01 where λi = v
ΩR , induced inflow ratio. Non-

dimensionalising the thrust expression we have

CT = 2λi

√
λ2 + μ2

λi =
CT

2
√

λ2 + μ2

λi =
λ2
h√

λ2 + μ2

Thus the inflow equation becomes

λ = μ tanα+
CT

2
√

λ2 + μ2

The inflow equation is nonlinear and therefore an iteration procedure is used to solve it. Johnson
suggested a Newton-Raphson solution scheme,

λn+1 = λn − (f/f ′)n
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where

f(λ) = λ− μ tanα− cT
2

1√
μ2 + λ2

Therefore

λn+1 = λn − λn − μ tanα− CT
2 (μ2 + λ2

n)
1
2

1 + CT
2 (μ2 + λ2

n)
− 3

2λn

=

⎛⎝μ tanα+ cT
2

(μ2+2λ2)

(μ2+λ2)3/2

1 + cT
2

λ
(μ2+λ2)3/2

⎞⎠
n

Usually 3 to 4 iterations are enough to achieve a converged solution. Figures 1.3 and 1.4 show
example solutions of this equation with changing thrust levels, and shaft tilt angle.

0 0.1 0.2 0.3 0.4 0.5

0.02

0.04

0.06

Advance ratio, μ

In
flo

w
λ α = 5 degs. 

α = 7 degs. 

λ = μ tan α + λ
i α = 0 degs. 

Hover
λ = λh

α = 2 degs. 

Figure 1.3: Inflow variation with forward speed for different disk tilt angles; CT = 0.006

Note that, in the induced inflow expression given earlier

λi =
λ2
h√

μ2 + λ2

λh can, in general, be modified with the empirical correction factor κp
√
CT /2. κp is often replaced

with a different correction factor in forward flight κf .

λi = μ tanα+
κfCT /2√
μ2 + λ2

∼= μ tanα+ κf
CT

2μ
valid for μ > 1.5λh

Thus, the effect of forward flight is to reduce induced velocity as a result of increased mass flow
through the disk and thus reduce the induced power. The result is based on the assumption of
uniform inflow over the entire disk. In reality, the induced power may increase at high speeds due
to nonuniform inflow.
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0 0.1 0.2 0.3 0.4 0.5
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

Advance ratio, μ

In
flo

w
,λ

Hover λ = λh

CT = 0.008

CT = 0.004

λ = μ tan α + λi

Figure 1.4: Inflow variation with forward speed for different thrust levels; α = 5o

The blade element theory for forward flight is quite similar to the one discussed for hover flight,
except that the flow components, ut, up, are modified. Consider a model rotor in a wind tunnel with
shaft held fixed vertically. Assume that the blades are not allowed any other motion but rotation.
This can be called a rigid rotor. The airflow velocity at a radial station r is Ωr + V sinψ where V
is the incoming wind velocity and Ω is the rotational speed. Thus the non-dimensional sectional
air velocities are

ut = x+ μ sinψ

up = λ

ur = μ cosψ

The advancing blade encounters higher velocity than the retreating blade. If the pitch is held
fixed, the lift on the advancing side is greater than that on the retreating side. This creates periodic
bending moments at the root of the blade which rolls the rotor from the advancing side towards
the retreating side, i.e. roll left for counter clockwise rotation. For example, the sectional lift, in
non-dimensional form, is

dFz

ρca(ΩR)2R
∼= dL

ρca(ΩR)2R

=
1

2
(θu2t − uput)dx

=
1

2
(θx2 + 2xμθ sinψ + θμ2 sin2 ψ − λx− μλ sinψ)dx

=

(
θ
x2

2
+ θ

μ2

4
− λx

2

)
+

(
θμx− λx

2

)
sinψ +

(
−θ

μ2

4

)
cos 2ψ

In the simple example above, the lift has a constant part, a sinψ part and a cos 2ψ part. The
constant part is called the steady lift. The sinψ part is called 1 per revolution (1/rev, or 1p) lift.
It is an oscillatory lift which completes one cycle of variation over one rotor revolution, i.e., it
completes one cycle of variation as the blade moves from ψ = 0, through ψ = 90, 180, 270 degrees
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back to ψ = 360 = 0 degrees. At ψ = 0 it has a value of 0, at ψ = 90 degrees it reaches the
maximum value θμx − λx

2 , at ψ = 180 degrees it is again 0, at ψ = 270 degrees it reaches the

minimum value −(θμx− λx
2 ), and finally back to 0 at ψ = 360. Similarly the cos 2ψ part is called

2/rev lift. The bending moment produced by the lift at the root of the blade is

dM

ρca(ΩR)2R2
=

rdL

ρca(ΩR)2R2

=

(
θ
x3

2
+ θ

μ2

4
x− λx2

2

)
+

(
θμx2 − λx2

2

)
sinψ +

(
−θ

μ2

4
x

)
cos 2ψ

which is simply the lift expression multiplied by x. The net bending moment at the shaft is obtained
by simply integrating the above expression over the span.

M =
1

ρacΩ2R4

∫ R

0
r dFz

=

(
θ

8
+ θ

μ2

8
− λ

6

)
+

(
θ
μ

3
− λ

6

)
sinψ +

(
−θ

μ2

8

)
cos 2ψ

M is the aerodynamic root moment. Like lift it has a steady and two oscillatory components. Note
that the root moment occurs at the blade root and has a direction perpendicular to the blade span.
As the blade rotates around the azimuth, the direction of the root moment rotates along with the
blade. Therefore the root moment is also termed hub rotating moment. The rotating moment can
be resolved along two fixed axes, say the aircraft roll and pitch axes. The resolved moments do not
change in direction and are called the hub fixed moments. The roll and pitch moments are

MR = +M sinψ positive to left

MP = −M cosψ positive nose up

This leads to 2 important concepts. First, Note that the hub fixed moments are hub rotating
moments multiplied with a 1/rev variation. Thus a steady rotating moment generates a 1/rev hub
fixed moment. A 1/rev rotating moment generates steady and 2/rev hub fixed moments. A 2/rev
rotating moment generates 1/rev and 3/rev hub fixed moments, and so on. In general, a N/rev
rotating moment generates N ± 1/rev hub fixed moments. Our Mβ expression had steady, 1 and
2/rev. Therefore our MR and MP expressions would have a highest harmonic of 3/rev. Assume
MR to have the following general form.

MR(ψ) = m0 +m1 sin(ψ + φ1) +m2 sin(2ψ + φ2) +m3 sin(3ψ + φ3)

where the phase lags φ1, φ2, and φ3 are introduced to account for both sin and cos components of
the harmonics.

Now, imagine there are three identical blades. The root moments from each will be identical,
except shifted in phase by 360/3 = 120 degrees. This is because when blade 1 is at ψ = 0, blade
2 is at ψ = 120, and blade 3 is at ψ = 240 degrees, where ψ is always referred with respect to
blade 1. Physically it means that at ψ = 0 the root moment is made up of three contributions.
Contribution 1 is from blade 1 at ψ = 0. Contribution 2 is from blade 2. The value of this
contribution is exactly same as the root moment blade 1 would have when it reaches ψ = 120
degrees. Thus, the contribution from blade 2 is easily found by putting ψ = 120 degrees in the
expression for blade 1 root moment. Similarly, contribution 3 is from blade 3, and it is easily found
by putting ψ = 240 degrees in the expression for blade 1 root moment. The concept applies to hub
fixed moments as well. When blade 1 contributes MR(ψ) as a hub fixed load, blade 2 contributes
MR(ψ+120), and blade 3 contributes MR(ψ+240). All three contributions are added at the hub.
The end result from simple trigonometry is only steady and 3/rev.

MR(ψ)total = (MR)blade1 + (MR)blade2 + (MR)blade3

= MR(ψ) +MR(ψ + 120) +MR(ψ + 240)

= 3m0 + 3m3(3ψ + φ3)
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In general, for Nb blades, the fixed frame moments (and forces in general) are always steady, and
pNb/rev components where p is an integer.

High 1/rev blade root moments, and the high steady hub fixed moment that it generates was a
major cause of early rotor failures. The question is quite natural, how to minimize this oscillatory
bending moment at the root and how to reduce the aircraft rolling moment. The advent of flap
hinge (Renard - 1904) relieved the blade root moment, by allowing the blades to flap freely in
response to oscillatory aerodynamic flap moments.

1.2 Basic Structural Dynamics

The dynamics of a single degree of freedom system is reviewed. It is then applied to a simple rotor
blade flapping model.

1.2.1 Second-Order Systems

Consider a second-order ordinary differential equation describing the motion of a mass spring
system.

mq̈ + kq = f(t)

where q describes the motion, and q̈ is the second derivative with respect to time t. Q(t) is the
external forcing. The motion exhibited by the mass m in absence of external forcing is called
natural motion. Such is the case when the mass is given an initial displacement or velocity and
then released. The motion is then governed by the homogenous equation

mq̈ + kq = 0

where the forcing f(t) is set to zero. We seek a solution of the following type.

q(t) = Aest

Substituting in the equation we have

(ms2 + k)A = 0

A = 0 yields a trivial solution q = 0. For a non-trivial solution, one must have

ms2 + k = 0

which leads to

s = ±i
√

k/m = iωn

where

ωn =
√

k/m

Thus the governing equation allows a solution of the above type only for these two values of s. These
are called the eigen-values and ωn (rad/s) the natural frequency of the system. The homogenous
solution is then

q(t) = A1e
iωnt +A2e

−iωnt (1.5)

The physical interpretation of the solution can be found using the Euler’s theorem. Euler’s theorem
states

e±iωt = cosωt± i sinωt
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It follows from above

eiπ/2 = i; e−iπ/2 = −i

eiπ = −1; e−iπ = 1
(1.6)

The term A1e
iωnt can now be physically interpreted. the first term is expanded as

A1e
iωnt = A1 cosωnt+ iA1 sinωnt (1.7)

The two resulting terms A1 cosωnt and A1 sinωnt are simply the projections of a rotating vector
of magnitude A1 along two mutually perpendicular axes. The rotation speed is ωn radians/second,
and the vector is initially aligned with the horizontal axis. In this sense A1e

iωnt represents a rotating
vector. Similarly A2e

−iωnt represents another rotating vector. It has magnitude A2 and rotates
with the same speed ω rad/s, but, rotates in a direction opposite to A1e

iωnt. This is easily seen
from below.

A2e
−iωnt = A2 cosωnt− iA2 sinωnt = A2 cos(−ωnt) + iA2 sin(−ωnt) (1.8)

It follows that an expression of the form A1e
±i(ωnt+φ), where φ is a constant, represents a pair of

counter-rotating vectors (corresponding to the ‘+’ and ‘−’ signs), which are always ahead of the
vectors A1e

±iωnt by an angle φ in the direction of their respective rotations. φ is called a phase
angle. The horizontal and vertical directions are simply two orthogonal directions; one of them can
be chosen arbitrarily. Conventionally they are referred to as the Real and Imaginary directions.

The time derivative of q(t) in eqn. 1.5 yields the following expression for velocity

q̇(t) = A1iωne
iωnt + iA2(−i)ωne

−iωnt (1.9)

which, using the expressions for i and −i from eqns. 1.6 produce

q̇(t) = A1ωne
i(ωnt+π/2) + iA2ωne

−i(ωnt+π/2) (1.10)

Thus the expression for velocity represents two counter-rotating vectors of magnitudes A1ωn and
A2ωn which rotate ahead of the displacement vectors by π/2 in the direction of their respective
rotations. Thus the velocities are ahead of the displacement by a phase angle of π/2 radians.
Similarly the expression for acceleration represents two counter-rotating vectors which lead velcity
vectors by π/2 radians in phase, and therefore the displacement vectors by π.

q̈(t) = A1i
2ω2

ne
iωnt +A2(−i)2ω2

ne
−iωn

= A1ωne
i(ωnt+π) + iA2ωne

−i(ωnt+π)
(1.11)

To summarize, each of the two terms in eqn. 1.5 represents two projections of a rotating vector
along two perpendicular directions. Each projection defines a harmonic oscillator. The combination
of the two counter-rotating vectors leads to two harmonic oscillators of different magnitudes along
the Real (or cosine) and Imaginary (or sine) axes.

p(t) = (A1 +A2) cos ωnt+ i(A1 −A2) sinωnt (1.12)

This implies that the physical displacement of the mass m is a combination of cosine and sine
harmonics of different amounts, and could be expressed in the following form

q(t) = A sinωnt+B cosωnt (1.13)

It can also be expressed in a pure sine form by substituting A = sinφ1 and B = cosφ1

q(t) = C sin(ωnt+ φ1); C =
√

A2 +B2; φ1 = tan−1(A/B) (1.14)
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Figure 1.5: Projections of rotating vectors along orthogonal axes produce harmonic
motion

or in a pure cosine form by substituting A = cosφ2 and B = sinφ2

q(t) = C cos(ωnt− φ2); C =
√

A2 +B2; φ2 = tan−1(B/A) (1.15)

They are identical, i.e. they yield exactly the same value at a given time t, as tan−1(A/B) +
tan−1(B/A) = π/2. Two unknown constants appear in every form which are determined from the
initial conditions q(0), q̇(0). These are the intial displacement and velocities. The final solution is
called the natural response of the system. It represents perpetual motion in response to an initial
perturbation.

In reality systems contain damping. Response to an initial perturbation decays depending on
the amount of damping. Consider a real system with damping c in Newtons per m/s.

mq̈ + cq̇ + kq = f(t) (1.16)

For natural response, set f(t) = 0, and solve the resulting homogenous equation. For convenience
the equation is divided by m and expressed in the following form

q̈ + 2ξwnq̇ + w2
nq = 0

Note that k/m has been expressed in terms of the natural frequency of the system (derived earlier).
c/m has been replaced with a damping ratio ξ which changes with wn even if the physical damper
c remains same. c/m = 2ξωn. As before, we seek a solution of the form q = Aest. Substituting in
the differential equation we obtain

s = (−ξ ±
√

ξ2 − 1)ωn

Case 1: ξ = 0 undamped
Roots same as shown earlier, imaginary.

s = ±iωn

Case 2: ξ = 1 critically damped
Equal roots, real and negative.

s1 = −ωn

s2 = −ωn
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Figure 1.6: The rotating vectors representing velocity and acceleration lead the dis-
placement by π/2 and π radians

In case of repeated roots the solution is of a slightly different from than the rest

q(t) = A1e
−ωnt +A2te

−ωnt

= (A1 +A2t)e
−ωnt

Case 3: ξ > 1 over damped
Unequal roots, real and negative

s1,2 = (−ξ ±
√
ξ2 − 1)ωn

q(t) = A1e
s1t +A2e

s2t

= e−ξωnt(A1e
√

ξ2−tωnt +A2e
−
√

ξ2−tωnt)

Case 4: 0 < ξ < 1
The above were all special cases, for a realistic system the damping coefficient is less than one.

In this case
√

ξ2 − 1 is imaginary, and better expressed as i
√

1− ξ2. Thus,

s1,2 = (−ξ ± i
√

1− ξ2)ωn

q(t) = e−ξωnt(A1e
i
√

1−ξ2ωnt +A2e
−i
√

1−ξ2ωnt)

= e−ξωntA cos(
√

1− ξ2ωnt− φ)

A and φ are two arbitrary constants that can be determined from the initial conditions. The
damped frequency wd is given by

wd =
√

1− ξ2ωn

The decay envelope of the oscillatory response in case 4 is given by

E(ξ, ωn, t) = e−ξωnt

In summary, the solution to

q̈ + 2ξωnq̇ + ω2
nq = 0
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is given by

q(t) = e−ξωntA cos(
√

1− ξ2ωnt− φ) 0 < ξ < 1

= A cos(ωnt− φ) ξ = 0

= no oscillations ξ ≥ 0
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ω/ωn << 1

ω/ωn = 1
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Figure 1.7: (a) General relationship between spring force, damper force, inertia force
and external force in forced vibration; (b) when ω/ωn << 1 both inertia and damper
force small, φ small; (c) when ω/ωn = 1 damper force equal and opposite to external
force, inertial equal and opposite to spring force, φ = π; (d)ω/ωn >> 1 external force
almost equal to inertial force, φ approaches π

Now consider the forced response of the system. Here we want to solve the inhomogenous

system as given by eqn. 1.16. Let the external forcing be f(t) = f0 cosωt. The equation then takes
the following form.

mq̈ + cq̇ + kq = f0 cosωt

It is easy to check by substitution that the equation accepts a solution of the form

q(t) = c1 cosωt+ c2 sinωt

i.e. the response is at the same frequency as that of the forcing, ω. Note that, here we have
taken the forcing to be the real axis projection of a rotating vector. One can use both projections
by representing the forcing as f(t) = f0e

iωt. The form of the solution should then be taken as
q(t) = cei(ωt−φ). The real (or imaginary) part of the solution would then be exactly same as the
solution obtained by using the real (or imaginary) part of the forcing expressions alone.

c1 and c2 (or c, if one performs the calculations using the complex notation) are not arbitrary
constants, as earlier in the case of natural response. Forced response of a linear system does not
depend on initial conditions. The magnitude of forcing f0 can be written as ka, where k is the
spring stiffness, and a a displacment. Expressing f0 as f0 = ka and dividing throughout by m we
have

q̈ + 2ξωnq̇ + ω2
nq = ω2

na cosωt
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Figure 1.8: Transfer function between forcing and displacement
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Figure 1.9: Transfer function between forcing and velocity

Substitute q(t) in the equation, and determine c1 and c2 by equating the cos and sin components
(for complex domain calculations equate the real and imaginery parts to find c and φ). The final
solution has the following form.

q(t) =
f0/k√[

1−
(

ω
ωn

)2]2
+
[
2ξ ω

ωn

]2 cos(ωt− φ) := aGd cos(ωt− φ)

φ = tan−1
2ξ ω

ωn

1−
(

ω
ωn

)2
where φ is the phase angle by which the displacement lags the forcing. The ratio of the magnitude
of displacement to the magnitude of forcing is a transfer function

|q|
|f | =

aGd

f0
=

aGd

ka
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Figure 1.10: Transfer function between forcing and acceleration
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Figure 1.11: Phase by which response (displacement) lags forcing

Re-arrange to obtain

|q|
|f |/k = Gd

The numerator of the left hand side is the maximum displacement including dynamics. The denom-
inator of the left hand side is the maximum displacement ignoring dynamics. Thus the ratio gives
a magnification factor due to the dynamics. This can be termed the displacement gain function,
Gd. Gd is a function of ω/ωn and ξ.

For ξ = 0 and ω/ωn = 1 we have an infinite response. Physically, the response blows up in time
domain. The equation and the solution take the following form.

q̈ + ω2
nq = ω2

na cosωnt

q(t) =
a

2
ωnt cos(ωnt− π/2)

The velocity-force, and acceleration-force transfer functions are |q̇|/|F | and |q̈|/|F |. To express
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them as functions of ω/ωn non-dimensionalize as

|q̇|
|f |
k ωn

= Gd
ω

ωn
= Gv

|q̈|
|f |
k ω2

n

= Gd

(
ω

ωn

)2

= Ga

Note that the denominator of the left hand side expression for Ga represents the rigid body accel-
eration of m in absence of dynamics. To obtain the phase by which the velocity and acceleration
lags the forcing, differentiate the response

q̇(t) = −aGdω sin(ωt− φ) = aGdω cos(ωt− [φ− π/2]) = aGdω cos(ωt− φv)

q̈(t) = aGdω cos(ωt− [φ− π]) = aGdω cos(ωt− φa)

It follows, as we expect

φv = φ− π/2

φa = φ− π

The displacement, velocity, and acceleration transfer functions are shown in figures 1.8, 1.9,
and 1.10. The displacement phase lag with respect to forcing is shown in figure 1.11.

The total response of the system, for a realistic case, then becomes

q(t) = e−ξωntA cos(
√

1− ξ2ωnt− φ) +
a√[

1−
(

ω
ωn

)2]2
+
[
2ξ ω

ωn

]2 cos(ωt− φ)

By realistic case, it is assumed that 0 ≤ ξ < 1, and ω �= ωn if ξ = 0.

The first part is the initial condition response. The second part is the steady state response. In
case of numerical integration both are obtained as part of the solution. If the periodic response is
desired, one must wait till the initial condition response dies down. For high damping, the initial
condition response dies down quickly. For low damping, it takes a long time. For zero damping it
remains forever. Methods like Harmonic Balance and Finite Element in Time are used to obtain
the steady state solution in such cases, when the steady state solution is desired uncontaminated
with the initial condition response.

1.2.2 Reduction to First-Order Form

The second-order eqn. 1.16 can be reduced to first-order form by the substitution

x1 = q, x2 = q̇

It follows

ẋ1 = q̇ = x2

ẋ2 = q̈ = (−c/m)x2 + (−k/m)x1 + (1/m)f

leading to(
ẋ1
ẋ2

)
=

[
0 1

−k/m −c/m

](
x1
x2

)
+

(
0

f/m

)
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In matrix notation

ẋ = Ax+ f (1.17)

x is the vector of states describing the system and f is a vector of excitations. For a general
second-order system with n degrees of freedom, q1, q2, . . . , qn, eqn. 1.16 becomes

Mq̈+Cq̇+Kq = F

The corresponding first-order system now has a state vector x of size 2n containing q1, q2, . . . , qn
and q̇1, q̇2, . . . , q̇n, with

A =

[
0 In

−M−1K −M−1C

]
of size 2n× 2n

f =

[
0

M−1F

]
of size 2n × 1

The forcing F can be a superposition of m seperate excitations u1, u2, . . . , um.

F = Gu

where G is of size n×m. The first-order system then takes the following form

ẋ = Ax+Bu (1.18)

where B is now given as

B =

[
0

M−1G

]
of size 2n×m

In the previous section we had obtained transfer functions between q, q̇ and f , directly using the
solution of the second-order equation. The same transfer functions can also be obtained using the
first-order eqn. 1.18. For this simple case, n = m = 1, G = 1, u = f , and

B =

[
0

1/m

]
Under many circumstances, often encountered in control theory, the second-order system has

the following form

q̈+A′q̇+B′q = C′ü+D′u̇+E′u

where the forcing is a function of the excitation and its derivatives. The corresponding first-order
form is given by

A =

[
0 In

−B′ −A′

]
of size 2n× 2n

B =

[
B1

B2

]
of size 2n×m

where

B1 = D′ −A′C′

B2 = E′ −A′B1 −B′C′

The states are defined as

x1 = q−C′u

x2 = q̇−C′u̇−B1u
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1.2.3 Rotor Blade Dynamics

The rotor blades undergo three dominant dynamic motions.

β : flap motion

normal to the plane of rotation

positive for upward motion

ζ : lag motion

motion in the plane of rotation

positive lag opposes rotation lead-lag is in opposite direction to lag-motion

θ : pitch motion

rotation of blade about elastic axis

positive for nose up motion

������������

������������
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�����


θ

β

ζ

Ω

The flap motion of the blades, we shall see, relieves the root moments. The letting the blades
flap freely, in response to lift, the blades are allowed to take up a certain orientation in space. The
direction of the rotor thrust is determined by this orientation.

The flap motion will induce Coriolis moment in the lag direction. To relieve this lag moment
at the root of the blade, a lag hinge is introduced.

The pitch motion is a blade dynamic response to aerodynamic pitching moments. The pitch
control angle, θcon(ψ), on the other hand, is a pilot input provided via a hub mechanism e.g. a
pitch bearing or torque tube. Note that the net pitch angle at a blade section consists of three
components: (1) pitch motion θ(r, ψ), (2) pitch control angle θcon(ψ), and (3) the in-built twist
θtw(r). The first component, pitch motion, is also called elastic twist. The second component,
pitch control angle, is a means to control the direction of thrust vector. The blades are still free to
flap, but they flap in response to a lift distribution which is influenced via the pitch control angles.
Thus the blade orientation in space, and the resultant thrust direction can be controlled. The pitch
control angles have a steady (called collective) and 1/rev components. The sin part of the 1/rev
component is called the longitudinal cyclic, and the cos part is called the lateral cyclic.

The advent of cyclic pitch (Pescare - 1924) helped to control the thrust vector. The thrust
vector can be oriented to the desired direction without changing the shaft orientation. Therefore,
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the inclusion of the flap hinge and the cyclic pitch converts a static problem into a dynamic one
because the blade motion now becomes important.In this chapter we shall study the flap motion
to understand the basic principles behind the rotor and moments generated by the rotor.

The next figure shows a typical articulated rotor blade with mechanical flap and lag hinges,
and a pitch bearing.

For hingeless rotor, the mechanical flap and lag hinges are eliminated. Virtual hinges are
introduced by making the the blade quite flexible structurally near the root so that it behaves as
if there are hinges for flap and lag motions.
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1.2.4 Flap motion of a rotor blade

Consider the general model where a blade flaps about a hinge located at a distance e from the shaft
axis. See Fig. 6.2. The equation governing the blade flapping motion is obtained as follows

offset = e

z

y
spring = kβ

AF : dFz

CF : mdr Ω2 r

(r-e) β

r

 β
IF : -mdr (r-e)β

..

Figure 1.12: Flapping motion about a hinge

External moments about hinge = (Blade inertia about hinge).(angular acceleration β̈)
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The right hand side of the above equation can be defined as the negative of inertial moment about
the hinge. Then we have

External moments about hinge = −Inertial moment about hinge

External moments about hinge + Inertial moment about hinge = 0

Net moments about hinge = 0

The blade inertia about the hinge is
∫ R
e m(r−e)2dr. Thus the inertial moment is − ∫ Re m(r−e)2β̈dr.

This is a moment generated by the spanwise integration of a force −m(r−e)β̈dr acting on an element
of length dr. This is defined here as the inertial force (IF) on the element. The external moments
are the moments generated by the aerodynamic force (AF) and the centrifugal force (CF), and the

restoring spring moment. The moment due to aerodynamic force is
∫ R
e (r − e)dFz . The moment

due to centrifugal force is
∫ R
e (mdr)Ω2r(r − e)β. The restoring spring moment is kββ. The forces

are shown in Fig. 6.2. The moment balance about the hinge is then as follows.∫ R

e
(r − e)dFz −

∫ R

e
(mdr)Ω2r(r − e)β − kββ =

∫ R

e
m(r − e)2β̈dr

which can be re-arranged to read∫ R

e
(r − e)dFz −

∫ R

e
(mdr)Ω2r(r − e)β −

∫ R

e
m(r − e)2β̈dr = kββ

Physically, the above equation means that the aerodynamic moment is cancelled partly by the
centrifugal moment, used partly to generate acceleration in flap, and the remainder is balanced by
the spring at the hinge. Thus the net balance of moments at the hinge is provided by the spring,
where kββ is the spring moment. This quantity is called the hinge moment or the root moment.
Note that, in the case of perfectly articulated blade with a free hinge, i.e. kβ = 0, then the balance
of aerodynamic and centrifugal moments is used up entirely by the blade acceleration. The root
moment in this case is forced to zero. For hingeless blades or articulated blades with a spring the
root moment is kββ. Often a pre-cone angle βp pre-set to reduce the hinge moment. For example
βp could be an estimate of steady flap angle. The equation then becomes∫ R

e
rdFz −

∫ R

e
(mdr)Ω2r(r − e)β −

∫ R

e
m(r − e)2β̈dr = kβ(β − βp) (1.19)

Define

Iβ =

∫ R

e
(r − e)2mdr

Sβ =

∫ R

e
(r − e)mdr

The moment balance then becomes

kβ(β − βp) =

∫ R

e
(r − e)dFz − Iββ̈ −

(
1 +

eSβ

Iβ

)
Ω2Iββ (1.20)

The above expression is important. It says that the root moment can be calculated either using
the left hand side, or the right hand side. They are identical, and their equality generates the flap
equation. The expression can be further simplified. First club the β terms together to obtain

Iββ̈ +

(
1 +

eSβ

Iβ
+

kβ
IβΩ2

)
Ω2Iββ =

∫ R

e
(r − e)dFz + kββp
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Then define
(
1 +

eSβ

Iβ
+

kβ
IβΩ2

)
= ν2β.

Iββ̈ + ν2βΩ
2Iββ =

∫ R

e
(r − e)dFz + kββp

Divide by Ib. Ib is the inertia about the shaft axis, i.e.
∫ R
0 r2mdr. Iβ was the inertia about the

hinge. For practical purposes we make the assumption Iβ ∼= Ib. Thus we have

β̈ + ν2βΩ
2β =

1

Ib

∫ R

e
(r − e)dFz +

kβ
Iβ

βp (1.21)

The above equation determines flap dynamics and shows a natural frequency of νβΩ, equal to ωβ

say. The unit of this frequency ωβ is radians per second. Note that the unit of Ω is itself radians per
second. Thus νβ is a non-dimensional number with no units. If it is 1, that means ωβ, the natural
frequency of flap dynamics is simply Ω. Physically, it means that the flap degree of freedom, when
excited, completes one full cycle of oscillation just when the blade finishes one full circle of rotation.
Recall, that this type of motion, which completes one cycle just in time for one circle of rotation,
is called a 1/rev motion. Thus the νβ is 1/rev. It is a non-dimensional frequency such that a
phenomenon at that frequency just has time to finish one cycle within one blade revolution. A νβ
of say 1.15/rev means, that the flap motion when excited finishes one cycle well within one complete
blade rotation and has time for a bit more. It finishes 1.15 cycles within one blade rotation.

The dynamics with time can be recast into dynamics with rotor azimuth, a more physically
insightful expression for rotor problems. Divide by Ω2.

1

Ω2
β̈ + ν2ββ =

1

IβΩ2

∫ R

e
(r − e)dFz + kββp

Now

ψ = Ωt

β̈ =
∂2β

∂t2
= Ω2 ∂

2β

∂ψ2
= Ω2

∗∗
β

The equation takes the following form.

∗∗
β +ν2ββ = γMβ +

ωβ2
0

Ω2
βp where

∗∗
β=

∂2β

∂ψ2
(1.22)

Equation (1.22) describes the evolution of flap angle as the blade moves around the azimuth ψ.

γ =
ρacR4

Ib

Mβ =
1

ρca(ΩR)2R2

∫ R

e
(r − e)dFz

ωβ2
0

=
kβ
Iβ

γ is called Lock number. Mβ is the aerodynamic flap moment in non-dimensional form. It is the
same form as given earlier. ωβ0 is the non-rotating flap frequency. Note that it is zero in case of a
perfect hinge with zero spring constant. νβ is the rotating natural frequency of flap dynamics.
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νβ =

√
1 +

eSβ

Iβ
+

kβ
IβΩ2

non-dimensional in /rev

ωβ = Ω

√
1 +

eSβ

Iβ
+

kβ
IβΩ2

dimensional in radians/sec

Sβ =
1

2
m(R− e)2 for uniform blade

Iβ =
1

3
m(R− e)3 for uniform blade

eSβ

Iβ
∼= 3

2

e

R

(1.23)

Now consider the case where the flap hinge contains both a spring and a damper. Equation
1.20 is then modified to read

kβ(β − βp) + cβ β̇ =

∫ R

e
(r − e)dFz − Iββ̈ −

(
1 +

eSβ

Iβ

)
Ω2Iββ (1.24)

which simply means that the balance of moment at the hinge is provided by the spring and damper
moments. Following the same procedure, equation 1.21 modifies to

β̈ +

(
cβ
Iβ

)
β̇ + ν2βΩ

2β =
1

Ib

∫ R

e
(r − e)dFz +

kβ
Iβ

βp (1.25)

Equation 1.22 modifies to

∗∗
β +

(
cβ
IbΩ

) ∗
β +ν2ββ = γMβ +

ωβ2
0

Ω2
βp

or

∗∗
β +(2ξνβ)

∗
β +ν2ββ = γMβ +

ωβ2
0

Ω2
βp (1.26)

where cβ/IbΩ is conveniently expressed as 2ξνβ. νβ is the flap frequency. ξ is defined as the damping
ratio. This is simply one possible way of expressing the damping. Physically it means

cβ = 2ξνβIbΩ

= 2ξωβIb

cβ is a physical damper value. It does not depend on operating conditions. The damping ratio ξ,
on the other hand, depends on the operating condition Ω, and blade property Ib. In general any
frequency can be chosen to determine a corresponding ξ, as long as the physical value cβ remains
unchanged. For example, in terms of the non-rotating frequency cβ can be expressed as follows.

cβ = 2ξnrωβ0Ib

This ξnr is different from the ξ above obtained using the rotating frequency, but the physical flap
damper value cβ offcourse is the same.

1.3 Aero-elastic Response

Assume that a blade exhibits only flapping motion. Assume further a simple case when the blade
has no pre–cone angle, no root–damper, i.e. βp=0, ξ=0, and the flap hinge is at the center of
rotation.
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1.3.1 Flap response for non-rotating blades

First consider a stationary blade with no rotation. The flap equation 1.21 then becomes

β̈ + ω2
β0β = 0

When perturbed the blade exhibits a motion

β(t) = A cos(ωβ0t− φ)

where A and φ are constants to be determined from the initial conditions β(0) and β̇(0), and
ωβ0 =

√
kβ/Iβ.

1.3.2 Flap response for rotating blades in vacuum

Now consider that the rotor is rotating in a vacuum chamber. There is a centrifugal force but no
aerodynamic force. Equations 1.21 then becomes

β̈ + ω2
ββ = 0

When perturbed the blade exhibits a motion

β(t) = A cos(ωβt− φ)

where A and φ are constants to be determined from the initial conditions β(0) and β̇(0), and

ωβ = Ω

√
1 +

3

2

e

R
+

ω2
β0

Ω2

= Ω

√
1 +

3

2

e

R
if ωβ0 = 0 i.e. kβ = 0

= Ω, if kβ = 0, and e = 0

However, for a rotating blade it is more convenient to non-dimensionalize the governing differential
equation with Ω2 which, as derived earlier, leads to the following

∗∗
β +ν2ββ = 0

β(ψ) = A cos(νβψ − φ)

where A and φ are constants to be determined from the initial conditions β(0) and
∗
β (0), and

νβ =

√
1 +

3

2

e

R
+

ω2
β0

Ω2

=

√
1 +

3

2

e

R
if ωβ0 = 0 i.e. kβ = 0

= 1 if kβ = 0, and e = 0
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1.3.3 Flap response in hover

Consider a rotor in a hover stand. Or a helicopter in hover. From equation 1.22 we have

∗∗
β +ν2ββ = γMβ

where the aerodynamic flap moment is given by

Mβ =
1

ρca(ΩR)2R2

∫ R

0
(r − e)dFz

∼= 1

ρca(ΩR)2R2

∫ R

0
rdFz simplifying assumption for small e

=
1

ρca(ΩR)2R2

∫ R

0
r
1

2
ρcclU

2
Tdr

=
1

ρca(ΩR)2R2

∫ R

0
r
1

2
ρca(θ − UP

UT
)U2

Tdr

=
1

2

∫ 1

0
x(θu2t − uput)dx

For hover we have

UT = Ωr

Up = λΩR+ rβ̇

Note that, compared to the simple blade element formulation given earlier, Up now has an addition
component rβ̇ from blade flapping. Thus the blade dynamics, or elastic deformation affects the
aerodynamic forces. In non-dimensional form we have

ut = x

up = λ+ x
∗
β

Assume θ to be constant in hover, θ0. The aerodynamic hinge moment then becomes

Mβ =
1

2

∫ 1

0
x(θ0x

2 − x2
∗
β −λx)dx

=
θ0
8

− λ

6
−

∗
β

8

The aero-elastic form of the flap equation then becomes

∗∗
β +

γ

8

∗
β +ν2ββ = γ

(
θ0
8

− λ

6

)
The steady state solution is a constant

β0 =
γ

ν2β

(
θ0
8

− λ

6

)
Suppose the pilot provides a 1/rev control input in addition to a collective θ0

θ(t) = θ0 + θ1s sinΩt

θ(ψ) = θ0 + θ1s sinψ
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The steady state response contains not only a constant term but also a periodic term.

β(ψ) = β0 +A sin(ψ − φ)

The constant term is same as before. The magnitude and phase of the periodic term can be obtained
from the expression derived earlier for single degree of freedom systems. We have

ωn = νβ

ω = 1

2ξωn =
γ

8

Using the above expressions we have

A =
θ1s√(

ν2β − 1
)2

+
(γ
8

)2
φ = tan−1

γ
8

ν2β − 1

=
π

2
− tan−1

ν2β − 1
γ
8

Thus the maximum flap response occurs almost 90◦ after maximum forcing. For νβ = 1, φ exactly
90◦. Generally νβ is slightly greater than one. Then φ is close to, but slightly lower than 90◦. The
flap solution is

β(ψ) =
γ

ν2β

(
θ0
8

− λ

6

)
+

θ1s√(
ν2β − 1

)2
+
(γ
8

)2 sin
(
ψ − π

2
+ tan−1

ν2β − 1
γ
8

)

Assume νβ = 1. Then,

β(ψ) = γ

(
θ0
8

− λ

6

)
+

8θ1s
γ

sin(ψ − π

2
)

= γ

(
θ0
8

− λ

6

)
+

(
−8θ1s

γ

)
cosψ

= γ

(
θ0
8

− λ

6

)
+ β1c cosψ

β1c is, by definition, the cosine component of the flap response. Here β1c = (−8θ1s)/γ. Note that a
sine input to the controls produce a cosine response in flap and vice-versa. This is simply because
the flap motion occurs in resonance to the applied forcing, and therefore has a 90◦ phase lag with
respect to it. This is the case for rotors with flap frequency exactly at 1/rev. For slightly higher
flap frequencies, a sine input generates both a cosine as well as a sine output. However, as long
as the flap frequency is near 1/rev (e.g. 1.15/rev for hingeless rotors, and 1.05/rev for articulated
rotors), a sine input generates a dominant cosine output, and vice-versa.

1.3.4 Flap response in forward flight

Consider a rotor in a wind tunnel, or in forward flight. In forward flight the sectional velocity
components vary with azimuth. The pitch variation in forward flight is of the form

θ(r, ψ) = θ0 + θtw
r

R
+ θ1c cosψ + θ1s sinψ (1.27)
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where θ0, θ1c, and θ1s are called trim control inputs. They are provided to influence the steady and
first harmonic flap response. The total flap response in forward flight contains a large number of
harmonics.

β(ψ) = β0 + β1c cosψ + β1s sinψ+ higher harmonics (1.28)

For simplicity, let us consider only the first harmonics for the time being. Retaining only the first
harmonics are often adequate for performance evaluations of a helicopter. By performance we mean
rotor power, lift, drag, and aircraft trim attitudes. We shall study aircraft trim in a later section.
Here, let us first see the sectional velocity components. Then the blade element forces. And then
calculate the flap response.

The airflow components at a section are shown in the following figures.
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φ =
UP

UT

Γ =
UR

UT

where Γ is the incident yaw angle at the section. The sectional drag acts along this angle. UT and
UP are the tangential and perpendicular velocity components at a section. UR is radial, not along
the blade. Along the blade, and perpendicular to the blade components of UR would be

UR cos β = μΩR cosψ cos β

UR sin β = μΩR cosψ sin β
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Let us define the inflow λΩR to be positive downwards acting along the Z axis. The Z axis is
aligned parallel to the rotor shaft. Then the mutually perpendicular velocity components at each
section are

UT = Ωr + μΩR sinψ

UP = λΩR cos β + rβ̇ + μΩR cosψ sinβ

UR = μΩR cosψ

US is the spanwise component acting along the blade. Assume cos β ∼= 1 and sin β ∼= β. Non-
dimensionalize the velocity components w.r.t ΩR to obtain:

ut
ΩR

= x+ μ sinψ

up
ΩR

= λ+ x
∗
β +βμ cosψ

ur
ΩR

= μ cosψ

The blade forces are

dFz = (dL cosφ− dD sinφ) cos β
∼= dL because dD ∼= 0.1dL

=
1

2
ρcaU2

T

(
θ − UP

UT

)
dr

=
1

2
ρca dr

(
U2
T θ − UPUT

)
(1.29)

dFx = dL sinφ+ dD cosφ cos Γ

∼= dFz
UP

UT
+ dD

=
1

2
ρcaU2

T

(
θ − UP

UT

)
UT

UP
dr +

1

2
ρcaU2

TCddr

=
1

2
ρca dr

(
UPUT θ − U2

P +
Cd

a
U2
T

)
(1.30)

dFr = −dL sin β + dD sin Γ
∼= −βdL

= −β
1

2
ρca dr

(
U2
T θ − UPUT

) (1.31)
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The aerodynamic flap moment is then

Mβ =
1

ρacΩ2R4

∫ R

0
r dFz

=
1

2

∫ 1

0
x

[( uT
ΩR

)2
θ −
( up
ΩR

)( uT
ΩR

)]
dx

=
1

2

∫ 1

0
x
(
u2t θ − uput

)
dx

=

(
1

8
+

μ

3
sinψ +

μ2

4
sin2 ψ

)
(θ0 + θ1c cosψ + θ1s sinψ)

+ θtw

(
1

10
+

μ2

6
sin2 ψ +

μ

4
sinψ

)
− λ

(
1

6
+

μ

4
sinψ

)
−

∗
β

(
1

8
+

μ

6
sinψ

)
− μβ cosψ

(
1

6
+

μ

4
sinψ

)
Recall the flap equation (1.22)

∗∗
β +ν2ββ = γMβ +

ωβ2
0

Ω2
βp

where γ is the Lock number, (ρacR4/Ib), ωβ0 is the nonrotating flap frequency, βp is the precone
angle and νβ is the rotating flap frequency in terms of rotational speed. The term ω2

β0
is used

to model a hingeless blade, or an articulated blade with a flap spring. For an articulated blade
without a flap spring, this term is zero. In addition, if there is no hinge offset (teetering blade or
gimballed blade) νβ = 1. The simplified flap equation in this case becomes

∗∗
β +β = γMβ (1.32)

Substitute Mβ and β in the flap equation (1.21) and match the constant, cosψ, and sinψ terms
on both sides to obtain the solution as follows.

ν2ββ0 = γ

[
θ0
8
(1 + μ2) +

θtw
10

(1 +
5

6
μ2) +

μ

6
θ1s − λ

6

]
+

ω2
β0

Ω2
βp

(v2β − 1)β1c = γ

[
1

8
(θ1c − β1s)

(
1 +

1

2
μ2

)
− μ

6
β0

]
(v2β − 1)β1s = γ

[
1

8
(θ1s + β1c)

(
1− 1

2
μ2

)
+

μ

3
θ0 − μ

4
λ+

μ2

4
θ1s +

μ

4
θtw

] (1.33)

The solution to (1.32) can be obtained by simply putting νβ = 1 in the above expressions.

β0 = γ

[
θ0
8
(1 + μ2) +

θtw
10

(1 +
5

6
μ2)− μ

6
θ1s − λ

6

]
β1s − θ1c =

−4
3μβ0

1 + 1
2μ

2

β1c + θ1s =
− (83)μ [θ0 − 3

4λ+ 3
4μθ1s +

3
4θtw

]
1− 1

2μ
2

(1.34)

Recall that we studied the effect of cyclic pitch variation in hover. A sine input in cyclic
produced a cosine output in flap, and vice-versa. This was when the rotor operated under resonance
conditions where νβ = 1. The flap solution in forward flight for νβ = 1 is given above. Substitute
μ = 0 in the above expression to re-obtain the hover results.
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Put μ = 0 in the solution of equation (1.21).

β1s − θ1c = 0

β1c + θ1s = 0

This means for pitch variation

θ = θ0 + θ1c cosψ + θ1s sinψ

The flap response will be

β = β0 + θ1c cos(ψ − 90◦) + θ1s sin(ψ − 90◦)

Therefore, for articulated blades with zero hinge spring and zero hinge offset, the flap response lags
pitch motion by 90◦ (resonance condition).

For a hingeless blades, or articulated blades with non-zero hinge springs, or articulated blades
with non-zero hinge offsets, put μ = 0 in the solution of (1.21).

β0 =
γ

v2β

[
θ0
8

− λ

6

]
+

ω2
β0

Ω2
βp

β1s =
θ1c + (v2β − 1) 8γ θ1s

1 +
[
(v2β − 1) 8γ

]2
β1c =

−θ1s + (v2β − 1) 8γ θ1c

1 +
[
(v2β − 1) 8γ

]2
(1.35)

Thus θ1s produces both β1s and β1c. Similarly θ1c produces both β1s and β1c. This is an
off-resonance condition where the forcing frequency is less than the natural frequency. Lateral flap
deflection is now caused by longitudinal cyclic pitch θ1s, in addition to lateral pitch θ1c. Recall that
the phase lag of flap response with respect to the pitch motion was shown earlier to be

φ = 90◦ − tan−1
(ν2β − 1)

8
γ

1.4 Introduction to Loads

The distribution of aerodynamic and centrifugal forces along the span, and the structural dynamics
of the blade in response to these forces create shear loads and bending loads at the blade root. For
a zero hinge offset, the blade root is at the center of rotation. For a non-zero hinge offset, it is at a
distance e outboard from the center of rotation. By ’loads’ we mean ’reaction’ forces generated by
the net balance of all forces acting over the blade span. Let sx, sr, and sz be the three shear loads,
in-plane, radial, and vertical. Let nf , nt, and nl be the bending loads, flap bending moment, torsion
moment (positive for leading edge up), and chord bending moment (positive in lag direction). They
occur at the blade root, rotate with the blade, and vary with the azimuth angle. Thus they are
called the rotating root loads. Or simply root loads or root reactions.
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1.4.1 Root shear load

The vertical, in-plane, and radial root shear are as follows

sz =

∫ R

e

[
dFz

dr
−m(r − e)β̈

]
dr

sx =

∫ R

e

[
dFx

dr

]
dr

sr =

∫ R

e

[
mΩ2r − β

dFr

dr

]
dr

1.4.2 Root bending load

Like in the case of root shears, the root bending loads are obtained by integrating the moments
generated by the sectional forces about the root. The flap bending moment nf is as follows. Recall,
that the same expression was derived in equation (1.19).

nf =

∫ R

e
(r − e)dFz −

∫ R

e
(mdr)Ω2r(r − e)β −

∫ R

e
m(r − e)2β̈dr

= kβ(β − βp)

(1.36)

Now use the non-dimensional form of the flap frequency as given in equation (1.23) to replace kβ
in terms of the flap frequency νβ.

nf = kβ(β − βp)

=

(
ν2β − 1− 3

2

e

R

)
IβΩ

2(β − βp)

=
(
ν2β − 1

)
IβΩ

2(β − βp) for hinge offset e/R = 0

=
(
ν2β − 1

)
IβΩ

2β for e/R = 0, and precone βp = 0

(1.37)

Thus, the flap bending moment at the root is related to the flap frequency, and flap dynamics.
Similarly, later we shall see that the lag and torsion moments depend on lag and torsion frequencies,
and lag and torsion dynamics. Here, we have considered only the flap motion. The lag and torsion
moments then simply become

nl =

∫ R

e

[
(r − e)

dFx

dr

]
dr (1.38)

nt =

∫ R

e

[
dMx

dr

]
dr (1.39)

where dMx is the nose-up aerodynamic pitching moment acting on the airfoils over each section of
length dr. dMx is about the elastic axis, which is generally close to quarter-chord.

1.4.3 Rotating frame hub loads

The rotating frame hub loads are obtained by simply transfering the root loads to the hub. By hub
we mean the center of rotation, i.e. the rotor shaft axis. Note that in the case of zero hinge offset,
e/R = 0, then the root loads are directly the rotating frame hub loads.

fx = sx

fy = sr

fz = sz

mx = nf

my = nt

mz = −nl

(1.40)
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For a non-zero hinge offset

fx = sx

fy = sr

fz = sz

mx = nf + esz

my = nt

mz = −nl − esx

(1.41)

In the case of non-zero hinge offset, mx and mz can be obtained directly by integrating the moments
generated by the blade forces about the hub, instead of about the hinge.

It is important to note that the rotating frame hub loads are associated with each blade. At
any instant of time, each blade produces six rotating frame hub loads. For each blade, they act
in three directions along an axis system stuck to its root. This local axis system rotates with the
blade. Thus, before the contribution from all blades at the hub can be added up, the rotating frame
loads from each blade must be resolved into three fixed directions which do not rotate with any of
the blades. This is called a fixed frame.

1.4.4 Fixed frame hub loads

The fixed frame hub loads are often simply called the hub loads. They are obtained from the
rotating frame loads by the following two steps.

1. Resolve the rotating frame loads of each blade in a fixed frame.

2. Sum the fixed frame loads from all Nb blades.

Let m = 1, 2, ...Nb be the blade number. ψm be the azimuthal location of each blade m. Then we
have

Fx =

Nb∑
m=1

(fy cosψm + fx sinψm)

Fy =

Nb∑
m=1

(fy sinψm − fx cosψm)

Fz =

Nb∑
m=1

fz

Mx =

Nb∑
m=1

(mx sinψm +my cosψm)

My =

Nb∑
m=1

(−mx cosψm +my sinψm)

Mz =

Nb∑
m=1

mz

(1.42)

In general fx, fy, fz and mx,my,mz contain all harmonics 1, 2, 3...∞/rev.

Step 1 redistributes the magnitudes of individual harmonics, but retains all harmonics. For
example in the calculation of Fx, the fy sinψ term would re-distribute a steady fy component into
a 1/rev harmonic, a 1/rev fy component into 0/rev (steady) and 1/rev components. In general,
a p/rev component in the rotating frame loads can, when resolved in a fixed frame, give rise to
p ± 1/rev components. Fz, and Mz are exceptions. Here fz, and mz are not multiplied with sine
or cosine components. Thus p/rev loads remain p/rev loads when resolved in a fixed frame.
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Step2, i.e. the summation over all blades, filters out all non-pNb/rev harmonics. For example
in the case of a four bladed rotor, Nb = 4, the fixed frame hub loads contain only 0, 4, 8, 12, .../rev
harmonics. The Nb/rev harmonic is called the blade passage frequency. Thus the fixed frame hub
loads contain only integral multiples of the blade passage frequency. Consider for example

fz(ψ) = a0 + a1 sinψ + a2 sin 2ψ + a3 sin 3ψ + a4 sin 4ψ

Fz(ψ) = fz(ψ1) + fz(ψ2) + fz(ψ3) + fz(ψ4)

= fz(ψ) + fz(ψ + 90◦) + fz(ψ + 180◦) + fz(ψ4 + 270◦)
= 4a0 + 4a4 sin 4ψ

Note that the assumption here is that all blades have identical root loads, only shifted in phase.
In case the blades are dissimilar this assumption does not hold. The hub loads in that case transmit
all harmonics. Such is the case for damaged or dissimilar rotors. The goal is to make all the blades
identical.

The pNb/rev harmonics of the hub loads, e.g. the 4a4 sin 4ψ component, create enormous
vibration in the fuselage. The steady component, e.g. the 4a0 component is used to trim the
helicopter. The steady component is the average force generated by the rotor. In this case 4a0 was
the rotor thrust. The steady components of Fx, Fy, Fz are often denoted as H,Y, T , the rotor drag,
side force, and thrust. The steady components of Mx and My are denoted as MX and MY , the
roll-left, and pitch-up moments. The steady component of −Mz is denoted by Q, the rotor torque.

The steady components can be more easily obtained by averaging the rotating frame loads over
the rotor disk, and then multiplying by Nb to account for all blades. Using the same example as
above, the thrust can be calculated as

T =
Nb

2π

∫ 2π

0
fz(ψ)dψ

=
4

2π

∫ 2π

0
a0 + a1 sinψ + a2 sin 2ψ + a3 sin 3ψ + a4 sin 4ψ

=
4

2π
2πa0

= 4a0

Thus in general we have the steady rotor forces H,Y, T , and moments MX ,MY , Q as follows.
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Rotor Thrust T:

T =
Nb

2π

∫ 2π

0
fzdψ

=
Nb

2π

∫ 2π

0
szdψ

=
Nb

2π

∫ 2π

0

∫ R

e

[
dFz

dr
−m(r − e)β̈

]
drdψ

=
Nb

2π

∫ 2π

0

∫ R

e
dFzdψ

(1.43)

This is because β̈ cannot have a steady component, and all harmonics integrate to zero over the
azimuth.

Rotor Drag H:

H =
Nb

2π

∫ 2π

0
(fy cosψ + fx sinψ)dψ

=
Nb

2π

∫ 2π

0
(sr cosψ + sx sinψ)dψ

=
Nb

2π

∫ 2π

0

∫ R

e
(dFr cosψ + dFx sinψ)dψ

(1.44)

where the centrifugal component of sr integrates to zero.

Rotor Side Force Y:

Y =
Nb

2π

∫ 2π

0
(fy sinψ − fx cosψ)dψ

=
Nb

2π

∫ 2π

0
(sr sinψ − sx cosψ)dψ

=
Nb

2π

∫ 2π

0

∫ R

e
(dFr sinψ − dFx cosψ)dψ

(1.45)

Rotor Torque Q:

Q = −Nb

2π

∫ 2π

0
mzdψ

=
Nb

2π

∫ 2π

0
(nl + esx)dψ

=
Nb

2π

∫ 2π

0

∫ R

e
[(r − e)dFx + edFx] dψ

=
Nb

2π

∫ 2π

0

∫ R

e
rdFxdψ

(1.46)

Rotor Roll Moment Mx: Assume that the torsion moment is zero, i.e. my = nt
∼= 0.

MX =
Nb

2π

∫ 2π

0
mx sinψdψ

=
Nb

2π

∫ 2π

0
(nf + esz) sinψdψ

=
Nb

2π

∫ 2π

0

(
ν2β − 1− 3

2

e

R

)
IβΩ

2(β − βp) sinψdψ +
Nb

2π

∫ 2π

0

∫ R

e
e dFz sinψdψ

(1.47)
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For e = 0 and βp = 0 an useful expression is obtained

MX =
Nb

2π

∫ 2π

0

(
ν2β − 1

)
IβΩ

2β sinψdψ

= Nb

(
ν2β − 1

)
IβΩ

2 1

Nb

∫ 2π

0
β sinψdψ

= Nb

(
ν2β − 1

)
IβΩ

2β1s

(1.48)

In non-dimensional form we have

CMX =
MX

ρA(ΩR)2R
=

σa

2γ

(
ν2β − 1

)
β1s (1.49)

Rotor Pitch Moment My: Assume that the torsion moment is zero, i.e. my = nt
∼= 0.

MY =
Nb

2π

∫ 2π

0
−mx cosψdψ

=
Nb

2π

∫ 2π

0
−(nf + esz) cosψdψ

= −Nb

2π

∫ 2π

0

(
ν2β − 1− 3

2

e

R

)
IβΩ

2(β − βp) cosψdψ − Nb

2π

∫ 2π

0

∫ R

e
e dFz cosψdψ

(1.50)

For e = 0 and βp = 0 an useful expression is obtained

MY = −Nb

2π

∫ 2π

0

(
ν2β − 1

)
IβΩ

2β cosψdψ

= −Nb

(
ν2β − 1

)
IβΩ

2 1

Nb

∫ 2π

0
β cosψdψ

= −Nb

(
ν2β − 1

)
IβΩ

2β1c

(1.51)

In non-dimensional form we have

CMY =
MY

ρA(ΩR)2R
= −σa

2γ

(
ν2β − 1

)
β1c (1.52)

1.5 Rotor planes of reference

There are various physical planes which can be used to describe the rotor motion. Researchers and
engineers use different planes for different purposes. For example, the expressions for inflow derived
earlier were perpendicular to the plane of the disk tilt. This plane is also called the tip path plane
(TPP). The tip of the blades lie in this plane, hence the name. For the purposes of rotor dynamic
analysis, the hub plane (HP) is the most convenient plane. The hub plane is perpendicular to
the rotor shaft. The rotor RPM, Ω, is along the shaft. Recall fig. 6.2. The vertical axis z was
perpendicular to the hub plane. The inflow λ used in the expression for UP was along z, i.e., it was
perpendicular to the hub plane. This inflow must be calculated from the inflow expression derived
using momentum theory earlier by transformation between TPP and HP. In general, it is often
necessary to transform variables from one type of axes system to another.

For hover and vertical flight, the control is the thrust level which is obtained by the collective
pitch setting. There is no variation of pitch or flap angle along the azimuth.

θ(ψ) = θ0 collective
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HP

TPP
β

0

(a)  Simple coning in hover

(b)  Longitudinal disk tilt in forward flight;
      view from the left ψ = 270
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(c)  Lateral disk tilt in forward flight;
      view from the rear ψ = 0
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Figure 1.13: Definition of tip path plane (TPP) and hub plane (HP)

β(ψ) = β0 coning

TPP is parallel to HP, see Fig. 1.13(a). Both are perpendicular to the shaft axis. The thrust vector
acts along the shaft and is normal to both planes. In forward flight, the TPP is tilted longitudinally
and laterally. Consider the following flapping motion.

β(ψ) = β0 + β1c cosψ + β1s sinψ
coning longitudinal lateral

TPP tilt TPP tilt

Figures 1.13(b) and (c) show the longitudinal and lateral tilts for positive β1c and β1s. The tilt of
the tip path plane tilts the thrust vector. The longitudinal tilt is forward. The vertical component
of the thrust balances the weight and the horizontal component of the thrust provides a propulsive
force. The lateral tilt is to the left or right depending on the roll moment requirement to trim the
rotor. The transformation between the TPP and HP is obtained by subsequent rotations of the
hub plane by β1c and β1s. If iH , jH , kH and iT , jT , kT are the unit vectors in HP and TPP, we have⎧⎨⎩

iT
jT
kT

⎫⎬⎭ =

⎡⎣ cβ1c 0 sβ1c
−sβ1csβ1s cβ1s sβ1scβ1c
−sβ1ccβ1s −sβ1s cβ1scβ1s

⎤⎦⎧⎨⎩
iH
jH
kH

⎫⎬⎭ ∼=
⎡⎣ 1 0 β1c

0 1 β1s
−β1c −β1s 1

⎤⎦⎧⎨⎩
iH
jH
kH

⎫⎬⎭ (1.53)

It follows for example,

λH = λTPP − μβ1c

HH = HTPP − β1cTT

YH = YTPP − β1sTT

(1.54)
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The flapping motion is controlled by introducing collective and cyclic pitch angles through the
swashplate.

θ(ψ) = θ0 + θ1c cosψ + θ1s sinψ
collective lateral longitudinal

cyclic cyclic

The cyclic pitch angles lie in a plane. This is a plane from which one observes no variation of
cyclic pitch. The longitudinal and lateral tilts of this plane are shown in Figs. 1.14(a) and (b). The

(b)  Longitudinal tilt of no feathering plane
      view from the left ψ = 270

o 

HP

TPP

β
1c

θ
1s

(b)  Lateral tilt of no feathering plane
      view from the left ψ = 0

o 

HP

TPPβ
1s

θ
1c

NFP

NFP

Figure 1.14: Definition of no feathering plane (NFP), tip path plane (TPP) and hub
plane (HP)

transformation between the NFP and HP is obtained by subsequent rotations of the hub plane by
θ1s and θ1c. If iH , jH , kH and iN , jN , kN are the unit vectors in HP and TPP, we have⎧⎨⎩

iN
jN
kN

⎫⎬⎭ =

⎡⎣ cθ1s 0 −sθ1s
sθ1ssθ1c cθ1c sθ1ccθ1s
cθ1csθ1s −sθ1c cθ1ccθ1s

⎤⎦⎧⎨⎩
iH
jH
kH

⎫⎬⎭ ∼=
⎡⎣ 1 0 β1c

0 1 θ1c
θ1s −θ1c 1

⎤⎦⎧⎨⎩
iH
jH
kH

⎫⎬⎭ (1.55)

It follows for example,

λH = λNFP + μθ1c

HH = HNFP + θ1sTT

YH = YNFP − θ1cTT

(1.56)

It is important to keep in mind the reference frame from which the flap and cyclic pitch angles are
measured. From the hub plane, the flap and pitch angles are β1c, β1s and θ1c, θ1s. From the tip
path plane, the flap angles are zero. Similarly, from the no feathering plane, the cyclic pitch angles
are zero. Note that the angle between any two planes remain the same, irrespective of the plane
from which they are measured. For example, the longitudinal tilt angle between NFP and TPP
when measured from the hub plane is (β1c + θ1s), see fig. 1.14(a). The same angle is only β1c when
measured from NFP. However this β1c is different from the β1c measured from the HP, but is equal
to (β1c + θ1s) as measured from the HP. Thus,

(β1c + θ1s)H = (β1c)N = (θ1s)T
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Similarly for the lateral tilt, we have from fig. 1.14(b),

(β1s − θ1c)H = (β1s)N = −(θ1c)T

In addition to TPP, HP, and NFP, another plane can be defined. This is the plane of the swashplate,
called the control plane (CP). See Fig. 1.15. As shown in the figure, if the pitch links are connected

HP

NFPSwashplate CP

longitudinal swashplate tilt
           produces  θ

1s

la
te

ra
l s

w
as

hp
la

te
 ti

lt
   

   
pr

od
uc

es
  θ

1c

(a) side view from  ψ = 0
o

(b) Top view of rotor, swashplate, and   
pitch link connections. Pitch links are 
connected to the swashplate 90

o
 ahead of 

the blade azimuth

Figure 1.15: Definition of control plane (CP)

90o ahead of the blade azimuth, the CP is parallel to the NFP. In addition, the pitch flap coupling
must be zero for this condition to hold. The different rotor reference planes, and their use are
briefly summarized below.

(a) Tip Path Plane (TPP): This is a plane described by blade tips, so that there is no cyclic
variation of flap angles when measured from this plane. This plane is frequently used for wake
studies and acoustic studies. The expressions for inflow derived earlier using moment theory were
with respect to this plane. The TPP is same as the disk tilt plane.

(b) No Feather Plane (NFP): This is a plane from which there is no cyclic variation of
control pitch. This is often used for performance and stability analysis, especially for autogyros.
In Gessow and Myers’ book, this plane is used for performance studies.

(c) Control Plate (CP): It represents the swashplate plane. This plane is important for
servo-actuators.

(d) Hub Plane (HP): This plane is normal to the rotor shaft. Both cyclic flap and cyclic
pitch control angles are non-zero when measured from this plane. This plane is routinely adopted
for the blade dynamic analysis.

Finally, note that the concept of TPP and NFP is applicable only with the assumption of
1/rev variations of flap and cyclic pitch. In reality the flapping motion contains all harmonics, the
2/rev and higher harmonics create ripples over the tip path plane. Similarly in the case of higher
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harmonic control, when the swashplate is used to input higher harmonics of pitch angle, the NFP is
no longer defined. Also note that, in Gessow and Myers book, the pitch and flap angles (including
higher harmonics) are defined as

θ(ψ) = A0 −A1 cosψ −B1 sinψ −A2 cos 2ψ −B2 sin 2ψ . . .

β(ψ) = a0 − a1 cosψ − b1 sinψ − a2 cos 2ψ − b2 sin 2ψ . . .

where

θ0 = A0

θnc = −An

θns = −Bn

β0 = a0

βnc = −an

βns = −bn

1.6 Helicopter Trim

Trimming an helicopter means maintaining equilibrium in space. The steady forces and moments
generated by the rotor should be equal and opposite to those generated by the other parts of the
helicopter, e.g. the tail rotor, the fuselage, the horizontal stabilizer etc. The steady forces and
moments generated by the rotor should remain the same from one rotor revolution to another. In
order to satisfy this condition it is necessary that the blades exhibit periodic motion. Therefore,
helicopter trim involves two steps:

1. Achieving periodic blade response. Also called uncoupled trim.

2. Achieving periodic blade response such that specific targets are met. Also called coupled trim.

A trimmed flight can be achieved under any steady condition – axial flight, ascent and descent
along a coordinated banked turn, and straight and level flight. In this section we consider a straight
and level flight. Coupled trim is broadly classified into two types:

1. Isolated rotor trim.

2. Full aircraft trim.

For an isolated rotor trim, the three rotor control angles are determined based on three specified
targets, e.g. the thrust, and rotor pitch and roll moments. When the targetted moments are zero, it
is called moment trim. Alternatively, the thrust, and the first harmonic flapping motions, β1c and
β1s, are specified. One popular approach is to specify zero first harmonic flapping. This procedure
is widely used in wind tunnel trim. Isolated rotor trim is used in wind-tunnels to achieve specific
flight conditions in a controlled environment.

Full aircraft trim is also called propulsive trim. The only assumption is that sufficient rotor
power is available from the powerplants. The target rotor forces and moments are equal and
opposite to those produced by the rest of the aircraft. The three rotor controls, the tail rotor
collective, and the two aircraft attitude angles, longitudinal and lateral, are determined using the
six vehicle equilibrium equations.

The trim procedures require the calculation of rotor forces and moments.
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1.6.1 Rotor Forces and Moments

The steady rotor forces and moments in the hub plane can be derived using equations 9.83–8.88,
and equations 1.29–1.31. Assume uniform inflow, linear lift curve slope cl = aα, and a constant
drag coefficient cd = cd0. Recall, that in forward flight we have

ut = x+ μ sinψ

up = λ+ x
∗
β +βμ cosψ

β = β0 + β1c cosψ + β1s sinψ

θ = θ0 + xθtw + θ1c cosψ + θ1s sinψ

where

λ = λH = λTPP − μβ1c

and

λTPP = μ tanα+
kfCT

2
√

μ2 + λ2
TPP

α = αs + β1c + θFP

(1.57)

where αs is the longitudinal shaft tilt angle with respect to the horizontal plane, θFP is the flight
path angle positive for climb. The rotor thrust coefficient CT , same in all planes for small angles,
is given by

CT =
T

ρA(ΩR)2

=
σa

2

1

2π

∫ 2π

0

∫ 1

0

(
u2t θ − uput

)
dx dψ

=
σa

2

[
θ0
3

(
1 +

3

2
μ2

)
+

θtw
4

(
1 + μ2

)
+

μ

2
θ1s − λ

2

] (1.58)

If the twist is expressed as θ75 + (x− 3/4)θtw + θ1c cosψ + θ1s sinψ, then we have

CT =
σa

2

[
θ75
3

(
1 +

3

2
μ2

)
+

θtw
8

μ2 +
μ

2
θ1s − λ

2

]
The inflow can be expressed in NFP and TPP as follows.

CT =
σa

2

[
θ0
3

(
1 +

3

2
μ2

)
+

θtw
4

(
1 + μ2

)− λNFP

2

]
(1.59)

CT =
σa

2

[
θ0
3

(
1 +

3

2
μ2

)
+

θtw
4

(
1 + μ2

)− λTPP

2
+

μ

2
(β1c + θ1s)

]
(1.60)

The rotor drag force is given by

CH =
H

ρA(ΩR)2

=
σa

2

1

2π

∫ 2π

0

∫ 1

0

[(
uputθ − u2p +

cdo
a

u2t

)
sinψ − β cosψ

(
u2t θ − uput

)]
dx dψ

=
σa

2

[
θ0

(
−1

3
β1c +

1

2
μλ

)
+ θtw

(
−1

4
β1c +

1

4
μλ

)
+θ1c

(
−1

6
β0 − 1

8
μβ1s

)
+ θ1s

(
−1

4
μβ1c +

1

4
λ

)
+
3

4
λβ1c +

1

6
β0β1s +

1

4
μ
(
β2
0 + β2

1c

)
+

Cdo

a

(μ
2

)]
(1.61)
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Now use

CHTPP
= CH + β1cCT ; λ = λTPP − μβ1c

to obtain

CHTPP
=
σa

2

[
θ0

(
1

2
μλTPP

)
+ θtw

(
1

4
μλTPP

)
+ θ1c

(
−1

6
β0 − 1

8
μβ1s

)
+ θ1s

(
1

4
λTPP

)
+
1

4
λTPPβ1c +

1

6
β0β1s +

1

4
μβ2

0

]
+

σCd0

4
μ

(1.62)

The rotor side force is given by

CY =
Y

ρA(ΩR)2

=
σa

2

1

2π

∫ 2π

0

∫ 1

0

[
−
(
uputθ − u2p +

cdo
a

u2t

)
cosψ − β sinψ

(
u2t θ − uput

)]
dx dψ

=
σa

2

[
−θ0

(
3

4
μβ0 +

1

3
β1s

)
− θtw

(
1

4
β1s +

1

2
μβ0

)
− θ1c

(
1

4
λ+

1

4
μβ1c

)
−θ1s

(
1

6
β0 +

1

2
μβ1s

)
+

3

4
λβ1s +

3

2
μλβ0 − 1

6
β0β1c +

1

4
μβ1cβ1s

]
(1.63)

Now use

CYTPP
= CY + β1sCT ; λ = λTPP − μβ1c

to obtain

CYTPP
=
σa

2

[
−θ0

(
3

4
μβ0

)
− θtw

(
1

2
μβ0

)
− θ1c

(
1

4
λTPP

)
− θ1s

(
1

6
β0

)
+
1

4
λTPPβ1s +

3

2
μλTPPβ0 − 1

6
β0β1c

] (1.64)

The rotor torque is

CQ =
Q

ρA(ΩR)2R

=
σa

2

1

2π

∫ 2π

0

∫ 1

0
x
(
uputθ − u2p +

cdo
a

u2t

)
dx

=
σa

2

[
λ

(
θ0
3

+
θtw
4

+
1

4
μθ1s − 1

2
μβ1c − λ

2

)
+ μ

(
1

6
θ1cβ0 − 1

3
β0β1s

)
+μ2

(
1

16
β1sθ1c +

1

16
β1cθ1s − 1

4
β2
0 −

3

16
β2
1c −

1

16
β2
1s

)
+
1

8
θ1cβ1s − 1

8
θ1sβ1c − 1

8

(
β2
1c + β2

1s

)]
+

σcd0
8

(
1 + μ2

)

(1.65)

Replace λ with λTPP − μβ1c, in the first term of the above expression to produce

CQ =
σa

2

[
λTPP

(
θ0
3

+
θtw
4

− λTPP

2
+

1

2
μβ1c +

1

4
μθ1s

)
−μ

(
1

3
β1cθ0 +

1

4
β1cθtw − 1

6
θ1cβ0 +

1

3
β0β1s

)
+μ2

(
1

16
β1sθ1c +

1

16
β1cθ1s − 1

4
β2
0 −

3

16
β2
1c −

1

16
β2
1s

)
+
1

8
θ1cβ1s − 1

8
θ1sβ1c − 1

8

(
β2
1c + β2

1s

)]
+

σcd0
8

(
1 + μ2

)
(1.66)
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The expressions given above for torque are exact. It is important that all terms are retained for
accurate predictions beyond advance ratio μ = 0.3. The roll and pitch moment coefficients are
derived from equations 1.47 and 1.50 as

CMX =
σa

2γ

(
ν2β − 1− 3

2

e

R

)
β1s +

e

R

σa

2

1

2π

∫ 2π

0

∫ 1

0

(
u2t θ − uput

)
cosψdx dψ

CMY = −σa

2γ

(
ν2β − 1− 3

2

e

R

)
β1c +

e

R

σa

2

1

2π

∫ 2π

0

∫ 1

0

(
u2t θ − uput

)
sinψdx dψ

Assume e/R ∼= 0 for the following simple expressions.

CMX =
σa

2γ

(
ν2β − 1

)
β1s

CMY = −σa

2γ

(
ν2β − 1

)
β1c

(1.67)

1.6.2 Uncoupled trim

Uncoupled trim is a periodic blade response obtained for a given set of rotor control angles. The
forward speed, shaft tilt angle, and flight path angle are prescribed. The following procedure can
be used.

1. Start with λTPP = μ tan(αs + θFP ), β1c = β1s = 0, μ = V/(ΩR).
2. Calculate β0, β1c, and β1s from eqns. 1.33.
3. Update μ = V cos(αs + β1c + θFP )/(ΩR).
4. Calculate CT from eqn. 1.60.
5. Update λTPP from eqn. 1.57.
Iterate steps 2 to 5 till convergence.

Example 1.2: An articulated rotor model with 4% flap hinge offset is exposed to a wind speed
of 200 ft/sec in the wind tunnel. If the blade tip speed is 600 ft/sec and the blades are set at
collective pitch of 5◦, calculate the tip path plane orientation with shaft angle, αs, of 0

◦, 10◦ and
−10◦. Assume Lock number, γ = 8, solidity ratio, σ = 0.05 and lift curve slope, a = 6.

Use the above procedure to obtain the following results.

αs = 0◦ αs = 10◦ αs = −10◦

μ 0.3323 0.3303 0.3197
β0 0.083 0.017 0.1418
β1c −4.52◦ −2.32◦ −6.44◦

β1s −0.0303 −0.00489 −0.0536
CT 0.00457 0.00066 0.00845
λTPP −0.0194 0.0456 −0.0816
(αs + β1c) −4.52◦ 7.68◦ −16.44◦

For a backward tilt of the shaft of 10◦, the TPP is tilted back further by 16.44◦. For a zero tilt of
the shaft, TPP is tilted back by 4.52◦. The change in TPP tilt is 11.92◦. For a forward tilt of shaft
of 10◦, the TPP is tilted forward by 7.68◦. The change in TPP tilt is 12.2◦. This means that for a
forward tilt of shaft, the TPP tilts forward at a faster rate. This results in an instability of rotor
disk with respect to the angle of attack and is called the angle of attack of instability.

1.6.3 Coupled trim for an isolated rotor

In a coupled trim for an isolated rotor, the three control pitch angles are determined based on
specific targets. The following two targets are useful.
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1. Target rotor thrust and the hub roll and pitch moments.

2. Target rotor thrust and the first harmonic flapping β1c and β1s.

The first type produces similar airloads and structural loads on the rotor as in real flight. The
second type produces similar wake geometries and acoustic characteristics.

The second type is used during wind tunnel tests. For a given longitudinal shaft tilt αs, a
popular set of targets are the thrust and zero first harmonic flapping angles. Such a condition can
occur in free flight only if the aircraft center of gravity is located at the rotor hub.

The following procedure can be used for wind tunnel trim. Here, CT , and β1c, β1s are the
targets. θ0, θ1s, θ1c are the unknowns. Initialize the unknowns to zero.

1 : Calculate λTPP from eqn. 1.57.

2 : Calculate θ0, β0, θ1s, θ1c.

From eqns. 1.33 we have

β0 = γ
v2β

[
θ0
8 (1 + μ2) + θtw

10

(
1 + 5

6μ
2
)
+ μ

6 (θ1s + β1c)− λTPP
6

]
+

ω2
β0

Ω2v2β
βp (1.68)

θ1c = β1s +
1

(1+ 1
2
μ2)

[
8
γ (v

2
β − 1)β1c +

4
3μβ0

]
(1.69)

θ1s = −β1c +
1

(1 + 3
2μ

2)

[
−8

3
μ

(
θ0 +

3

4
θtw − 3

4
λTPP

)
+

8

γ
(v2β − 1)β1s

]
(1.70)

where λ has been replaced with λTPP − μβ1c.

Substituting β1c + θ1s from eqn. 1.70 into eqn. 1.60 we have

θ0 =

6CT
σa (1 + 3

2μ
2)− 3

4θtw(1− 3
2μ

2 + 3
2μ

4) + 3
2λTPP (1− 1

2μ
2) + 12

γ μ(v
2
β − 1)β1s

1− μ2 + 9
4μ

4
(1.71)

Iterate step 2 till convergence.

A similar procedure can be used for moment trim. Here CT , and CMX , CMY are the targets.
θ0, θ1s, θ1c are the unknowns. Initialize the unknowns to zero.

1 : Calculate λTPP from eqn. 1.57.

2 : Calculate β1c, β1s using the pitch and roll moment expressions, e.g., eqns. 1.67.

3 : Calculate θ0 from eqn. 1.71, and β0, θ1s, θ1c from eqns. 1.68, 1.70 and 1.69.

Iterate steps 2 and 3 till convergence.

1.6.4 Coupled trim for a full aircraft

The target is to achieve 3 force and 3 moment equilibriums. It is necessary to have 6 control
variables.

The rotor control angles, which can be set by the pilot, are θ0, θ1c, and θ1s. The yaw control is
via the tail rotor collective θt. The two aircraft attitude angles, the longitudinal tilt αs, and lateral
tilt φs can be used as the two additional control variables. Note that the pilot does not have a
direct control over these variables. The helicopter must be flown into these vehicle orientations to
achieve trim.

Mathematically, the problem is formulated as follows. For a specified aircraft gross weight
and forward speed, the trim solution evaluates rotor controls, θo, θ1c and θ1s, rotor dynamics e.g.
flapping β(ψ), the vehicle orientation, αs and φs, tail rotor collective setting, and the rotor inflow,
λ. The equations are the flap equation, inflow equation, and the 6 vehicle equilibrium equations.
A popular approach is to neglect altogether the yawing moment equilibrium equation and thereby
neglect the influence of the tail rotor on the solution. Thus we have 7 unknowns – 3 rotor controls,
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2 fuselage attitudes, plus flapping and inflow, and 7 equations – 3 vehicle forces, 2 vehicle moments,
plus flapping and inflow.

The flapping equation can be solved for any number of harmonics. Let us consider three
harmonics here – β0, β1c, and β1s.

Aircraft Force and Moment Equilibrium Equations

Consider the left side view and front view of a helicopter in flight.

T = rotor thrust
H = rotor drag force

Y = rotor side force

W = weight
D = airframe drag in direction of V

YF = tail rotor thrust
MX = rotor roll moment

My = rotor pitch moment

V = helicopter speed
MXF = airframe roll moment

MY F = airframe pitch moment
αs = longitudinal shaft tilt with respect to vertical axis

φs = lateral shaft tilt with respect to vertical axis

Xcg = forward shift of cg from shaft axis
Ycg = side shift of cg from shaft axis (positive right) towards advancing side

θFP = flight path angle
Note that the disk tilt, i.e. the TPP tilt α = αs + β1c + θFP .
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Vertical force equilibrium:

W − T cosαs cosφs +D sin θFP −H sinαs + Y sinφs + YF sinφs = 0 (1.72)

Longitudinal force equilibrium:

D cos θFB +H cosαs − T sinαs cosφs = 0 (1.73)

Lateral force equilibrium:

Y cosφs + YF cosφs + T cosαs sinφs = 0 (1.74)

Pitch moment equilibrium about hub:

My +MyF −W (Xcg cosαs − h sinαs)−D(xcg sinαs + h cosαs) = 0 (1.75)

Roll moment equilibrium about hub:

Mx +MxF
+ YFh+W (h sinφs − Ycg cosφs) = 0 (1.76)

Torque equilibrium about shaft:

Q− YF lT = 0 (1.77)

In addition to the six vehicle equilibrium equations we have an equation for the inflow and an
equation for blade flapping. From the flapping equation, linear equations for the flap harmonics
can be extracted, as many equations as the number of assumed harmonics. For example, eqns. 1.33
are three equations for three harmonics.

The trim equations can be simplified assuming: (1) small shaft tilt angles, and (2) zero flight
path angle θFP = 0. Additionally, the yaw degree of freedom can be ignored, i.e. remove the torque
equation and the tail rotor collective θt as a trim variable.

W = T (1.78)

D +H = Tαs (1.79)

Y + YF = −Tφs (1.80)

My +MyF +W (hαs −Xcg)− hD = 0 (1.81)

Mx +MxF
+W (hφs − Ycg) + YFh = 0 (1.82)

Non-dimensionalize all forces and moments by ρA (ΩR)2 and ρA (ΩR)2R respectively. Define the
fuselage drag D as

D =
1

2
ρV 2f (1.83)

where f has units of area. It is the equivalent flat plate area of the hub, fuselage, landing gear etc.
The drag coefficient then becomes

CD =
1

2
μ2 (f/A) (1.84)
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where A is the rotor disk area. Typically f/A varies from 1 to 3%. From eqn. 1.78

CT = CW (1.85)

From eqns. 1.79 and 1.81 extract equations for αs and β1c. From eqn. 1.79

αs = D
W + CH

CT
= 1

2μ
2 f
A

1
CT

+ CH
CT

= 1
2μ

2 f
A

1
CT

+ CHTPP
CT

− β1c
(1.86)

From eqn. 1.81

αs =
Xcg

h + D
W − My

hW − MyF
hW

=
Xcg

h + 1
2μ

2 f
A

1
CT

+
(v2β−1)/γ

h
R

2CT
σa

β1c − MyF
hW

(1.87)

Equating the above two eqns. 1.86 and 1.87 obtain

β1c =
−Xcg

h +
MyF
hW + CHTPP

/CT

1 +
(v2β−1)/γ

h
R

2CT
σa

(1.88)

Now use the above eqn. 1.88 in eqn. 1.86 to obtain

αs =

xcg

h − MyF
hW +

(v2β−1)/γ

h
R
2
CT
σa

CHTPP
CT

1 +
(v2β−1)/γ

h
R
2
CT
σa

+
1

2

f

A

μ2

CT
(1.89)

Similarly use eqns. 1.80 and 1.82 to extract equations for φs and β1s. From eqn. 1.80

φs = −YF
W − Cy

CT

= −YF
W − CyTPP

CT
+ β1s

(1.90)

YF/W = 0 if the tail rotor in ignored. YF/W = CQR/(CT lT ) if the tail rotor is considered. lT is
the distance of the tail rotor thrust from the rotor hub. From eqn. 1.82

φs =
ycg
h − YF

W − Mx
hW − MxF

hW

=
ycg
h − YF

W − (v2β−1)/γ

h
2CT
σa

β1s − MxF
hW

(1.91)

Equating the above two eqns. 1.90 and 1.91 obtain

β1s =

ycg
h − MxF

hW +
CyTPP
CT

1 +
(v2β−1)/γ

h
R

2CT
σa

(1.92)

Now use the above eqn. 1.92 in eqn. 1.90 to obtain

φs =

ycg
h

−MxF
hW

− (ν2β−1)/γ

h
R

2
CT
σa

CyTPP
CT

1+
(ν2

β
−1)/γ

h
R

2
CT
σa

− CQ

CT

R
lT

(1.93)
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Recall, that the inflow equation was (see eqn. 1.57)

λTPP = μ tan (αs + β1c + θFP ) +
kfCT

2
√

μ2 + λ2
TPP

∼= μ (αs + β1c + θFP ) +
kfCT

2
√

μ2 + λ2
TPP

= μ

(
CD + CH

CT

)
+ μβ1c + λc +

kfCT

2
√

μ2 + λ2
TPP

= μ

(
CD + CH + β1cCT

CT

)
+ λc +

kfCT

2
√

μ2 + λ2
TPP

=
1

2
μ3

(
f

A

)
1

CT
+ μ

CHTPP

CT
+ λc +

kfCT

2
√

μ2 + λ2
TPP

(1.94)

The control angles θ0, θ1c, θ1s, and coning β0 can be calculated in the same manner as was done in
coupled trim for an isolated rotor. The description is repeated here. From eqns. 1.33 we have

β0 = γ
v2β

[
θ0
8 (1 + μ2) + θtw

10

(
1 + 5

6μ
2
)
+ μ

6 (θ1s + β1c)− λTPP
6

]
+

ω2
β0

Ω2v2β
βp (1.95)

θ1c = β1s +
1

(1+ 1
2
μ2)

[
8
γ (v

2
β − 1)β1c +

4
3μβ0

]
(1.96)

θ1s = −β1c +
1

(1 + 3
2μ

2)

[
−8

3
μ

(
θ0 +

3

4
θtw − 3

4
λTPP

)
+

8

γ
(v2β − 1)β1s

]
(1.97)

where λ has been replaced with λTPP − μβ1c. Substituting β1c + θ1s from the above equation into
eqn. 1.60 for CT , and solving for θ0 we have

θ0 =

6CT
σa (1 + 3

2μ
2)− 3

4θtw(1− 3
2μ

2 + 3
2μ

4) + 3
2λTPP (1− 1

2μ
2) + 12

γ μ(v
2
β − 1)β1s

1− μ2 + 9
4μ

4
(1.98)

The rotor drag and side forces are obtained from eqns. 1.62 and 1.64.
The above expressions can be used to calculate rotor trim iteratively using the following se-

quence.
1: Calculate CT

CT
∼= CW =

W

ρπR2(ΩR)2

Initialize λTPP

λTPP = κf
CT

2μ
+

1

2

(
f

A

)
μ3

CT

Initialize CHTPP
and CYTPP

to zero
Now iterate until λTPP converges as follows:
2 : Calculate β1c using eqn. 1.88
3 : Calculate β1s using eqn. 1.92
4 : Calculate αs using eqn. 1.89
5 : Calculate φs using eqn. 1.93
6 : Calculate θ0 using eqn. 1.98
7 : Calculate θ1s using eqn. 1.97
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8 : Calculate β0 using eqn. 1.95
9 : Calculate θ1c using eqn. 1.96
10 : Update λTPP using the last of eqns. 1.94
11 : Calculate CHTPP

using eqn. 1.62
12 : Calculate CYTPP

using eqn. 1.64
Back to beginning of iteration.
In case of hover, λTPP remains fixed to the uniform inflow value. Any one of the other variables

can be iterated over.
The rotor power can be calculated using eqn. 1.66. A simpler alternative expression is given

in the next section. When yaw equilibrium is considered, then for a conventional configuration,
the tail rotor collective is a trim variable. The yaw equilibrium equation is given by eqn. 1.77. In
non-dimensional form

CQ − lT
R
CY F

(ΩTRT )
2

(ΩR)2
AT

A
= 0

where (ΩTRT )
2/(ΩR)2 is the tip speed ratio of the tail rotor to the main rotor, CY F = YF/ρAT (ΩTRT )

2

is the tail rotor thrust coefficient, and AT /A is the ratio of tail rotor disk area to main rotor disk
area. The tail rotor collective is then related to the tail rotor thrust by

θ75T =
6CY F

σTaT
+

3

2
κh

√
CY F

2

with assumption of uniform inflow and linear tail rotor twist. σT and aT are the tail rotor solidity
and blade element lift curve slopes.

1.6.5 Rotor Power and Lift to Drag Ratio

Consider the non-dimensional torque CQ, as in eqn. 1.66. Recall, that the non-dimensional power
is equal to the non-dimensional torque CQ. The expression was of the following form

CQ =
σa

2

[
λTPP

(
θ0
3

+
θtw
4

− λTPP

2
+

μβ1c
2

+
μθ1s
4

)]
+

σa

2

1

4

Cdo

a

(
1 + μ2

)
+ ... other terms

(1.99)

where the ‘... other terms’ are terms that are independant of inflow λTPP and profile drag cdo, and
are functions of only the blade flapping angle and the control angles. From the expression of thrust
in the tip path plane (eqn. 1.60) we have

σa

2

(
θ0
3

+
θtw
4

− λTPP

2
+

μβ1c
2

+
μθ1s
4

)
= CT − σa

2

(
θ0μ

2

2
+

θtwμ
2

4
+

θ1sμ

4

)
(1.100)

Using the above expression we have

CQ = λTPPCT −λTPP
σa

2

(
θ0μ

2

2
+

θtwμ
2

4
+

θ1sμ

4

)
+

σa

2

1

4

Cdo

a

(
1 + μ2

)
+... other terms (1.101)

Now from eqns. 1.94 we have

λTPP = μ

(
CD + CH

CT

)
+ μβ1c + λc + λi (1.102)

Hence

λTPPCT =μCD + μ (CH + β1cCT )λcCT + λiCT

=μCD + μCHTPP
+ λcCT + λiCT

(1.103)
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Substitute the above expression of λTPPCT in the expression for CQ

CQ =μCD + μCHTPP
+ λcCT + λiCT

− λTPP
σa

2

(
θ0μ

2

2
+

θtwμ
2

4
+

θ1sμ

4

)
+

σa

2

1

4

Cdo

a

(
1 + μ2

)
+ ... other terms

(1.104)

Now, μCHTPP
can be calculated from eqn. 1.62 as

μCHTPP
= λTPP

σa

2

(
θ0μ

2

2
+

θtwμ
2

4
+

θ1sμ

4

)
+

σa

2

1

4

Cdo

a
2μ2 + (. . . . . . ) (1.105)

It can be shown that the terms (. . . . . .) cancel with those described earlier as ... other terms. Also,
recall that

μCD =
1

2
μ3

(
f

A

)
Thus the final expression of non-dimensional power (or torque) in forward flight takes the following
form

CP = λiCT +
σCd0

8

(
1 + 3μ2

)
+

1

2
μ3

(
f

A

)
+ λcCT

=
κfCT

2
√

λ2
TPP + μ2

+
σCd0

8

(
1 + 3μ2

)
+

1

2
μ3

(
f

A

)
+ λcCT

(1.106)

λi is the induced inflow perpendicular to the tip path plane. The above is the familiar form used
in a simple momentum theory analysis of a rotor in forward flight using uniform inflow.

CP = CPi + CPo + CPp + CPc

CPi = rotor induced power required to produce thrust

CPo = rotor profile power required to overcome rotor drag (turn in real fluid)

CPp = parasite power required to overcome airframe drag

CPc = rotor climb power required to increase gravitational potential.

The induced power is given by

CPi =
κfCT

2
√

λ2
TPP + μ2

≈ κf
C2
T

2μ
for μ > 0.15 (1.107)

The profile power is often modified empirically to include radial flow and reversed flow effects

CPo =
σCdo

8
(1 + 4.6μ2) (1.108)

The parasite power is

Cpp =
1

2
μ3

(
f

A

)
The climb power is given by

CPc = λcCT

(
λc =

Vc

ΩR

)
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where Vc is the climb velocity. Thus, the climb velocity can be calculated from the available power
and level flight power as

Vc =
Pa − (Pi + Po + Pp)

T
=

ΔP

W

Note that, while using blade element theory, the required rotor power is calculated directly from
eqn. 1.66. This expression includes all components of power and is difficult to extract the individual
components. The analytical extraction is given above to identify the different components and have
a physical feel regarding the growth and decay of each with forward speed. The induced power
decreases with forward speed. The profile power increases as square of forward speed. The parasite
power increases as cube of forward speed. The reduction of induced power with forward speed is
due to the uniform inflow assumption. In real flight the induced power increases, gradually above
μ > 0.25 due to nonuniform inflow. Either of the expressions, eqn. 1.66 or eqn. 1.106, can be used.
Both produce the same result. If eqn. 1.106 is used, often the radial flow corrected expression of
profile power (eqn. 1.108) is used.

The power to generate thrust (induced power) and to overcome rotor drag (profile power)
together can be associated with an effective drag of a rotor CDE.

CPi + CPo = μCDE

That is,

μCDE = CP − (CPp + CPc) = CP − (μCD + λcCT )

In level flight then,

CDE =
CP

μ
− CD

Under trim condition the net rotor propulsive force CX must equal the airframe drag CD, hence
the above expression is also written as

CDE =
CP

μ
− CX

where X = T sinαs cosφs−H cosαs = D. The rotor lift-to-drag ratio is given by the ratio between
lift and effective drag

(L/DE) =
CL

CP /μ− CD
≈ CT

CP /μ −CD

Just as Figure of Merit is the measure of rotor efficiency in hover, L/DE is the measure of rotor
efficiency in forward flight. Note that during autorotation, CP = 0, and the rotor effective drag
equals the airframe drag (or propulsive force).

CDE = −CX in autorotation

Example 1.3:
Numerical results are calculated for a rotor with the following characteristics. Yaw equilibrium

is ignored.
Rotor
Nb = 4 R = 25ft c = 1.5ft ΩR = 700ft/s
vβ = 1.05/rev γ = 8.0 Cla = 5.73 Cd0 = 0.01
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Vehicle

W = 15, 000lbs h = 6.0ft lT = 32ft f = 20ft2

xcg = −2ft ycg = 0ft Engine = 2000HP ρ = 0.002377slugs/ft3

MxF = 0ft− lbs MyF = 0ft− lbs κh = 1.15 κf = 1.00

(a) Hover at sea level

shaft HP required = 1535 HP
θ0 = 10.81◦ θ1c = 1.31◦ θ1s = −5.47◦

αs = −9.22◦ αs = −4.92◦

β0 = 5.24◦ β1c = 5.55◦ β1s = 0.74◦

Maximum climb velocity vc= 34.08 ft/sec

(b) Forward flight of 200 ft/sec at sea level

shaft HP required = 947 HP
μ = 0.2857 CT = 0.006559 λTPP = 0.02284
CP = 0.000325
θ0 = 8.25◦ θ1c = 3.31◦ θ1s = −11.24◦

β0 = 4.84◦ β1c = 6.38◦ β1s = 0.91◦

αs = −4.10◦ φs = −3.84◦

Maximum climb velocity vc = 38.6 ft/sec

The variation of trim parameters with advance ratio are shown in figure 1.16

Example 1.4:

The rotor and vehicle characteristics are given below.

Rotor

4-bladed, radius = 27 ft, chord = 1.75 ft

Tip speed ΩR = 700 ft/sec, Lock number γ = 8

Hingeless blades with flap frequency = 1.08 /rev

Airfoil Cla = 6, Cd0 = 0.01

Vehicle

Weight = 16,000 lbs h/R = 0.2R

Assume MxF
= MyF = YF = 0

f/A = 0.1 (flat plate area/Disk Area)

xcg = 0.01R (forward of shaft axis), ycg = 0

Engine Shaft Power = 2000 HP

Assume uniform inflow in hover and forward flight (κh = κf = 1.15 ).

Calculate for hover

(a) shaft HP needed

(b) control settings

(c) maximum climb velocity

(d) flap response

Calculate for a forward flight of 280 ft/sec

(e) shaft HP needed

(f) control settings

(g) maximum climb velocity

(h) flap response

Ignore yaw equilibrium.

Hover
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Figure 1.16: Variation of aircraft trim angles with forward flight speed (Example 1.3)

CT =
W

ρπR2(ΩR)2
=

1600

(0.002378)π(27)2 (700)2
= 0.006

σ =
Nbc

πR
=

4(1.75)

π(27)
= 0.0825

λ = κ

√
CT

2
= 0.063

CP = λCT +
σCdo

8
= 0.063(0.006) +

0.0825(0.01)

8
= 0.00048

(a) The shaft HP is given by

P =CpπR
2ρ(ΩR)3 = 0.00048π(27)2(0.002378)(700)3 = 8.988 × 105 ft-lb/sec

=
8.988 × 105

550
= 1634 HP

(b) Using the iterative procedure with μ = 0

θ0 = 9.57◦
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θ1c = −0.109◦

θ1s = 0.469◦

αs = 0.166◦

φs = −0.026◦

(c) Maximum climb velocity

Vc =
2ΔP

W
=

2(2000 − 1634)

16000
550 = 25.2 ft/sec

(d) Flap Response

β0 = 4.09◦

β1c = −0.48◦

β1s = −0.03◦

Forward Flight

(e) Using the iterative procedure, the Shaft HP is

μ = 0.3947

CT = 0.0060

λ = 0.05877 α = 9.559, φs = −0.1291◦

CP = 0.0005369 P = 1823HP

CHTPP
= 0.0002034 CYTPP

= 0.0000167

(f) Control angles

θ0 = 10.9◦

θ1c = 1.823◦

θ1s = −9.963◦

(g) Maximum climb velocity

V =
ΔP

W
= 6.08 ft/sec

(h) Flap response

β0 = 3.728◦

β1c − 0.174◦

β1s = −0.0301◦
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1.6.6 The Jacobian Method for Trim

The method described earlier, using analytical expressions for rotor forces and moments, was a
point iteration procedure, also called Picard’s iterations. In this procedure, the general approach
to solving a set of nonlinear equations

f1(x1, x2, . . . , xn) = 0

f2(x1, x2, . . . , xn) = 0

. . .

fn(x1, x2, . . . , xn) = 0

or in vector notation

f(x) = 0

is to re-express f(x) as g(x) − x so that the equation takes the following form

x = g(x)

The solution procedure is then simply to iterate

xk+1 = g(xk); k = 0, 1, 2, . . . ,

The procedure is useful for simple models and initial design calculations – even though convergence
is not gauranteed. For non-uniform inflow, higher frequencies of blade dynamics, unsteady aerody-
namics, and for the nonlinear trim equations, there will not be analytical expressions. The rotor
forces and moments are then obtained numerically by integrating the blade element forces. The
non-linear trim equations are then solved using the Newton-Raphson procedure.

The Newton-Raphson procedure is based on the calculation of trim Jacobian. Start from an
initial estimate of the six trim variables x0 = x01, x

0
2, . . . , x

0
6. Calculate the rotor forces and moments

using these initial estimates. Initial estimates are often obtained using the simple model given in
the previous section. Now substitute in the vehicle equilibrium eqns. 1.72 – 1.77. These equations
have the general form f(x) = 0. Upon substitution, the right hand side of the equations will not
be zero but have non-zero residuals, since obviously f(x0) �= 0. The objective is to determine an
increment Δx such that

f(x0 +Δx) = 0

A Taylor expansion of the above leads to

f1 +
∂f1
∂x1

Δx1 +
∂f1
∂x2

Δx2 + ...+
∂f1
∂x6

Δx6 + higher order terms = 0

f2 +
∂f2
∂x1

Δx1 +
∂f2
∂x2

Δx2 + ...+
∂f2
∂x6

Δx6 + higher order terms = 0

...

f6 +
∂f6
∂x1

Δx1 +
∂f6
∂x2

Δx2 + ...+
∂f6
∂x6

Δx6 + higher order terms = 0

(1.109)

where the derivatives and functions are evaluated about the solution x0. Dropping the higher order
terms we have the requirement

f0 + JΔx = 0
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Therefore the update is given by

Δx = J−1(0− f0)

or in general

Δx = J−1(fT − f0)

where the targets are not zero but fT . For the complete aircraft, of course, the targets are zero. J
is called the Jacobian matrix.

For an isolated rotor, moment trim, the updates are based on the following Jacobian.

J

⎧⎨⎩
Δθ0
Δθ1c
Δθ1s

⎫⎬⎭ =

⎡⎢⎣
∂T
∂θ0

∂T
∂θ1c
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∂MX
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∂MX
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⎧⎨⎩
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⎫⎬⎭ =

⎧⎨⎩
T0 − T

MX0 −MX

MY 0 −MY

⎫⎬⎭ (1.110)

where T0, MX0 and MY 0 are the trim targets.

For an isolated rotor wind tunnel trim the trim variable updates are based on the following
Jacobian.

J

⎧⎨⎩
Δθ0
Δθ1c
Δθ1s

⎫⎬⎭ =

⎡⎢⎣
∂T
∂θ0

∂T
∂θ1c

∂T
∂θ1s

∂β1c

∂θ0
∂β1c

∂θ1c
∂β1c

∂θ1s
∂β1s

∂θ0
∂β1s

∂θ1c
∂β1s

∂θ1s

⎤⎥⎦
⎧⎨⎩

Δθ0
Δθ1c
Δθ1s

⎫⎬⎭ =

⎧⎨⎩
T0 − T

β1c0 − β1c
β1s0 − β1s

⎫⎬⎭ (1.111)

where T0, β1c0 and β1s0 are the trim targets.

The Jacobians are calculated by perturbing the initial estimates of each trim variable by 5%–
10%, and using the finite differences of the perturbed trim targets. If the trim targets are linear
functions of the trim variables the solution is obained in one iteration. Generally they are nonlinear
functions and several iterations are neccessary. After each iteration, the Jacobian must be re-
calculated, about the current trim variables. For rotors, except in the case of severe stall, this is
often not necessary. The Jacobian is often calculated only once, before the trim iterations begin,
and stored for all subsequent iterations. This procedure is called the modified Newton procedure.
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Questions

1. What are the advantages and the disadvantages of the tractor and pusher type tail rotors?
2. Which one of the following rotors need tail rotors for hovering?

i) Coaxial rotor (ABC-Sikorsky)

ii) Circulation controlled rotor (X-wing-NSRDC)

iii) Tilt rotor (XV-15-Bell)

iv) Tandem rotor (Chinook-Boeing Vertol)

v) Tip jet rotor

3. Justify the following:

• The helicopters with conventional rotors are limited to a forward speed of about 170 knots.

• In hovering flight, the rotor disk follows the shaft (in about 3 revs).

• A rotation of the tail boom in the opposite direction of the blades rotation can be troublesome.

• For a rotor with hinge offset, the phase lag of the flapping motion, with respect to the pitch
motion is not 90◦.

• For a fixed wing, control surfaces such as flaps and ailerons are used to control the lift, but
that is not the case with rotor blades.

• It is quite common that a small precone of 2 to 3 degrees is given to hingeless blades.

• For a flapping rotor with no cyclic pitch (tail rotor), the hub and control planes are equivalent.

• For a feathering rotor with non flapping (propeller with cyclic pitch), the hub plane and TPP
are identical.

• The rotor behaves as a gyro, maintaining its orientation relative to the inertial space in
vacuum.

• A teetering rotor perhaps is not practical for large helicopters.

• An optimum rotor is a hypothetical rotor that is efficient in hover for one thrust level.

• The induced rotor power is the largest in hover.
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Chapter 2

Flap Dynamics

Blade flapping is the motion of the blade normal to the rotation plane. In this chapter, the
natural vibration characteristics and response due to external force such as an aerodynamic force
is examined for a flapping blade. Initially, a simplified model is used, where the blade is assumed
rigid with a hinge offset. Later on, a more refined model is used, where the blade is represented
as an elastic beam. The primary objective of this chapter is to grasp various mathematical tools
as applicable to rotor analyses through an application to isolated flap mode dynamics. It is very
important to understand the need and usage of these tools for a simple case of flapping blade, such
that these could be extended to more complex coupled blade dynamics in later chapters.

It should be kept in mind that the dynamics of flap mode is by itself an important step towards
the understanding of coupled rotor dynamics. The knowledge of natural vibration characteristics of
isolated flap motion is important for vibration, loads, blade stresses and aeromechanical stability. In
fact, the fundamental rotating flap frequency is a key physical parameter and has a direct influence
on vehicle performance, flight stability and rotor dynamics. Typically for an articulated blade, this
frequency varies from 1.03 to 1.05 times the rotational speed, whereas for hingeless blades, the
flap frequency varies from 1.08 to 1.15 times the rotational speed. For an articulated rotor, the
maximum bending stress takes place about mid-span of the blade where as for a hingeless rotor, it
takes place near the root. We shall see later that higher the flap frequency, the larger will be the
bending stresses in the blade.

2.1 Rigid Blade Model

The rotor blade is assumed to be rigid undergoing a single degree of motion, i.e., flapping motion
about a hinge. A real rotor can have : (1) a mechanical hinge, or (2) a virtual hinge. Articulated
rotors have mechanical hinges. Hingeless rotors, even though they are called hingeless, have virtual
hinges. Virtual hinges are created by flexible structures near the blade root which are softer than
the rest of the blade. Thus a hingeless rotor can also be modeled as a rigid rotor flapping about a
hinge. Except that in this case, the hinge location or offset is an equivalent one determined from
experiment, or a flexible blade analysis.

2.1.1 Hinged Blade with zero offset

Consider a rigid blade hinged at the rotation axis. See Fig. 2.2 (a). This simple configuration
represents an articulated rotor blade. The blade undergoes a single degree of motion, i.e. flapping.
Assume that there is no spring restraint and the flap hinge offset is set to zero. The forces acting
on an element of length dr, and their moment arms, are listed below. The flapping angle, β is
assumed to be small. The inertial force (IF) on the element is defined as the mass of the element

79
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Figure 2.1: Flap and lag frequencies of rotor blades

multiplied with the flapping acceleration of the element, acting opposite to the direction of the
flapping accleration (See Chapter 1, Section 1.2.3).

a) inertia force (IF): mdr rβ̈ arm r with respect to rotation axis

b) centrifugal force (CF): mdrΩ2r arm z = rβ

c) aerodynamic force (AF): Fz dr arm r

Taking moment about flap hinge∫ R

0
(mrβ̈ dr)r +

∫ R

0
(mΩ2r dr)rβ −

∫ R

0
(Fzdr)r = 0(∫ R

0
mr2dr

)
(β̈ +Ω2β) =

∫ R

0
rFzdr

∫ R

0
mr2dr = mass moment of inertia about flap hinge = Ib, with units(lb− in− sec)2 or kg −m2

For a uniform blade Ib =
mR3

3 where m is the mass per unit length (lb - sec2/in2 or kg/m). The
above expression leads to the flap equation

β̈ +Ω2β =
1

Ib

∫ R

0
rFzdr (2.1)
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(b) flapping blade with hinge offset  e
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(a) flapping blade with zero hinge offset

pin joint

Figure 2.2: Rigid blade flapping model

Now express time in terms of azimuth angle

ψ = Ωt

where Ω is the rotational speed, rad/sec. The derivatives are

β̇ =
∂β

∂t
= Ω

∂β

∂ψ
= Ω

∗
β β̈ = Ω2

∗∗
β

β̇ was the rate of change of flapping with time (rad/sec), whereas
∗
β is the rate of change of flapping

with azimuth of rotation (rad/rad). The flap equation then becomes

∂2β

∂ψ2
+ β =

1

IbΩ2

∫ R

0
rFzdr

or

∗∗
β +β = γMβ (2.2)

where

∗∗
β=

∂2β

∂ψ2
γ =

ρacR4

Ib
Mβ =

1

ρacR4Ω2

∫ R

0
rFzdr

γ is called the Lock number, ρ is the air density, a is the aerodynamic lift curve slope, c is the chord
and R is the rotor radius. The Lock number represents the ratio of aerodynamic force and inertia
force. Typically, the value of γ varies from 5 to 10, the smaller number for a heavy blade whereas
the larger value for a light blade.

The flapping equation can be imagined to represent a single degree of freedom spring-mass
system The natural frequency of the system, from eqn. 2.1, is Ω rad/sec.

i. e., ωβ = Ω rad/sec

The natural frequency of the system, from eqn. 2.2, is 1 rad/rad.

i. e., νβ = 1 rad/sec
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where

νβ =
ωβ

Ω

The unit of rad/rad is also defined as per rev (/rev or p). Thus, 1 rad/rad is 1/rev (or 1p), 2 rad/rad
is 2/rev (or 2p) and so on. For this configuration, the spring stiffness is a result of centrifugal force.
To visualize this spring, consider the simple example of a stone tied to a thread and rotated. Very
soon the thread is taut, and the stone stretches out due to centrifugal force. The natural frequency
of this system will be the rotational frequency itself. The aerodynamic force Mβ can be motion
dependent and will be discussed in later sections.

2.1.2 Hinged Blade with Offset

Consider a rigid blade hinged at a distance e from the rotation axis. It is assumed that there is
a flap bending spring at the hinge. See Fig. 2.2(b). This configuration represents an articulated
blade with a hinge offset. It can also be a simple approximation for a hingeless blade (as shown in
the next section).

h(q1, q2, q3, . . . , t) = 0 (2.3)

ḧ+ αḣ+ βh = 0 (2.4)

Force acting on an element dr are

a) inertia force (IF): mdr(r − e)β̈ arm(r − e) about hinge

b) centrifugal force (CF): mdrΩ2r arm(r − e)β

c) aerodynamic force (AF): Fzdr arm(r − e)

d) spring moment (SF): kβ(β − βp) about hinge

βp is a precone angle. Taking moment about flap hinge,∫ R

e
m(r − e)2dr β̈ +

∫ R

e
mΩ2r(r − e)dr β −

∫ R

e
Fz(r − e)dr + kβ(β − βp) = 0

or

kβ(β − βp) =

∫ R

e
Fz(r − e)dr −

∫ R

e
mΩ2r(r − e)dr β −

∫ R

e
m(r − e)2dr β̈ (2.5)

The spring moment kβ(β − βp) is the flapping moment, or the flap bending moment, at the hinge.
It is a dynamic load, i.e., the balance of external forcing, minus centrifugal forcing, minus the part
used up by blade acceleration.

Iβ =

∫ R

e
m(r − e)2dr, mass moment of inertia about flap hinge

∫ R

e
mr(r − e)dr =

∫ R

e
m(r − e)2dr +

∫ R

e
me(r − e)dr

= Iβ

(
1 +

e
∫ R
e m(r − e)dr∫ R

e m(r − e)2dr

)
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Flap equation

Iβ

{
β̈ +Ω2

(
1 +

e
∫ R
e m(r − e)dr

Iβ

)
β +

kβ
Iβ

(β − βp)

}
=

∫ R

e
Fz(r − e)dr

Writing in non-dimensional form by dividing with IbΩ
2.

∗
Iβ (

∗∗
β +ν2ββ) =

kβ
Ib

1

Ω2
βp + γMβ

∗
Iβ=

Iβ
Ib

νβ is the non-dimensional flap frequency

ν2β = 1 +
e
∫ R
e m(r − e)dr

Ib
+

kβ
IbΩ2

/rev

For uniform blade, the second term is

e

Iβ

∫ R

e
m(r − e)dr =

3e

2(R − e)
	 3

2

e

R

The third term represents the non-rotating natural frequency made dimensionless using rotational
frequency

kβ
Ib

= ω2
β0 rad/sec

The term I∗β = Iβ/Ib is nearly equal to unity. Thus the flap equation can be written as

∗∗
β +ν2ββ =

ω2
0

Ω2
βp + γMβ

The βp is the precone angle given to the blade to reduce the steady flap moment about the hinge
and typically its value is about 2 to 3◦. Again this represents a single degree spring-mass system,
as shown in Fig. 2.3.

 β (t)

 F (t)

 Steady Force

 ν
β0

2 β
p

 k = ν
β

2 

 m = 1 

Figure 2.3: The rigid blade flapping equation represents a single degree of freedom
spring-mass system
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The natural frequency of the system

ωβ

Ω = νβ /rev
ωβ = νβΩ rad/sec

=

(
1 + 3

2
e
R +

ω2
β0

Ω2

)1/2

Ω for a uniform blade

where ωβ0 is the non-rotating natural frequency, rad/sec. For zero spring case

ωn =

(
1 +

3

2

e

R

)1/2

Ω rad/sec

Typically e varies between 4 to 6 % of rotor radius for an articulated blade. The variation of flap
frequency with hinge offset is given in Fig. 2.4
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1
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 e/R

 ν
β
 

 1 +  3   e 
 2   R 

 1 +  3      e 
 2   R - e 

Figure 2.4: Variation of flapping frequency with hinge offset; Spring constantkβ = 0

Example 2.1:

Calculate the rotating flap frequency of an articulated rotor blade with hinge offset of 1 ft. from
the rotation axis. Given are the rotor radius = 20 feet and the RPM = 360.

e

R
=

1

20
= 0.05

1 +
3

2

e

R
= 1.075

Flap frequency =
(
1 + 3

2
e
R

)1/2
= 1.037 per rev

= 1.037Ω rad/sec
= 1.037 × 360

60 × 2π
= 39.1 rad/sec
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2.1.3 Hingeless Blade with Equivalent Hinge Offset

To simplify analysis, a hingeless blade can be idealized into a rigid blade with an offset hinge
and a bending spring at the hinge. This representation can be useful for the calculation of flight
dynamic and aeroelastic stability because the global characteristics are well represented with this
simple model. It is assumed that the fundamental mode shape and the fundamental frequency is
available for the hingeless blade, either using a flexible blade model (described later) or determined
through an experiment. To obtain an equivalent simplified configuration, two constants are to be
determined, e and kβ. Two simple methods to calculate these constants are as follows.

One method is to compare the nonrotating and rotating natural frequencies.

νβ =
ωβ

Ω
=

(
1 +

3

2

e

R
+

ω2
β0

Ω2

)1/2

where ωβ0 and ωβ are the non-rotating and rotating flap frequencies for basic hingeless blade. Then,

kβ = ω2
b0Ib

e =
2

3
R

(
ν2β − ω2

b0

Ω2
− 1

)

where Ib is the flap mass moment of inertia. A second method is to compare the rotating bending

equivalent
 offset  e

z

r

      equivalent 
spring constant k

β

AF

CF

 dw/dr

IF w

0.75 R

P

Figure 2.5: Equivalent rigid blade flapping model for a hingeless blade

slope and displacement at a reference station 75% R (see Fig. 2.5) and the rotating frequency.
Extend the slope line to find point P on the undeflected blade axis. Then,

e = R− w(
dw
dr

)
This spring stiffness can be calculated comparing the rotating flap frequency.

kβ = IβΩ
2

(
ν2β − 1− 3

2

e

R

)
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2.2 Flexible Beam Model

A better representation for a rotor blade is to assume it is an elastic beam restrained at the root.
The blade undergoes bending deflection distribution under loading. The assumption of treating
blade as a slender beam is quite appropriate because the cross sectional dimensions are much
smaller than the length. In this chapter, only flap bending (out of plane) is considered. The lead-
lag bending (in-plane) and torsion will be introduced in the next chapter. The physics of a rotating
beam in bending differs from that of a non-rotating beam because of nonlinear coupling with axial
elongation. To understand this coupling, consider first the dynamics of axial elongation alone for
a rotating beam.

2.2.1 Axial Deformation

A beam element located at a distance r from the rotation axis before deformation is at a location
r+u after deformation. The centrifugal force acting on the element is then mdrΩ2(r+u). A force
balance on the element gives(

T + T ′dr
)− T +mdrΩ2 (r + u)−mdrü+ fhdr = 0

from which the gradient of tensile force follows

T ′ = mü−mΩ2 (r + u)− fh (2.6)

The tensile force is related to the axial elongation as

T = EAu′

Substituting in eqn. 2.6 we obtain the governing equation for axial elongation

mü−mΩ2u− (EAu′
)′
= fh +mΩ2r (2.7)

Note that a force balance at a section gives the following expression for the tensile force

T =

∫ R

r

(−mü+mΩ2u+mΩ2ρ+ fh
)
dρ (2.8)

which when differentiated once using Leibnitz theorem gives back eqn. 2.6.

2.2.2 Euler-Bernoulli Theory of Bending

The Euler-Bernoulli assumption states that a plane section normal to the beam centerline remains
plane and normal after deformation (see Fig. 2.6). This is a valid assumption when the shear
deflection is negligible. The assumption helps to uncouple bending and shear deflections. The
assumption lets one express the rotation of a section solely in terms of its translation. If the out
of plane bending deflection is w then the bending slope is simply the derivative of the deflection,
i.e. w+ = dw

ds , where w+ is the derivative with respect to the span coordinate along the deformed
beam s. For small deflections, the derivative can be taken with respect to the undeformed beam
coordinate r. Thus w+ 	 dw

dr = w′. The bending curvature κ, and the radius of curvature ρ, are
then related to the deflection by the following kinematic relation

κ =
1

ρ
=

w++

[1 + w+2]
3
2

	 w′′

[1 + w′2]
3
2

(2.9)
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(a) Pure bending; Plane section A-B
remains plane and perpendicular to beam
centerline after deformation A'-B'

A

B

A'

B'
A

B

A'

B'

(b) Pure shearing; Plane section A-B
remains plane but not perpendicular to beam
centerline after deformation A'-B'

r

s

r

s

Figure 2.6: Pure bending and pure shearing of beams

The strain due to bending εrr at a distance z from the beam centerline is related to the curvature
by εrr = z/ρ. The strain is then related to the stress σrr by the constitutive relation

σrr = Eεrr = E
z

ρ
(2.10)

The bending moment at any section is then given by the resultant

M(r) =

∫
Area

σrrzdA =

∫
Area

E
z2

ρ
dA =

EI

ρ
= EI

w′′

[1 + w′2]
3
2

	 EIw′′ (2.11)

The kinematic relation 2.9, the constitutive relation 2.10, and the resultant relation 2.11 together
form the Euler-Bernoulli beam theory. Note that the constitutive relation 2.10 and the resul-
tant 2.11 generates the well-known identity

M

I
=

E

ρ
=

σrr
z

(2.12)

2.2.3 Flap Bending Equation using Newtons’s Laws

Let us derive a general equation of motion of a beam under external loading. It is assumed small
deflections as compared to its dimensions. Also, it is assumed that the rotation of the element is
small as compared to the vertical displacement. Thus, the rotary inertia effects are neglected in the
derivation. For convenience, structural damping is neglected. The geometry of the deformed beam
is shown in Fig. 2.7. where fz(r, t) is the vertical load per unit span (kg/m, lb/in) and w(r, t) is
the vertical deflection at station r (m, in). Consider an element dr of mass mdr, where m is mass
per unit span, with units kg/m or lb/in. The forces acting on it are the inertia force mẅ dr, the
external vertical force fz, the external axial force fH , and the internal tensile, shear, and bending
loads T (N, lbf), S (N, lbf), and M (N-m, lbf-in). S is positive when it acts in the positive direction
z (i.e., upward) on a negative x plane (i.e., left face of element). M is positive when top fiber under
compression. T is positive in tension. The bending slope w′ = dw/dr is assumed to be small, i.e.
w′2 will be neglected with respect to unity. Thus cosw′ 	 1 and sinw′ 	 w′.

Consider the equilibrium of forces and moment on the element. Force equilibrium in the z-
direction gives

fzdr + S − S − dS

dr
dr −mẅ dr − T

dw

dr
+

(
T +

dT

dr

)(
dw

dr
+

d2w

dr2
dr

)
= 0
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A

Figure 2.7: Pure bending of a rotating beam and free body diagram of a beam segment

or

fz − dS

dr
−mẅ + T

d2w

dr2
+

dT

dr

dw

dr
= 0

or

dS

dr
= fz −mẅ +

d

dr

(
T
dw

dr

)
(2.13)

The above expression states that the spatial derivative of shear is equal to the sectional loading
distribution. The expression leads to the governing partial differential equation (PDE) for deflection
w. To this end, S and T must be expressed in terms of either w or other known quantities. S can
be expressed in terms of w by considering the moment equilibrium about the center of the element,
point A. Moment about A gives

M + S dr −M − dM

dr
dr = 0

or

dM

dr
= S (2.14)

The above expression states that the spatial derivative of bending moment is the shear distribution.
Now use the Euler-Bernoulli beam theory result to obtain the beam model. Consider a rectangular
beam cross-section as shown in Fig. 2.8. Let O be the shear center of the section. The shear center,
by definition, is such point where a force applied vertically creates a pure bending deformation with
no accompanying twist. For a rectangular closed section this point is the area centroid. Let (ξ, η)
be the principle axes at this section, i.e. Iξη = 0. The Euler-Bernoulli beam theory gives

M = EI
d2w

dr2
(2.15)
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where I equals Iηη , the area moment of inertia about the principle axis η, with units m2 or in2.
For a rectangular section

Iηη =
bd3

12
m4or in4

E is the Young’s Modulus of the beam material, with units N/m2 or lbf/in2. EI is the flexural
stiffness about the principle axis η, with units N-m2 or lbf-in2. Thus eqn.2.14 becomes

d

b

η

ζ

O s, ξ

ζ

s, ξ

η

(a) Side view of the deformed element (b) Cross-section of the deformed  element

Figure 2.8: Rectangular cross-section of a beam with centroid 0

S =
d

dr

(
EI

d2w

dr2

)
Substitute the above expression in eqn.2.13 to obtain

d2

dr2

(
EI

d2w

dr2

)
+m

∂2w

∂t2
− d

dr

(
T
dw

dr

)
= fz(r, t) (2.16)

T is related to axial elongation via eqn. 2.6. Thus the governing equation in bending takes the
following form.

mẅ +
(
EIw′′)′′ − (EAu′w′)′ = fz(r, t) (2.17)

The difference between the above equation and the non-rotating beam equation is the nonlinear
coupling term EAu′w′. The coupling term can also be expressed in a different manner. Recall that
T is also be expressed as eqn. 2.8 Thus the governing equation can also be written in the following
form.

mẅ +
(
EIw′′)′′ − [w′

∫ R

x

(−mü+mΩ2u+mΩ2ρ+ fh
)
dρ

]′
= fz(r, t) (2.18)

The above form is useful for a simple flapping blade analysis without axial dynamics. Without
axial dynamics, i.e. u = 0, eqn. 2.17 reduces to the non-rotating beam equation. The form given
in eqn. 2.18, however, can be used to retain the centrifugal term mΩ2ρ. Physically, the centrifugal
term affects u which affects w via the nonlinear coupling term EAu′w′, but eqn. 2.18 helps us
recast the fundamentally non-linear problem into a linear form by ignoring the axial elongation but
retaining the effect of centrifugal stiffness.

Let us study this centrifugal stiffness term further. Using force equilibrium in axial direction,
i.e. eqn. 2.6, ignoring axial elongation, and assuming no external forcing in the axial direction, we
have

dT

dr
+mΩ2r = 0
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or

dT

dr
= −mΩ2r

For a uniform beam, integration of the above expression yields

T = −1

2
mΩ2r2 + C

At r = R, T = 0 therefore C =
1

2
mΩ2R2

T =
mΩ2

2
(R2 − r2)

where Ω is the rotation speed, rad/sec. In general for a non-uniform blade we have

T =

∫ R

r
mΩ2ρdρ (2.19)

which is same as eqn. 2.8 with axial deformation u and axial forcing fh ignored.
To summarize, under static conditions, T = 0 and ẅ = 0, the shear force and bending moment

at any spanwise station can be calculated directly using eqns. 2.13 and 2.14 using the external
loading fz. Under dynamic conditions, but non-rotating, the inertial term in eqn. 2.13 depends on
the vertical displacement w. Therefore it is necessary to combine eqns. 2.13 and 2.14 and solve for
the vertical displacement w. Rotation of the beam adds the tensile force term on the right hand
side of eqn. 2.13. The tensile force term depends on the axial elongation u via eqn. 2.8. Therefore
now it is necessary to combine eqns. 2.13 and 2.14 with eqn. 2.8. This combination is nonlinear in
nature. But in its simplest form, ignoring axial dynamics but still retaining the centrifugal effect
of rotation, it can be expressed in the following form.

mẅ +
(
EIw′′)′′ − (Tw′)′ = fz(r, t)

T =

∫ R

r
mΩ2ρdρ

(2.20)

2.2.4 Second Order Nonlinear Coupled Axial Elongation-Flap Bending

In the previous section, the governing equation for a rotating flapping blade was derived as follows

mẅ +
(
EIw′′)′′ − (EAu′w′)′ = fz(r, t) : Flap

mü−mΩ2u− (EAu′
)′
= fh +mΩ2r : Axial

The equations were then reduced to the simplest linear form as given in eqn. 2.20. The above non-
linear equations assumed small deformations. For large deformations, non-linearities upto second
order can be retained. It is important to note that these equations are of little engineering value
by themselves. In fact, even the non-linear equations given above for small deformations provide
no significant improvement in the prediction of w compared to the simpler formulation given in
eqn. 2.20; unless offcourse the axial deformation is desired. For rotor dynamics however, axial
deformations by themselves are of lesser engineering value. The non-linear couplings due to large
deformations will be critical later, while analyzing the coupled flap-lag-torsion dynamics of real rotor
blades. There, several sources of nonlinear structural couplings will be encountered - geometric,
coriolis, and centrifugal. The purpose in this section is to provide a simple illustration of the
physical source, and a second order treatment, of one such nonlinear coupling: the elongation-flap
bending coupling that occurs for large deformation in the presence of centrifugal force.

Large deformations require two changes in the previous formulation.
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r
w

vertical forcing fz(r,t)

uf

r

axial forcing fh(r,t)

ue

(a) Deformation ue(r,t) in axial direction due to axial flexibility

(b) Deformation uf(r,t) in axial direction due to axial fore-shortening
      because of bending flexibility

Figure 2.9: Axial dynamics of a beam

1. The axial force balance term: (T + T ′dr)−T , is now modified to (T + T ′dr) cos (w′ + w′′dr)−
T cosw′.

2. The tensile force T is no longer expressible as EAu′. It must be replaced with EAu′e where
ue is the axial elongation of the beam. Note that u is the deformation in the axial direction.
For large deformations u and ue are not the same.

Let us first understand the axial elongation ue and the axial deformation u physically. u is not sim-
ply the component of ue in the radial direction, or vice versa. The bending deflection w introduces
a axial deformation simply by virtue of the fact that the length of the beam must remain the same
after bending. This is an axial foreshortening effect, uf . The total axial deformation u is the sum
of these two effects (see Fig. 2.9).

u = ue + uf

The axial foreshortening uf is caused by the bending of the beam and can therefore be expressed as
a function of w. Figure 2.10 shows a beam element dr in the undeformed and deformed positions.

dr

dr

duf

dθ

Figure 2.10: Axial foreshortening of a beam due to bending
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Because the length of the element remains constant during pure bending the rotation creates an
axial foreshortening duf .

duf = axial length of dr after deformation − axial length of dr before deformation

= dr cos dθ − dr

= −2 sin2(dθ/2)dr

= −(1/2)w′2dr using dθ = w′, and dθ is small

Thus at any station r

uf (r) = −1

2

∫ r

0
w′2dr

u̇f (r) = −
∫ r

0
w′ẇ′dr

üf (r) = −
∫ r

0
(ẇ′2 + w′ẅ′)dr

(2.21)

The equation for axial equilibrium now contains the following expression(
T + T ′dr

)
cos
(
w′ + w′′dr

)− T cosw′

Noting that upto second order, cos θ = 1− θ2/2, we have

cos
(
w′ + w′′dr

)
= 1− 1

2
w′2 − w′w′′

cosw′ = 1− 1

2
w′2

It follows(
T + T ′dr

)
cos
(
w′ + w′′dr

)− T cosw′ =T ′
(
1− 1

2
w′2
)
− Tw′w′′

=

[
T

(
1− 1

2
w′2
)]′ (2.22)

Thus the former eqn. 2.6 now takes the following form[
T

(
1− 1

2
w′2
)]′

= mü−mΩ2 (r + u)− fh (2.23)

T remains to be replaced in terms of u. T = EAu′e, thus ue needs to be expressed in terms of u.
To this end, note that

du =(dr + due) cos dθ − dx

=dr

(
−1

2
w′2
)
+ due

(
1− 1

2
w′2
)

(2.24)

It follows

u′e

(
1− 1

2
w′2
)

= u′ +
1

2
w′2

Thus

T

(
1− 1

2
w′2
)

= EAu′e

(
1− 1

2
w′2
)

= EA

(
u′ +

1

2
w′2
)
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The new axial dynamics equation becomes[
EA

(
u′ +

1

2
w′2
)]′

= mü−mΩ2 (r + u)− fh (2.25)

The flap equation requires the term (Tw′)′. Note that we have, to second order

u′e ≈
(
u′ +

1

2
w′2
)(

1 +
1

2
w′2
)

≈ u′ +
1

2
w′2

(2.26)

Thus

Tw′ = EAu′ew
′ ≈ EA

(
≈ u′ +

1

2
w′2
)
w′

which to second order remains same as before, i.e.

Tw′ = EAu′w′

Thus the flap equation remains the same as before, eqn. 2.17. The final equations for this case are
therefore

mẅ +
(
EIw′′)′′ − (EAu′w′)′ = fz(r, t)[

EA

(
u′ +

1

2
w′2
)]′

= mü−mΩ2 (r + u)− fh
(2.27)

The time varying aerodynamic forcing in the axial direction is an order of magnitude smaller than
the lift. Both the axial flexibility ue and the axial forshortening uf are in general an order of
magnitude smaller than the bending displacement w. The natural frequency in axial flexibility ue
is usually greater than 10/rev. The axial dynamics is therefore often neglected during a simple
analysis, and only eqn. 2.17 is considered.

However, it is important to understand that the nonlinear term (EAu′w′)′ in the bending
equation cannot be dropped. For a rotating beam this term introduces the centrifugal stiffening.
Thus care must be taken while linearizing the beam bending equation. It must be replaced with
(Tw′)′, where

T =

∫ R

r
mΩ2ρdρ

The axial dynamics can then be ignored. The axial forshoterning can be found from eqn. 2.21 once
w is known. The steady axial deflection can be found simply from

T = EAu′e

While this procedure was well-understood by rotorcraft designers, it created a hurdle for space-craft
dynamicists during the development of flexible multibody analysis. Dropping the nonlinear term
led to what was known as the ‘spin-up’ problem, an erroneous dynamic softening of the rotor beam
during spin up which led to unbounded tip deflection. This was because the mutlibody analyses
were made for general purpose structures which could not incorporate specific linearization methods
depending on the topology of the problem. The problem was subsequently rectified by adding the
necessary corrections termed ‘geometric stiffness due to operating loads’ [10]. Thus, to summarize,
if axial dynamics is neglected in the analysis, eqn. 2.20 must be used. If axial dynamics is included,
eqn. 2.27 must be used.
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2.2.5 Axial Elongation as a Quasi-coordinate

The axial elongation ue presented above is called a quasi-coordinate. A coordinate is called a quasi-
coordinate when it is related to physical displacements and angles through integrals that cannot
be evaluated in closed form. The integrals cannot be evaluated because they involve velocities or
angular velocities (or their kinetic analogues in terms of gradients and curvature) of the physical
displacements. For example, the quasi-coordinate ue is related to the axial displacement u in the
following manner

u = ue − 1

2

∫ r

0
w′2dr +O(ε4)

Similarly, in the presence of both flap and lag bending deflections, we have

u = ue − 1

2

∫ r

0

(
v′2 + w′2) dr +O(ε4)

where w and v are the flap and lag deflections.

Torsion dynamics can also be formulated in terms of a quasi-coordinate (we shall see later). In
this case we have

φ̂ = φ− 1

2

∫ r

0
v′′w′dr +O(ε2)

where φ̂ is an angle defining the rotation of a section, and φ is the elastic torsion of the section.
The torsion moment is given by GJφ′. φ is a quasi-coordinate. Note how in the case of large
deformations the rotation of a section depends not only on the elastic torsion but also on the flap
and lag bending deflections.

2.2.6 Boundary Conditions

Consider the pure bending equation 2.20. It is fourth order in r, and requires four boundary
conditions, two on either edge. The order-0 and order-1 boundary conditions are called the Dirichlet
conditions. They are the geometric boundary conditions imposed on the displacement and slope at
the boundary. The order-2 and order-3 boundary conditions are the Neumann conditions. They are
the force boundary conditions imposed on the bending moment and shear force at the boundary.
Figure 2.11 shows some of the important boundary conditions at an edge. They can be combined
to provide more general conditions.

Figure 2.11(a) shows a cantilevered or fixed end condition where the deformation and slope
are zero. Figure 2.11(b) shows a simple supported or pin ended condition where the deformation
and bending moment are zero. Figure 2.11(c) shows a shear spring restrained condition. Here
the bending moment is zero. The shear force is as restrained by the linear spring. For a positive
deformation (upwards), the shear force is downwards on the left edge, hence the negative sign as
per convention. Note that for a spring on the other end of the beam the boundary condition would
be (EIw′′)′ = +k1w. Figure 2.11(d) shows a bending spring restrained boundary condition. Here
the shear force is zero. The bending moment is as restrained by the rotary spring. Again, for a
positive deformation (counter-clockwise rotation) the bending moment is clockwise, and on the left
face, hence positive as per convention. Note that for a spring on the other end of the beam the
boundary condition would be EIw′′ = −k2w.

The beam equation is second order in time, hence requires two initial conditions to obtain
response solution. At time = 0, the velocity ẇ(r) and displacement w are prescribed.
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w = 0
w' = 0

w = 0
EIw'' = 0

(EIw'')' = - k
1

w
EIw'' = 0

(EIw'')' = 0
EIw'' = k

2
w'

(a) cantilevered blade (b) simple supported blade

(c) shear spring restrained (d) bending spring restrained

Figure 2.11: Boundary conditions of a beam

2.3 Non-rotating beam vibration

To understand beam vibration, we begin without any axial force and without rotation. See Fig. 2.12.
Assuming the beam to be uniform and with no axial force, the partial differential equation ??

r
w(r,t)

vertical forcing fz(r,t)

Figure 2.12: Non-rotating beam in pure bending

becomes

mẅ + (EIw′′)′′ = fz(r, t) (2.28)

If the beam is initially disturbed and then left to vibrate on its own, it follows what is called
the natural vibration characteristics. During this time there is no forcing on the beam. Thus,
to determine the natural vibration characteristics, one needs to calculate only the homogeneous
solution by setting fz(r, t) = 0.

mẅ + (EIw′′)′′ = 0 (2.29)

The solution is of the following form.

w(r, t) = φ(r)q(t)

One out of the two functions φ(r), or q(t), can be assigned the dimension of w(r, t), the other
remains nondimensional. Here, we assume q(t) to have the same dimension as w(r, t), with units
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of displacement (m or in) in this case. φ(r) is considered nondimensional. Assuming that there is
no damping in the structure, we seek q(t) of the form

q(t) = q0e
iωt

In presence of damping, we seek q(t) of the form

q(t) = q0e
α+iωt = q0e

st

To obtain natural vibration characteristics we assume there is no damping. We seek such solutions
because a linear combination of such solutions can be used to construct any continuous function of
time. Substituting the solution type in the homogenous equation yields[

φIV − mω2

EI
φ

]
q0e

iωt = 0

For a non-trivial q(t), i.e. a non-zero q0, we must have

φIV − ω2 m

EI
φ = 0 (2.30)

which is a fourth order ordinary differential equation (ODE). This equation has an analytical
solution. Assume

φ(r) = Cepr

where C is a nondimensional constant and p has dimension of 1/length. Solve for p to obtain

p4 =
mω2

EI

This gives four roots p = ±λ, ±iλ where

λ =

(
mω2

EI

)1/4

units: 1/m or 1/in (2.31)

Therefore φ(r) becomes

φ(r) = C1 sinhλr +C2 coshλr + C3 sinλr + C4 cosλr (2.32)

The constants C1, C2, C3 and C4 are evaluated using the four boundary conditions specific to the
beam. The constants have units of m or in.

2.3.1 Cantilevered Beam

For a cantivelered beam, the boundary conditions are as follows. At r = 0, displacement and slopes
are zero at all times. Thus

w(0, t) = 0 =⇒ φ(0)q(t) = 0 =⇒ φ(0) = 0

w′(0, t) = 0 =⇒ φ′(0)q(t) = 0 =⇒ φ′(0) = 0
(2.33)

At r = R, the bending moment and shear forces are zero at all times. Thus

EIw′′(0, t) = 0 =⇒ φ′′(0)q(t) = 0 =⇒ φ(0) = 0

EIw′′′(0, t) = 0 =⇒ φ′′′(0)q(t) = 0 =⇒ φ′′′(0) = 0
(2.34)
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Substituting the four conditions in eqn. 2.32⎡⎢⎢⎣
0 1 0 1
1 0 1 0

sinhλR coshλR − sinλR − cos λR
cosh λR sinhλR − cosλR − sinλR

⎤⎥⎥⎦
⎡⎢⎢⎣

C1

C2

C3

C4

⎤⎥⎥⎦ = 0 (2.35)

For non-trivial solution, the determinant of square matrix must be zero. This results in

cos λR cosh λR = −1

or

cos λR = −1/ cosh λR

which is a transcendental equation. The solutions are obtained by plotting the left hand side and
right hand side components individually and mark the points where these two graphs cross each
other. See Fig. 2.13. The solution is given by

0 2 4 6 8 10 12 14 16 18
-1.5

-1

-0.5

0

0.5

1

1.5

cos λR

cosh λR
- 1

Figure 2.13: Solution of transcendental equation for cantilevered beam natural frequen-
cies

(λR)1 = 1.87

(λR)2 = 4.69

(λR)3 = 7.85

(λR)j ∼= (2j − 1)
π

2
for j > 3

(2.36)

The natural frequencies can now be easily calculated from equation 2.31, which can be reorganized
as follows

ωj = (λR)2j

√
EI

mR4
= fj

√
EI

mR4
(2.37)

fj in equation 2.37 represent an infinite set of eigenvalues which produce an infinite number of
natural frequencies of the beam. The mode shape corresponding to any particular natural frequency
is obtained by solving for C1, C2, C3, and C4 from equation 2.35. Note that, for an equation of this
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form, one cannot solve for C1, C2, C4, and C5. Any three can be solved for in terms of the fourth,
for example solve for C1, C2, and C3 in terms of C4.⎡⎣ 0 1 0

1 0 1
sinhλR cosh λR − cosλR

⎤⎦⎡⎣ C1

C2

C3

⎤⎦ =

⎡⎣ 1
0

− cos λR

⎤⎦C4

Set C4 = 1. The mode shape from equation 2.32 then becomes

φj(r) = coshλjr − cos λjr − cosh(λR)j + cos(λR)j
sinh(λR)j + sin(λR)j

(sinhλjr − sinλjr)

φj(x) = cosh fjx− cos fjx− cosh fj + cos fj
sinh fj + sin fj

(sinh fjx− sin fjx)

fj = (λR)j x = r/R

(2.38)

Corresponding to each λR, we have a different φ(r). These mode shapes are plotted in Fig. 2.14.
These are the free vibration modes or natural modes. Note that the magnitude of the mode shapes
are not unique. They depend on the value of C4 chosen. Often it is chosen such that φj(R) = 1.
Each homogeneous solution is of the general form

wj(r, t) = cjφj(r)e
i(ωjt+dj)

where cj and dj are constants determined by the the initial displacement and velocity of each
mode. If an initial velocity or displacement is applied on the beam, all modes get excited. The
total response of the beam is the sum of all the modal responses

w(r, t) =

j=∞∑
j=1

wj(r, t)

However, most of the contribution comes from the first three or four modes.

ω1 = 3.52 
EI

mR4

ω1 = 22.0
EI

mR4

ω1 = 61.7 
EI

mR4

φ1

φ2

φ3

Cantilevered (hingeless) blade

First natural mode shape

Second natural mode shape

Third natural mode shape

Figure 2.14: Cantilevered beam natural frequencies and mode shapes
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2.3.2 Simple-Supported Beam

For a simple supported beam, the boundary conditions are as follows. Both at r = 0 and at r = R,
displacement and bending moments are zero at all times. Thus

w(0, t) = 0 =⇒ φ(0) = 0

EIw′′(0, t) = 0 =⇒ φ′′(0) = 0
(2.39)

w(R, t) = 0 =⇒ φ(R) = 0

EIw′′(R, t) = 0 =⇒ φ′′(R) = 0
(2.40)

Substituting the four conditions in eqn. 2.32 and proceeding similarly as earlier, one obtains the
eigenvalues of λR, natural frequencies, and mode shapes as follows

(λR)j = jπ

ωj = (λR)2j

√
EI

mR4

φj(r) =
√
2 sin

r(λR)j
R

(2.41)

2.3.3 Beam Functions

The nonrotating natural vibration characteristics are available for uniform beams with different
boundary conditions. Felgar and Young (1952) tabulated the numerical values for the constants.

φj(x) = cosh fjx− cos fjx− αj(sinh fjx− sin fjx)

x = r/R
(2.42)

For cantilever beam
j 1 2 3 4 j > 4

fj 1.8751 4.6941 7.8548 10.9955 (2j − 1)π2
αj .7341 1.0185 .9992 1.0000 1.0

The nonrotating natural frequency for uniform beam is obtained as

ωj = (fj)
2

√
EI

mR4
(2.43)

An important property of these modes is that these are orthogonal∫ R

0
mφi(r)φj(r) dr = 0 i �= j

= δijMi (2.44)

and ∫ R

0
φi

d2

dr2

(
EI

d2φj

dr2

)
dr = 0 i �= j

= δijω
2
iMi (2.45)

where δij is Kronecker’s delta and Mi is generalized mass

Mi =

∫ R

0
mφ2

i dr

The beam functions can be of great value for calculating an approximate solution, by assuming
the deflection in terms of a series of beam functions. Because of the orthogality properties, these
functions generally result into good convergence characteristics.
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2.4 Rotating Beam Vibration

A rotating beam, unlike a stationary beam, can generate aerodynamic forces which affects its
response to an initial disturbance. By natural vibration characteristics of a rotating beam we mean
characteristics obtained in a vaccuum. This is obtained from the homogeneous solution of the PDE
given in eqn. ??.

mẅ +
∂2

∂r2

(
EIηη

∂2w

∂r2

)
− ∂

∂r

(
T
∂w

∂r

)
= 0

T (r) =

∫ R

r
mrΩ2dr

(2.46)

As in the case of a non-rotating beam we seek a solution of the form

w(r, t) = φ(r)q(t) = φ(r)q0e
iωt

where φ(r) is assumed to be nondimensional. q(t) is assumed to have the same dimension as w(r, t),
here that of length, m or in. Substitution in the homogenous equation leads to the following ODE,
for non-trivial q(t),

∂2

∂r2

(
EIηη

∂2φ

∂r2

)
− ∂

∂r

(∫ R

r
mΩ2r dr

∂φ

dr

)
−mω2φ = 0 (2.47)

Unlike the non-rotating case, the above ODE cannot be solved analytically even for a beam with
uniform properties. Approximate solution methods must be employed. Before we discuss approxi-
mate methods, it is instructive to re-write the governing eqn. ?? in a nondimensional form. To this
end substitute

x =
r

R
, w =

w

R
, ψ = Ωt

The PDE then becomes

mΩ2R
∗∗
w +

∂2

∂x2

(
EIηη
R3

∂2w

∂x2

)
− ∂

∂x

(
T

R

∂w

∂x

)
= fz(xR, t) (2.48)

where
∗∗
w= ∂2w/∂ψ2. Divide by m0Ω

2R throughout, where m0 is a reference mass per unit span,
to obtain

m

m0

∗∗
w +

(
EIηη

m0Ω2R4
w′′
)′′

−
(

T

m0Ω2R2
w′
)′

=
fz(xR, t)

m0Ω2R

T

m0Ω2R2
=

∫ 1

x

m

m0
xdx

(2.49)

where ( )′ = ∂/∂x. To specify the reference mass per unit span, it is convenient to use an imaginary
uniform beam which has the same flap inertia about the root as the real beam

Ib =
m0R

3

3
or m0 =

3Ib
R

Note than for an uniform beam m/m0 = 1. The homogenous equation corresponding to eqn. 2.46
is then

m

m0

∗∗
w +

(
EIηη

m0Ω2R4
w′′
)′′

−
(
w′
∫ 1

x

m

m0
xdx

)′
= 0 (2.50)
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where EI/m0Ω
2R4 is the nondimensional flexural stiffness. Proceeding similarly as before, assume

a solution of the form

wa(x, ψ) = φj(x)qj(ψ) = φj(x)q0je
jνψ (2.51)

where φj(x) are the same nondimensional shape functions as before, expressed now as a function
of x = r/R, q(t) is now nondimensional q(t) = q(t)/R, and ν is the nondimensional frequency in
per rev ν = ω/Ω. The nondimensional modal equation, corresponding to eqn. 2.47, then takes the
following form

d2

dx2

(
EIηη

m0Ω2R4

d2φ

dx2

)
− d

dx

(∫ 1

x

m

m0
x dx

dφ

dx

)
− m

m0
ν2φ = 0 (2.52)

The nondimensional mass and stiffness distributions determine the nondimensional frequency ν (in
/rev). For the non-rotating case, Ω = 0 the entire equation is multiplied by m0Ω

2R4 to prevent
division by zero. The equation then takes the following form

d2

dx2

(
EIηη

d2φ

dx2

)
−m0Ω

2R4 d

dx

(∫ 1

x

m

m0
x dx

dφ

dx

)
−mR4ω2φ = 0 (2.53)

which is the appropriate form for solving a non-rotating case. Note that Ω = 0 gives back eqn. 2.30
with the substitution of x = r/R.

2.4.1 Approximate solution Methods

Two types of approximate methods are described: (1) a weighted residual method, and (2) a
variational method. An example of each is discussed. An example of the first type is the Galerkin
method. An example of the second type is the Rayleigh-Ritz method. The weighted residual
methods are used to solve the governing PDEs. The governing PDEs, as we saw before are derived
based on the principles of Newtonian mechanics (force and moment equilibrium). The weighted
residual methods reduces the governing PDEs to a set of ODEs. The variational methods bypass the
governing PDEs and formulates the ODEs directly. They are based on the principles of Analytical
mechanics, a branch distinct and independant from Newtonian mechanics. The only variational
principle in analytical mechanics is the principle of least action. Methods which formulate the
governing ODEs using this principle are called variational methods. Variational methods are also
called energy methods.

All modern structural dynamic analyses use a discretization technique called the Finite Element
Method (FEM). It is a method of discretizing a system, while using any type of an approximate
method of solution, that renders the formulation more suitable for numerical analysis. Thus one
can have a FEM of Galerkin type, FEM of Rayleigh-Ritz type, etc. FEM is discussed as a seperate
section later on. In this section, two approximate methods are described, one of each type.

2.4.2 Galerkin Method

This method is based on the equilibrium equation. The deflection is expressed as the sum of a
series of assumed functions each of which satisfies all the boundary conditions. If we substitute
this approximate deflection into the equilibrium equation it will result in an error, or a residual.
There are many ways to reduce this residual. In the weighted residual method, it is reduced by
projecting it orthogonally onto a subspace spanned by a chosen set of weighing functions. When
the chosen set of weighing functions are same as the assumed functions the method is called the
Galerkin method. The process is similar to the error orthogonalization of polynomials. Consider
the equilibrium equation for the rotating beam blade, eqn. ??

mẅ + (EIηηw
′′)′′ − (Tw′)′ = fz(r, t) (2.54)
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Assume an approximate deflection wa(r, t) of the form

wa(r, t) =
n∑

j=1

φj(r)qj(t) (2.55)

where φi(r), assumed deflection shape, must satisfy both geometric and force boundary conditions.
If it would have been an exact solution, then its substitution in the governing partial differential
equation would be identically satisfied. Being an approximate solution, it will result into error

ε(r, t) =
n∑

j=1

{
mφj q̈j + (EIφ′′

j )
′′qj − (Tφ′

j)
′qj − fz

}
To determine qi that will reduce this error, the error is projected orthogonally onto a subspace
spanned by a set of weighing functions. In the Galerkin method the assumed deflection shapes are
chosen as the weighing functions.

i.e.

∫ R

0
φiε(r, t) dr = 0 i = 1, 2, . . . , n

or

n∑
j=1

{(∫ R

0
φimφj dr

)
q̈j +

(∫ R

0
φi(EIφ′′

j )
′′dr −

∫ R

0
φi(Tφ

′
j)

′dr
)
qj −

(∫ R

0
φifzdr

)}
= 0

or,

n∑
j=1

{mij q̈i + kijqi} = Qj i = 1, 2, . . . , N

where

mij =

∫ R

0
mφiφjdr

kij =

∫ R

0
φi(EIφ′′

j )
′′dr −

∫ R

0
φi(Tφ

′
j)

′ dr

Qi =

∫ R

0
φifz(r, t)dr

In matrix notation

Mq̈˜ +Kq˜ = Q˜ (2.56)

where M and K are mass and stiffness matrices of size (n × n). Q˜ is the forcing vector of size n,

and q˜ are the degrees of freedom. The degrees of freedom q˜ have units of radians. M has units of

kg. K has units of N/m. Q has units of N. For natural response, set Q˜ = 0˜ and seek solution of

the form q˜ = q0˜ e
jωt. This leads to

Kq0˜ = ω2Mq0˜(
K − ω2M

)
q0˜ = 0

(2.57)
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The above is an algebraic eigenvalue problem. It means that there are only n values of ω2 for which
a non-trivial solution of q0˜ exists, for all other values of ω2, q0˜ = 0˜. For non-trivial solution,

|K − ω2M | = 0

which leads to the solutions ωi where i = 1, 2, . . . , n. Corresponding to each ωi there exists a
solution q0i˜ which satisfies the equation

Kq0i˜ = ω2
iMq0i˜

ωi and its corresponding q0i˜ are called the eigenvalues and eigenvectors of the system.

As an example, consider a case where the assumed deflection functions are the non-rotating
beam functions as given in eqn. 2.42.

wa(r, t) =

n∑
j=1

φj(r) qj(t) (2.58)

where φj is the mode shape for a non-rotating beam corresponding to its jth natural frequency of
vibration. Using the orthogonality property of these functions (eqns. 2.44 and 2.45), we have

mij = δijMi

kij = δijω
2
0iMi −

∫ R

o
φj(Tφ

′
i)
′ dr

(2.59)

where

Mi =

∫ R

0
mφ2

i dr T =

∫ R

r
mΩ2rdr = (1/2)mΩ2(R2 − r2) for an uniform beam

ω0i = ith non-rotating natural frequency

Recall, that the governing PDE eqn. 2.54 can also be expressed in the following non-dimensional
form (from eqn. 2.49)

m

m0

∗∗
w +

(
EIηη

m0Ω2R4
w′′
)′′

−
(

T

m0Ω2R2
w′
)′

=
fz(xR, t)

m0Ω2R

T

m0Ω2R2
=

∫ 1

x

m

m0
xdx

(2.60)

An assumed solution of the form

wa(x, ψ) =

n∑
i=1

φj(x)qj(ψ) =

n∑
i=1

φj(x)q0je
jνψ

where w = w/R and q(t) = q(t)/R leads to the eigenvalue problem

Kq0˜
= ν2Mq0˜(

K − ν2M
)
q0˜

= 0
(2.61)
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which is the nondimensional form of the eigenvalue eqn. 2.57, where K and M are the nondimen-
sional stiffness and mass matrices given by

mij =

∫ 1

0

m

m0
φiφi dx

kij =

∫ 1

0
φj

d2

dx2

(
EI

m0Ω2R4

d2φi

dx2

)
dx−

∫ 1

0
φj

d

dx

(
T

m0Ω2R2

dφi

dx

)
dx

The procedure is simple, but it is difficult to choose functions which satisfies all the boundary
conditions. The Galerkin method overestimates the natural frequencies, the error progressively
increasing for higher mode frequencies. For accurate prediction of higher mode frequencies a large
number of modes must be assumed.

Example: 2.2

For a hingeless uniform rotating blade, calculate approximately the fundamental flap bending
frequency using the Galerkin method. Assume a one term deflection series

w(r, t) =

[
3
( r

R

)2
− 2
( r

R

)3
+

1

2

( r
R

)4]
q1(t)

First note that

φ1(r) = 3
( r

R

)2
− 2
( r

R

)3
+

1

2

( r

R

)4
= 3x2 − 2x3 +

1

2
x4

Cantilever boundary conditions

r = 0 w = φ1 = 0
dw

dr
=

1

R

dφ1

dx
= 0

r = R M = 0 or
1

R2

d2φ1

dx2
= 0 S = 0 or

1

R3

d3φ1

dx3
= 0

All boundary conditions are satisfied. Therefore, the assumed displacement function can be used
to calculate Galerkin solution.

m11 =

∫ R

0
mφ2

1dr = mR

∫ 1

0

(
3x2 − 2x3 +

1

2
x4
)2

dx =
26

45
mR

T =
m

2
Ω2(R2 − r2) =

m

2
Ω2R2(1− x2)

k11 =

∫ R

0
EIφ1

d4φ1

dr4
dr −

∫ R

0
Tφ1

d2φ1

dr2
dr

=
EI

R3

∫ R

0
12

(
3x2 − 2x3 +

1

2
x4
)
dx

−1

2
mΩ2R

∫ R

0

(
1− x2

) (
x− 6x2 + 2x3

)(
3x2 − 2x3 +

1

2
x4
)
dx

=
36

5

EI

R3
+

61

90
mΩ2R

ω2
1 =

k11
m11

= 12.46
EI

mR4
+ 1.173Ω2

ν21 = 12.46
EI

mΩ2R4
+ 1.173

For Ω = 0 ω1 = 3.53

√
EI

mR4
Exact soln: 3.52

√
EI

mR4

In this case, the assumed one term approximation was adequate for the fundamental mode.
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2.4.3 Rayleigh-Ritz Method

Assume the deflection as a series of functions that need to satisfy only geometric boundary con-
ditions. Using this deflection, calculate the kinetic energy, potential energy and virtual work.
Substitute in the Euler-Lagrange equation of motion. This generates the governing ODEs directly.

The Euler-Lagrange equation of motion is a statement of the principle of Least Action in a
differential form. The principle of Least Action, or more correctly the principle of stationary
action, requires that the degrees of freedom [q1q2q3 . . . qn]

T must evolve with time in such a manner
so as to render a certain integral I stationary with respect to arbitrary variations in the manner of
their evolution. The evolution of the degrees of freedom with time can be thought of as a path of
motion of the system from a certain time t1 to time t2. The integral I is called the action integral.
For mechanical systems, an appropriate action integral I is the integration of the kinetic energy U
of the system, and work done W on the system, over the time t1 to t2, calculated along the path
of motion. The action integral in this form was provided by Hamilton. Therefore, this formulation
of the principle of Least Action for mechanical systems is known as Hamilton’s Principle. Thus,
Hamilton’s Principle states that out of all possible paths of motion of a mechanical system between
t1 and t2, the true motion is such that the integral I =

∫ t2
t1
(U +W )dt attains an extremum, given

that the end points of all possible paths at t1 and t2 are the same. Hamilton’s Principle is a
statement of the principle of Least Action, in an integral form. The differential form, as noted
earlier, is the Euler-Lagrange equation. The connection between Hamilton’s Principle and the
Euler-Lagrange equation is given in the next section. Here, the Euler-Lagrange equation is used to
provide an approximate solution of a rotating beam. Assume

r
w(r,t)

vertical forcing fz(r,t)
Ω

Figure 2.15: Rotating cantilevered beam

wa(r, t) =

n∑
j=1

φj(r) qj(t) (2.62)

where φj(r) need to satisfy only the geometric boundary conditions. For example for a cantilevered
beam, it is enough that φj(0) = 0 and φ′

j(0) = 0. Now calculate the kinetic energy, potential energy
and virtual work associated with the deflection of the beam. The kinetic energy U is given by

U =
1

2

∫ R

0
mẇ2dr =

1

2

∫ R

0
m

(
n∑

i=1

φi(r)q̇i

)⎛⎝ n∑
j=1

φj(r)q̇j

⎞⎠ dr =
1

2

n∑
i=1

n∑
j=1

mij q̇iq̇j (2.63)

where

mij =

∫ R

0
mφiφjdr (2.64)
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The potential energy or strain energy V is given by

V = strain energy due to flexure + strain energy due to centrifugal force

=
1

2

∫ R

0
EI

(
d2wa

dr2

)2

dr +
1

2

∫ R

0
T

(
dwa

dr

)2

dr

=
1

2

∫ R

0
EI

(
n∑

i=1

φ′′
i qi

)⎛⎝ N∑
j=1

φ′′
j qj

⎞⎠ dr +
1

2

∫ R

0
T

(
n∑

i=1

φ′
iqi

)⎛⎝ n∑
j=1

φ′
jqj

⎞⎠ dr

=
1

2

n∑
i=1

n∑
j=1

kijqiqj

(2.65)

where

kij =

∫ R

0
EIφ′′

i φ
′′
j dr +

∫ R

0
Tφ′

iφ
′
j dr (2.66)

and

T =

∫ R

r
mΩ2r dr

Virtual work done by fz(r, t) through virtual displacements δw is given by

δW =

∫ R

0
fz(r, t)δw dr

=

∫ R

0
fz

n∑
i=1

φi δqi dr

=

n∑
i=1

Qi δqi

(2.67)

where

Qi =

∫ R

0
fzφi dr (2.68)

Substitute in the Euler-Lagrange equation

∂

∂t

(
∂T

∂q̇i

)
− ∂T

∂qi
+

∂V

∂qi
= Qi i = 1, 2, . . . n (2.69)

to obtain

n∑
j=1

(mij q̈j + kijqj) = Qi i = 1, 2, ...n

These are n coupled equations and can be put together in matrix form

Mq̈˜ +Kq˜ = Q˜
where M and K are mass and stiffness matrices of size (n × n). Q˜ is the forcing vector of size n,

and q˜ are the degrees of freedom. The degrees of freedom q˜ have units of displacement w in m or
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in. M has units of kg2. K has units of N/m. Q has units of N. For natural response, set Q˜ = 0˜
and seek solution of the form q˜ = q0˜ e

jωt. This leads to the same algebraic eigenvalue problem as

discussed earlier in the case of Galerkin method,

Kq0˜ = ω2Mq0˜(
K − ω2M

)
q0˜ = 0

(2.70)

It leads to the solutions ωi where i = 1, 2, . . . , n. Corresponding to each ωi there exists a solution
q0i˜ which satisfies the equation

Kq0i˜ = ω2
iMq0i˜

ωi and its corresponding q0i˜ are called the eigenvalues and eigenvectors of the system. For example,

consider the simplest case of a one term solution. This is also called a Rayleigh solution.

wa(r, t) = φ1(r) q1(t)

This results in

M = m11 =

∫ R

0
mφ2

1 dr

K = k11 =

∫ R

0
EI(φ′′

1)
2dr +

∫ R

0
T (φ′

1)
2dr

Eqn. 2.88 then leads to

ω2 =
k11
m11

=

∫ R
0 EI(φ′′

1)
2dr +

∫ R
0 T (φ′

1)
2dr∫ R

0 mφ2
1 dr

The energy expressions can be nondimensionalized using m0Ω
2R3, with units of N-m. The kinetic

energy, potential energy, and virtual work corresponding to eqns. 9.93, 2.65 and 2.67 become

U

m0Ω2R3
=

1

2

n∑
i=1

n∑
j=1

mij

∗
qi

∗
qj

V

m0Ω2R3
=

1

2

n∑
i=1

n∑
j=1

kijqiqj

δW

m0Ω2R3
=

n∑
i=1

Qiδqi

(2.71)

where q = q/R. The nondimensional mass corresponding to eqn. 2.64 is then

mij =

∫ R
0 mφiφjdr

m0R

=

∫ 1
0 mφi(x)φj(x)d(xR)

m0R

=

∫ 1

0

m

m0
φi(x)φj(x)dx

(2.72)
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where x = r/R. Similarly, the the nondimensional stiffness corresponding to eqn. 2.66 is

kij =

∫ R
0 EIφ′′

i φ
′′
j dr +

∫ R
0 Tφ′

iφ
′
j dr

m0Ω2R3

=

∫ 1
0 EI d2φi

d(xR)2
d2φj

d(xR)2
d(xR) +

∫ 1
0 T dφi

d(xR)
dφj

d(xR)d(xR)

m0Ω2R

=

∫ 1

0

EI

m0Ω2R4

d2φi

dx2
d2φj

dx2
dx+

∫ 1

0

T

m0Ω2R2

dφi

dx

dφj

dx
dx

(2.73)

where

T

m0Ω2R2
=

∫ 1

0

m

m0
xdx

The nondimensional force vector corresponding to eqn. 2.68 is

Qi =

∫ 1

0

fz
m0Ω2R

φi dx (2.74)

The energy and work expressions as given in eqns. 2.71, when substituted in the Euler-Lagrange
equation generates

M
∗∗
q˜ +Kq˜ = Q˜

with the corresponding eigenvalue problem

Kq0˜
= ν2Mq0˜(

K − ν2M
)
q0˜

= 0
(2.75)

where ν = ω/Ω.

Example: 2.3

Calculate Rayleigh’s solution for a uniform rotating blade. Assume displacement as

w(r, t) =
( r

R

)2
qi(t)

First note that

φ1(r) =
( r

R

)2
= x2

The geometric boundary conditions are satisfied

r = 0 w =
dw

dr
= 0

thus the assumed form is a permissible deflection.

m11 =

∫ R

0
mφ2

1 dr =

∫ R

0
m

r4

R4
dr =

mR

5

T =
m

2
(R2 − r2)Ω2
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k11 =

∫ R

0
EI(φ′′

1)
2dr +

∫ R

0
T (φ′

1)
2dr

= EI

∫ R

0

4

R4
dr +

∫ R

0

1

2
m(R2 − r2)Ω2 4r

2

R4
dr

=
4EI

R3
+

4

15
mΩ2R

ω2
1 =

k11
m11

=
4EI
R3 + 4

15mΩ2R
mR
5

= 20
EI

mR4
+

4

3
Ω2

For Ω = 0 ω1 = 4.47

√
EI

mR4
Exact soln: 3.52

√
EI

mR4

In this case, the assumed one term approximation was not adequate. Only a very rough estimate
of the solution is obtained.

Example: 2.4

A radially tapered solid blade is idealized into two uniform segments of equal lengths, with EI
of 0.8 and 0.5 of root value EI0 and mass distribution m of .9 and .7 of root value m0. Calculate
the fundamental flap bending frequency approximately using the Rayleigh-Ritz method. Assume
a one term deflection series

w(r, t) =
( r

R

)2
q1(t)
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Figure 2.16: Non-uniform tapered blade natural frequencies and mode shapes

φ1 = x2

The geometric boundary conditions are satisfied.

r = 0 w =
dw

dr
= 0
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The mass is given by

m11 =

∫ R

0
mφ2

1 dr

=

∫ R/2

0
mφ2

1dr +

∫ R

R/2
mφ2

1dr

= 0.9m0R

∫ 1/2

0
x4dx+ 0.7m0R

∫ 1

1/2
x4dx

= 0.14m0R

The stiffness is given by

k11 = (k11)bending + (k11)centrifugal

(k11)bending =

∫ R/2

0
EI1(φ

′′
1)

2dr +

∫ R

R/2
EI2(φ

′′
1)

2dr

= 0.8
EI0
R3

∫ 1/2

0
4 dx+ 0.5

EI0
R3

∫ 2

1/2
4 dx

= 2.6
EI0
R3

The centrifugal stiffness depends on the tensile force T

T =

∫ R

r
mΩ2r dr

For R
2 < r < R

T = Ω2R2

∫ 1

x
0.7m0x dx = 0.35m0Ω

2R2(1− x2) = 0.35m0Ω
2(R2 − r2)

For r < R/2

T = Ω2R2

∫ 1/2

x
0.9m0x dx+Ω2R2

∫ 1

1/2
0.7m0x dx

= m0Ω
2R2(0.375 − 0.45x2) = m0Ω

2(0.375R2 − 0.45r2)

Therefore

(k11)centrifugal =

∫ R

0
T (φ1)

2 dr

=

∫ R/2

0
(m0Ω

2)(0.375R2 − 0.45r2)
4r2

R4
dr +

∫ R

R/2
0.35m0Ω

2(R2 − r2)
4r2

R4
dr

= m0Ω
2R

∫ 1/2

0
(0.375 − 0.45x2)4x2dx+ 0.35m0Ω

2R

∫ 1

1/2
(1− x2)4x2dx

= 0.188m0Ω
2R

k11 = 2.6
EI0
R3

+ 0.188m0Ω
2R

ω2
1 =

k11
m11

= 18.41
EI0
m0R4

+ 1.33Ω2

ν2 = 18.41
EI0

m0Ω2R4
+ 1.33
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2.5 Finite Element Method (FEM)

The Finite Element Method (FEM) forms the basis of all modern structural analysis because
of its easy adaptibility to different configurations and boundary conditions. The present section
introduces a simple displacement based one dimensional FEM. FEM is a discretization technique.
Any of the approximate methods, e.g. Galerkin or Rayleigh-Ritz, can be applied in combination
with FEM. Thus, one can have a Galerkin type FEM, a Rayleigh-Ritz type FEM, etc. In general,
one can have a FEM based on weighted residual methods or a FEM based on energy methods.
In this section we will use a Rayleigh-Ritz type FEM to solve the Euler-Bernoulli rotating beam
problem.

The first step is to discretize the rotating beam into a number of finite elements as shown
in Fig. 2.17. Each element is free of constraints. This is followed by three major steps: (a)
Development of elemental properties, (b) Assembly of elemental properties, and (3) Application of
constraints and determination of solution. These steps are discussed below.

x = 0 x = R

w(x,t)

s = 0 s = l

q1 q2
q3

q4 q1

q4

q2

q3

(a) Deformed beam (b) A finite element of the beam

(c) Nodal displacements of the finite element (d) Nodal displacements and angles 
      of the finite element

length = l
s

length = l
s

Figure 2.17: Finite element discretization of a beam
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2.5.1 Element properties

Figure 2.17(a) shows a rotating beam in its undeformed and deformed positions. Figure 2.17(b)
shows a finite element of the beam. The beam extends from x = 0 to x = R. Each element extends
from, say, s = 0 to s = l where s is a local variable within each element. The goal is to represent
the deformation within each element w as a function of s and in the following form.

w(s) =

i=n∑
i=1

Hi(s)qi(t) (2.76)

Here qi(t), i = 1, 2, 3, . . . , n are displacements at n ‘chosen’ points within the element. These points
are also called nodes. Hi(s), i = 1, 2, 3, . . . , n are interpolation functions, also called shape functions,
automatically extracted based on this choice. The order of each H(s) depend on the chosen value
of n. The type of each H(s) depend on the chosen nature of qi(t). The above form is generated in
the following manner.

First, assume a polynomial distribution for displacement w in the element

w(s, t) = α1 + α2s+ α3s
2 + α4s

3 (2.77)

A third order polynomial is chosen because anything less will provide zero shear forces. The order
must be at least three, i.e. the highest derivative for loads. The order can be greater than three,
however, this implies that added number of unknowns need to be determined. For the third order
polynomial, as chosen above, we have the unknowns α0−3 to be determined. It is here that the
choice of qi(t) plays a role.

To determine the four constants α0−3, four qi(t) need to be chosen, i.e. i = 1, 2, 3, n = 4.
Consider first a choice of the type shown in Fig. 2.17(c). qi(t) are the displacements (same dimension
as w, in m or in) at four equidistant nodes within the element. Thus

w(0, t) = q1 = α0

w(l/3, t) = q2 = α0 + α1(l/3) + α2(l/3)
2 + α3(l/3)

3

w(2l/3, t) = q3 = α0 + α1(2l/3) + α2(2l/3)
2 + α3(2l/3)

3

w(l, t) = q4 = α0 + α1(l) + α2(l)
2 + α3(l)

3

Solving for α0−3 in terms of q1−4, and substitution into eqn. 2.77 leads to a form given by eqn. 2.76.
The shape functions H(s) are Lagrange polynomials.

A more suitable choice of nodal displacements qi(t) for beam problems is shown in Fig. 2.17(d).
Here q1 and q2 are the displacement and angles at node 1 (in m or in, and in rads), q2 and q3 are the
displacement and angles at node 1 (in m or in, and in rads). This is a more suitable choice because
it ensures continuity of both displacement and slope between adjacent finite elements. Based on
this choice we have

w(0, t) = q1 = α0

w′(0, t) =
dw

ds
(at s=0) = q2 = α2

w(l, t) = q3 = α0 + α1(l) + α2(l)
2 + α3(l)

3

w′(l, t) =
dw

ds
(at s=l) = q4 = α2 + 2α3(l) + 3α4(l)

2

Solving for α0−3 in terms of q1−4, and substitution into eqn. 2.77 leads to a form given by eqn. 2.76.
The shape functions H(s) are in this case Hermite polynomials.

H1 = 2
(s
l

)3
− 3
(s
l

)2
+ 1
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H2 =

[(s
l

)3
− 2
(s
l

)2
+

s

l

]
l

H3 = −2
(s
l

)3
+ 3
(s
l

)2
H4 =

[(s
l

)3
−
(s
l

)2]
l

Now calculate the elemental energies using the Rayleigh-Ritz method. Note that this step is same
as that done earlier in the section on Rayleigh-Ritz method, except that here the integration is
only over each element s = 0 to s = l, not the entire beam. The kinetic energy of the element Ue

is given by

Ue =
1

2

∫ l

0
mẇ2ds =

1

2

∫ l

0

(
4∑

i=1

Hiq̇i

)⎛⎝ 4∑
j=1

Hj q̇j

⎞⎠ ds =
1

2

4∑
i=1

4∑
j=1

mij q̇i q̇j

where

mij =

∫ l

0
mHiHj ds (2.78)

The potential energy of the element is given by the strain energy Ve

Ve =
1

2

∫ l

0
EI

(
d2w

ds2

)2

ds+
1

2

∫ R

0
T

(
dw

ds

)2

ds

=
1

2

∫ l

0
EI

(
4∑

i=1

d2Hi

ds2
qi

)⎛⎝ 4∑
j=1

d2Hj

ds2
qj

⎞⎠ ds +
1

2

∫ l

0
T

(
4∑

i=1

dHi

ds
qi

)⎛⎝ 4∑
j=1

dHj

ds
qj

⎞⎠ ds

=
1

2

4∑
i=1

4∑
j=1

kij qi qj

where

kij =

∫ l

0
EI

d2Hi

ds2
d2Hj

ds2
ds+

∫ l

0
T
dHi

ds

dHj

ds
ds (2.79)

The virtual work done by the external forces are given by

δWe =

∫ l

0
fz δw(s, t) =

∫ l

0
fz

4∑
i=1

Hi δqi ds =

4∑
i=1

Qi δqi

where

Qi =

∫ l

0
fzHids (2.80)

The above energy expressions can be put together in matrix form

Te =
1

2
q̇˜
T Me q˜ Ve =

1

2
q˜
T Ke q˜ δWe = Qe˜

T δq˜
where q˜ = [q1 q2 q3 q4]

T . Consider a beam element with uniform properties within it, i.e., EI and

m constant within the element. The tensile force T depends on the distance of a point s = s from
the rotation axis. For this purpose consider that the left hand edge of a general element i is at a
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distance xi from the rotation axis. The length of the element is l. The mass matrix and the EI
dependant part of the stiffness matrix calculation are straight forward. The centrifugal stiffness
part can be easily treated by noting

T (s) =

∫ R

xi+s
mΩ2ρdρ =

∫ R

xi

mΩ2ρdρ−
∫ xi+s

xi

mΩ2ρdρ

The first term is a successive integration over all elements from i toN and leads to
∑N

j=imjΩ
2(x2j+1−

x2j)/2. The second term, with a change in integration variable, leads to∫ xi+s

xi

mΩ2ρdρ =

∫ s

0
mΩ2(xi + η)dη = miΩ

2(xis+ s2/2)

Thus∫ l

0
T (s)

dHi

ds

dHj

ds
ds =

N∑
j=i

mjΩ
2

2

(
x2j+1 − x2j

) ∫ l

0

dHi

ds

dHj

ds
ds−miΩ

2

∫ l

0

(
xis+

1

2
s2
)

dHi

ds

dHj

ds
ds

Finally we have the following elemental matrices for the element i

Me = m

⎡⎢⎢⎢⎢⎢⎣
13
35 l

11
210 l

2 9
70 l − 13

420 l
2

11
210 l

2 1
105 l

3 13
420 l

2 − 1
140 l

3

9
70 l

13
420 l

2 13
35 l − 11

210 l
2

− 13
420 l

2 − 1
140 l

3 − 11
210 l

2 1
105 l

3

⎤⎥⎥⎥⎥⎥⎦ (2.81)

Ke = EI

⎡⎢⎢⎢⎢⎢⎣
12
l3

6
l2

−12
l3

6
l2

6
l2

4
l − 6

l2
2
l

−12
l3

− 6
l2

12
l3

− 6
l2

6
l2

2
l − 6

l2
4
l

⎤⎥⎥⎥⎥⎥⎦+
Ω2Ai

2

⎡⎢⎢⎢⎢⎢⎣
6
5l

1
10 − 6

5l
1
10

1
10

2l
15 − 1

10 − l
30

− 6
5l − 1

10
6
5l − 1

10

1
10 − l

30 − 1
10

2l
15

⎤⎥⎥⎥⎥⎥⎦ (2.82)

−miΩ
2

⎡⎢⎢⎢⎢⎢⎢⎣

3
5xi +

6l
35

lxi
10 + l2

28 −3
5xi − 6l

35 − l2

70

lxi
10 + l2

28
lxi
30 + l3

105 − lxi
10 − l2

28 − l2xi
60 + l3

70

−3
5xi − 6l

35 − lxi
10 − l2

28
3
5xi +

6l
35

l2

70

− l2

70 − l2xi
60 + l3

70 + l2

70
l2xi
10 + 3l3

70

⎤⎥⎥⎥⎥⎥⎥⎦
and

Ai =

N∑
j=i

mj(x
2
j+1 − x2j)

2.5.2 Assembly of elements

We have the energies and virtual work for each element. The next step is to assemble them to
obtain the global or total energies and virtual work T , V , and δW . For illustration of the assembly
procedure, consider a case where the beam is discretized into three finite elements, with a total of
eight degrees of freedom. The total potential energy is the sum of the elemental energies.
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Figure 2.18: Finite element discretization of a beam into three elements using Hermite
polynomial interpolation within each element

V = (Ve)1 + (Ve)2 + (Ve)3

The elemental energies involve only four degrees of freedom. Thus they can be written as follows

(V )1 =
1

2

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

q1
q2
q3
q4
q5
q6
q7
q8

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

T
1 2 3 4 5 6 7 8⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

× × × ×
× × × ×
× × × ×
× × × ×

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

q1
q2
q3
q4
q5
q6
q7
q8

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
=

1

2
q˜
T (Ke)1 q˜

The matrix (Ke)1 contains nonzero values only at marked places. The column numbers have been
marked over the matrix. Similarly

(V )2 =
1

2

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

q1
q2
q3
q4
q5
q6
q7
q8

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

T
1 2 3 4 5 6 7 8⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

+ + + +
+ + + +
+ + + +
+ + + +

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

q1
q2
q3
q4
q5
q6
q7
q8

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
=

1

2
q˜
T (Ke)2 q˜
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(V )3 =
1

2

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

q1
q2
q3
q4
q5
q6
q7
q8

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

T
1 2 3 4 5 6 7 8⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

• • • •
• • • •
• • • •
• • • •

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

q1
q2
q3
q4
q5
q6
q7
q8

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
=

1

2
q˜
T (Ke)3 q˜

The total potential energy then becomes

V = (Ve)1 + (Ve)2 + (Ve)3 =
1

2
q˜
T (Ke)1 q˜ +

1

2
q˜
T (Ke)2 q˜ +

1

2
q˜
T (Ke)3 q˜ =

1

2
q˜
T K q˜

where the global stiffness matrix K has the following form

K = (Ke)1 + (Ke)2 + (Ke)3 =

1
2
3
4
5
6
7
8

1 2 3 4 5 6 7 8⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

× × × ×
× × × ×
× × +× +× + +
× × +× +× + +

+ + +• +• • •
+ + +• +• • •

• • • •
• • • •

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
× from element 1
+ from element 2
• from element 3

In the same manner the total kinetic energy U and virtual work δW can be assembled as follows

U = (Ue)1 + (Ue)2 + (Ue)3 =
1

2
q˜
T (Me)1 q˜ +

1

2
q˜
T (Me)2 q˜ +

1

2
q˜
T (Me)3 q˜ =

1

2
q˜
T M q˜

δW = (δWe)1 + (δWe)2 + (δWe)3 = (Qe˜ )T1 δq˜ + (Qe˜ )T2 δq˜ + (Qe˜ )T3 δq˜ = Q˜
T δq˜

where the total mass and load vectors are

M = (Me)1 + (Me)2 + (Me)3 =

1
2
3
4
5
6
7
8

1 2 3 4 5 6 7 8⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

× × × ×
× × × ×
× × +× +× + +
× × +× +× + +

+ + +• +• • •
+ + +• +• • •

• • • •
• • • •

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
× from element 1
+ from element 2
• from element 3

Q = (Qe)1 + (Qe)2 + (Qe)3 =

1
2
3
4
5
6
7
8

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

×
×
+×
+×
+•
+•
•
•

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
× from element 1
+ from element 2
• from element 3
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Substitute the total energies and the total load vector into the Euler-Lagrange equation to determine
the ODE’s governing the degrees of freedom q1, q2, q3, . . . , qN . Note that the virtual work expression
includes only the external loading on each element, not the work done by the constraint forces
acting on each face. The work done by the constraint forces however cancell when the elements are
assembled. This is the reason why the elemental properties must be assembled before substitution
into the Euler-Lagrange equation.

∂

∂t

(
∂U

∂q̇i

)
− ∂U

∂qi
+

∂V

∂qi
= Qi i = 1, 2, ..., N. (2.83)

For the case of three elements we have the following ODE’s.⎡⎢⎢⎢⎣
m11 m12 . . . m18

m21 m22 . . . m28
...

...
...

...
m81 m82 . . . m88

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣

q̈1
q̈2
...
q̈8

⎤⎥⎥⎥⎦+

⎡⎢⎢⎢⎣
k11 k12 . . . k18
k21 k22 . . . k28
...

...
...

...
k81 k82 . . . k88

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣

q1
q2
...
q8

⎤⎥⎥⎥⎦ =

⎡⎢⎢⎢⎣
Q1

Q2
...
Q8

⎤⎥⎥⎥⎦ (2.84)

Note that at this point the stiffness matrix above K is singular. This is because the elements were
free-free in nature and no constraints have yet been implemented on either end of the beam. Thus
the entire beam is still free-free and as such, the above ODE’s include the rigid body modes of the
beam. The next step is to apply the constraints posed by the geometric boundary conditions.

2.5.3 Constraint conditions

Constraints conditions can be easily incorporated by modifying eqn. 2.84, by simple removal of
certain degrees of freedom. For example, for a cantilevered boundary condition at the root end we
have

w(0, t) = 0 =⇒ q1(t) = 0

w′(0, t) = 0 =⇒ q2(t) = 0
(2.85)

which can be incorporated by removing the first two rows and columns of eqn. 2.84. Thus in this
case the governing ODE’s become⎡⎢⎢⎢⎣

m33 m34 . . . m38

m43 m44 . . . m48
...

...
...

...
m83 m84 . . . m88

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣

q̈3
q̈4
...
q̈8

⎤⎥⎥⎥⎦+

⎡⎢⎢⎢⎣
k33 k34 . . . k38
k43 k44 . . . k48
...

...
...

...
k83 k84 . . . k88

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣

q3
q4
...
q8

⎤⎥⎥⎥⎦ =

⎡⎢⎢⎢⎣
Q3

Q4
...
Q8

⎤⎥⎥⎥⎦
The new K matrix is no longer singular. For a simply-supported beam we have

w(0, t) = 0 =⇒ q1(t) = 0

w(R, t) = 0 =⇒ q7(t) = 0
(2.86)

which can be incorporated by removing the first and seventh rows and columns of eqn. 2.84.
Similarly a statically indeterminate problem where one end is cantilevered and the other end simply-
supported

w(0, t) = 0 =⇒ q1(t) = 0

w′(0, t) = 0 =⇒ q2(t) = 0

w(R, t) = 0 =⇒ q7(t) = 0

(2.87)

can be easily realized by removing the first, second and seventh rows and columns. The mass and
stiffness matrices are in general banded, a fact that can be used to reduce computations and memory
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storage requirements during the solution of the ODE’s. After the application of constraints, the n
coupled equations and can be put together in matrix form.

Mq̈˜ +Kq˜ = Q˜

where M and K are mass and stiffness matrices of size (n×n). Q˜ is the forcing vector of size n, and

q˜ are the degrees of freedom. The degrees of freedom q˜ are generalized displacements (displacement

or angles, with units of m or in, and radians). M has units of kg. K has units of N/m. Q has units
of N. For natural response, set Q˜ = 0˜ and seek solution of the form q˜ = q0˜ e

jωt. This leads to the

same algebraic eigenvalue problem as discussed earlier in the case of Galerkin and Rayleigh-Ritz
methods,

Kq0˜ = ω2Mq0˜(
K − ω2M

)
q0˜ = 0

(2.88)

It leads to the solutions ωi where i = 1, 2, . . . , n. Corresponding to each ωi there exists a solution
q0i˜ which satisfies the equation

Kq0i˜ = ω2
iMq0i˜

ωi and its corresponding q0i˜ are called the eigenvalues and eigenvectors of the system. The mode

shapes of the beam can be extracted from the eigenvectors. Consider the example of the beam
discretized into three elements as before. Consider a simply-supported case at the root end. Let
the i-th eigenvector be q0i˜ = [q02 q03 q04 q05 q06 q07 q08]

T . The mode shape φi corresponding to this

eigenvectors can then be constructed using the shape functions as follows.

φj(r) =

⎧⎨⎩
w1(r) = H2(s)q02 +H3(s)q03 +H4(s)q04 r1 < r < r2 s = r − r1
w2(r) = H1(s)q03 +H2(s)q04 +H3(s)q05 +H4(s)q06 r2 < r < r3 s = r − r2
w3(r) = H1(s)q05 +H2(s)q06 +H3(s)q07 +H4(s)q08 r3 < r < R s = r − r3

Note that the shape functions obtained here correspond to the rotating beam. Thus an important
property is that they are orthogonal with respect to mass and rotational stiffness.∫ R

0
mφi(r)φj(r) dr = δijMi (2.89)

and ∫ R

0

[
EI

d2φi(r)

dr2
d2φj(r)

dr2
+ T

dφi(r)

dr

dφj(r)

dr

]
dr = δijω

2
iMi (2.90)

where δij is Kronecker’s delta and Mi is generalized mass

Mi =

∫ R

0
m(r)φ2

i dr
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2.6 Fan plot and frequency plots for rotating beams

The natural modes of a structure represent the unique ways it can vibrate in vacuum and without
damping. The lowest frequency is called the fundamental frequency and the corresponding mode
is called the fundamental mode. The natural frequencies of a rotating blade depend on its mass
and stiffness properties, boundary conditions, and rotational speed. The rotational speed supplies
centrifugal stiffness. At low rotational speeds, the beam stiffness is more important than the
centrifugal stiffness. At higher rotational speeds, the centrifugal stiffness is more important than
the beam stiffness. At still higher rotational speeds, the beam behaves like a string, the fundamental
natural frequency assymptotes to the rotational frequency. The rotating frequencies are always
greater than non-rotating frequencies. However, there is only a slight change in mode shapes
from non-rotating to the rotating ones. In the following sub-sections the natural frequencies of a
uniform, rotating beam are studied. The frequency and mode shape calculations are performed
using a Rayleigh-Ritz type finite element analysis with ten equal length elements.

2.6.1 Rotating versus non-rotating frequencies

For a given rotational speed, the blade rotating frequencies are determined by the mass and stiffness
of the blade, and the boundary conditions. Consider a cantilevered non-rotating beam with uniform
properties EI and m. This is a simple model for a hingeless blade.

First, solve eqn.2.29 to get the non-rotating frequencies ωNR1 , ωNR2 , ωNR3 etc. The first
frequency, or the lowest, ωNR1 = ωNR say, is called the fundamental frequency. Note that these
frequencies are of the form fj

√
EI/mR4 as given in eqns.2.37 and 2.41. Now consider a rotational

speed Ω. Corresponding to this Ω solve eqn.2.46 to obtain the rotating frequencies ωR1 , ωR2 , ωR3

etc. Again, ωR1 = ωR is the fundamental frequency, this time that of the rotating beam. Varying
the stiffness EI, a set of ωNR and ωR can be obtained. Thus one can obtain a plot of ωR versus
ωNR. This plot corresponds to the specific set of beam properties and a given Ω.

If the frequencies are non-dimensionalized with respect to rotational speed Ω, i.e. ωR/Ω ver-
sus ωNR/Ω, then the plot becomes representative of all uniform cantilevered beams at any given
rotational speed. This is due to the following. We have

ωNR

Ω
= fj

√
EI

mΩ2R4
where m = m0 for uniform beams

Recall that, eqn.2.50 showed that the only parameter on which the non-dimensional rotational
frequency, ωR/Ω, of a uniform beam depend is EI/mΩ2R4. This is the same parameter on the
right hand side of the above expression. Varying ωNR/Ω from zero onwards includes all variations of
this parameter. Thus all beams, regardless of their properties EI, m, dimension R, and rotational
speed Ω would correspond to a point on the plot of ωR/Ω versus ωNR/Ω. Such a plot, for the
first mode, is shown in figure 2.19. Note that, different beams with different EI, m, R, and Ω can
correspond to the same point on the plot as long as they have the same EI/m0Ω

2R4. Therefore
ωRj/Ω versus ωNRj/Ω plots are representative of all uniform beams of a specific boundary condition
type. Figure 2.20 shows the variation of two higher modes in addition to the fundamental mode.

2.6.2 Rotating frequencies vs. rotational speed

For a given mass and stiffness, the rotating frequencies vary with the rotational speed (RPM). At
zero RPM the frequency corresponds to a non-rotating beam. As RPM increases, the centrifugal
force gradually stiffens the blade. Figure 2.21(a) shows the variation of rotating frequencies in Hz
with RPM. The value at zero RPM is 3.52

√
EI/mR4 from eqns.2.36 and 2.37, where the following

values have been assumed: EI = 4.225 e5 Nm2, m = 13 kg/m, and R = 8.2 m.
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Figure 2.19: Rotating natural frequencies as function of non-rotating natural frequencies
for a uniform cantilevered beam: Fundamental mode
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Figure 2.20: Rotating natural frequencies as function of non-rotating natural frequencies
for a uniform cantilevered beam: First three modes
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Let the operating RPM be 260. Then the x-axis is often conveniently representated in terms
of the operating RPM, see Fig. 2.21(b)). The frequencies, instead of being in Hz can be non-
dimensionalized at each rotor RPM. These frequencies, in per rev, are plotted in Figs. 2.21(c) and
2.21(d). These plots show the relative dominance of the centrifugal stiffness. A very high per rev
value, as is the case for very lower RPM, signifies the dominance of bending stiffness. A lower per
rev value, as is the case of higher RPM, signifies the dominance of centrifugal stiffness.

For design purposes it is often convenient to represent the frequencies in the following two
formats. The first is called a fan plot. The second is called the non-dimensional frequency plot. The
fan plot is same as the frequency plot of figure 2.21(b), except that it shows the 1/rev, 2/rev, 3/rev,
etc lines in addition to the rotor frequencies. The rotor frequency can be read off in Hz. In addition,
at any RPM an approximate per rev value can be estimated. For example, at the operating RPM
the second mode lies between 3 and 4/rev, the third mode lies between 7 and 8/rev. It is desirable to
design the blade structurally in such a way that the modal frequencies lie in between /rev lines. The
aerodynamic forcing in steady flight occurs at 1/rev, 2/rev, 3/rev etc. Structural frequencies near
these forcing harmonics expose the rotor to resonance. The non-dimensional frequency plot is same
as the frequency plot of figure 2.21(b), except that the frequencies are non-dimensionalized with
respect to the operating RPM. Note that this is different from figure 2.21(d) in that the frequencies
are not divided by the rotor RPM, but the rotor RPM at the operating condition. Thus these are
not /rev values. They equal the /rev values only at the operating RPM.

Frequency plots for a simple-supported beam (articulated rotor model) is shown in figures 2.23
and 2.24. The simple-supported beam has exactly the same properties as the cantilevered beam
(hingeless rotor model). The only difference is in the boundary condition. The frequency trends are
very similar for the higher modes. The key difference is in the fundamental mode. Figure 2.23(c)
shows that the fundamental frequency is determined by the centrifugal stiffness regardless of the
RPM. Thus it is always at 1/rev. Resonance is not a problem because of the high aerodynamic
damping present in the flap mode (around 50%). On the contrary it is desirable to place the first
frequency as close to 1/rev as possible to relieve the root bending moments. Under this condition
the balance of the centrifugal and aerodynamic forces on the blade is used up completely by the
blade flapping motion with zero moment transmitted to the root.
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Figure 2.21: Natural frequencies of a uniform cantilevered beam varying with RPM
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Figure 2.22: Fan plot and Non-dimensional frequency plot for a hingeless rotor blade
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Figure 2.23: Natural frequencies of an articulated rotor blade compared with a hingeless
rotor blade
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Figure 2.24: Fan plot and Non-dimensional frequency plot for a hingeless rotor blade
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Figure 2.25: Rotating mode shapes for a uniform cantilevered beam: Fundamental mode

2.6.3 Rotating versus non-rotating mode shapes

It is clear that the parameter which makes the non-dimensional frequencies and mode shapes differ
from one uniform beam to another is EI/mΩ2R4. The parameter can be re-arranged to read
Ω/
√

EI/mR4. The frequencies and mode shapes of two beams operating at different values of Ω
can still be same if EI, m, and R are such that the above parameter remains same. The effect of
rotational speed on the mode shape can be seen only if this parameter is varied. Figure 3 and 4
shows such plots for the first and the second modes for cantilevered beams. Note that each line
on a plot can represent the mode shape of different cantilevered beams with different rotational
speeds, but all having the same Ω/

√
EI/mR4.
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Figure 2.26: Rotating mode shapes for a uniform cantilevered beam: First three modes
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2.7 Response Solution in time

After the natural vibration characteristics of the blade has been determined, the next step is to
calculate dynamic response to a given forcing. Let us examine the equations of motion. For the
rigid blade model, the flap equation was given by

∗∗
β +ν2ββ =

ω2
0

Ω2
βp + γMβ (2.91)

The aerodynamic moment term Mβ may contain motion dependent terms like β and
∗
β. It may

also contain periodic terms, particularly for forward flight condition. One of the simplest and most
commonly used method is Fourier series. The method will be discussed later. For the flexible blade
model, the flap bending equation was given by

d2

dr2

(
EIηη

d2w

dr2

)
+mẅ − d

dr

(
T
dw

dr

)
= fz(r, t) (2.92)

where fz(r, t) was the aerodynamic force. Again, it may contain motion dependent terms as well
as periodic terms. Recall, that the first step of the solution was to obtain the natural frequencies
and mode shapes by solving the homogenous form of the equation, i.e. with fz(r, t) = 0. The next
step is to reduce the governing PDE to a set of ODE’s using the mode shapes. The ODE’s are then
called normal mode equations. To this end, assume that the loading is a series of N natural modes

w(r, t) =
N∑
j=1

φj(r) ξj(t) (2.93)

where φj(r) is jth natural mode. ξj(t) is the jth modal response. Substitute in the governing
eqn.2.92, project the error onto a subspace spanned by the mode shapes themselves and set to zero.∫ R

0
φi(r) ε(r, t) dr = 0 i = 1, 2, . . . , N (2.94)

Use the orthogonality relations 2.89 and 2.90 to obtain

Miξ̈i + ω2
iMiξi = Si i = 1, 2, . . . , N (2.95)

where

Mi =

∫ R

0
mφ2

i (r) dr

Si =

∫ R

0
φifz(r, t) dr

(2.96)

These are N modally reduced equations.

The external forcing on the beam is fz. For a pure structural dynamics problem, fz is purely
a function of r and t. In this case Si is only a function of time. For a aeroelastic problem, as is
the case for rotor blades, fz is motion dependant, i.e. it depends on the response itself. In this
case Si contain deflection dependant terms. First, consider the case where Si is only a function of
time. The modally reduced equations simply represent a series of one degree of freedom spring-mass
systems. Generally, N = 2 to 3 are adequate to describe the response of a system. The higher
modes contribute comparatively little to the response. The normal mode coordinates ξ1(t), ξ2(t),
..., etc may be solved in time using various methods. The most commonly used methods for rotor
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problems are Fourier series and time integration technique and these will be discussed later. For
non-rotor problems, Duhamel’s integral is often used to calculate.

Now consider the case of motion dependant forcing. In this case fz(r, t) depends on displacement
w as well as time t. In general, we have

fz(r, t) = fz(r, t) + aw + bẇ + cw′ + dẇ′ + . . . etc (2.97)

In this case the modally reduced equations take the following form.

Miξ̈ +Miω
2
i ξi = Si i = 1, 2, . . . , N

where

Si =
N∑
j=1

Si(t) + (Aij + Cij)ξi + (Bij +Dij)ξ̇j + . . . etc (2.98)

and

Si =

∫ R

0
φi fz(r, t) dr Aij =

∫ R

0
φi aφj dr Bij =

∫ R

0
φi b φj dr

Cij =

∫ R

0
φi c φ

′
j dr Dij =

∫ R

0
φi dφ

′
j dr

The mode shapes φ are not orthogonal with respect to a, b, c, d. Thus the matrices A,B,C,D
are not diagonal. Therefore the resultant ODE’s are now coupled. A + C represent aerodynamic
stiffness. B+D represent aerodynamic damping. Unlike the structural properties, the aerodynamic
stiffness and damping matrices are no longer symmetric. Further, unlike the mechanical system
without aerodynamics, the aerodynamic forcing adds a damping to the system. Thus the system is
no longer a energy conserving system. The aerodynamic damping need not be necessarily positive.
A negative damping can lead to instability, typically called aeroelastic instability. It is more
involved to solve these equations. Three widely used variety of methods are: (1) Fourier series
based methods, (2) Finite Element in Time method, and (3) Time integration methods. The first
two methods provide the steady state forced response solution and are well suited for rotorcraft
applications. The third, is a general time marching procedure with provide both the natural
response as well as the forced response.

2.7.1 Fourier series methods

In the Fourier series method the response is assumed to be periodic and consisting of a sum of
harmonics. For example, for the rigid blade model, the response β(ψ) is assumed to be a linear
combination of sine and cosine terms as

β(ψ) = β0 + β1c cosψ + β1s sinψ + β2c cos 2ψ + β2s sin 2ψ + . . .∞

= β0 +

∞∑
n=1

(βnc cosnψ + βns sinnψ)

where the fundamental period is 2π. The fourier constants β0, βlc, βls, . . . are constant with time.
They are given by

β0 =
1

2π

∫ 2π

0
β(ψ) dψ

βnc =
1

π

∫ 2π

0
β(ψ) cos nψ dψ

βns =
1

π

∫ 2π

0
β(ψ) sin nψ dψ

(2.99)
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The number of harmonics necessary for satisfactory solution depends on the intended results of the
analysis. For preliminary performance and flight dynamic calculations the first harmonic is often
adequate. For vibratory loads at least the first five harmonics must be retained. The flapping
harmonics can be computed from measured data. If the sample of data points taken over one
revolution is Ns, where Ns is the total number of azimuthal intervals such that β(Ns + 1) = β(1),
then

β0 =
1

Ns

Ns∑
i=1

βi

βnc =
2

Ns

Ns∑
i=1

βi cosnψi

βns =
2

Ns

Ns∑
i=1

βi sinnψi

(2.100)

where ψi = 2π(i − 1)/Ns. Using the fourier series method, the governing ODE’s can be solved
using two approaches: (1) the Substitutional or Harmonic Balance method and (2) the Operational
method.

The harmonic balance method is well suited for analytical solution. In this method the fourier
series is truncated to a finite number of terms

β(ψ) = β0 +

N∑
n=1

(βnc cosnψ + βns sinnψ)

and substituted in the ODE. The coefficients of the equation are also written as fourier series by
reducing the products of sines and cosines to sums of sines and cosines. The coefficients of the sine
and cosine components are then collected

(. . .) + (. . .) sinψ + (. . .) cosψ + (. . .) sin 2ψ + (. . .) cos 2ψ + . . . = 0

These coefficients are then separately set to zero leading to 2N +1 algebraic equations for the same
number of unknown fourier coefficients.

In the operational method, the following operators are used directly on the ODEs.

1

2π

∫ 2π

0
(de) dψ = 0

1

π

∫ 2π

0
(de) cos nψ dψ = 0 n = 1, 2, . . . , N (2.101)

1

π

∫ 2π

0
(de) sin nψ dψ = 0 n = 1, 2, . . . , N

The coefficients of the equation are again written as fourier series but the degrees of freedom are
not. The operators act on the product of the degrees of freedom and the sin or cosine harmonics
reducing them to appropriate fourier coeffients. Both the harmonic balance and the operational
method yield the same algebraic equations. In the later, the equations can be derived one at a
time. The following standard formulas are helpful in reducing the products of sines and cosines to
sums of sines and cosines.

sinψ cosψ =
1

2
sin 2ψ sin2 ψ =

1

2
(1− cos 2ψ) cos2 ψ =

1

2
(1 + cos 2ψ)

sin3 ψ =
3

4
sinψ − 1

4
sin 3ψ cos3 ψ =

3

4
cosψ +

1

4
cos 3ψ
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sinψ cos2 ψ =
1

4
(sinψ + sin 3ψ) sin2 ψ cosψ =

1

4
(cosψ − cos 3ψ)

Example 2.5:

A rotor blade is idealized into a rigid blade with spring at the hinge (νβ = 1.10/rev) and is
in hovering flight condition. The blade is excited by an oscillatory aerodynamic lift produced by
oscillating the outermost 25% of the blade segment so that Δθ = 1◦ cosψ. Calculate the vibratory
response assuming the following fourier series

β(ψ) = β0 + β1c cosψ + β1s sinψ

Use γ = 8.0 and assume uniform remains constant.

Figure 2.27: Excitation of outboard blade segment to generate oscillatory lift

We have the flap equation as follows

∗∗
β +ν2ββ = γMβ

where

Mβ =
1

2

∫ 1

0
x

{(
UT

ΩR

)2

θ − UP

ΩR

UT

ΩR

}
dx

UT

ΩR
= x

UP

ΩR
= λ+ x

∗
β

Mβ =
1

2

∫ 3/4

0
(x3θ−λx2−

∗
β x3)dx+

1

2

∫ 1

3/4
{x3(θ+Δθ)−λx2−

∗
β x3}dx =

θ

8
− λ

6
−

∗
β

8
+0.0854Δθ

The flapping equation is then

∗∗
β +ν2ββ =

γθ

8
− γλ

6
+ γ 0.0854

1× π

180
cosψ

Substituting

β = β0 + βlc cosψ + βls sinψ

in the flapping equation, collect cosψ and sinψ terms and set to zero.

constant term: β0 =
γ

2

(
θ0
8

− γ

6

)
cosine term: (ν2β − 1)βlc +

γ

8
βls = γ 0.0854

1× π

180

sine term: (ν2β − 1)βls − γ

8
βlc = 0

It follows[
0.21 1.00
−1.00 0.21

] [
β1c
β1s

]
=

[
0.0119
0.0000

]
β1c = 0.137◦, β1s = 0.65◦
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2.7.2 Finite Element in Time (FET) method

Finite element in time is a method to calculate the periodic response of a rotor blade. The method
can be formulated in two ways:(1) Direct Energy approach, and (2) Indirect Governing Equations
approach. We will discuss the Indirect Governing Equations approach. The discretization procedure
is the same in both.

t1

tN-1

tN

t3
ti+1

q
i

q
i+1

Δt

t

ti

t2

(a) FET discretization
      t

I
 = t

1
; t

F
 = t

N+1

 t
I
 = t

1 
     t

F
 = t

N+1     
t
I
 = t

F
Δt = 2π / N

(b) A time element

Figure 2.28: Finite Element in Time (FET) discretization of one period of oscillatory
motion

Consider a single period of oscillatory motion as shown in Fig. 2.28(a). Let the period be T be
discretized into N time elements of length T/2π. For rotors T = 2π. The initial and final times
are the same.

tI = t1 tF = tN+1 where tN+1 = tI

Similarly the response, say q, at the initial and final times are also the same. For purposes of
illustration consider a single degree of freedom system. Now consider a single time element as
shown in Fig. 2.28(b). Within the element the degree of freedom q is assumed to vary as a function
of time. For example, for a linear variation we have

q(t) = α1 + α2t

where the constants α are determined in terms of values of q at certain chosen points, called nodes,
within the time element. The procedure is same as that described in FEM in space earlier. For
purposes of illustration consider the first order element. To determine the two constants α, two
nodal degrees of freedom are needed. Let these be the values at the two end points. Then for
element-1, for example, we have

η1 = q(t1) = α1 + α2t1

η2 = q(t2) = α1 + α2t2

Solve for α1,2

α2 =
η2 − η1
t2 − t1

α1 =
η1t2 − η2t1
t2 − t1
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It follows

q(t) = H1(t)η1 +H2(t)η2

H1(t) =

(
1− t− t1

Δt

)
H2(t) =

(
t− t1
Δt

)
where H1 and H2 are the time shape functions. The nodal values of q, denoted by η, have no time
dependance. The derivatives are

q̇(t) = Ḣ1(t)η1 + Ḣ2(t)η2

Ḣ1(t) = − 1

Δt

Ḣ2(t) =
1

Δt

The solution procedure begins by putting the governing ODEs in a variational form.∫ tF

tI

δq˜
T

(
mq̈˜ + cq̇˜ + kq̇˜ − f˜

)
dt = 0 (2.102)

For a constant m the acceleration term reduces to∫ tF

tI

δq˜
Tmq̈˜dt = δq˜

Tmq̇˜ |
tF
tI

−
∫ tF

tI

δq̇˜
Tmq̇˜dt = −

∫ tF

tI

δq̇˜
Tmq̇˜dt (2.103)

where the first term is cancelled due to periodicity of the response. Using the above, eqn.2.102
becomes

I =

∫ tF

tI

(
−δq̇˜

Tmq̇˜ + δq˜
T cq̇˜ + δq˜

Tkq˜ − δq˜
T f˜

)
dt = 0 (2.104)

where

I =

∫ t2

t1

( )dt+

∫ t2

t1

( )dt+

∫ t2

t1

( )dt . . . +

∫ tN

tN−1

( )dt = I1 + I2 + I3 + · · ·+ IN (2.105)

Each integral is of the following form. Consider for example, I1.

I1 =−
∫ t2

t1

{
δη1
δη2

}T {
Ḣ1

Ḣ2

}
m
[
Ḣ1Ḣ2

]{ η1
η2

}
dt

+

∫ t2

t1

{
δη1
δη2

}T {
H1

H2

}
c
[
Ḣ1Ḣ2

]{ η1
η2

}
dt

+

∫ t2

t1

{
δη1
δη2

}T {
H1

H2

}
c [H1H2]

{
η1
η2

}
dt

−
∫ t2

t1

{
δη1
δη2

}T {
H1

H2

}
fdt

=

{
δη1
δη2

}T [
A11 A12

A21 A22

]{
η1
η2

}
−
{

δη1
δη2

}T {
Q1

Q2

}

(2.106)

where

A11 = − m

Δt
−
∫ t2

t1

c

Δt

(
1− t− t1

Δt

)
dt+

∫ t2

t1

k

(
1− t− t1

Δt

)2

dt
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A12 =
m

Δt
+

∫ t2

t1

c

Δt

(
1− t− t1

Δt

)
dt+

∫ t2

t1

k
t− t1
Δt

(
1− t− t1

Δt

)
dt

A21 =
m

Δt
−
∫ t2

t1

c

Δt
(t− t1) dt+

∫ t2

t1

k
t− t1
Δt

(
1− t− t1

Δt

)
dt

A22 = − m

Δt
+

∫ t2

t1

c

Δt
(t− t1) dt+

∫ t2

t1

k

(
t− t1
Δt

)2

dt

Q1 =

∫ t2

t1

f

(
1− t− t1

Δt

)
dt

Q2 =

∫ t2

t1

f
t− t1
Δt

dt

Similar expressions can be found for I2, I3, ... etc. The following step is to add the individual
integrals as in eqn.2.105. This is an assembly procedure. For illustration consider a case where the
time period is discretized into 4 time elements, see Fig.2.29. For the four elements we have the

t1

t4

t3

t2

q
1

q
2

Δt

t

t1

t2

N = 4      t
1

 = t
4

Δt = 2π / 4

Figure 2.29: Finite Element in Time (FET) discretization of one period of oscillatory
motion

following

I1 =

{
δη1
δη2

}T [
A11 A12

A21 A22

]
1

{
η1
η2

}
−
{

δη1
δη2

}T {
Q1

Q2

}
1

I2 =

{
δη2
δη3

}T [
A11 A12

A21 A22

]
2

{
η2
η3

}
−
{

δη2
δη3

}T {
Q1

Q2

}
2

I3 =

{
δη3
δη4

}T [
A11 A12

A21 A22

]
3

{
η3
η4

}
−
{

δη3
δη4

}T {
Q1

Q2

}
3

I4 =

{
δη4
δη1

}T [
A11 A12

A21 A22

]
4

{
η4
η1

}
−
{

δη4
δη1

}T {
Q1

Q2

}
4

(2.107)

Add the individual integrals and set I = 0 to obtain⎧⎪⎪⎨⎪⎪⎩
δη1
δη2
δη3
δη4

⎫⎪⎪⎬⎪⎪⎭
T

A

⎧⎪⎪⎨⎪⎪⎩
η1
η2
η3
η4

⎫⎪⎪⎬⎪⎪⎭ =

⎧⎪⎪⎨⎪⎪⎩
δη1
δη2
δη3
δη4

⎫⎪⎪⎬⎪⎪⎭
T

Q (2.108)
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Because δη˜ is arbitrary we have

Aη = Q˜ (2.109)

where A and Q are as follows

A =

⎡⎢⎢⎣
× ×
× ×• •

• 0• 0

0 0

⎤⎥⎥⎦
× → from element 1
• → from element 2
0 → from element 3
→ from element 4

=

⎡⎢⎢⎣
(A11)1 + (A22)4 (A12)1 0 (A21)4

(A21)1 (A22)1 + (A11)2 (A12)2 0
0 (A21)2 (A22)3 + (A11)3 (A12)3

(A12)4 0 (A21)3 (A12)3 + (A11)4

⎤⎥⎥⎦

Q =

⎧⎪⎪⎨⎪⎪⎩
×
×•
0•
0

⎫⎪⎪⎬⎪⎪⎭
× → from element 1
• → from element 2
0 → from element 3
→ from element 4

=

⎧⎪⎪⎨⎪⎪⎩
(Q1)1 + (Q2)4
(Q2)1 + (Q1)2

(Q2)2 + (Q1)3
(Q2)3 + (Q1)4

⎫⎪⎪⎬⎪⎪⎭

(2.110)

2.7.3 Time Integration Methods

A commonly used method for response solution of linear and non-linear equations is the time
integration technique. There are many solution procedures used for time integration of equations.
Some of these are the Runge-Kutta method, the Adams predictor corrector method, the Gear
variable order method, the Newmark method, and the Energy-Momentum method.

2.8 Bending Moments and Stresses

Once the blade deformations in response to external loading are known, the bending moments and
shear loads at any section can be determined. The stresses at a point in a section can then be
calculated based on the bending moment and shear load at the section. The bending moment and
shear loads at any section are determined using two methods: (1) Curvature method and (2) Force
Summation method. The curvature method is also called the deflection method, as the curvature
can be expressed as a function of deflection. If the deflection is calculated based on a modally
reduced set of ODEs, the method is also called the modal method. For the purposes of illustration,
assume that the deflection of the beam is of the following form

w(r, t) =

n∑
j=1

φj(r) qj(t) (2.111)

where qi due to the external loading have been solved for, and φj are known shape functions, either
assumed as in the case of Galerkin or Rayleigh-Ritz, or determined using FEM.

2.8.1 Deflection and Force Summation methods

In the deflection method the resultant relation given in eqn.2.11 is used. The bending moment at
a station r is given by

M(r) = EIηηκ =
EIηη
ρ

∼= EIηη
d2w

dr2
= EIηη

n∑
j=1

φ′′
j qj



2.8. BENDING MOMENTS AND STRESSES 137

The bending stress, from eqn.2.12 is then simply

σrr(z) =
M(r)

Iηη
z = z E

n∑
j=1

φ′′
j qj

where z is the distance from the beam centerline. The bending stress is proportional to the second
derivative of displacement. Usually a large number of terms is needed to accurately calculate the
bending stress. The method is simple but yields poor results for small n. The shear load at a
station is given by

S(r) =
δM

δr
=

⎛⎝EIηη

n∑
j=1

φ′′
j

⎞⎠′

qj = EIηη

n∑
j=1

φ′′′
j qj for uniform beam

The shear deformation was neglected in the analysis, thus the shear stress cannot be accurately
calculated. For a rough estimate divide the shear load with the sectional area.

τrz = S(r)/A

Again, a large number of terms is needed to calculate the shear load. The shear load is proportional
to the third derivative of displacement. In general, error increases with the order of derivative. The
error in shear load is greater than that in bending moment. By error, one refers to the difference
in solution between using n terms and as many terms required for a converged solution.

The alternative to the deflection method, which relies on the derivative of the response solution,
is to use the Force Summation method. See Fig.2.30. The bending moment at a station r is obtained

r = 0 r = R

w(x,t)

fzdρ

mΩ2ρdρ

mwdρ
..

ρ

r

m(r,t)

Figure 2.30: Flap bending moment at a blade section using force summation method

by integrating all of the elemental forces outboard of r.

M(r) =

∫ ρ=R

ρ=r
[(Fz −mẅ)(ρ− r)] dρ−

∫ ρ=R

ρ=r
mΩ2ρ [w(ρ)− w(r)] dρ (2.112)

Because integrations are involved with respect to spatial coordinate r, this method generally pro-
duces less error for smaller n. However, the method is more involved compared to the deflection



138 CHAPTER 2. FLAP DYNAMICS

method. The statement of equality between bending moments calculated using the deflection
method and using force summation method reproduces the beam bending equation. To verify,
substitute M(r) = EIηηw

′′ on the left hand side of the above equation and differentiate twice with
respect to r. Note that r occurs in the limits of integration on the right hand side, hence use the
Leibnitz theorem. The Leibnitz theorem gives

If φ(r) =

∫ u2(r)

u1(r)
F (r, ρ)dρ

then,
∂φ

∂r
=

∫ u2(r)

u1(r)

∂F

∂r
dρ− ∂u1

∂r
F (r, u1)− ∂u1

∂r
F (r, u2)

(2.113)

Using the Leibnitz theorem twice it follows

∂2

∂r2

(
EIηη

∂2w

∂r2

)
= −mẅ +

∂

∂r

(∫ R

r
mrΩ2dr

∂w

∂r

)
(2.114)

which is the flexible flap equation. Note that the equivalent expression for the rigid blade was given
by eqn.2.5. There, the left hand side was the flap moment at the hinge via deflection method. The
right hand side was the flap moment at the hinge via force summation method. Their equality
generated the rigid flap equation.

2.8.2 Force summation vs. modal method

In the curvature method (also called modal method if the deflection is obtained using normal
modes), the loads at a given section are determined by the elastic motion induced curvature and
structural properties at that section. If there is a radial step change in structural properties, e.g.
bending stiffness, or a concentrated loading, e.g. damper force, then there should be a corresponding
step change in curvature, to keep the physical loads continuous. With a small number modes or
shape functions this discontinuity cannot be captured. Moreover, the curvature method gives zero
load on an element without elastic degrees of freedom. A force summation method rectifies the
above deficiencies. It is a force balance method which obtains the section loads from the difference
between the applied forces and the inertial forces acting on the blade on one side of the section. The
forces used for this purpose must be exactly same as those used for solving the structural dynamic
equations, otherwise inconsistent loads are obtained. For example, the bending moments at a pure
hinge would not be identically zero. With lesser number of modes, the force summation method
better captures the effects of concentrated loading and radial discontinuities of structural properties.
However, with increase in number of modes the curvature method and the force summation method
must approach the same solution.

2.9 Fourier Coordinate Transformation

Fourier Coordinate Transformation is also called Multi-blade Coordinate Transformation. Let
β(m)(ψ) be the flapping motion of them-th blade of a rotor withNb blades, wherem = 1, 2, 3, . . . , Nb.
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Then the forward Fourier Coordinate Transformation is defined as

B0 =
1

Nb

Nb∑
m=1

β(m)

Bnc =
2

Nb

Nb∑
m=1

β(m) cosnψm

Bns =
2

Nb

Nb∑
m=1

β(m) sinnψm

Bd =
1

Nb

Nb∑
m=1

β(m)(−1)(m)

(2.115)

where ψm is the azimuthal angle for the mth blade

ψm = ψ1 +
2π

Nb
(m− 1) = ψ +

2π

Nb
(m− 1)

and ψ1 is defined as ψ. n and d are defined as follows.

n = 1, 2, 3, . . . ,
Nb − 2

2
for Nb even;

Nb − 1

2
for Nb odd

d =
Nb

2
for Nb even; does not exist for Nb odd

For a 5-bladed rotor, the rotating coordinates are the flapping motion of the five blades, β1, β2, β3, β4, β5.
The fixed coordinates are also five in number, they are B0, B1c, B1s, B2c, B2s. Note that Nb be-
ing odd, Bd does not exist. Similarly, for a 4-bladed rotor the rotating and fixed coordinates
are β1, β2, β3, β4, and B0, B1c, B1s, B2 respectively. For a 3-bladed rotor they are β1, β2, β3, and
B0, B1c, B1s respectively. For a 2-bladed rotor they are β1, β2, and B0, B1 respectively. In the last
case there are no cosine or sine coordinates. Note that the transformation does not require that
the flapping motion β(m)(ψ) be periodic.

For a physical feel, consider a rotor with 4 blades. For purposes of illustration assume that the
blades undergo a periodic flapping motion. At any instant of time one of the blades, designated as
say blade-1, occurs in the azimuth ψ1. Define ψ1 = ψ. Blade-2 at that instant occupies ψ2 = ψ+π/2.
Blade-3 occupies ψ3 = ψ+π. Blade-4 occupies ψ4 = ψ+3π/2. Let β1(ψ), β2(ψ), β3(ψ), and β4(ψ),
describe the flapping motion of the blades. If blade-1 exhibits the following flapping motion

β1(ψ) = β0 + β1c cosψ + β1s sinψ + β2c cos 2ψ + β2s sin 2ψ + . . .∞
then blades 2, 3 and 4 exhibit

β2(ψ) = β1(ψ2) = β0 − β1c sinψ + β1s cosψ − β2c cos 2ψ − β2s sin 2ψ + . . .∞
β3(ψ) = β1(ψ3) = β0 − β1c cosψ − β1s sinψ + β2c cos 2ψ + β2s sin 2ψ + . . .∞
β4(ψ) = β1(ψ4) = β0 + β1c sinψ − β1s cosψ − β2c cos 2ψ − β2s sin 2ψ + . . .∞

The fixed coordinates are then given by

B0(ψ) =
1

4

[
β1(ψ) + β2(ψ) + β3(ψ) + β4(ψ)

]
B1c(ψ) =

2

4

[
β1(ψ) cos ψ1 + β2(ψ) cosψ2 + β3(ψ) cosψ3 + β4(ψ) cosψ4

]
B1s(ψ) =

2

4

[
β1(ψ) sinψ1 + β2(ψ) sinψ2 + β3(ψ) sinψ3 + β4(ψ) sinψ4

]
B2(ψ) =

1

4

[
β1(ψ)(−1)1 + β2(ψ)(−1)2 + β3(ψ)(−1)3 + β4(ψ)(−1)4

]
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The reverse Fourier Coordinate Transformation is given by

β(m)(ψ) = B0(ψ) +

(Nb−2)/2∑
n=1

[Bnc(ψ) cos nψm +Bns(ψ) sin nψm] +Bd(−1)m for Nb even

β(m)(ψ) = B0(ψ) +

(Nb−1)/2∑
n=1

[Bnc(ψ) cos nψm +Bns(ψ) sin nψm] for Nb odd

(2.116)

The fourier coordinates B0, B1c, B1s, ... etc are functions of ψ, and are different from fourier
series coefficients which are constants. The forward and reverse transformations, eqns.2.115 and
2.116, are exact not approximate. As a result governing equations in fourier coordinates retain the
same information as those in rotating coordinates. A complete description of rotor motion can be
obtained by solving for the rotating coordinates βm(ψ),m = 1, 2, 3, . . . , Nb. Alternatively it can
be obtained by solving for the fixed coordinates, equal in number, B0(ψ), Bnc(ψ), Bns(ψ), Bd(ψ).
The governing equations in rotating coordinates can be transformed into fixed coordinates in the
following manner.

2.9.1 FCT of governing equations

To carry out FCT of governing equations the following expressions are required. We have by
definition

Bnc =
2

Nb

∑
β(m) cosnψm (2.117)

Differentiate once to obtain

∗
Bnc=

2

Nb

∑ ∗
β
(m)

cosnψm − 2

Nb
n
∑

β(m) sinnψm =
2

Nb

∑ ∗
β
(m)

cosnψm − nBns

where the definition of Bns has been used in the second term on the right hand side. Hence we
have

2

Nb

∑ ∗
β
(m)

cosnψm =
∗

Bnc +nBns (2.118)

Similarly starting from the definition of Bns, differentiating once, and using the definition of Bnc

we have

2

Nb

∑ ∗
β
(m)

sinnψm =
∗

Bns −nBnc (2.119)

Now differentiate eqn.2.118 to obtain

2

Nb

∑ ∗∗
β
(m)

cosnψm − 2

Nb
n
∑ ∗

β
(m)

sinnψm =
∗∗
Bnc +n

∗
Bns

Use eqn.2.119 on the second term on the left hand side to obtain

2

Nb

∑ ∗∗
β
(m)

cosnψm =
∗∗
Bnc +2n

∗
Bns −n2Bnc (2.120)

Similarly differentiating eqn.2.119 and using eqn.2.118 we have

2

Nb

∑ ∗∗
β
(m)

sinnψm =
∗∗
Bns −2n

∗
Bnc −n2Bns (2.121)
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The derivatives of B0 and Bd are straightforward as they do not involve sin or cosine harmonics.
The final derivative expressions, necessary for FCT, are listed below. The B0 expressions are

1

Nb

Nb∑
m

β(m) = B0

1

Nb

Nb∑
m

∗
β
(m)

=
∗
B0

1

Nb

Nb∑
m

∗∗
β
(m)

=
∗∗
B0

(2.122)

The Bd expressions are

1

Nb

Nb∑
m

β(m)(−1)m = Bd

1

Nb

Nb∑
m

∗
β
(m)

(−1)m =
∗
Bd

1

Nb

Nb∑
m

∗∗
β
(m)

(−1)m =
∗∗
Bd

(2.123)

The Bnc expressions are

2

Nb

Nb∑
m

β(m) cosnψm = Bnc

2

Nb

Nb∑
m

∗
β
(m)

cosnψm =
∗

Bnc +nBns

2

Nb

Nb∑
m

∗∗
β
(m)

cosnψm =
∗∗
Bnc +2n

∗
Bns −n2Bnc

(2.124)

The Bns expressions are

2

Nb

Nb∑
m

β(m) sinnψm = Bns

2

Nb

Nb∑
m

∗
β
(m)

sinnψm =
∗

Bns −nBnc

2

Nb

Nb∑
m

∗∗
β
(m)

sinnψm =
∗∗
Bns −2n

∗
Bnc −n2Bns

(2.125)
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The conversion of the governing equations to fixed coordinates is now carried out as follows

B0 equation :
1

Nb

Nb∑
m=1

(Equation of motion)

Bnc equation :
2

Nb

Nb∑
m=1

(Equation of motion) cosnψm

Bns equation :
2

Nb

Nb∑
m=1

(Equation of motion) sinnψm

Bd equation :
1

Nb

Nb∑
m=1

(Equation of motion) (−1)m

(2.126)

During this operation, certain expressions can arise which are not straightforward application of
the above formulae and need to be substituted correctly. These are described below. For purposes
of illustration consider Nb = 4. The fourier coordinates in this case are B0, B1c, B1s and B2. First
consider summations over trigonometric functions.

1

4

4∑
m=1

sinψm = sinψ1 + sinψ2 + sinψ3 + sinψ4 = 0

1

4

4∑
m=1

sin 2ψm = 0

1

4

4∑
m=1

sin 3ψm = 0

1

4

4∑
m=1

sin 4ψm = sin 4ψ1 = sin 4ψ

(2.127)

In general

1

Nb

Nb∑
m=1

cosnψm = cosnψ and
1

Nb

Nb∑
m=1

sinnψm = sinnψ

only when n = pNb where p is an integer, and zero otherwise. It follows that a harmonic which is
an integral multiple of blade number can be taken outside the summation side. For example,

2

4

4∑
m=1

β(m) cos 4ψm cosψm = cos 4ψ
2

4

4∑
m=1

β(m) cosψm = B1c cos 4ψ

Thus note the following treatment

2

4

4∑
m=1

β(m) cos 3ψm =
2

4

4∑
m=1

β(m) cos(4ψm − ψm) = B1c cos 4ψ +B1s sin 4ψ

Just as harmonics which are integral multiples of blade number can be taken outside the summation,
a special treatment is needed for harmonics which are integral multiples of half the blade number.
For example

2

4

4∑
m=1

β(m) cos 2ψm =
2

4

[
β(1) sin 2ψ1 + β(1) sin 2ψ2 + β(1) sin 2ψ3 + β(1) sin 2ψ4

]
=

2

4

[
β(1) sin 2ψ − β(1) sin 2ψ + β(1) sin 2ψ − β(1) sin 2ψ

]
= −2B2 sin 2ψ
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Another set of special cases arise during transformation of the Bd equation. They involve (−1)m

multiplied with with sine and cosine terms. First consider the sum of harmonics

1

4

4∑
m=1

(−1)m sinψm = − sinψ1 + sinψ2 − sinψ3 + sinψ4 = 0

1

4

4∑
m=1

(−1)m sin 2ψm = − sin 2ψ

1

4

4∑
m=1

(−1)m sin 3ψm = 0

1

4

4∑
m=1

(−1)m sin 4ψm = 0

(2.128)

In general

1

Nb

Nb∑
m=1

(−1)m cosnψm = − cosnψ and
1

N

N∑
m=1

(−1)m sinnψm = − sinnψ

only when n = pNb +Nb/2, where p is an integer and Nb is even, zero otherwise. It follows that a
harmonic of frequency n = pNb + Nb/2 can be taken outside the summation sign in the presence
of the factor (−1)m. Thus note the following treatment

1

4

4∑
m=1

β(m)(−1)m sinψm

=
1

4

4∑
m=1

β(m)(−1)m sin(2ψm − ψm)

=
1

4

4∑
m=1

β(m)(−1)m sin 2ψm cosψm − 1

4

4∑
m=1

β(m)(−1)m cos 2ψm sinψm

= +
1

4

[
−β(1) sin 2ψ cosψ1 − β(2) sin 2ψ cosψ2 − β(3) sin 2ψ cosψ3 − β(4) sin 2ψ cosψ4

]
−1

4

[
−β(1) cos 2ψ sinψ1 − β(2) cos 2ψ sinψ2 − β(3) cos 2ψ sinψ3 − β(4) cos 2ψ sinψ4

]
= −1

2
B1c sin 2ψ +

1

2
B1s cos 2ψ

Consider the rigid blade flapping equation in forward flight. The blade twist and the cyclic control
angles are assumed to be zero.

∗∗
β +

(γ
8
+ μ

γ

6
sinψ

) ∗
β +

(
ν2β + μ

γ

6
cosψ + μ2γ

8
sin 2ψ

)
β =

γθ0

(
1

8
+

μ

3
sinψ +

μ2

4
sin2 ψ

)
− γλ

(
1

6
+

μ

4
sinψ

) (2.129)

Consider the transformation of the above equation for Nb = 4. The fixed coordinates are B0, B1c,
B1s, and B2. Use the operators given by eqns.2.126, and the definitions given by eqns.2.122–2.125
Apply the first operator to obtain the B0 equation.

∗∗
B0 +

γ

8

∗
B0 +μ

γ

6

1

2

( ∗
B1s −B1c

)
+ ν2βB0 + μ

γ

6

1

2
B1c + μ2γ

8

1

4

∑
β sin 2ψ

= γθ0

(
1

8
+

1

4

∑
sin2 ψ

)
− γλ

1

6
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The underlined terms are to be replaced by

1

4

∑
β sin 2ψ = −B2 sin 2ψ

1

4

∑
sin2 ψ =

1

4

∑ 1

2
(1− cos 2ψ) =

1

2

Apply the second operator to obain the B1c equation.

∗∗
B1c +2

∗
B1s −B1c +

γ

8

( ∗
B1c +B1s

)
+ μ

γ

6

2

4

∑ ∗
β sinψ cosψ + ν2βB1c + μ

γ

6

2

4

∑
β cos2 ψ

+μ2γ

8

2

4

∑
β sin 2ψ cosψ = γθ0

(
μ

3

2

4

∑
sinψ cosψ +

μ2

4

2

4

∑
sin2 ψ cosψ

)
− γλ

μ

4

2

4

∑
sinψ cosψ

The underlined terms are to be replaced by

2

4

∑ ∗
β sinψ cosψ =

2

4

∑ ∗
β

1

2
sin 2ψ = − ∗

B2 sin 2ψ

2

4

∑
β cos2 ψ =

2

4

∑
β
1

2
(1 + cos 2ψ) = B0 − 2B2 cos 2ψ

2

4

∑
β sin 2ψ cosψ =

2

4

∑
β
1

2
(sin 3ψ + sinψ)

=
2

4

∑
β
1

2
(sin 4ψ cosψ − cos 4ψ sinψ + sinψ)

=
1

2
B1c sin 4ψ − 1

2
B1s cos 4ψ +

1

2
B1s

2

4

∑
sin2 ψ cosψ =

2

4

∑ 1

2
(cosψ − cos 2ψ cosψ) = 0

2

4

∑
sinψ cosψ = 0

Apply the third operator to obain the B1s equation.

∗∗
B1s −2

∗
B1c −B1s +

γ

8

( ∗
B1s +B1c

)
+ μ

γ

6

2

4

∑ ∗
β sin2 ψ + ν2βB1c + μ

γ

6

2

4

∑
β cosψ sinψ

+μ2γ

8

2

4

∑
β sin 2ψ sinψ = γθ0

(
μ

3

2

4

∑
sin2 ψ +

μ2

4

2

4

∑
sin3 ψ

)
− γλ

μ

4

2

4

∑
sin2 ψ

The underlined terms are to be replaced by

2

4

∑ ∗
β sin2 ψ =

2

4

∑ ∗
β

1

2
(1− cos 2ψ) =

∗
B0 +

1

2

∗
B2 cos 2ψ

2

4

∑
β cosψ sinψ =

2

4

∑
β
1

2
sin 2ψ = −2B2 sin 2ψ

2

4

∑
β sin 2ψ sinψ =

2

4

∑
β
1

2
(cosψ − cos 3ψ)

=
1

2
B1c − 2

4

∑
β
1

2
(cos 4ψ cosψ + sin 4ψ sinψ)

=
1

2
B1c − 1

2
B1c cos 4ψ − 1

2
B1s sin 4ψ

2

4

∑
sin2 ψ =

2

4

∑ 1

2
(1− cos 2ψ) =

1

4
2

4

∑
sin3 ψ =

2

4

∑(
3

4
sinψ − 1

4
sin 3ψ

)
= 0
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Apply the fourth operator to obtain the B2 equation.

∗∗
B2 +

γ

8

∗
B2 +μ

γ

6

1

4

∑ ∗
β (−1)m sinψ + ν2βB2 + μ

γ

6

1

4

∑
β(−1)m cosψ + μ2γ

8

1

4

∑
β(−1)m sin 2ψ

= γθ0
μ2

4

1

4

∑
(−1)m sin2 ψ

The underlined terms are to be replaced by

1

4

∑ ∗
β (−1)m sinψ =

1

4

∑ ∗
β (−1)m sin(2ψ − ψ)

=
1

4

∑ ∗
β (−1)m (sin 2ψ cosψ − cos 2ψ sinψ)

=
1

4

[
−

∗
β(1) sin 2ψ cosψ1−

∗
β(2) sin 2ψ cosψ2−

∗
β(3) sin 2ψ cosψ3−

∗
β(4) sin 2ψ cosψ4

]

− 1

4

[
−

∗
β(1) cos 2ψ sinψ1−

∗
β(2) cos 2ψ sinψ2−

∗
β(3) cos 2ψ sinψ3−

∗
β(4) cos 2ψ sinψ4

]

= −1

2
sin 2ψ

2

4

∑ ∗
β cosψ +

1

2
cos 2ψ

2

4

∑ ∗
β sinψ

= −1

2
sin 2ψ

( ∗
B1c +B1s

)
+

1

2
cos 2ψ

( ∗
B1s −B1c

)
1

4

∑
β(−1)m cosψ = −1

2
B1c cos 2ψ − 1

2
B1s sin 2ψ

1

4

∑
β(−1)m sin 2ψ = −B0 sin 2ψ

1

4

∑
(−1)m sin2 ψ =

1

4

∑
(−1)m

1

2
(1− cos 2ψ) =

1

2
cos 2ψ

Consider the flap equation in the rotating coordinates, eqn.2.129. The terms associated with
forward speed, μ, and μ2 terms, are all periodic in nature associated with sine and cosine harmonics.
Now consider the equations in the fixed coordinates. Note that all the μ terms now occur as
constants, not in association with sine and cosine harmonics. The μ2 terms are still periodic in
nature and occur as sine or cosine harmonics. The fact that the constant coefficients in the fixed
coordinate equations retain the effect of forward speed can be utilized during the calculation of
aeroelastic stability.

2.10 Aeroelastic Stability

Consider the rigid flap equation in forward flight. Assume that the twist θtw = 0 for simplicity.
Let βs(ψ) be the steady state flap solution. Then we have

∗∗
βs +

(γ
8
+ μ

γ

6
sinψ

) ∗
βs +

(
ν2β + μ

γ

6
cosψ + μ2γ

8
sin 2ψ

)
βs =

γθ

(
1

8
+

μ

3
sinψ +

μ2

4
sin2 ψ

)
− γλ

(
1

6
+

μ

4
sinψ

) (2.130)

where θ = θ(ψ) = θ0 + θ1c cosψ + θ1s sinψ in forward flight. Suppose a perturbation δβ is applied
to the steady state flap motion at ψ = ψ0. We seek the nature of its evolution with time δβ(ψ).
At any instant β(ψ) = βs(ψ) + δβ(ψ) must satisfy the governing eqn.2.129. Substituting β(ψ) in
the governing equation and noting that the steady state solution βs(ψ) must satisfy eqn.2.130, we
have the governing equation for the perturbation

∗∗
δβ +

(γ
8
+ μ

γ

6
sinψ

) ∗
δβ +

(
ν2β + μ

γ

6
cosψ + μ2γ

8
sin 2ψ

)
δβ = 0 (2.131)
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The ‘δ’s are dropped.

∗∗
β +

(γ
8
+ μ

γ

6
sinψ

) ∗
β +

(
ν2β + μ

γ

6
cosψ + μ2 γ

8
sin 2ψ

)
β = 0 (2.132)

Note that for a linear system, the perturbation equation is identical to the main equation with zero
forcing.

2.10.1 Stability roots in hover

In hover, the perturbation equation becomes

∗∗
β +

γ

8

∗
β +ν2ββ = 0 (2.133)

Seek a perturbation solution of the form

β = β0e
sψ

The nature of s determines whether the perturbation grows or dies down with time. Substitute in
the governing equation. For non-trivial β0, i.e., β0 �= 0, s must satisfy the following equation

s2 +
γ

8
s+ ν2β = 0

which leads to the following eigenvalues

sR = − γ

16
± i

√
ν2β −

( γ

16

)2
(2.134)

where sR denotes the stability roots of the rotating coordinates. These are complex conjugate pairs.
There are four pairs of such roots, one for each blade. Note that in the absence of aerodynamics,
and structural damping if any, the stability roots are simply the natural frequencies of the system.
For example, here they would be simply ±νβ. The evolution of the perturbation with time is then

β = β0e
sRψ = β0e

− γ
16ψe

±i
√

ν2β−( γ
16)

2
ψ

The real part of the eigenvalue represents damping of the perturbation. Ihe imaginary part rep-
resents the frequency of oscillation of the perturbation. The stability roots in eqn.2.134 can be
written in standard notation as

sR = − decay rate± i damped frequency = −ζνn ± iνn
√

1− ζ2

where νn
√

1− ζ2 = νd is the damped frequency in /rev and ξ is the damping ratio as a percentage
of critical. These are the frequency of oscillation of the perturbation and its decay rate. They
are expressed in terms of νn, the natural frequency of the system. The natural frequency is the
frequency of oscillation of the perturbation in the case of zero damping and no aerodyanmics. In
general, these parameters can be extracted from stability roots by making use of the above standard
notation as follows

νd = Im(s)

ζ = −Re(s)

|s|
νn = |s|

(2.135)

A positive ζ means stable system, negative ζ means unstable system, and ζ = 0 means neutral
stability. In the last case, the perturbation once introduced neither grows nor decays with time.



2.10. AEROELASTIC STABILITY 147

To get a feel of these numbers, consider a typical Lock number γ = 8 and an articulated rotor with
flap frequency νβ = 1.

critical damping ratio ζ =
γ

16νβ
= 0.5 =⇒ 50% damping

damped frequency νd =

√
ν2β −

( γ

16

)2
= 0.87/rev

Therefore, the flap mode is highly damped and the frequency of oscillation as a perturbation dies
down is less than 1/rev. The damped frequency in Hz and the time period are given by

fd =
νd Ω

2π
in cycles/sec or Hertz

Td =
1

fd
in sec/cycle

Consider now the stability roots in the fixed coordinates. The flap perturbation eqn.2.133 in fixed
coordinates produce the following equations for a Nb bladed rotor. The B0 and Bd perturbation
equations (where Bd exists only in the case of even Nb) are

∗∗
B0 +

γ

8
B0 + ν2βB0 = 0

∗∗
Bd +

γ

8

∗
Bd +ν2βBd = 0

These equations are identical to the rotating frame equation. Therefore, for B0 and Bd the fixed
coordinate eigenvalues are the same as the rotating coordinate eigenvalue.

sF = sR

The Bnc and Bns perturbation equations (Bnc and Bns exist only in the case of Nb > 2) are

∗∗{
Bnc

Bns

}
+

[ γ
8 2n

−2n γ
8

] ∗{
Bnc

Bns

}
+

[
ν2β − n2 γ

8n

−γ
8n ν2β − n2

]{
Bnc

Bns

}
=

{
0
0

}
For a particular n, seek solution of the type{

Bnc(ψ)
Bns(ψ)

}
=

{
Bnc0

Bns0

}
esψ

where s is an eigenvalue in the fixed coordinate which determines the azimuthal evolution of per-
turbations in Bnc and Bns. Substitute the solution type into the governing equation.[

s2 + γ
8s+ ν2β − n2 2ns+ γ

8n

−(2ns+ γ
8n) s2 + γ

8s+ ν2β − n2

] [
Bnc0

Bns0

]
= 0 (2.136)

For nontrivial [Bnc0Bns0]
T set the determinant of the left hand side matrix to zero. It follows

(s2 +
γ

8
s+ ν2β − n2)2 = −

(
2ns+

γ

8
n
)2

(2.137)

This leads to two complex conjugate pairs of eigenvalues, i.e. four eigenvalues in total

sF = − γ

16
∓ i

√
ν2β −

( γ

16

)2
± in

= sR ± in

(2.138)
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Thus the eigenvalues for Bnc and Bns are shifted by ± n/rev from the rotating eigenvalue. The ex-
ponential decay rate is the same in both the fixed frame and the rotating frame. The corresponding
eigenvectors, using eqn.2.137 are given by

Bnc0

Bns0
= − 2nsF + γ

8n

s2F + γ
8sF + ν2β − n2

= ±i = e±iπ
2 (2.139)

The eigenvalues and their corresponding eigenvectors are tabulated below. Out of the two complex
conjugate pairs, one has higher frequency compared to the other. These are noted as high frequency
and low frequency eigenvalues.

sF = − γ

16
+ i
(√

. . .+ 1
)

High Frequency, obtained using: sF = sR+ i =⇒ Bnc0

Bns0
= +i

sF = − γ

16
− i
(√

. . .+ 1
)

High Frequency, obtained using: sF = sR− i =⇒ Bnc0

Bns0
= −i

sF = − γ

16
+ i
(√

. . .− 1
)

Low Frequency, obtained using: sF = sR − i =⇒ Bnc0

Bns0
= −i

sF = − γ

16
− i
(√

. . .− 1
)

Low Frequency, obtained using: sF = sR + i =⇒ Bnc0

Bns0
= +i

where the entry within the square root, ν2β − (γ/16)2 has been replaced with . . . for brevity. The
first line means sF as given is a high frequency. It has been obtained by using sR+ i, which implies
that the corresponding eigenvector Bnc0/Bns0 = +i. Each frequency with its associated eigenvector
is referred to as a mode. Note that sR + i is not necessarily the high frequency mode. Similarly
sR − i is not necessarily the low frequency mode. Consider each mode one by one. The first high
frequency mode is given by

Bnc(ψ) = Bnc0 esFψ

= Bns0 (+i)esFψ

= Bns0 ei
π
2 esFψ

= Bns0 e−
γ
16

ψei(
√
...+1)ψei

π
2

≈ Bns0 e−
γ
16

ψ cos
[(√

. . . + 1
)
ψ +

π

2

]
(2.140)

Thus Bnc(ψ) has the same magnitude as Bns(ψ), same decay rate −γ/16, same frequency
√
. . .+1,

except that it is ahead of Bns(ψ) by π/2. Consider the second high frequency mode

Bnc(ψ) = Bnc0 esFψ

= Bns0 (−i)esFψ

= Bns0 e−iπ
2 esFψ

= Bns0 e−
γ
16

ψei(
√
...+1)ψe−iπ

2

≈ Bns0 e−
γ
16

ψ cos
[(√

. . . + 1
)
ψ +

π

2

]
(2.141)

Again, Bnc(ψ) has the same magnitude as Bns(ψ), same decay rate −γ/16, same frequency
√
. . .+1,

except that it is ahead of Bns(ψ) by π/2. In both the high frequency modes Bnc(ψ) leads Bns(ψ) by
π/2. This is defined as a ‘Progressive Mode’. Figure 2.31 shows the fixed coordinate perturbation
variations for Bnc(ψ) and Bns(ψ) for a Progressive Mode.
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Now consider the low frequency modes. From the first mode, we have

Bnc(ψ) = Bnc0 esFψ

= Bns0 (−i)esFψ

= Bns0 e−iπ
2 esFψ

= Bns0 e−
γ
16

ψei(
√
...−1)ψe−iπ

2

≈ Bns0 e−
γ
16

ψ cos
[(√

. . . − 1
)
ψ − π

2

]
(2.142)

Similarly, from the second mode, we have

Bnc(ψ) = Bnc0 esFψ

= Bns0 (+i)esFψ

= Bns0 ei
π
2 esFψ

= Bns0 e−
γ
16

ψei(
√
...−1)ψei

π
2

≈ Bns0 e−
γ
16

ψ cos
[(√

. . . − 1
)
ψ − π

2

]
(2.143)

Here Bnc(ψ) can again lead Bns(ψ) by π/2, but only if√
ν2β −

( γ

16

)2
− 1 < 0 i.e., if

√
ν2β −

( γ

16

)2
< 1

In this case the low frequency mode is again a ‘Progressive Mode’. Otherwise, if√
ν2β −

( γ

16

)2
− 1 > 0 i.e., if

√
ν2β −

( γ

16

)2
> 1

Bnc(ψ) lags Bns(ψ) by π/2. This is defined as a ‘Regressive Mode’.
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Figure 2.31: Progressive mode of flapping: Fixed coordinate Bnc leads Bns by π/2

Example: 2.9
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A four bladed rotor has a fundamental flap frequency of 1.12 /rev and a Lock number of 8.
Calculate the hover eigenvalues in the rotating and the fixed coordinates. Discuss the nature of the
modes in the fixed coordinates.

In the rotating coordinates, we have

νβ = 1.12 γ = 8

sR = − γ

16
± i

√
ν2β −

( γ

16

)2
= −0.5± i 1.002

Four blades have four identical pairs of rotating stability roots. In the fixed coordinates, we have
n = 1, four complex conjugate pairs of roots. For collective B0 and differential B2, the eigenvalues
are the same as the rotating roots

sF = sR = −0.5± i 1.002

For B1c and B1s

sF = sR ± i

Thus the high frequency mode is

sF = −0.5± i 2.002

The low frequency mode is

sF = −0.5± i 0.002

The high frequency modes are always progressive. The low frequency mode can be either progressive
or regressive. Here√

ν2β −
( γ

16

)2
= 1.002 i.e. > 1.0

Therefore the low frequency mode is regressive.

Example: 2.10

For the flutter testing of a helicopter blade, the rotor was excited by wobbling the swash plate
and the response was measured from the pick-ups mounted on all the four blades. The response of
the lowest mode in the fixed system was analyzed using the Moving Block method. The frequency
of oscillations and the damping coefficient were obtained as 1.25 Hz and 0.5 respectively. Calculate
the corresponding blade frequency and damping coefficient (in rotating system) for a rotor rpm of
350.

We have in the fixed coordinates

ωd = 1.25Hz = 7.854 rad/sec

ζ = .5

Ω = 350 RPM = 36.65 rad/sec

νd =
ωd

Ω
=

7.854

36.65
= 0.2143/rev

Natural ωn =
ωd√
1− ζ2
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ωn

Ω
= .2475

ζ
ωn

Ω
= .1238

Eigenvalue S = ζ
ωn

Ω
+ i

ωd

Ω
= .1238 ± i .2143

Rotating frame: SR = S + i

= .1238 + i 1.2143

ζ√
1− ζ2

=
.1238

1.2143
= .1019

ζ = .1010

Frequency = 1.2143/rev = 7.08Hz

2.11 Stability Analysis in Forward flight

In dynamic analysis of rotating systems, one frequently encounters with the equations of motion
with periodic coefficients. For example, the equation of motion expressing the dynamic response of
a flapping blade in forward flight contains many periodic terms. For some dynamic problems, one
also gets equations with constant coefficients. Here, the example is the flapping motion of a blade
in hovering flight. The analysis techniques for constant coefficient systems are simple and familiar
whereas analysis for periodic systems is more involved and the analysis techniques are less familiar.

2.11.1 Constant Coefficient System

Let us consider N linear differential equations with constant coefficients,

M̃˜̈q + C̃˜̇q + K̃q̃ = F̃ (t) (2.144)

inertia ↓ stiffness ↓
damping force

where M̃ , C̃ and K̃ are square matrices of order N x N while displacement vector q̃ and force vector
F̃ are of order N x 1.

These equations can be rewritten as[
Ĩ 0̃

0̃ M̃

][ ˜̇q˜̈q
]
−
[

0̃ Ĩ

−K̃ −C̃

] [
q̃˜̇q
]
=

[
0̃

F̃

]

where Ĩ = identity matrix (unity on diagonal)
order N x N

0̃ = null matrix (zeros)
order N x N

Let us define

ỹ =

[ ˜̇q
q̃

]
2N×1

The above equations can be rearranged as

˜̇y = Ãỹ + G̃ (2.145)
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This results into 2N first order equations.

Ã =

[
0̃ Ĩ

−M̃−1K̃ −M̃−1C̃

]
2N×2N

G̃ =

[
0̃

−M̃−1F̃

]
2N×1

The above arrangements are valid provided M̃ is not singular.

Stability

To examine stability of the system, set F̃ = 0 i.e., G̃ = 0. This results into a set of homogeneous
equations and then seek the solution as

ỹ(t) = ỹeλt

The equation (78) becomes

Ãỹ = λỹ (2.146)

This results into a standard algebraic eigenvalue problem and can be solved using any standard
eigenvalue routine. This gives 2N eigenvalues, complex in nature.

λk = αk + i ωk

real imaginary

The real part of the eigenvalue represents the damping of the mode whereas the imaginary part
represents the frequency of the mode. If any one of the eigenvalues has a positive real part, the
system is unstable.

Forced response

Under steady conditions, the external forces F(t) in a rotating system are generally periodic, in
multiples of the rotation frequency Ω. Let us say the forcing function if mth harmonic, frequency
ωm = mΩ.

q̃(t) = Re(q̃eiωmt) (2.147)

= F̃R cosωmt− F̃I sinωmt

where F̃R and F̃I are real and imaginary parts of F̃ . Assuming the steady response to be mth

harmonic

q̃(t) = Re(q̃eiωmt)

= q̃R cosωmt− q̃I sinωmt

Placing this in basic equation (78) and using the harmonic balance method (discussed earlier).
Comparing sinωmt and cosωmt terms, one gets,[

G̃ H̃

−H̃ G̃

]{
q̃R
q̃I

}
=

{
F̃R

F̃I

}
(2.148)

2N×2N 2N×1 2N×1
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where

G̃ = K̃ − ω2
mM̃

H̃ = ωmC̃

For the known external forces, these equations can be solved to calculate q̃R and q̃I . The total
response can be calculated by summing up the response components from all harmonics.

q̃(t) =

N∑
m=0

q
(m)
R cosωmt−

N∑
m=0

q
(m)
I sinωmt (2.149)

This method is more physical than the direct numerical integration because individual harmonic
components are calculated and assessed. One can also use the finite difference method to calculate
response but it generally results into more involved analysis for rotor problems.

2.11.2 Periodic coefficient systems

The governing equations are

M̃(t)˜̈q + C̃(t)˜̇q + K̃q̃ = F̃ (t) (2.150)

where matrices M̃ , C̃ and K̃ contain periodic terms. These equations can be rearranged as first
order equations,

˜̇y − Ã(t)ỹ = G̃(t) (2.151)

where Ã(t) and G̃(t) are periodic over an interval T.

2.11.3 Floquet stability solution

To investigate stability, set G̃(t). Seek solution of the form

ỹ(t) = B̃(t) {ckepkt}
2N × 1 2N × 2N 2N × 1

(2.152)

The square matrix B̃(t) is periodic over period T.

B̃(T ) = B̃(0)

ỹ(0) = B̃(0){ck}
ỹ(T ) = B̃(T ){ckepkt}
= B̃(0){ckepkt}

Also, one can express y(T) as,

ỹ(T ) =
[
ỹ(1) ỹ(2) . . .

]⎧⎪⎨⎪⎩
y1(0)
y1(0)
...

⎫⎪⎬⎪⎭
where ỹ(1) is the solution at t = T of the basic equation with G̃(t) = 0 for the initial condition
y1(0) = 1 and all remaining yi(0) = 0, etc.

[Q] =
[
ỹ(1) ỹ(2) . . .

]
(2.153)
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This is a square matrix of order 2N and is called as ”transition matrix”. Thus

{y(T )} = [Q]{y(0)}
= [Q][B(0)]{ck}
= [Q]({B(0)}1 c1 + {B(0)}2 c2 + . . .) (2.154)

Another form is

{y(T )} = [B(0)]{ckepkT }
= {B(0)}1 c1ep1T + {B(0)}2 c2ep2T + . . . (2.155)

Comparing Eqs. (86) and (87) one gets

[Q]{B(0)} = λk{B(0)}k (2.156)

where

λk = epkT

This is a standard eigenvalue problem, where λk are the eigenvalues of the transition matrix [Q].

pk =
1

T
ln(λk) = αk + i ωk

The real and imaginary parts of stability exponent pk are

αk =
1

T
ln|λk| (2.157)

=
1

27
ln[(λk)

2
R + (λk)

2
I ]

ωk =
1

T
tan−1[(λk)I/(λk)R] (2.158)

The αk measures the growth or decay of the response. The αk positive (¿0) or λk greater than one
indicates instability of the mode. The ωk represents frequency of vibration. However, the tan−1

is multivalued, one will get multivalues for ωk. Taking physical consideration one can choose the
right value of ωk.

2.11.4 Floquet response solution

The governing equation is

˜̇y = Ãỹ + G̃ (2.159)

The solution of this equation can be obtained by direct numerical integration using some standard
time integration techniques. With arbitrary initial conditions one needs many cycles of integration
before a converged solution is obtained. Through a proper choice of initial conditions, one can how-
ever eliminate all transients from the response and the steady dynamic response can be calculated
by integrating through only one period T. The objective of the Floquet method is to calculate the
proper initial conditions.

Let us assume a general solution

ỹ(t) = ỹH(t) + ỹp(t) (2.160)

where ỹH is the homogeneous solution and ỹp is the particular solution. Let us say ỹE(t) is the
complete solution of the governing equation for a given set of initial conditions. One can add any
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number of additional homogeneous solutions ΔỹH(t) for different initial conditions to this solution,
ỹE(t). This would be a new solution.

ỹ(t) = ỹE(t) + ΔỹH(t) (2.161)

One can obtain all the homogeneous solutions of the governing equation by setting G ≡ 0, a total
of 2N solutions, subject to the initial conditions y1 = 1 and all remaining yi = 0, then y2 = 1 and
all remaining yi = 0, etc. The similar set of solutions are calculated for the transition matrix.

ΔỹH(t) =
[
ỹ(1)(t) ỹ(2)(t) . . .

] ⎡⎢⎣ c1
c2
...

⎤⎥⎦ (2.162)

= [Q(t)]c̃

The matrix [Q(t)] is the transition matrix at any instant of time.

ỹ(t) = ỹE(t) + [Q(t)]c̃ (2.163)

For a periodic solution over period T = 2π/Ω, one gets

y(t) = y(O)

ỹE(t) + [Q(T )]c̃ = ỹE(0) + [Q(0)]c̃
↓ ↓
Q̃ Ĩ

Transition matrix unity matrix

c̃ = [Ĩ − Q̃]−1{yE(T )− yE(0)}
ỹ(0) = ỹE(0) + [Ĩ − Q̃]−1{yE(T )− yE(0)} (2.164)

This gives the initial conditions. Once these initial conditions are known we can calculate the forced
response numerically, and we do not need to repeat beyond one cycle. For simplicity we can select
ỹE(0) = 0. This gives

ỹ(0) = [Ĩ − Q̃]−1 ỹE(T ) (2.165)

Here ỹE(T ) is the complete solution of the governing equation for zero initial conditions.

The above form of initial conditions is given by Dugundji (1983). An alternate form for the
initial conditions is given by Friedmann group (1979)

ỹ(0) = [Ĩ − Q̃]−1 Q̃

∫ T

0
[Q(t)]−1G̃(t) dt (2.166)

This does not use ỹE(T ).

This procedure may be extended to deal with nonlinear equations

˜̇y − Ã(t) ỹ = G̃(t, ỹ, ˜̇y) (2.167)

The forcing term on the right hand side contains nonlinear terms. See Dugundji (1983) for details.

Example: 2.11
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The dynamic behavior of a system is represented by the following equations

∗
x= x sinψ

∗
y= xecosψ + F sinψ

Using the Floquet transition matrix, find out whether the system is stable or not.

∗
x = x sinψ

Sol. x = c1e
− cosψ

∗
x = c1e

− cosψ = x sinψ

For stability purpose, set F = 0

∗
y = xecosψ = c1
y = c1ψ + c2

Let us now generate Floquet transition matrix. First set of initial conditions.

@ ψ = 0 x = 1.0 and y = 0

This gives

c1 =
1

e
c2 = 0

For ψ = 2π

x =
1

e
ecos 2π = 1 = Q11

y =
2π

e
= Q21

For the second set of initial conditions

@ ψ = 0 x = 0 and y = 1.0

This gives

c1 = 0 c2 = 1.0

For ψ = 2π

x = 0 = Q12

y = 1.0 = Q22

Floquet transition matrix

[Q] =

[
1 0
2π 1

]
Eigenvalues∣∣∣∣ λ− 1 0

2π λ− 1

∣∣∣∣ = 0

(λ− 1)2 = 0
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λ1 = 1 and λ2 = 1

This is a condition of neutral stability.

Example: 2.12

The flapping equation for a blade in forward flight is given in the rotating frame as

∗∗
β +(

γ

8
+ μ

γ

8
sinψ)

∗
β +(ν2β + μ

γ

8
cosψ + μ2γ

8
sin 2ψ)β

= [
γ

8
(1 + μ2) +

γ

3
μ sinψ − γ

8
μ2 cos 2ψ]θ − (

γ

6
+

γ

4
μ sinψ)λ

For a known advance ratio μ and a prescribed pitch θ(ψ) you would like to find the steady response
of the blade for a full period of 2π. Without solving, show the steps to carry out the analysis using
the Floquet method.

Periodic equation

Time period = 2π
Step 1

Reduce the equation to the first order form.⎡⎣ ∗
β
∗∗
β

⎤⎦ =

[
0 1.0

−(ν2β + μγ
8 cosψ + μ2 γ

8 sin 2ψ −(γ8 + μγ
8 sinψ)

] [
β
∗
β

]

+

[
0[γ

8 (1 + μ2) + γ
3μ sinψ − γ

8μ
2 cos 2ψ

]
θ(ψ)− (γ6 + γμ

4 sinψ)λ

]
∗̃
y = Ãỹ + G̃

Step 2

Calculate for the complete system with zero initial conditions (using numerical integration)

@ ψ = 0,

{
β
∗
β

}
= 0

Step 3

Calculate the Floquet transition matrix [Q(2π)]

For this set G̃ = 0̃.

Response at ψ = 2π with two sets of initial conditions

First set @ ψ = 0 β = 1.0
∗
β= 0 gives Q11, Q21

Second set @ ψ = 0 β = 0
∗
β= 1.0 gives Q12, Q22

Step 4

Calculate the initial conditions.

ỹ(0) = (Ĩ − Q̃(2π))−1yE(2π)

Step 5

Using these initial conditions, calculate the response at different time steps ψ using the numerical
integration for the complete system.
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Questions

Justify the following

• The flap mode is highly damped.

• In an articulated rotor blade, the rotating flap frequency was found to be less than one per
revolution.

• Most of the flying rotors have fundamental flap frequencies (rotating) of less than 1.2 per
revolution.

• Propeller blades have fundamental flap frequencies much higher than those of helicopter
blades.

• Most of the rotors operate at one fixed rotational speed.

• Free decay vibration frequency is not natural frequency.

• At higher rotational speeds, the fundamental flap frequency becomes rotational speed itself.

• To calculate accurately the first few modes (2 to 3), one needs only a few terms in the assumed
deflection series (4 to 6), but to calculate the bending stresses at the root of the blade, one
needs a large number of terms in the series.

• Frequencies calculated using Galerkin method and Rayleigh-Ritz method are always higher
than exact values.

• If an assumed deflection series satisfies all the boundary conditions, will there be any difference
in the results obtained using the Galerkin method and Rayleigh-Ritz method.

• The solution converges monotonically to the exact solution with the increasing number of
terms in the approximate series (R-R method). For one particular series, the solution fluctu-
ated with an increasing number of terms. Any possible source of trouble.

• The lumped parameter formulation (Myklestad) is a crude form of finite element analysis.

• To increase the polynomial distribution for displacement within a beam element one can
include the continuity of the second derivative of displacement between elements, but it is
never done that way.

• The beauty of finite element analysis is its adaptability to different configurations which is
not possible with other approximate methods.

• A great care is taken to calculate the natural vibration characteristics (rotating) of the blade.

• For calculating the bending stresses, the force summation is preferred over the modal method.

• For dynamic response, the normal mode approach results in key simplification of the multi-
degree system.

• The Fourier series is quite different from the Fourier coordinate transformation.

• One has to be careful using the Fourier series solution to transient response problems.

• During the wind tunnel testing of a rotor, a l/rev signal was observed from an accelerometer
mounted on the top of the hub and the test was immediately stopped.
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• For multicyclic vibration control, the swash plate is excited at 4/rev to eliminate 3, 4 and
5/rev bending stresses at the blade root.

• The progressive mode is quite different from the regressive mode.

• The rotor acts as a filter for many harmonics.

• The longitudinal and lateral TPP tilt equations are coupled in hovering flight.

• High dynamic stresses on blades does not necessarily mean high vibration in body.

• Finite different method is quite commonly used for structural response problems whereas
Fourier series and Floquet methods are more commonly used for blade response problems.

• For solving stability and response problems using Floquet theory, one needs to find the initial
conditions as a first step. However, for stability calculations using the Floquet method, there
is no need to find the initial conditions.

• The nature of the eigenvalue explains the system behavior.

• For the dynamics of a blade, the mass distribution of the outermost part and the stiffness
distribution of the innermost part play an important role.
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Chapter 3

Coupled Flap-Lag-Torsion Dynamics

The objective of this chapter is to understand the equations of motion for a blade undergoing
flap and lag bending and torsional deflection. In the last chapter, uncoupled flap dynamics was
discussed. In this chapter, first the equations of motion for the uncoupled lag and torsion modes
are discussed followed by coupled motions. The principle concern here is the structural and inertial
terms, then the important coupling terms due to coupled motion due to flap, lag and torsion are
identified. The Newtonian approach is used to derive the equations of motion. Also, one can derive
these equations using the energy approach, but it is not a physical approach and therefore does not
help to understand different forces. The resultant blade forces in the rotating frame and the hub
forces in the fixed frame are also derived.

3.1 Lag Dynamics

The dynamics of lag motion is studied below.

3.1.1 Rigid Lag Model with Hinge Offset

The blade is assumed rigid and undergoes a single degree of motion in the plane of rotation. It
has a hinge offset at a distance e from the rotation axis. The simple configuration represents an
articulated blade with lag hinge. This type of modeling can be an approximate representation for
a hingeless blade with a possible leaf spring at the hinge. The lag motion opposes rotation. Let
us examine various forces acting on the blade for small angle assumption. For a blade element of
length dr

163
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(a) IF: inertia force mẍ dr = m(r − e)ζ̈dr arm (r-e) about lag hinge
(b) CF: centrifugal force mΩ2r dr arm e

r (r − e)ζ
(c) AF: aerodynamic force Fζ arm r-e
(d) SF: spring moment about hinge kζζ

where m is mass per unit length (lb sec2/in2) and Fζ is external force per unit length (lb/in).
Taking moment of all forces about lag hinge

∫ R

e
m(r − e)2drζ̈ +

∫ R

e
mΩ2r(r − e)

e

r
dr ζ −

∫ R

e
Fζ(r − e) dr

+kζζ = 0∫ R

e
m(r − e)2dr = mass moment of inertia about lag hinge, Iζ

Iζ(
∗∗
ζ +ν2ζ ζ) =

1

Ω2

∫ R

e
Fζ(r − e)dr (3.1)

where νζ is ndimensional lag frequency in terms of rotational speed.

ν2ζ =
kζ

IζΩ2
+

e
∫ R
e m(r − e)dr

Iζ
(3.2)

The second term is due to centrifugal spring and is zero if there is no hinge offset. The first term
is due to spring bending at the hinge and this represents the nonrotating natural frequency of the
blade made nondimensional with respect to rotational speed

ν2ζ =
ω2
ζ0

Ω2
+ e

Sζ

Iζ

where Sζ is the first moment of mass about lag hinge and Iζ is the second moment of mass about
lag hinge. For a uniform blade

Sζ =
m

2
(R− e)2
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Iζ =
m

3
(R− e)3

The lag frequency becomes

ν2ζ =
ω2
ζ0

Ω2
+

3

2

e

R− e
per rev.

For an articulated blade (zero offset)

νζ = 0

This is not a realistic case and there will be no transfer of torque.
For an articulated blade with hinge offset, the lag equation becomes

∗∗
ζ +ν2ζ ζ = γM ζ (3.3)

The lag mode is inherently very low damped and is quite susceptible to various aeroelastic instabil-
ities. In particular, the soft lag rotor can get into mechanical instability called ground resonance.
This is the reason that most of the existing rotors have mechanical lag dampers to stabilize the lag
motion.

Let us look at uncoupled flap and lag frequencies for hinged blades,

Flap: ν2β = 1 +
3

2

eβ
R

+
ω2
β0

Ω2

Lag: ν2ζ =
3

2

eζ
R

+
ω2
ζ0

Ω2

where eβ and eζ are respectively the flap and lag hinges from the rotation axis. Generally these
are very close, and for making analysis simple these are assumed coincidental.

eβ = eζ = e

For matched stiffness blades, the nonrotating flap and lag frequencies are equal

ωβ0 = ωζ0

This results into an important relationship between flap and lag rotating frequencies.

ν2β = 1 + ν2ζ (3.4)

3.1.2 Elastic Lag Model

A better representation for a blade is to assume it as an elastic beam undergoing in-plane bending.
At the moment, it is assumed to be pure lag motion and the coupling terms due to other modes of
motion will be considered later on. This type of modeling is also applicable to articulated blades if
one needs to know more than the fundamental vibration mode. Let us examine the forces acting
on an element of length dr a distance ρ
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v(ρ) = lag bending deflection at r

v(r) = lag bending deflection at r
z axis is normal to the rotation plane

ρ

�� ρ�
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ρ
�
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ρ
�

(a) IF: inertia force mv̈(ρ) dρ arm (ρ− r) about r

(b) CF: centrifugal force mΩ2ρ dρ arm r
ρv(ρ)− v(r)

(c) AF: aerodynamic force Fx dr arm (ρ− r)
The lag moment at r is

Mz(r) =

∫ R

r
(Fx −mv̈)(ρ− r) dρ

= −
∫ R

r
mΩ2ρ{r

ρ
v(ρ)− v(r)}dρ (3.5)
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Let us recall the Leibnitz theorem

φ =

∫ u2(r)

u1(r)
f(ρ, r) dρ

∂φ

∂r
=

∫ u2(r)

ui(r)

∂f

∂r
(ρ, r)dρ+

∂u2(r)

∂r
f(u2(r), r) (3.6)

−∂u1(r)

∂r
f(u1(r), r)

The beam bending equation is

Mz = EIz
d2v

dr2
(3.7)

Let us consider an airfoil section

�

�

Mz = moment of forces about z axis at station r, in-lb
E = Young’s modulus of elasticity, lb/in2. Typically for aluminum

10.5 × 106lb/in2

Iz = area moment of inertia about z-axis

=

∫
section

x2dA, in4

x and z are section principle axes.
Taking the second derivative of the moment (Eq. (3.7)) and using Leibnitz’s theorem one gets

d2

dr2
(EIz

d2v

dr2
)− d

dr

[∫ R

r
mΩ2ρ dρ

dv

dr

]
+mv̈ −mΩ2v = Fx(r, t) (3.8)

This equation can be also derived like the flap bending equation. The first term is the flexural
term, the second term is due to centrifugal force, the third term is the inertia term and the fourth
term is the vertical component of centrifugal force. The boundary conditions here are quite similar
to those of flap bending described in Chapter 2.

3.1.3 Natural Vibrations of Lag Motion

The natural vibration characteristics of a rotating blade in pure lag bending mode are obtained
from the homogeneous solution of lag bending equation (3.8)

d2

dr2
(EIz

d2v

dr2
)− d

dr

[(∫ R

r
mΩ2ρ dρ

)
dv

dr

]
+mv̈ −mΩ2v = 0 (3.9)

The boundary conditions for a hingeless blade are
@ r = 0 v = 0 dv

dr = 0

@ r = R Mz = EIz
d2v
dr2

= 0 (moment)

Sx = d
dr (EIz

d2v
dr2

) = 0 (shear)
The boundary conditions for a hinged blade with a lag hinge at distance e from rotation axis and
a leaf spring kζ at the hinge
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�
Ω

ζ
�

�ζ

@r = e V = 0

Mz = EIz
d2v

dr2
= kζv (Bending)

@r = R Mz = EIz
d2v

dr2
= 0 (Bending)

Sx =
d

dr
(EIz

d2v

dr2
) = 0 (Shear)

Let us consider a hingeless blade. The closed form (exact) solution is available only for a uniform
nonrotating blade. For a rotating blade, one has to apply some approximate method to calculate
the natural frequencies and mode shapes. Three approximate methods to solve this problem have
been discussed in Chapter 2.

Note that the nonrotating natural vibration characteristics for a uniform beam with different
boundary conditions were given in Chapter 2 as beam functions. Recall that the tabulated numerical
values by Felgar and Young (1950) were given as follows.

For a cantilever beam, the jth mode shape is expressed as

φj(r) = cosh λjr − cos λjr − αj(sinhλjr − sinλjr) (3.10)

Mode j 1 2 3 4 j
λj 1.8751 4.6941 7.8548 10.995 (2j − 1)π/2
αj .7341 1.0185 .9992 1.0 1.0

The nonrotating natural frequency for a uniform beam for jth mode is

ωj0 = (λj)
2

√
EIz
mR4

(3.11)

where EIz = flexural stiffness about chord, lb-in2

m = mass per unit length, lb-sec2/in2

R = blade length, in

Again, these beam modes are orthogonal as discussed in Chapter 2.
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3.1.4 Finite Element Formulation

Quite similar to flap bending vibrations, it is quite convenient to calculate lag bending vibration
characteristics of a rotating blade using finite element formulation. The procedure is similar to one
discussed in art. 2.7. The shape functions for a beam element are the same. The element energy
expressions are slightly modified for lag bending of a rotating beam.

Kinetic energy T =
1

2

∫ l

0
mv̇2 dx

Strain energy v =
1

2

∫ l

0
EIz(

d2v

dx2
) +

1

2

∫ l

0
T (x)(

dv

dx
)2 − 1

2

∫ l

0
mΩ2v2 dx

The kinetic energy expression is the same as that of flap bending, whereas for the strain energy
expression, the last term is an additional term. The inertial and stiffness matrices are

[m̃ij ]lag = [m̃ij]flap

[k̃ij ]lag = [m̃ij ]flap −miΩ
2

⎡⎢⎢⎣
13
35 l

11
210 l

2 9
70 l − 13

420 l
2

11
210 l

2 1
105 l

3 13
420 l

2 − 1
140 l

3

9
70 l

13
420 l

2 13
35 l − 11

210 l
2

− 13
420 l

2 − 1
140 l

3 − 11
210 l

2 1
105 l

3

⎤⎥⎥⎦

In the subsequent figures, the lag vibration results are presented for uniform rotating beams.
These results are calculated using finite element analysis. Four to ten finite elements are used; more
elements are required for ωNR/Ω < .1.
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3.2 Torsion Dynamics

As in the case of flap, and lag, the torsion dynamics is studied both using a simple rigid model and
a detailed flexible model.
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3.2.1 Rigid Torsion Model

This is also called rigid pitch. The blade is assumed rigid and it undergoes a single degree pitch
motion about the feathering axis. There is a torsional spring at the root of the blade. This type of
modeling is quite satisfactory with helicopter blades because the control system (pitch link) stiffness
is less than the blade elastic torsional stiffness. The nose up motion is positive feathering motion.
Let us examine the various forces acting on an element dr undergoing torsional motion about the
feathering axis,

��������	
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θ

Ω

��

θ = pitch angle

θcon = control system command pitch

θ − θcon = pitch change due to control flexibility

xI = chordwise cg offset behind feathering axis

Io = mass moment of inertia about cg axis per unit length, lb-sec2

Iθ = mass moment of inertia about feathering axis per unit length

= Io +mx2I , lb− sec2

m = mass per unit length lb-sec2/in2

kθ = control system stiffness in-lb/rad
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a) inertia force mxI θ̈ dr arm xI about feathering axis
b) inertia torque I0θ̈ dr about cg axis
c) propellor moment IθΩ

2θ dr about feathering axis
d) aerodynamic moment Mθ dr about feathering axis
e) spring moment kθ(θ − θcon)

Let us examine carefully the propeller moment caused by the centrifugal action. Let us consider

Ω

��Ω
�
�

�� Ω
�
�

��Ω
�
�������

	
�
��


�� Ω
�
�� �����

	
�

Θ = 0

Θ

��Ω
�
�

�θ

two mass elements ‘dm’ on either side of the feathering axis. The elements are being pulled away
by the centrifugal force, dmΩ2(r2 + x2)1/2. The chordwise resolved component

dmΩ2(r2 + x2)1/2
x

(r2 + x2)1/2
= dmΩ2x

Now let us say that the blade undergoes nose up pitch motion. The chordwise resolved compo-
nent now produces a nose down couple about the feathering axis∫

section
(dmΩ2x)(xθ) = IθΩ

2θ



174 CHAPTER 3. COUPLED FLAP-LAG-TORSION DYNAMICS

This is also called “Tennis racket effect”. A tilt of the racket face can be used to produce a
pitching motion in the ball. Summing up the torque moments about the feathering axis

∫ R

0
mx2I θ̈ dr +

∫ R

0
I0θ̈ dr +

∫ R

0
IθΩ

2θ dr −
∫ R

0
Mθ dr

+kθ(θ − θcon) = 0∫ R

0
Iθ dr = If = total mass moment of inertia about feather axis, lb-sec2-in

This results in

If (θ̈ +Ω2θ) + Ifω
2
θ0(θ − θcon) =

∫ R

0
Mθ dr

where ωθ0 is the nonrotating natural torsional frequency. Let us nondimensionalize by dividing
through IbΩ

2

I∗
f
(
∗∗
θ +ν2θθ) = γM θ + I∗

f

ω2
θ0

Ω2
θcon (3.12)

where

Mθ =
1

ρacΩ2R4

∫ R

0
Mθ dr

and

I∗
f
= If/Ib

The νθ is the rotating natural frequency for torsion mode,

ν2θ = 1 +
ω2
θ0

Ω2
(3.13)

For zero spring, the torsional frequency is equal to the rotational speed and this is caused by
propeller moment.

For helicopter blades, typically, the νθ varies from 5 to 10. The blades are much stiffer in the
torsion mode than the flap and lag modes.

Let us examine an order of magnitude for I∗
f
. Let us consider a solid airfoil, idealized into a

rectangular strip.

�
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I0 = ρm(Ix + Iz) = ρm(
ct3

12
+

tc3

12
)

	 ρm
tc3

12
(ρm = mass density)

If = ρm
tc3

12
R

Ib =
mR3

3

If
Ib

= ρm3
tc3R

12mR3
m = ρmct

=
ρm
ρm

tc3R

tcR3
=

1

4
(
c

R
)2

For c/R = 20, I∗
f
= .00063, a very small number.

3.2.2 Elastic Torsion

A better representation for the blade is to consider it as torsionally flexible and it undergoes elastic
twist distribution. Again here the analysis is made for the pure torsion mode and coupling terms
due to other modes are neglected. The blade twists about the elastic axis and for simplicity of
analysis, the elastic axis is assumed to be a straight line coinciding with the feathering axis. Let us
say θ is pitch change at a station, which consists of elastic twist φ plus rigid pitch due to control
flexibility. Let us examine various forces acting at an element at station ρ
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a) inertia force m0xI θ̈ dρ arm xI about elastic axis
b) inertia torque I0θ̈dρ about cg axis
c) propeller moment IθΩ

2θ dρ about elastic axis
d) aerodynamic moment Mθ dρ about elastic axis

Torsional moment at station r

M(r) =

∫ R

r
[Mθ −m0x

2
I θ̈ − I0θ̈ − IθΩ

2θ]dρ

=

∫ R

r
[Mθ − Iθ(θ̈ +Ω2θ)]dρ

Using the engineering torsion theory for slender bars

M(r) = GJ
dθ

dr

where θ is the elastic twist distribution. Taking the first derivative of torque, one gets

− d

dr
(GJ

dθ

dr
) + Iθ(θ̈ +Ω2θ) = Mθ (3.14)

The effect of control flexibility can be introduced through the boundary condition. Let us say at
a distance ra from the rotation axis, pitch link is located. Also assume that for r = 0 to ra, the
blade is rigid torsionally. Boundary conditions are:

@r = ra GJθ′ = −kθ(θ − θcon) (Spring)
@r = R GJθ′ = 0 (Free)

(3.15)

For cantilevered blades, the boundary conditions are

@r = 0 θ = 0 (fixed)
@r = R GJθ′ = 0 (free)

(3.16)

Another form of expression for the governing equations to be put in non-dimensional by dividing
through Eq. (14) with IbΩ

2.

I∗
θ
(
∗∗
θ +θ)− d

dξ
(
GJ

IbΩ2

dθ

dξ
) = Mθ/IbΩ

2 (3.17)

where I∗
θ
= Iθ/Ib and ξ = r/R.
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3.2.3 Natural Vibrations of Torsion Motion

The natural vibration characteristics of a rotating blade in pure torsion mode are obtained from
the homogeneous solution of governing equation (14)

Iθ(θ̈ +Ω2θ)− d

dr
(GJ

dθ

dr
) = 0 (3.18)

The corresponding governing equation for the nonrotating blade is

Iθθ̈ − d

dr
(GJ

dθ

dr
) = 0 (3.19)

From the identity of these two equations one obtains

ω2
θ = ω2

θ0 +Ω2 (3.20)

where ωθ and ωθ0 are respectively rotating and nonrotating natural frequencies. The mode shapes
are the same for the rotating and nonrotating shafts.

3.2.4 Beam Functions for Torsion

The non-rotating natural torsional vibration characteristics are available for uniform bars with
different boundary conditions.

For a cantilever bar, the jth mode shape is expressed as

φj(r) =
√
2 sinλjr (3.21)

where

λj = π(j − 1

2
)

The non-rotating natural torsional frequency for a uniform bar for the jth mode is

ωj0 = (λj)

√
GJ

IθR2
rad/sec (3.22)

or

= (λj)

√
GJ

mk2mR2

where
GJ = torsional stiffness, lb-in2

Iθ = mass moment of inertia per unit length about the elastic
axis, lb-sec2 (= mk2m)

R = blade radius, in
m = mass per unit length, lb-sec2/in2

km = radius of gyration, in
These mode shapes are orthogonal∫ R

0
Iθφiφj dr = 0 for i �= j (3.23)

The rotating torsional frequency for a particular mode can be obtained from the nonrotating
frequency as

ω2
j = ω2

j0 +Ω2

and the mode shapes are identical.
rotating φj = nonrotating φj

Rotating torsion frequency versus nonrotating torsion frequency for uniform cantilevered bar
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3.3 Coupled Flap-Lag Dynamics

First a rigid model is studied to understand the effect of non-linear flap–lag coupling. Then a
detailed flap–lag bending model is considered.

3.3.1 Rigid Model

The blade is assumed rigid and it undergoes two degrees of motion, flap and lag rotations. For
simplicity of analysis, it is assumed that the flap and lag hinges are identical. However, a small
difference in hinge location can be taken care of by a suitable modification of the rotating flap and
lag frequencies. This type of modeling is a good representation for dynamics of an articulated blade
with large torsional frequency. It can also be a good approximation for the dynamics of hingeless
blades.

Here, the flap and lag motions are coupled due to Coriolis and aerodynamic forces. The flap
displacement β is positive up normal to the rotation plane and the lag displacement ζ is positive
in the direction opposite to the rotation. Let us examine various forces acting on the element in
flap and lag modes for small angles assumption.
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Flap mode forces

(a) IF: inertia force m(r − e)β̈ dr arm (r − e) about flap hinge

(b) CF: centrifugal force mΩ2r dr arm (r − e)β

(d) Cor F: Coriolis force 2m(r − e)Ωζ̇ dr arm (r − e)β

(c) AF: aerodynamic force Fβ dr arm (r − e)

(e) SF: spring moment due to hinge spring, kβ(β − βp) where βp is initial setting.
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Lag mode forces

(a) IF: m(r − e)ζ̈ arm (r − e) about lag hinge
(b) CF: mΩ2r dr arm (r − e)er ζ

(c) Cor F: 2m(r − e)βΩβ̇ dr arm (r − e)
(c) AF: Fζ dr arm (r − e)
(d) SF: spring moment kζζ

Let us understand first the Coriolis forces. Imagine a person is standing on a circular disk
rotating with a speed Ω.

������������	
 ������������	


��
 ����



 ��
 ����

Ω
Ω

There are two cases. In the first case he attempts to walk on the circumference (radius fixed)
in the direction of rotation. He acquires more angular momentum than needed to sustain in
equilibrium, so he is pushed towards region needing larger momentum. Thus the person feels a
Coriolis force radially outward.

Coriolis force = 2Ωmv
where v is the velocity of the person along the circumferential direction. In the second case,
the person moves radially, let us say toward the center. He goes to a region where less angular
momentum is required to sustain in equilibrium condition. He gets a push along the direction of
rotation. Therefore the person feels a Coriolis force in the circumferential direction. Again, the
force expression for this second case is the same as given except that the velocity v is interpreted
as the radial velocity.

Taking the moment of forces about the flap hinge∫ R

e
{m(r − e)2β̈ +mΩ2(r − e)rβ − 2mΩ(r − e)2βζ̇ − Fβ(r − e)} dr

+kβ(β − βp) = 0

or

Iβ(β̈ + nu2βΩ
2β − 2Ωζ̇β) = ω2

β0Iββp +

∫ R

e
(r − e)Fβ dr (3.24)

where

ν2β =
e
∫ R
e m(r − e) dr

Iβ
+

ω2
β0

Ω2
+ 1 (3.25)

The νβ is nondimensional rotating flap frequency (uncoupled) and Iβ is flap inertia.

ωβ0 =

√
kβ
Iβ

rad/sec nonrotating flap frequency
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Taking moments about lag hinge∫ R

e
{m(r − e)2ζ̈ +mΩ2(r − e)eζ + 2m(r − e)2Ωβ̇β − Fζ(r − e)} dr

+kζζ = 0

or

Iζ(ζ̈ + ν2ζΩ
2ζ + 2Ωβ̇β) =

∫ R

e
Fζ(r − e) (3.26)

where

ν2ζ =
e
∫ R
e m(r − e) dr

Iζ
+

w2
ζ0

Ω2
(3.27)

The νζ is nondimensional rotating lag frequency (uncoupled) and Iζ is lag inertia.

wζ0 =

√
kζ
Iζ

rad/sec nonrotating lag frequency

Dividing the flap and lag equations by IbΩ
2 and assuming Iβ = Iζ 	 Ib, the nondimensional

equations are

Flap:
∗∗
β +ν2ββ − 2β

∗
ζ= γMβ +

ω2
β0
Ω2 βp

Lag:
∗∗
ζ +ν2ζ ζ + 2β

∗
β= γM ζ

(3.28)

where

Mβ =
1

ρacR4Ω2

∫ R

e
Fβ(r − e) dr

and

M ζ =
1

ρacR4Ω2

∫ R

e
Fζ(r − e) dr

The flap-lag equations are coupled inertially through the Coriolis force terms.
Some authors prefer to use lead-lag motion instead of lag motion. The lead-lag displacement

has a sign convention opposite to lag displacement. For this convention, there will be a change of
sign for Coriolis force terms.

Flap:
∗∗
β +ν2ββ + 2β

∗
ζ= γMβ +

ω2
β0
Ω2 βp

Lead-Lag:
∗∗
ζ +ν2ζ ζ − 2β

∗
β= γM ζ

(3.29)

The flap and lag equations are nonlinear. the equations are linearized by assuming that the
dynamic motion is the small perturbation about the steady solution.

β = β0 + β
↓ ↓

steady perturbation
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This helps in linearizing the perturbation equations. The β0 is the steady coning angle.
Perturbation equations

Flap:
∗∗
β +ν2ββ − 2β0

∗
ζ= γMβ

Lead-Lag:
∗∗
ζ +ν2ζ ζ + 2β0

∗
β= γM ζ

(3.30)

Since lag moment is much smaller than flap moment, therefore, Coriolis force in lag equation though
nonlinear is quite important.

Example: 3.1

The blade and the hub flexibility is represented by two orthogonal spring systems, attached
to the hub and the blade inboard and outboard of the pitch bearing respectively. The blade
spring system, which rotates during collective pitch changes produces a significant cross coupling of
flapping moments with lead-lag deflections and vice versa. The hub spring system does not rotate
with the blade pitch and is oriented parallel and perpendicular to the shaft. Obtain the flap-lag
equations for the following cases.

(a) Hub flexible and blade rigid
(b) Blade flexible and hub rigid
(c) Both blade and hub flexible

(a) Hub Flexible and Blade rigid

∗∗
β +ν2ββ − 2β

∗
ζ= γMβ

∗∗
ζ +ν2ζ ζ − 2β

∗
β= γM ζ

ν2β = 1 +
kβH

IβΩ2

ν2ζ =
kζH
IβΩ2

(b) Blade flexible and hub rigid

β1 = β cos θ − ζ sin θ

ζ1 = β sin θ + ζ cos θ

Mβ1 = kβB
(β cos θ − ζ sin θ)

Mζ1 = kζB (β sin θ + ζ cos θ)

Mβ = Mβ1 cos θ +Mζ1 sin θ

= kβB
(β cos2 θ − ζ sin θ cos θ) + kζB (β sin2 θ + ζ sin θ cos θ)

Mζ = −Mβ1 sin θ +Mζ1 cos θ

= −kβB
(β sin θ cos θ − ζ sin2 θ) + kζβ (β sin θ cos θ + ζ cos2 θ)

Mβ = β(kβB
cos2 θ + kζB sin2 θ)− ζ(kβB

− kζB ) sin θ cos θ

Mζ = −β(kβB
− kζB ) sin θ cos θ + ζ(kβB

sin2 θ + kζB cos2 θ)
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{
Mβ

Mζ

}
=

[
k11 k12
k21 k22

]{
β
ζ

}

k11 = kβB
cos2 θ + kζβ sin

2 θ

k12 = k21 = −(kβB
− kζβ ) sin θ cos θ

k22 = kβB
sin2 θ + kζβ cos

2 θ

(c) Hub flexible blade flexible

{
β
ζ

}
Total

=

{
β
ζ

}
Blade

+

{
β
ζ

}
Hub

{
Mβ

Mζ

}
= [KI ]

{
β
ζ

}
Blade{

Mβ

Mζ

}
= [KII ]

{
β
ζ

}
Hub

[Keff]
−1 = [KI ]

−1 + [KII ]
−1

Assuming a fraction of total stiffness is contributed by blade spring and the rest by hub springs.

R = kβ/kβB
= kζ/kζB

kβ
kβH

= 1−R =
kζ
kζH

[KI ] =

[
1
R(kβ cos

2 θ + kζ sin
2 θ) − 1

R(kβ − kζ) sin θ cos θ
− 1

R(kβ − kζ) sin θ cos θ
1
R(kβ sin

2 θ + kζ cos
2 θ)

]

[KII ] =

⎡⎣ kβ
1−R 0

0
kζ

1−R

⎤⎦

[Keff =
1

Δ

[
kβ +R(kζ − kβ) sin

2 θ 1
2R(kζ − kβ) sin 2θ

1
2R(kζ − kβ) sin 2θ kζ −R(kζ − kβ) sin

2 θ

]

Δ = 1 +R(1−R)
(kβ − kζ)

2

kβkζ
sin2 θ
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3.3.2 Flexible Model

In this section the coupled flap and lag bending dynamics is studied. The blade is assumed as an
elastic beam undergoing in-plane and out of plane bending motions. It is also assumed that the
forces are applied along the principal axes and there is no structural coupling of bending motions.

Flap bending
(a) IF: mẅ(ρ) dρ arm (ρ− r) about r
(b) CF: mΩ2ρ dρ arm w(ρ)− w(r)
(c) Cor F: 2mΩv̇(ρ) dρ arm w(ρ) − w(r)
(d) AF: Fz dρ arm (ρ− r)

Taking moment at station r

Mx(r) =

∫ R

r
{(Fz −mẅ(ρ))(ρ − r)− (mΩ2ρ− 2mΩv̇)(w(ρ) − w(r))} dρ (3.31)

Lag bending
(a) IF: mv̈(ρ) dρ arm (ρ− r) about r
(b) CF: mΩ2ρ dρ arm r/ρ v(ρ)− v(r)
(c) Cor F1: 2mΩv̇ arm v(ρ)− v(r)
(d) Cor F2: 2mΩ

∫ ρ
0 (v

′v̇′ + w′ẇ′) dρ arm (ρ− r)
(e) AF: Fx dρ arm (ρ− r)
The force Cor F2 is the Coriolis force caused by the radial shortening of the blade. The v and

w are inplane and out of plane displacements producing a radial shortening of the blade length

−1

2

∫ ρ

0
(v′2 + w′2) dρ

This causes radial inward velocity of the element

−
∫ ρ

0
(v′v̇′ + w′ẇ′)dρ

resulting in the coriolis force in the in-plane direction. Taking the lag bending moment at station r

Mz(r) =

∫ R

r

{
(Fx −mv̈(ρ))(ρ − r)−mΩ2ρ

(
v(ρ)

r

ρ
− v(r)

)
+2Ωv̇m(v(ρ) − v(r))− 2mΩ(

∫ ρ

0
(v′v̇′ + w′ẇ′)dρ)(ρ− r)

}
dρ (3.32)

Differentiate both Mx(r) and Mz(r) twice wrt r from Eqs. (31) and (32).

d2Mx

dr2
=

d2

dr2

(
EIx

d2w

dr2

)
and

d2Mz

dr2
=

d2

dr2

(
EIz

d2v

dr2

)
Using the Leibnitz theorem of integrations, the above equations become:

Flap bending Eq.:

d2

dr2

(
EIx

d2w

dr2

)
+mẅ +

d

dr
(
dw

dr

∫ R

r
2mΩv̇ dρ)

− d

dr
(
dw

dr

∫ R

r
mΩ2ρ dρ) = Fz (3.33)
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Lag bending Eq.:

d2

dr2
(EIz

d2v

dr2
) +mv̈ −mΩ2v − d

dr
(
dv

dr

∫ R

r
mΩ2ρ dρ)

+
d

dr
(2Ω

dv

dr

∫ R

r
v̇m dρ) + 2mΩ

∫ r

0
(
dv

dr

dv̇

dr
+

dw

dr

dẇ

dr
)dρ = Fx (3.34)

Let us consider an airfoil system

����

����

Ix = area moment of inertia about x-axis
=
∫
section z2 dA, in4

Iz = area moment of inertia about z axis
=
∫
section x2 dA, in4

E = Young’s modulus of elasticity, lb/in2

v = bending deflection along x-axis, in
w = bending deflection along z-axis, in
m = mass per unit length, lb-sec2/in2

x,z = section principal axes
The flap and lag bending equations can be nondimensionalized by dividing through with m0Ω

2R
Flap bending:

d2

dξ2
(

EIx
m0Ω2R4

d2w

dξ2
+

m

m0

∗∗
w +

d

dξ
(
dw

dξ

∫ 1

ξ

m

m0
2

∗
v dξ)− d

dξ
(
dw

dξ

∫ 1

ξ

m

m0
ξ dξ

=
Fz

m0Ω2R
(3.35)

Lag bending:

d2

dξ2
(

EIz
mΩ2R4

d2v

dξ2
) + (

∗∗
v −v)

m

m0
− d

dξ
(
dw

dξ

∫
x
i1

m

m0
dξ) +

d

dξ
(2
dv

dξ

∫ 1

ξ

m

m0

∗
v dξ)

+2
m

m0

∫ ξ

0
(
dv

dξ

d
∗
v

dξ
+

dw

dξ

d
∗
w

dξ
)dξ =

Fx

m0Ω2R
(3.36)

where

v = v/R

w = w/R

ξ = r/R

Boundary conditions
For hingeless blades

@ r = 0 v = w = 0

dv
dr

= dw
dr

= 0 (fixed)

@ r = R EIz
d2v
dr2

= EIx
d2w
dr2

= 0

d
dr

(EIz
d2v
dr2

) = d
dr

(EIx
d2w
dr2

) = 0 (free)
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Using these boundary conditions, the governing coupled equations for flap bending and lag bending
can be solved.

If there is a pitch change there is another coupling term called structural coupling which needs
to be included. This effect will be included later on for coupled flap bending, lag bending and
torsion equations.

3.4 Coupled Pitch-Flap Dynamics

The rigid and flexible blade models are discussed below

3.4.1 Rigid Model

The blade is assumed rigid and it undergoes two degrees of motion, flap and feather rotations. This
model represents an articulated blade with flexible control system. It is also assumed that the pitch
bearing is outboard for the flap hinge. Also it is assumed that the flap motion does not introduce
pitch change, which means pitch-flap coupling ‘δ3’ is neglected.
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Flap mode forces

(a) IF: m(r − e)β̈ dr arm (r − e) about flap hinge
−mxI θ̈ dr arm (r − e)

(b) CF: mΩ2r dr arm ((r − e)β − xIθ)
(c) AF: Fβ dr arm (r − e)
(d) SM: kβ(β − βp)

Pitch mode forces
(a) IF: mx1θ̈ dr arm xI about feathering axis

I0θ̈ dr torque
−m(r − e)β̈ dr arm xI

(b) CF: IθΩ
2θ dr torque

−mΩ2rβ dr arm xI
(c) AF: Mθ dr torque
(d) SM: kθ(θ − θcon) torque

Taking moment of forces about flap hinge∫ R

e
{m(r − e)2β̈ −mxI(r − e)θ +mΩ2r(r − e)β −mΩ2xIθ

−Fβ(r − e)}dr + kβ(β − βp) = 0

Moments about pitch bearing∫ R

eθ

{I0θ̈ +mx21θ̈ −m(r − e)xI β̈ + IθΩ
2θ −Mθ +mΩ2rβxI}dr + kθ(θ − θcon)

= 0

Writing these equations in nondimensional form

∗∗
β +ν2ββ − I∗

x
(
∗∗
θ +θ) = γMβ +

ω2
β0

Ω2
βp (3.37)

I∗
f
(
∗∗
β +ν2βθ)− I∗

x
(
∗∗
β +β) = γMθ + I∗

f

ω2
θ0

Ω2
θcon (3.38)

where νβ and νθ are respectively rotating flap and feather natural frequencies and

I∗
x
=

Ix
Ib

=

∫ R

eθ

xIrmdr/Ib

Mβ =
1

ρacΩ2R4

∫ R

e
Fβ(r − e) dr

Mθ =
1

ρacΩ2R4

∫ R

eθ

Mθ dr

and eθ is the pitch bearing offset from the rotation axis. The pitch-flap equations are coupled
through inertial and centrifugal force terms. If cg and feather axis are coincident, I∗

x
becomes zero

and these coupling terms are eliminated.
For uniform blades

I∗
x
= xI

mR2

2
/
mR3

3
=

3

2

xI
R
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Typically xI = .1c and c
R = 20

I∗
x
=

3

400
= .0075(∼ ε2)

I∗
f
=

If
Ib

Let us consider a rectangular strip

�

�

If = ρ
c3t

12
R

=
mc2

12
R

I∗
f
=

1

4
(
c

R
)2 =

1

1600
∼ (ε2 to ε3)

Let us examine now flap and pitch equations. In the flap equations, the I∗
x
is of the order of ε2

where as other terms are of order unity. The coupling has a negligible influence in the flap equation.
In the pitch equation, the I∗

x
is of the order of ε2 and the I∗

f
is of the same order. Therefore the

coupling term plays an important role in the feather equation. One can write it as

∗∗
β +ν2ββ = γMβ +

ω2
β0

Ω2
βp (3.39)

I∗
f
(
∗∗
θ +ν2θθ)− (

∗∗
β +β) = γMθ + I∗

f

ω2
θ0

Ω2
θcon

Example: 3.2

Write the equation of motion and the boundary conditions for flap bending and elastic twist of
a rotating blade with a flap hinge and pitch bearing located at a distance e from the rotation axis.
Flap Bending equation

(EIw′′)′′ − [(

∫ R

r
mΩ2ρ dρ)w′]′ +mẅ −mxI θ̈

+[(rθ)′
∫ R

r
mΩ2xI dρ]

′ = fz(r, t)

Boundary conditions

@ r = e w = 0, EIw′′ = kβw
′ (kβ = bending spring at hinge)

@ r = R EIw′′ = 0, (EIw′′)′′ = 0

Torsion Equation

−(GJθ′)′ + Iθθ̈ + IθΩ
2θ −mxIẅ

+r[w′
∫ R

r
mΩ2xI dρ]

′ = Mθ(r, t)

Boundary conditions
@ r = e GJθ′ = −kθ(θ − θcon

(kθ = control spring stiffness)
@ r = R GJθ′ = 0
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3.4.2 Kinematic Pitch-Flap Coupling: δ3 Effect

Pitch-flap coupling is a kinematic feedback of the flapping displacement to the blade pitch motion.

Δθ = −kpββ (3.40)

where kpβ is the pitch-flap coupling and is positive when the flap up motion results in a nose down
pitch motion. This will act as an aerodynamic spring for the flap mode because the lower pitch
means less lift. The pitch-flap coupling plays an important role in flight stability and handling
qualities of the vehicle as well as aeroelastic stability of the blade. There are many ways to achieve
pitch-flap coupling.

(a) Skewed Flapping Hinge

δ
3

β

Ω��� δ3β

δ3

������	�
�

���
�

���	�����	�

If flap hinge is not normal to blade axis the flap motion will be accompanied with the pitch change
of the blade. Let us say there is flap motion β then there will be reduction in pitch by

Δθ = − tan δ3β

therefore

kpβ = tan δ3

where δ3 is skewing of the flap hinge in radians. The negative pitch-flap coupling can be achieved
by skewing the flap hinge in the opposite direction.

(b) Location of pitch link
The second way to introduce pitch-flap coupling is through the pitch control system.

Ω
δ3
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The pitch setting of the blade is obtained by vertical motion of the pitch link which is connected at
one end to the moving part of the swashplate and at the end to the blade through the pitch horn.
If the posittion of pitch link (A) is not in line with the flap hinge, it will form a virtual hinge. Now
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if the blade flaps, it will result into a change in the pitch producing pitch-flap coupling. This is
possible only if the pitch bearing is outboard of the flap hinge.

kpβ = tan δ3 (3.41)

The negative pitch-flap coupling can be obtained by locating the pitch link on the other side of the
blade.
(c) Position of Lag Hinge

If flap hinge is outboard of lag hinge, this will result in the δ3 effect due to steady lag deflection.

ζ
0

β

��� ζ0β

������	�
�

ζ

Ω

��
��	�
�

������	�
�

The flap motion results in a change of pitch, since the efective flap hinge gets skewed.

δ3 = ζ0

This type of pitch-flap coupling is possible even for hingeless blades.
(d) Using Feedback System

Any amount of pitch-flap coupling can be introduced using a feedback system.

Δθ = −kpβ β
↙ ↓ ↘

feedback gain signal from the
on pitch pick up on the

link blade

3.4.3 δ3 Effect in Hover

Let us examine the rigid flap equation in hovering flight. For a constant pitch blade with uniform
inflow and without pitch-flap coupling, the equation of motion is

∗∗
β +

γ

8

∗
β +ν2ββ =

γ

8
θ − γλ

6

With pitch-flap coupling, the blade pitch gets modified

θ = θ +Δθ

where

Δθ = −kpββ
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So, the new flapping equation becomes

∗∗
β +

γ

8

∗
β +(ν2β +

γ

8
kpβ)β =

γ

8
θ − γλ

6

The new rotating flap frequency, νβe

ν2βe
= ν2β +

γ

8
kpβ (3.42)

The pitch-flap coupling has a direct effect on rotating flap frequency. Through a negative pitch-flap
coupling, it is possible to reduce the rotating flap frequency below one.

Example: 3.3

Through the skewing of the flap hinge axis, the rotating flap frequency of a blade is reduced by
25%. Calculate the skew angle for a rotor with a Lock number of 8, and the hinge offset is given
as 6% of the blade length.

������ ��	����

Flap frequency with pitch-flap coupling

ν2βe
= ν2β +

γ

8
kpβ

ν2β = 1 +
3

2
× .06 = 1.09

νβe = .75νβ

kpβ = −1.09(1 − 9

16
) = −.4769

= tan δ3

δ3 = 25.5◦

3.4.4 Kinematic Pitch-Lag Coupling: δ4 Effect

Pitch-lag coupling is a kinematic feedback of lag displacement to the blade pitch motion

δθ = −kpζζ (3.43)

where kpζ is the pitch-lag coupling and is positive when lag back produces a nose down pitch motion.
The pitch-lag coupling has considerable influence on aeroelastic stability of the blades. Again there
are many ways to achieve pitch-lag coupling.

(a) Skewed Lag Hinge
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Ω
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��� δ4ζ
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If lag hinge is not normal to the blade axis, the lag motion will be accompanied with the pitch
change of the blade. If ζ is the lag displacement then, the reduction of blade pitch will be

Δθ = − tanα4ζ

Therefore

kpζ = tanα4 (3.44)

where δ4 is skewing of lag hinge in radians. The negative pitch-lag coupling can be achieved by
skewing the lag hinge in the opposite direction.

(b) Position of Flap Hinge

Ω

β
0ζ

��� β0ζ ��������	


��������	

β
0

If lag hinge is outboard of flap hinge this will result into α4 effect due to steady flap deflection.

α4 = −β0

(c) Pitch Control Linkage

Through a creative design of pitch control linkages at the root end of blades, desired pitch-lag
coupling can be introduced.

(d) Using Feedback System

Any amount of pitch-lag coupling can be introduced using a feedback system

Δθ = −kpζ ζ
↙ ↓ ↘

feedback on gain signal from the
pitch link pickup on the blade
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3.5 Rigid Flap-Lag-Torsion

The blade is assumed rigid and it undergoes three degrees of motion, flap, lag and feather rotations
about three hinges. The hinge sequence assumed here is, from the rotation axis the flap hinge is
followed by lag hinge and then at the outboard is pitch bearing. with the changed hinge sequence,
there will be modification in some of the nonlinear terms. This model not only represents articulated
blades but also can be a good approximation of hingeless blades for dynamic analysis. For simplicity
of analysis, it is assumed that all the hinges are located at the same place. The important nonlinear
terms up to second order are retained. Let us examine the element forces in each mode of vibration.

Flap Mode
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��

��

��
β

Ω

���	�

�
��	
����

�

�

(a) IF: inertia force m(r − e)β̈ dr arm (r − e) about flap hinge

−mxI θ̈ drm arm (r − e)

(b) CF: centrifugal force mΩ2r dr arm (r − e)β
−mΩ2r dr arm xIθ

ψ

��������

����
e

�

β
β0

θ

ζ

ψ

θ

β

ζ
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(c) CorF: coriolis force 2mΩζ̇ arm (r − e)β

(d) AF: aerodynamic force Fβ dr arm (r − e)
(e) SF: spring force kβ(β − βp) moment

(f) DF: damping force cβ β̇ moment
where

xI = chordwise offset of cg behind feathering axis
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βp = precone angle

kβ = flap bending spring at hinge

cβ = damping constant

= 2ζωβ0Iβ
ζβ = viscous damping ratio in flap mode

ωβ0 = non-rotating flap frequency, rad/sec

Iβ = mass moment of inertia about flap hinge
Taking moment of forces about flap hinge∫ R

e
{m(r − e)2β̈ −mxI(r − e)θ̈ +mΩ2r(r − e)β −mΩ2rxIθ − 2mΩ(r − e)βζ̇

−Fβ(r − e)}dr + kβ(β − βp) + 2ζβωβ0Iββ̇ = 0

Assuming Iβ 	 Iβ where Ib is the total flap inertia. Dividing the above equation by IbΩ
2 gives the

flap equation in nondimensional form.

∗∗
β +ν2ββ + 2ω β0

Ω
ζβ

∗
β −2β

∗
ζ −I∗

x
(
∗∗
θ +θ) = γMβ +

w2
β0

βp (3.45)

where νβ is the rotating flap frequency,

ν2β = 1 +
e
∫ R
e m(r − e) dr

Iβ
+

ω2
β0

Ω2
per rev.

and

I∗
x
=

Ix
Ib

=

∫ R
e mxIr dr

Ib

For uniform blades

ν2β = 1 +
3

2

e

R− e
+

ω2
β0

Ib

and

I∗
x
=

3

2
xI/R

The γ is the Lock number,

ρacR4

Ib

and

Mβ =
1

ρacR4Ω2

∫ R

e
Fβ(r − e) dr

Also note that
∗
β= ∂β

∂ψ and ψ = Ωt.
II. Lag Mode
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(a) IF: m(r − e)ζ̈ dr arm (r − e) about lag hinge

(b) CF: mΩ2r dr arm e
r (r − e)ζ

(c) CorF: 2mΩ(r − e)β̇β dr arm (r − e) −mxI θ̇β dr arm (r − e)

(d) AF: Fζ dr arm (r − e)

(e) SF: kζζ moment

(f) DF: 2Iζωζ0ζLζ̇ moment
where

ζL = viscous damping ratio in lag mode

ωζ0 = non-rotating lag frequency
Taking moment of forces about lag hinge

∫ R

e
{m(r − e)2ζ̈ +mΩ2e(r − e)ζ + 2mΩ(r − e)2ββ̇ −mxI(r − e)βθ̇ − Fζ}dr

+kζζ + 2Iζωζ0ζLζ̇ = 0

Assuming Iζ 	 Ib and dividing through IbΩ
2 gives the lag equation in nondimensional form

∗∗
ζ +ν2ζ ζ + 2

ωζ0

Ω
ζL

∗
ζ +2β

∗
β −I∗

x
(2β

∗
θ) = γM ζ (3.46)

where νζ is the rotating frequency

ν2ζ =
e
∫ R
e m(r − e) dr

Ib
+

ω2
ζ0

Ω2

For uniform blades

ν2ζ =
3

2

e

R− e
+

ω2
ζ0

Ω2

and also I∗
x
= 3

2xI/R. The aerodynamic moment is

M ζ =
1

ρacΩ2R4

∫ R

e
Fζ(r − e) dr

III. Torsion Mode
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(a) IF1: mxI θ̈ dr arm xI about feathering axis
−m(r − e)β̈ dr arm xI

IF2: I0θ̈ dr moment
(b) CF1: IθΩ

2θ dr moment
CF2: mrΩ2β dr arm xI

(c) CorF: 2mΩrζ̇β arm xI
(d) AF: Mθ dr moment
(e) SF: kθ(θ − θcon) moment
(f) DF: 2Ifωθ0ζθθ̇ moment

where

Mθ =
1

ρacΩ2R4

∫ R

e
Mθ dr

and the νθ is the rotating torsion frequency.

ν2θ = 1 +
ω2
θ0

Ω2

The flap, lag and torsion equations can be rewritten as⎡⎢⎣ 1 0 −I∗
x

0 1 0
−I∗

x
0 I∗

f

⎤⎥⎦
⎡⎢⎢⎣

∗∗
β
∗∗
ζ
∗∗
θ

⎤⎥⎥⎦ +

⎡⎢⎣ 2
ωβ0

Ω ζβ −2β 0
2β 2

ωζ0

Ω ζL −2βI∗
x

0 2βI∗
x

2ωθ0
Ω ζθI∗

f

⎤⎥⎦
⎡⎢⎢⎣

∗
β
∗
ζ
∗
θ

⎤⎥⎥⎦
inertia damping

+

⎡⎢⎣ ν2β 0 −I∗
x

0 ν2ζ 0

−I∗
x

0 −I∗
f
ν2θ

⎤⎥⎦
⎡⎣ β

ζ
θ

⎤⎦ = γ

⎡⎣ Mβ

M ζ

Mθ

⎤⎦ +

⎡⎢⎢⎣
ω2
β0

Ω2 βp
0

I∗
f

ω2
θ0
Ω2 θcon

⎤⎥⎥⎦
stiffness force

(3.47)

These equations are coupled inertially. The inertia and stiffness matrices are symmetric. The
damping matrix consists of two parts. The viscous damping terms are diagonal terms whereas
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coriolis force terms are antisymmetric. Also, the coriolis force terms are nonlinear in nature, but
these are important coupling terms.

The complete nonlinear equations for this hinge sequency are also available (Chopra (83)).
With changed hinge sequence one will get a new set of equations with different coupling terms. For
example, Chopra and Dugundji (1979) derived nonlinear equations for a blade with pitch bearing
inboard, followed by flap hinge and the lag hinge outboard.

3.6 Flexible Flap-Lag-Torsion-extension

An appropriate model for rotor blade is to assume it as an elastic beam undergoing flap bending,
lead-lag bending and elastic torsion. These motions are coupled through inertial and aerodynamic
forces. The derivation of the equations of motion for the coupled flap-lag-torsion blade is lengthy
and involved. Many authors have derived these equations with different approximations in mind.
Among notable works are Houbolt and Brooks (1958), Hodges and Dowell (1974), and Johnson
(1977).

3.6.1 Second order non-linear beam model

The blade is idealized into a twisted beam. Due to pitch and twist distribution, there is a structural
coupling between the out of plane bending and inplane bending. The derivation details are not
given here. The equations of motion are given here for uniform blades.

u axial deflection, in
v lead-lag deflection, in
w flap deflection, in
φ elastic twist, rad
θ blade pitch, rad

3.6.2 Equations for uniform beams

Assumptions
1. Uniform blade
2. Slender beam
3. Moderate slopes (terms 2nd order retained)
4. No droop, sweep or torque offset
5. Tension axis lies on elastic axis

xI = chordwise offset of cg from ea (+ ve aft)
EIy = flapwise stiffness, lb - in2

EIz = chordwise stiffness, lb-in2

GJ = torsional stiffness, lb-in2

kA = polar radius of gyration, in
m = mass per unit length, lb-sec2/in2

mk2m1
= flapwise principal mass moment of inertia

mk2m2
= chordwise principal mass moment of inertia

mk2m = torsional mass moment of inertia

Flap Equation:

[EIy + (EIz −EIy) sin
2 θ]wIV +

1

2
(EIz − EIy) sin 2θv

IV

+(EIz − EIy)[cos 2θ(φv
′′)′′ + sin 2θ(φw′′)′′]− 1

2mΩ2[w′(R2 − r2)]′

+mẅ + 2mΩβpv̇ − 2mΩ(w′ ∫ R
r v̇ dx)−mxI φ̈

+{mxI [Ω
2rφ cos θ + 2Ωv̇ sin θ]}′ = Lw −mΩ2rβp
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Lag Equation:

[EIz − (EIz − EIy) sin
2 θ]vIV +

1

2
(EIz − EIy) sin 2θw

IV

+(EIz − EIy)[−sin2θ(φv′′)′′ + cos 2θ(φw′′)′′]− 1
2mΩ2[v′(R2 − r2)]′

+mv̈ − mΩ2v − 2mΩβpẇ − 2mΩ
∫ r
0 (v

′v̇′ + w′ẇ′) dr
−2mΩ(v′

∫ R
r v̇ dx)′ +mxI φ̈ sin θ + 2mΩxI(v̇

′ cos θ + ẇ′ sin θ)
−mΩ2xI sin θ φ = Lv

Torsion Equation:

−GJφ′′ +
1

2
(EIz − EIy)[(w

′′2 − v′′2) sin 2θ + v′′w′′ cos 2θ]

−1
2mΩ2k2A[φ

′(R2 − r2)]′ +mk2mφ̈+mΩ2(k2m2
− k2m1

)φ cos 2θ
−mxI [Ω

2r(w′ cos θ − v′ sin θ)− (v̈ − Ω2v) sin θ + w cos θ

= Mφ − 1

2
mΩ2(k2m2

− k2m1
) sin 2θ

3.6.3 Detailed model for non-uniform beams

The rotor blades are modeled as long, slender, homogeneous, isotropic beams undergoing axial, flap,
lag and torsion deformations. The deformations can be moderate as the model includes geometric
non-linearities up-to second order. Radial non-uniformities of mass, stiffness, twist, etc., chordwise
offsets of mass centroid (center of gravity) and area centroid (tension axis) from the elastic axis,
precone, and warp of the cross section are included. The model follows the Hodges and Dowell
formulation (1974) while treating elastic torsion and elastic axial deformation as quasi-coordinates
based on Ormiston (1980). The model assumes a straight blade. Modeling refinements required to
incorporate structural sweep and droop were first treated by Celi and Friedmann (1992), and Kim
and Chopra (1995). The governing equations and their derivations can remain same, the swept and
drooped elements can be formulated using additional coordinate transformations and a modified
finite element assembly procedure. The following derivation is taken from Datta (2004). Details of
the validation can be found in Datta and Chopra (2006).

The equations of motion are developed using Hamilton’s Principle, a statement of the Principle
of Least Action. The governing partial differential equations can be solved using finite element
method in time and space. The finite element method provides flexibility in the implementation of
boundary conditions for modern helicopter rotors. For example, specialized details like blade root
pitch flexibility (pitch link stiffness), pitch damping, elastomeric bearing stiffness and damping can
be incorporated within a finite element model.

3.6.4 Blade Coordinate Systems

There are 4 coordinate systems of interest, the hub-fixed system, (XH , YH , ZH) with unit vectors
ÎH , ĴH , K̂H , the hub-rotating system, (X,Y,Z) with unit vectors Î , Ĵ , K̂, the undeformed blade
coordinate system, (x, y, z) with unit vectors î, ĵ, k̂ and the deformed blade coordinate system,
(ξ, η, ζ) with the unit vectors îξ, ĵη , k̂ζ . These frames of references are denoted as H,R,U and D

respectively. The hub-rotating coordinate system is rotating at a constant angular velocity ΩK̂
with respect to the hub-fixed coordinate system. The transformation between the hub-fixed system
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and the hub-rotating system is defined as⎧⎨⎩
Î

Ĵ

K̂

⎫⎬⎭ =

⎡⎣ cosψ sinψ 0
− sinψ cosψ 0

0 0 1

⎤⎦⎧⎨⎩
ÎH
ĴH
K̂H

⎫⎬⎭ = TRH

⎧⎨⎩
ÎH
ĴH
K̂H

⎫⎬⎭ (3.48)

where the azimuth angle, ψ, equals Ω t. The undeformed blade coordinate system is at a precone
angle of βp with respect to the hub-fixed system. The transformation between the undeformed
blade coordinate system and the hub-fixed system is defined as⎧⎨⎩

î

ĵ

k̂

⎫⎬⎭ =

⎡⎣ cos βp 0 sinβp
0 1 0

− sin βp 0 cos βp

⎤⎦⎧⎨⎩
Î

Ĵ

K̂

⎫⎬⎭ = TUR

⎧⎨⎩
Î

Ĵ

K̂

⎫⎬⎭ (3.49)

The transformation between the undeformed blade coordinate system and the deformed blade
coordinate system remains to be determined.

3.6.5 Blade Deformation Geometry

Consider a generic point P on the undeformed blade elastic axis. The orientation of a frame
consisting of the axes normal to and along principle axes for the cross section at P defines the
undeformed coordinate system (x, y, z). When the blade deforms, P reaches P ′. The orientation of
a frame consisting of the axes normal to and along principle axes for the cross section at P ′ defines
the deformed coordinate system (ξ, η, ζ). Figure 3.1 shows the undeformed and deformed coordinate
systems. Adequate description of the deformed blade requires in general a total to six variables
: three translational variables from P to P ′, u, v, w along x, y, z, and three rotational variables
from (x, y, z) system to (ξ, η, ζ) system, and any out of plane deformations of the cross section,
e.g., warp. These out of plane deformations are neglected, which results in plane sections remaining
plane after deformation i.e., the Euler-Bernoulli beam assumption. The Euler-Bernoulli assumption
leads to a further simplification - two of the three angles can be expressed as derivatives of the
deflection variables. Thus four deformation variables - three deflections u, v, w and one rotational
angle, completely determine the deformed geometry. The definition of this rotation angle - the
angle of elastic twist is described below.

The coordinate transformation matrix between the undeformed system and the deformed system
is defined by the direction cosines of (ξ, η, ζ) with respect to (x, y, z), where x is tangent to the
elastic axis of the undeformed blade and ξ is tangent to the elastic axis of the deformed blade. The
transformation matrix can be written as⎧⎨⎩

îξ
ĵη
k̂ζ

⎫⎬⎭ = TDU

⎧⎨⎩
î

ĵ

k̂

⎫⎬⎭ (3.50)

where TDU can be described as a function of three successive angular rotations in space required
to align (x, y, z) along (ξ, η, ζ). The two intermediate orientations can be described as (x1, y1, z1)
and (x2, y2, z2) with unit vectors (î1, ĵ1, k̂1) and (î2, ĵ2, k̂2) . Classical Euler angles use rotation
ψ about z, θ about x1 and φ about z2 to orient (x, y, z) along (ξ, η, ζ). Singularities result when
the second angle is zero because the first and third transformations are then about the same
axis. Small angle rotations are important for a rotor problem, zero rotations being a special case.
Therefore, instead of Euler angles, modified Euler angles are used where the axes do not approach
one another for rotations in the neighborhood of zero. The unit vectors î, ĵ, k̂, initially coincident
with (x, y, z), can be made to align with îξ, ĵη , k̂ζ by rotation through three orientation angles
in space ξ, β, θ. Depending on the choice of their sequence, six combinations are possible. The
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z, k

ξ, i
ξ

η, jη
ζ, kζ

u
v

w
P

P'

Figure 3.1: Beam cross-section before and after deformation showing undeformed and
deformed coordinate systems

resulting transformation matrix takes a different form depending on the selected combination. The
numerical values of the matrix elements, i.e. the direction cosines of the unit vectors îξ, ĵη , k̂ζ with

respect to î, ĵ, k̂, are offcourse independant of the choice of combination. The direction cosines are
intrinsic properties, i.e., they are uniquely determined by the loading and boundary conditions.
Here, we consider a rotation sequence ξ1, β1, θ1 about k̂,−ĵ1, î2 respectively, in that order. That
is, the first rotation ξ1 is about z resulting in the new set (x1, y1, z1), β1 about −y1 resulting in
(x2, y2, z2) and θ1 about x2 resulting in (ξ, η, ζ). This produces

TDU =

⎡⎣ cβ1cξ1 cβ1sξ1 sβ1

−cξ1sβ1sθ1 − cθ1sξ1 cξ1cθ1 − sξ1sβ1sθ1 cβ1sθ1
−cξ1sβ1cθ1 + sθ1sξ1 −cξ1sθ1 − sξ1sβ1cθ1 cβ1cθ1

⎤⎦ (3.51)

where c( ) = cos( ), s( ) = sin( ) and TDU
−1 = TDU

T. The goal is to express this transformation
as a function of blade deflections and one rotation angle.

The position vector of any point on the deformed-blade elastic axis can be written as

r̄ = (x+ u)̂i+ vĵ + wk̂ (3.52)

and the unit vector tangent to the elastic axis of the deformed blade is

∂r̄

∂r
= (x+ u)+î+ v+ĵ + w+k̂ (3.53)

where r is the curvilinear distance coordinate along the deformed-beam elastic axis and ()+ =
∂/∂r(). Assuming pure bending and the cross sections remain normal to the elastic axis during
deformation

∂r̄

∂r
= îξ = T11î+ T12ĵ + T13k̂ (3.54)



200 CHAPTER 3. COUPLED FLAP-LAG-TORSION DYNAMICS

where Tij is the element on the ith row and jthe column of TDU. Thus

T11 = (x+ u)+

T12 = v+

T13 = w+

⎫⎬⎭ (3.55)

In the case of a pure elastic axial elongation, ue, in addition to pure bending, it is subtracted from
total axial elongation to calculate the unit vector tangent to the elastic axis of the deformed blade.

îξ = (x+ u− ue)
+î+ v+ĵ + w+k̂ (3.56)

and then

T11 = (x+ u− ue)
+

T12 = v+

T13 = w+

⎫⎬⎭ (3.57)

Because TDU is orthonormal

T11
2 + T12

2 + T13
2 = 1 (3.58)

and therefore

(x+ u− ue)
+ =

√
1− v+2 − w+2 (3.59)

Using equations (3.51) and (3.57) it can be deduced

sβ1 = w+

cβ1 =
√
1− w+2

sξ1 =
v+√

1−w+2

cξ1 =
√
1−v+2−w+2√

1−w+2

⎫⎪⎪⎪⎬⎪⎪⎪⎭ (3.60)

cθ1 and sθ1 remain to be expressed in terms of the blade deflections and some appropriate measure
of elastic torsion. The angular velocity of the frame (x, y, z) as it moves to (ξ, η, ζ) is

ω = ξ̇1k̂ − β̇1ĵ1 + θ̇1î2

= ωξ îξ + ωη îη + ωζ îζ
(3.61)

where ĵ1 and î2 are unit vectors of the intermediate frames (x1, y1, z1) and (x2, y2, z2), and ˙( ) =
∂/∂t( ). The components of the angular velocity are

ωξ = θ̇1 + ξ̇1 sβ1

ωη = −β̇1 cθ1 + ξ̇1 cβ1sθ1
ωζ = ξ̇1 cβ1 cθ1 + β̇1 sθ1

⎫⎬⎭ (3.62)

The bending curvatures and torsion (or angle of twist per unit length) can be deduced with the
use of Kirchhoff’s kinetic analog by replacing ˙( ) with ( )+. Thus,

κξ = θ+1 + ξ+1 sβ1

κη = −β+
1 cθ1 + ξ+1 cβ1sθ1

κζ = ξ+1 cβ1cθ1 + β+
1 sθ1

⎫⎬⎭ (3.63)

where κξ , κη and κζ are the components of bending curvatures in the deformed blade ξ, η, ζ direc-
tions. κξ is the torsion. The angle of elastic twist, φ is defined such that

(θt + φ)+ = κξ (3.64)
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where θ+t = θ′t x+. θt is the rigid pretwist of the blade. From (3.63a) and (3.64) we have

θ+1 = (θt + φ)+ − ξ+w+ (3.65)

ξ can be expressed as a function of blade deflections. Using (3.51), (3.57b) and (3.60b) we have

sξ =
v+√

(1− w+)
(3.66)

Differentiating equation (3.66) and substituting equation (3.60d) we have

ξ+1 =
v++

√
1− v+2 − w+2

+
v+w+w++

(1− w+2)
√
1− v+2 − w+2

(3.67)

From (3.67) and (3.65) we have

θ+1 = (θt + φ)+ − w+

√
1− v+2 − w+2

(
v++ +

v+w+w++

1− w+2

)
(3.68)

or

θ1 = θt + φ−
∫ r

0

w+

√
1− v+2 − w+2

(
v++ +

v+w+w++

1− w+2

)
dr (3.69)

and

θ1 = θt + φ̂ (3.70)

where θt is the blade rigid twist arising from pre-twist and control angles. φ is the blade elastic
twist which is used in Hodges(1974) as the rotation variable. φ̂ is the blade elastic twist including
the kinematic integral component and is used in the present work as the rotation variable. The
TDU matrix can now be expressed as a function of the unknown blade deflections and one rotation
angle θ1 related to the unknown blade twist φ̂ via equation (3.70).

TDU =

⎡⎢⎢⎢⎣
√

(1− v+2 − w+2) v+ w+

−v+cθ1 −w+sθ1

√
(1−v+2−w+2)√

(1−w+2)

cθ1

√
(1−v+2−w+2)− v+w+sθ1√

(1−w+2)
sθ1
√

(1− w+2)

v+sθ1 −w+cθ1

√
(1−v+2−w+2)√

(1−w+2)

−sθ1

√
(1−v+2−w+2)− v+w+cθ1√

(1−w+2)
cθ1
√

(1− w+2)

⎤⎥⎥⎥⎦ (3.71)

The above expressions and coordinate transformation TDU are exact. Now they are reduced to
second order. To second order ( )+ = ( )′. To second order

√
1− v+2 −w+2

√
1− w+2

=
1− 1

2(v
′2 + w′2)

1− 1
2w

′2

=
1− 1

2w
′2

1− 1
2w

′2 −
1
2v

′2

1− 1
2w

′2

= 1− 1

2
v′2

(3.72)

Finally we have

TDU =

⎡⎢⎣ 1− v′2

2 − w′2

2 v′ w′

−v′cθ1 − w′sθ1 (1− v′2

2 )cθ1 − v′w′sθ1 (1− w′2

2 )sθ1
v′sθ1 −w′cθ1 −(1− v′2

2 )sθ1 − v′w′cθ1 (1− w′2

2 )cθ1

⎤⎥⎦ (3.73)
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where θ is expressed as

θ1 = θ0 + θ1C cos(ψ) + θ1S sin(ψ) + θtw + φ̂

= θ + φ̂
(3.74)

θ0, θ1C , θ1S are the collective, lateral and longitudinal cyclic angles respectively, ψ is the blade
azimuth location, θtw is the rigid twist angle and φ̂ is the elastic rotation angle. From equation
(3.69), the elastic rotation is related to the blade elastic twist as follows

φ̂ = φ−
∫ r

0
w′v′′dr (3.75)

where r denotes a blade radial station. Now the blade equations can be formulated using Hamilton’s
Principle. The equations are formulated in a non-dimensional form.

3.6.6 Nondimensionalization and Ordering scheme

The entire analysis has been done in a nondimensional form. This avoids scaling problems while
computing results and increases the generality of the analysis. Table 3.1 shows the reference
parameters used to nondimensionalize the relevant physical quantities.

Physical Quantity Reference Parameter
Length R
Time 1/Ω

Mass/Length m0

Velocity ΩR
Acceleration Ω2R

Force m0Ω
2R2

Moment m0Ω
2R3

Energy or Work m0Ω
2R3

Table 3.1: Nondimensionalization of Physical Quantities

In deriving a nonlinear system of equations, it is necessary to neglect higher-order terms to
avoid over-complicating the equations of motion. A systematic and consistent set of guidelines has
been adopted for determining which terms to retain and which to ignore. The ordering scheme is
same as that in Hodges (1974). It is based on a parameter ε which is of the order of nondimensional
flap deflection w or lag deflection v (nondimesionalized with respect to radius, R, as described in
table 3.1). u is of the same order as the square of w or v. The elastic twist φ is a small angle
in the sense that sin φ ≈ φ and cos φ ≈ 1. The axial coordinate x is of order R and the lateral
coordinates are of order chord, c, and thickness, t. Chord, c, thickness, t and rigid blade twist θt
are all of same order as v and w. The warp function λT is of the same order of magnitude as u so
that the warp displacement, which is λT multiplied with twist is one order of magnitude less than
u. Thus,

u
R = O(ε2) λ

R = O(ε2)
v
R = O(ε) w

R = O(ε)
η
R = O(ε) ζ

R = O(ε)

φ = O(ε) δλ/δη
R = O(ε)

x
R = O(ε) δλ/δζ

R = O(ε)

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
(3.76)
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The order of magnitude of the other nondimensional physical quantities are are as follows.

EA
m0Ω2R2 = O(ε−2)

x
R ,

h
R ,

xcg

R ,
ycg
R , m

m0
, δ
δψ ,

δ
δx = O(1)

μ, cosψ, sinψ, θ, θt,
c1
a ,

d2
a = O(1)

EIy
m0Ω2R4 ,

EIz
m0Ω2R4 ,

GJ
m0Ω2R4 = O(1)

βp,
kA
R , km1

R , km2
R = O(ε)

αs, φs = 0(ε)

λ, ηcR , c0a ,
d1
a ,

f0
a = O(ε)

EB2
m0Ω2R5 ,

EC2
m0Ω2R5 = O(ε)

ed
R ,

eg
R , eaR = O(ε

3
2 )

α̇s, φ̇s = 0(ε
3
2 )

EB1
m0Ω2R6 ,

EC1
m0Ω2R6 = O(ε2)

d0
a ,

f1
a = O(ε2)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(3.77)

R is the rotor radius, Ω is the rotational speed, E is the Young’s Modulus, G is the shear modulus,
Iy and Iz are cross-section moment of inertia from the y and z axis in the undeformed blade frame,
J is the torsional rigidity constant, a is the lift curve slope and m0 is mass per unit length of the
blade. Rest of the symbols are defined in the beginning and later on as they appear. m0 is defined
as the mass per unit length of an uniform beam which has the same flap moment of inertia as the
actual beam. Therefore

m0 =
3Iβ
R3

≈ 3
∫ R
0 mr2dr

R3
(3.78)

Azimuth angle is considered as nondimensional time, therefore

˙( ) = δ( )
δt = δ( )

δψ
δψ
δt = Ω δ( )

δψ

(̈ ) = δ2( )
δ2t

= δ2( )
δ2ψ

δ2ψ
δ2t

= Ω2 δ
2( )
δ2ψ

}
(3.79)

The ordering scheme is systematically and consistently adopted within the total energy context as
is explained during the calculation of the energy terms. However, while following the scheme, terms
are lost, which destroy the symmetric nature of the mass and stiffness matrix of the system, or,
the antisymmetric gyroscopic nature of the modal equations, then those terms must be retained in
violation to the ordering scheme.

3.6.7 Formulation Using Hamilton’s Principle

Hamilton’s variational principle is used to derive the blade equations of motion. For a conservative
system, Hamilton’s principle states that the true motion of a system, between prescribed initial
conditions at time t1 and final conditions at time t2, is that particular motion for which the
time integral of the difference between the potential and kinetic energies is a minimum. For an
aeroelastic system, e.g., the rotor, there are nonconservative forces which are not derived from a
potential function. The generalized Hamilton’s Principle, applicable to nonconservative systems, is
expressed as

δΠb =

∫ t2

t1

(δU − δT − δW ) dt = 0 (3.80)

where δU is the virtual variation of strain energy and δT is the virtual variation of kinetic energy.
The δW is the virtual work done by the external forces. These virtual variations have contributions
from the rotor blades and the fuselage.
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The variations can be written as

δU = δUR + δUF =

(
Nb∑
b=1

δUb

)
+ δUF (3.81)

δT = δTR + δTF =

(
Nb∑
b=1

δTb

)
+ δTF (3.82)

δW = δWR + δWF =

(
Nb∑
b=1

δWb

)
+ δWF (3.83)

where the subscript R denotes the contribution from the rotor, which is the sum of individual
contributions from the Nb blades, and F denotes the contribution from the fuselage. In the present
study, only the rotor contribution is considered. Strain energy variation from the flexible pitch
links are included in the blade energy terms. The expression for the virtual work δW has been
dealt with in the chapter on Aerodynamic Modeling.

3.6.8 Derivation of Strain Energy

Because each blade is assumed to be a long slender isotropic beam, the uniaxial stress assumption
(σyy = σyz = σzz = 0) can be used. The relation between stresses and classical engineering strains
are

σxx = Eεxx (3.84)

σxη = Gεxη (3.85)

σxζ = Gεxζ (3.86)

where εxx is axial strain, and εxη and εxζ are engineering shear strains. The expression for strain
energy of the bth blade is

Ub =
1

2

∫ R

0

∫ ∫
A
(σxxεxx + σxηεxη + σxζεxζ)dηdζdx (3.87)

Using the stress-strain relations the variation of strain energy becomes

δUb =

∫ R

0

∫ ∫
A
(Eεxxδεxx +Gεxηδεxη +Gεxζδεxζ)dηdζdx (3.88)

The general non-linear strain displacement equations to second order are

εxx = u′ +
v′2

2
+

w′2

2
− λTφ

′′ + (η2 + ζ2)(θ′φ′ +
φ′2

2
)

− v′′ [η cos(θ + φ)− ζ sin(θ + φ)]

− w′′ [η sin(θ + φ) + ζ cos(θ + φ)]

(3.89)

εxη = −
(
ζ +

∂λT

∂η

)
φ′ = −ζ̂φ′ (3.90)

εxζ = −
(
η − ∂λT

∂ζ

)
φ′ = η̂φ′ (3.91)
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where λT is the cross-sectional warping function. From equation (3.75) we have the relations
between the deformation variable φ and quasi-coordinate φ̂.

φ′ = φ̂′ + w′v′′

δφ′ = δφ̂′ + w′δv′′ + v′′δw′

}
(3.92)

From equation (3.59) we have the relations between the deformation variable u and the quasi-
coordinate ue.

u′ = u′e − 1
2(v

′2 + w′2)
u = ue − 1

2

∫ x
0 (v

′2 + w′2)
δu′ = δu′e − v′δv′ − w′δw′

δu = δue −
∫ x
0 (v

′δv′ + w′δw′)dx

⎫⎪⎪⎬⎪⎪⎭ (3.93)

Using equations (3.92) and (3.93) we obtain the strains as follows.

εxx =u′e − λT (φ̂
′′ + w′v′′′ + v′′w′′) + (η2 + ζ2)(θ′φ̂′ + θ′w′v′′ +

φ̂′2

2
+

w′2v′′2

2
+ φ̂′w′v′′)

− v′′
[
η cos(θ + φ̂)− ζ sin(θ + φ̂)

]
− w′′

[
η sin(θ + φ̂) + ζ cos(θ + φ̂)

] (3.94)

εxη = −ζ̂(φ̂′ + w′v′′) (3.95)

εxζ = η̂(φ̂′ + w′v′′) (3.96)

The variation of the strains are

δεxx =δu′e + λT (δφ̂
′′ + w′δv′′ + v′′δw′′ + v′′′δw′ +w′′δv′′)

+ (η2 + ζ2)[θ′δφ̂′ + θ′w′δv′′ + θ′v′′δw′ + (φ̂′ + w′v′′)(δφ̂′ + w′δv′′ + v′′δw′)]

− [η cos(θ + φ̂)− ζ sin(θ + φ̂)]δv′′ + [η sin(θ + φ̂) + ζ cos(θ + φ̂)]v′′δφ̂

− [η sin(θ + φ̂) + ζ cos(θ + φ̂)]δw′′ − [η cos(θ + φ̂)− ζ sin(θ + φ̂)]w′′δφ̂

(3.97)

δεxη = −ζ̂(δφ′ + w′δv′′ + v′′δw′) (3.98)

δεxζ = η̂(δφ′ + w′δv′′ + v′′δw′) (3.99)

Substituting equations (3.97), (3.98) and (3.99) in equation (3.88) gives the variation of strain
energy as function of the deformation variables. It can be expressed in nondimensional form as
follows.

δU =
δUb

m0Ω2R3
=

∫ 1

0
(Uu′eδu

′
e + Uv′δv

′ + Uw′δw
′ + Uv′′δv

′′ + Uw′′δw
′′

+ Uφ̂δφ̂+ Uφ̂′δφ̂
′ + Uφ̂′′δφ̂

′′)dx
(3.100)

In deriving the expressions the following section properties are used.∫ ∫
A dηdζ = A∫ ∫

A ηdηdζ = AeA∫ ∫
A ζdηdζ = 0∫ ∫
A λTdηdζ = 0∫ ∫

A(η
2 + ζ2)dηdζ = AK2

A∫ ∫
A(η

2 + ζ2)2dηdζ = B1∫ ∫
A η(η2 + ζ2)2dηdζ = B2∫ ∫

A η2dηdζ = IZ∫ ∫
A ζ2dηdζ = IY∫ ∫

A λ2
Tdηdζ = EC1∫ ∫

A ζλTdηdζ = EC2

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(3.101)
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The coefficients, up to second order of non-linearities are given below.

Uu′e =EA

[
u′e +K2

A(θ
′φ̂′ + θ′w′v′′ +

φ̂′2

2
)

]
− EAeA

[
v′′(cos θ − φ̂ sin θ) + w′′(sin θ + φ̂ cos θ)

] (3.102)

Uv′ = 0 (3.103)

Uw′ = (GJ + EB1θ
′2)φ̂′v′′ + EAK2

Aθ
′v′′u′e (3.104)

Uv′′ =v′′[EIZ cos2(θ + φ̂) + EIY sin2(θ + φ̂)]

+ w′′(EIZ −EIY ) cos(θ + φ̂) sin(θ + φ̂)

− EB2θ
′φ̂′ cos θ − EAeAu

′
e(cos θ − φ̂ sin θ) + EAK2

Au
′
ew

′θ′

+ (GJ + EB1θ
′2)φ̂′w′ −EC2φ̂

′′ sin θ

(3.105)

Uw′′ =w′′[EIZ sin2(θ + φ̂) + EIY cos2(θ + φ̂)]

+ v′′[EIZ − EIY ] cos(θ + φ̂) sin(θ + φ̂)

− EAeAu
′
e(sin θ + φ̂ cos θ)− EB2φ̂

′θ′ sin θ + EC2φ̂
′′ cos θ

(3.106)

Uφ̂ =w′′2(EIZ − EIY ) cos(θ + φ̂) sin(θ + φ̂)− v′′2(EIZ − EIY ) cos(θ + φ̂) sin(θ + φ̂)

+ v′′w′′(EIZ − EIY ) cos 2(θ + φ̂)
(3.107)

Uφ̂′ =GJ(φ̂′ +w′v′′) + EAK2
A(θ

′ + φ′)u′e

+ EB1θ
′2φ̂′ − EB2θ

′(v′′ cos θ + w′′ sin θ)
(3.108)

Uφ̂′′ = EC1φ̂
′′ + EC2(w

′′ cos θ − v′′ sin θ) (3.109)

Note that in the above expressions, the cos(θ + φ̂) and sin(θ + φ̂) terms associated with bending
curvature, i.e., with EIZ and EIY , have been retained. These terms are expanded to second order
as

sin(θ + φ̂) = (1− φ̂2

2 ) sin θ + φ̂ cos θ

cos(θ + φ̂) = (1− φ̂2

2 ) cos θ − φ̂ sin θ

}
(3.110)

This expansion introduces third order terms in Uv′′ , Uw′′ and Uφ̂ which are retained in violation
of the ordering scheme. This is to maintain consistency between the force-summation and modal
methods of blade loads calculation. Thus we have the following

Uv′′ =v′′(EIZ cos2 θ + EIY sin2 θ) + w′′(EIZ − EIY ) cos θ sin θ

− v′′φ̂ sin 2θ(EIZ − EIY ) + w′′φ̂ cos 2θ(EIZ − EIY )

− v′′φ̂2 cos 2θ(EIZ − EIY )− w′′φ̂2 sin 2θ(EIZ − EIY )

− EB2θ
′φ̂′ cos θ − EAeAu

′
e(cos θ − φ̂ sin θ) + EAK2

Au
′
ew

′θ′

+ (GJ + EB1θ
′2)φ̂′w′ −EC2φ̂

′′ sin θ

(3.111)

Uw′′ =w′′(EIZ sin2 θ + EIY cos2 θ) + v′′(EIZ − EIY ) cos θ sin θ

+ w′′φ̂ sin 2θ(EIZ − EIY ) + v′′φ̂ cos 2θ(EIZ −EIY )

+ w′′φ̂2 cos 2θ(EIZ −EIY )− v′′φ̂2 sin 2θ(EIZ − EIY )

− EAeAu
′
e(sin θ + φ̂ cos θ)− EB2φ̂

′θ′ sin θ + EC2φ̂
′′ cos θ

(3.112)

Uφ̂ =(w′′2 − v′′2) cos θ sin θ(EIZ −EIY ) + v′′w′′ cos 2θ

φ̂(w′′2 − v′′2) cos 2θ(EIZ − EIY )− 2φ̂v′′w′′ sin 2θ
(3.113)
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3.6.9 Derivation of Kinetic Energy

The kinetic energy of the bth blade, δTb depends on the blade velocity relative to the hub and
the velocity of the hub itself. The velocity of the hub originates from fuselage dynamics and is
neglected in the present analysis.

Let the position of an arbitrary point after the beam has deformed is given by (x1, y1, z1) where

r̄ =
[
x1 y1 z1

]⎧⎨⎩
î

ĵ

k̂

⎫⎬⎭ =
[
x+ u v w

]⎧⎨⎩
î

ĵ

k̂

⎫⎬⎭+
[ −λφ′ η ζ

]⎧⎨⎩
îξ
ĵη
k̂ζ

⎫⎬⎭
=
{[

x+ u v w
]
+
[ −λφ′ η ζ

]
TDU

}⎧⎨⎩
î

ĵ

k̂

⎫⎬⎭
(3.114)

Using equation (3.73) we obtain

x1 = x+ u− λφ′ − v′(y1 − v)− w′(z1 − w)
y1 = v + (y1 − v)
z1 = w + (z1 − w)

⎫⎬⎭ (3.115)

where

y1 − v = η cos(θ + φ̂)− ζ sin(θ + φ̂)

z1 − w = η sin(θ + φ̂) + ζ cos(θ + φ̂)

}
(3.116)

Now,

V̄b =
∂r̄

∂t
+ Ω̄× r̄ (3.117)

where using equation (3.49) we have

Ω̄ = ΩK̂ = Ωsinβpî+Ωcos βpk̂ (3.118)

and

∂r̄

∂t
= ẋ1î+ ẏ1ĵ + ż1k̂ (3.119)

Using equations (3.119) and (3.49) in equation (3.117) we have

V̄b = Vbxî+ Vby ĵ + Vbz k̂ (3.120)

where all velocities are non-dimensionalized with respect to ΩR and ˙( ) = ∂( )/∂ψ.

Vbx = ẋ1 − y1 cos βp (3.121)

Vby = ẏ1 + x1 cos βp − z1 sinβp (3.122)

Vbz = ż1 + y1 sin βp (3.123)

Taking variations of the velocities we have

V̄ .dV̄ = ẋ1δẋ1 − y1 cosβpδẋ1 − ẋ1 cos βpδy1 + y1 cos
2 βpδy1

ẏ1δẏ1 + x1 cos βpδẏ1 − z1 sin βpδẏ1 + ẏ1 cos βpδx1

x1 cos
2 βpδx1 − z1 sin βp cos βpδx1 − ẏ1 sinβpδz1 − x1 cosβp sin βpδz1

+ ż1 sin
2 βpδz1 + ż1δż1 + y1 sin βpδż1 + ż1 sin βpδy1 + y1 sin

2 βpδy1

(3.124)
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According to variational method, this equation must be integrated in time between two arbitrary
points in time, t1 and t2. The initial and final values (e.g.,ẋ1δx1|t2t1) are taken as zero. Anticipating
integration by parts the various terms can be combined in equation (3.124) to obtain

V̄ .dV̄ = −ẍ1δx1 + 2ẏ1 cos βpδx1 + y1 cos
2 βpδy1 − ÿ1δy1

− 2ẋ1 cos βpδy1 + 2ż1 sin βpδy1 + x1 cos
2 βpδx1

− z1 sin βp cos βpδx1 − 2ẏ1 sin βpδz1 − x1 cos βp sin βpδz1 + z1 sin
2 βpδz1

− z̈1δz1 + y1 sin
2 βpδy1

(3.125)

For the bth, the resultant kinetic energy expression in non-dimensional form is given by

δTb

m0Ω2R3
=

∫ 1

0

∫∫
A
ρV̄ .δV̄ dη dζ dx (3.126)

where ρ is the structural mass density. Substituting the velocity expressions as given before we
have

δTb

m0Ω2R3
=

∫ 1

0

[∫∫
A
ρ (Tx1δx1 + Ty1δy1 + Tz1δz1) dη dζ

]
dx (3.127)

where

Tx1 = −ẍ1 + 2ẏ1 cosβp + x1 cos
2 βp − z1 sinβp cosβp (3.128)

Ty1 = y1 cos
2 βp − ÿ1 − 2ẋ1 cos βp + y1 sin

2 βp + 2ż1 sin βp (3.129)

Tz1 = −2ẏ1 sin βp − z̈1 + z1 sin
2 βp − x1 cosβp sinβp (3.130)

Now, using equations (8.32) and (3.116) we have

ẏ1 = v̇ − (z1 − w)θ̇1
ż1 = ẇ + (y1 − v)θ̇1

ẋ1 = u̇− λT φ̇
′ − (v̇′ + w′θ̇1)(y − 1− v)− (ẇ′ − v′θ̇1)(z1 − w)

⎫⎬⎭ (3.131)

and

ÿ1 = v̈ − (z1 − w)θ̈1 − (y1 − v)θ̇2

z̈1 = ẅ + (y1 − v)θ̈1 − (z1 − w)θ̇2

ẍ1 = ü− λT θ̈
′
1 − (y1 − v)(v̈′ + w′θ̈′ − v′θ̇2 + 2ẇ′θ̇1)

−(z1 − w)(ẅ′ − v′θ̈1 − w′θ̇21 − 2v̇′θ̇1)

⎫⎪⎪⎬⎪⎪⎭ (3.132)

The variations are as follows

δy1 = δv − δφ̂(z1 − w)

δz1 = δw + δφ̂(y1 − v)

δx1 = δu− λT δφ̂
′ − (y1 − v)(δv′ + w′δφ̂)

−(z1 − w)(δw′ − v′δφ̂)

⎫⎪⎪⎪⎬⎪⎪⎪⎭ (3.133)

Using equations (3.133), (3.132), (3.131), (8.32) in (3.126) we obtain

δT =
δTb

m0Ω2R3
=

∫ 1

0
m(Tueδue + Tvδv + Twδw + Tw′δw

′ + Tv′δv
′ + Tφδφ + TF )dx (3.134)
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In deriving the expressions the following section properties are used.∫ ∫
A ρdηdζ = m∫ ∫

A ρηdηdζ = meg∫ ∫
A ρζ2dηdζ = mk2m1∫ ∫
A ρη2dηdζ = mk2m2

k2m1
+ k2m1

= k2m∫ ∫
A ρζdηdζ = 0∫ ∫
A ρηζdηdζ = 0∫ ∫
A ρλTdηdζ = 0

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(3.135)

assuming cross-section symmetry about the η axis and an antisymmetric warp function λT . The
terms involving (y1 − v) and (z1 − w) are given by∫ ∫

A ρ(y1 − v)dηdζ = meg cos(θ + φ̂)∫ ∫
A ρ(z1 − w)dηdζ = meg sin(θ + φ̂)∫ ∫

A ρ(z1 − w)(y1 − v)dηdζ = m(k2m2
− k2m1

) sin(θ + φ̂) cos(θ + φ̂)∫ ∫
A ρ[(y1 − v)2 − (z1 − w)2]dηdζ = mk2m

⎫⎪⎪⎬⎪⎪⎭ (3.136)

The coefficients in equation (3.134) are written up to second order, O(ε2), as follows

TUe = −ü+ u+ x+ 2v̇ (3.137)

where

u = ue − 1
2

∫ x
0 (v

′2 + w′2)dx
ü = üe −

∫ x
0 (v̇

′2 + v′v̈′ + ẇ′2 +w′ẅ′)dx

}
(3.138)

Tv =− v̈ + eg θ̈ sin θ + eg cos θ + v − φ̂ sin θ + 2ẇβp + 2eg v̇
′ cos θ

+ 2egẇ
′ sin θ + ¨̂

φeg sin θ − 2u̇e + 2

∫ x

0
(v′v̇′ + w′ẇ′)dx

(3.139)

Tv′ = −eg(x cos θ − φ̂x sin θ + 2v̇ cos θ) (3.140)

Tw =− ẅ − eg θ̈ cos θ − eg
¨̂
φ cos θ

− 2v̇βp − xβp
(3.141)

Tw′ = −eg(x sin θ + x̂ cos θ + 2v̇ sin θ) (3.142)

Tφ̂ =− k2m
¨̂
φ− φ̂(k2m2

− k2m1
) cos 2θ − (k2m2

− k2m1
) cos θ sin θ − xβpeg cos θ

− veg sin θ + xv′eg sin θ − xw′eg cos θ + v̈eg sin θ − ẅeg cos θ − k2mθ̈
(3.143)

The non-variation term TF is given by

TF =− (−ü+ u+ x+ 2v̇)

∫ x

0
(v′δv′ + w′δw′)

= −TUe

∫ x

0
(v′δv′ + w′δw′)

(3.144)

Note that the ordering scheme is violated in equation (3.144). It is important to keep the entire TUe

in the non-variation form for articulated rotors where the bending moments at the hinge must go
to zero. For hingeless rotors with large bending moments at the blade root the error is negligible.
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3.6.10 Virtual Work

For each degree of freedom, there is a corresponding external force (or moment) which contribute
to virtual work on the system. The general expression is given by

δWb

m0Ω2R3
=

∫ 1

0
(LA

u δu+ LA
v δv + LA

wδw +MA
φ̂
δφ̂)dx (3.145)

where LA
u , L

A
v , L

A
w, M

A
φ̂

are the distributed air loads in the x, y and z directions and MA
φ̂

is the

aerodynamic pitching moment about the undeformed elastic axis. Calculated air loads are motion
dependent. Measured air loads are not motion dependent.

In addition to distributed air loads, there can be concentrated forces and moments acting on
locations over the blade span, e.g. a prescribed damper force. They can be included as follows.

δWb

m0Ω2R3
=

∫ 1

0
(LA

u δu+ LA
v δv + LA

wδw +MA
φ̂
δφ̂)dx

+

∫ 1

0
(Fxδu+ Fyδv + Fzδw +Mxδφ̂−Myδw

′ +Mzδv
′)δ(x − xf )dx

(3.146)

where Fx, Fy, Fz, Mx, My, Mz are the concentrated forces and moments acting at x = xf along
the blade span. The calculated forces and moments are described in Chapter 3.

3.6.11 Equations of Motion

Integrating the strain energy, kinetic energy and virtual work expressions (3.100), (3.134) and
(3.145) by parts we obtain

δU =
∫ 1
0 (Yueδue + Yvδv + Ywδw + Yφ̂δφ̂)dx+ b(U)

δT =
∫ 1
0 (Zueδue + Zvδv + Zwδw + Zφ̂δφ̂)dx+ b(T )

δW =
∫ 1
0 (Wueδue +Wvδv +Wwδw +Wφ̂δφ̂)dx+ b(W )

⎫⎪⎬⎪⎭ (3.147)

where b(U), b(T ) and b(W ) are the force and displacement boundary conditions. Using equation
(3.80) and collecting terms associated with δu, δv, δw and δφ̂ we obtain the blade equations as
follows.

ue equation :

[
EAu′e + EAK2

A

(
θ′φ̂′ + θ′w′v′′ +

φ̂′2

2

)
−EAeAv

′′(cos θ − φ̂ sin θ) + EAw′′(sin θ + φ̂ cos θ)
]′

+m(üe − ue − x− 2v̇) = Lu

(3.148)

v equation :
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[
v′′(EIZ cos2 θ + EIY sin2 θ) + w′′(EIZ − EIY ) cos θ sin θ

−v′′φ̂ sin 2θ(EIZ − EIY ) + w′′φ̂ cos 2θ(EIZ − EIY )

−v′′φ̂2 cos 2θ(EIZ − EIY )− w′′φ̂2 sin 2θ(EIZ − EIY )

−EB2θ
′φ̂′ cos θ − EAeAu

′
e(cos θ − φ̂ sin θ) + EAK2

Au
′
ew

′θ′

+(GJ + EB1θ
′2)φ̂′w′ − EC2φ̂

′′ sin θ
]′′

−m
[
−v̈ + eg θ̈ sin θ + eg cos θ + v − φ̂ sin θ + 2ẇβp + 2eg v̇

′ cos θ

+2egẇ
′ sin θ + ¨̂

φeg sin θ − 2u̇e + 2

∫ x

0
(v′v̇′ + w′ẇ′)dx

]
−meg

(
x cos θ − φ̂x sin θ + 2v̇ cos θ

)′
+

{
mv′

∫ 1

x
(−üe + ue + x+ 2v̇)

}′
= Lv

(3.149)

w equation :

[
w′′(EIZ sin2 θ +EIY cos2 θ) + v′′(EIZ − EIY ) cos θ sin θ

+w′′φ̂ sin 2θ(EIZ − EIY ) + v′′φ̂ cos 2θ(EIZ − EIY )

+w′′φ̂2 cos 2θ(EIZ − EIY )− v′′φ̂2 sin 2θ(EIZ − EIY )

−EAeAu
′
e(sin θ + φ̂ cos θ)− EB2φ̂

′θ′ sin θ + EC2φ̂
′′ cos θ

]′′
−m

(
−ẅ − eg θ̈ cos θ − eg

¨̂
φ cos θ − 2v̇βp − xβp

)
−meg (x sin θ + x̂ cos θ + 2v̇ sin θ)′ +

{
mw′

∫ 1

x
(−üe + ue + x+ 2v̇)

}′
= Lv

(3.150)

φ̂ equation :

(w′′2 − v′′2) cos θ sin θ(EIZ − EIY ) + v′′w′′ cos 2θ

φ̂(w′′2 − v′′2) cos 2θ(EIZ − EIY )− 2φ̂v′′w′′ sin 2θ

+
[
GJ(φ̂′ + w′v′′) + EAK2

A(θ
′ + φ′)u′e

+EB1θ
′2φ̂′ − EB2θ

′(v′′ cos θ + w′′ sin θ)
]′

−
[
−k2m

¨̂
φ− φ̂(k2m2

− k2m1
) cos 2θ − (k2m2

− k2m1
) cos θ sin θ − xβpeg cos θ

−veg sin θ + xv′eg sin θ − xw′eg cos θ + v̈eg sin θ − ẅeg cos θ − k2mθ̈
]
= Lφ̂

(3.151)

3.7 Structural loads

The blade sectional loads, i.e. the flap, lag and torsion bending moments, are calculated using two
methods - (1) Modal Curvature and (2) Force Summation Method. For converged blade response,
i.e. when the response does not change with increase in the number of blade normal modes, both
methods should produce identical loads. In the immediate vicinity of a concentrated loading, e.g.,
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lag damper force, the force summation method captures the blade loads with lesser number of
modes.

To obtain the same loads using force summation and modal curvature methods, the response
equations must be consistent with loads calculations. Consistency is specially important for artic-
ulated rotors where the bending loads must reduce to zero at the hinge.

3.7.1 Modal Curvature Method

The flap and lag bending moments, Mη and Mζ are obtained as follows.

Mη =

∫ ∫
A
ζσdηdζ =

∫ ∫
A
Eζεxxdηdζ

= EIη[v
′′ sin(θ + φ̂)− w′′ cos(θ + φ̂)]−EC1φ̂

′′
(3.152)

Mζ = −
∫ ∫

A
ησdηdζ = −

∫ ∫
A
Eηεxxdηdζ

= EIζ [v
′′ cos(θ + φ̂) + w′′ sin(θ + φ̂)]− EAeAu

′
e − EB2θ

′φ̂′
(3.153)

The expression for torsion bending moment is given by

Mξ =

∫ ∫
A

[
ησxζ − ζσxη + λT (

∂σxη
∂η

+
∂σxζ
∂ζ

)

]
dηdζ

+
∂

∂x

∫ ∫
A
λTσxxdηdζ

+ (θ + φ̂)′
∫ ∫

A
(η2 + ζ2)σxxdηdζ

= EAk2A(θ + φ̂)′u′e + EB1θ
′2φ̂′ − EB2θ

′(v′′ cos θ + w′′ sin θ)

+GJ(φ̂′ + w′v′′)

− [EC1φ̂
′′ + EC2(w

′′ cos θ − v′′ sin θ)]′

(3.154)

3.7.2 Force Summation Method

The loads occurring at a blade section are the reaction forces (and moments) to those occurring
outboard. It is equal (and opposite) to the integrated air loads and inertial loads from blade tip
to the desired section. The inertial forces and moments at each blade section are given by the
following.

F I = − ∫ ∫A ρādηdζ
M I = − ∫ ∫A s̄ × ρdηdζ

}
(3.155)

The acceleration of the section, ā is given by

ā = ¨̄r +Ω × (Ω × r̄) + 2(Ω × ˙̄r) (3.156)

The moment arm of a point on the blade section measured from the deformed shear center, s̄ is
obtained from equation(8.32) as

s̄ = −[v′(y1 − v) + w′(z1 − w)]̂i + (y1 − v)ĵ + (z1 − w)k̂ (3.157)
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Using equations (8.32), (3.118), (3.131), and (3.132) we obtain

ā = axî+ ay ĵ + az k̂ (3.158)

where

ax =ü− λT θ̈′1 − (y1 − v)(v̈′ + w′θ̈1 + 2ẇ′θ̇1 − v′θ̇21)

− (z1 − w)(ẅ′ − 2v̇′θ̇1 − v′θ̈1 − w′θ̇21)− 2[v̇ − θ̇1(z1 − w)]

+ βp[w + (z1 − w)]− [x+ u− v′(y1 − v)− w′(z1 − w)]

(3.159)

ay =v̈ − θ̈1(z1 − w)− θ̇21(y1 − v)− 2βp[ẇ + θ̇1(y1 − v)]

2[u̇− λT θ̇
′
1 − (y1 − v)(v̇′ + w′θ̇1)− (z1 − w)(ẇ′ − v′θ̇1)]−

βp[v + (y1 − v)]− [v + (y1 − v)]

(3.160)

az =ẅ + (y1 − v)θ̈1 − (z1 −w)θ̇21 + 2βp[v̇ − θ̇1(z1 − w)]

+ βp[x+ u− v′(y1 − v)− w′(z1 − w)]
(3.161)

Let LI
u, L

I
v, L

I
w and M I

u , M
I
v , M

I
w be the inertial forces and moments in the undeformed frame

x, y, z directions. Then, to second order, we have the following.

LI
u = −

∫ ∫
A
ρaxdηdζ = TUe (3.162)

LI
v = −

∫ ∫
A
ρaydηdζ = Tv (3.163)

LI
w = −

∫ ∫
A
ρazdηdζ = Tw (3.164)

M I
v = −

∫ ∫
A
[v′(y1 − v) + w′(z1 − w)az + (z1 − w)ax]dηdζ

≈ −
∫ ∫

A
(z1 − w)axdηdζ

= −T ′
w

(3.165)

M I
w =

∫ ∫
A
[v′(y1 − v) + w′(z1 − w)ay + (z1 − w)ax]dηdζ

≈
∫ ∫

A
(y1 − v)axdηdζ

= T ′
v

(3.166)

M I
u =

∫ ∫
A
[(z1 − w)ay − (y1 − v)az]dηdζ

= Tφ̂ − v′M I
v − w′M I

w

= Tφ̂ + v′T ′
w −w′T ′

v

(3.167)

where TUe , Tv, Tw, T
′
v, T

′
w, Tφ̂ are identical to those given in equations (3.137) to (3.143). Thus the

kinetic energy terms derived before are identical to the inertial terms obtained here. This shows
the equivalence of Hamilton’s Principle and Newton’s Laws.
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Let the external loads (air loads and other concentrated loadings if any e.g., a prescribed lag
damper force) be denoted by the superscript A. Then the total loads distribution at a section is
given by the sum of inertial and external loads

Lu = LA
u + LI

u

Lv = LA
v + LI

v

Lw = LA
w + LI

w

Mu = MA
φ̂
+M I

u

Mv = v′MA
φ̂
+M I

v

Mu = w′MA
φ̂
+M I

w

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
(3.168)

MA
φ̂

is the external pitching moment (e.g. aerodynamic pitching moment) acting in the blade

deformed frame. Its components in the x, y, z directions, MA
φ̂
, v′MA

φ̂
, w′MA

φ̂
are obtained using TDU

from equation (3.73).
The resultant shear forces and bending moments at any blade section x0 is given by the following.⎧⎨⎩

fx
fy
fz

⎫⎬⎭ =

∫ 1

x0

⎧⎨⎩
Lu

Lv

Lw

⎫⎬⎭ dx (3.169)

⎧⎨⎩
mx

my

mz

⎫⎬⎭ =

∫ 1

x0

⎧⎨⎩
−Lv(w − w0) + Lw(v − v0) +Mu

Lu(w − w0)− Lw(x+ u− x0 − u0) +Mv

−Lu(v − v0) + Lv(x+ u− x0 − u0) +Mw

⎫⎬⎭ dx (3.170)

To compute the contribution of the blade loads to the hub loads in the rotating frame, the spanwise
integration is carried out from the hub center to the blade tip, and u0, v0, w0, x0 = 0 The hub loads
in the fixed frame is calculated using transformation (3.48).

FX(ψ) =
∑Nb

m=1(f
m
x cosψm − fm

y sinψm − fm
z cosψmβp)

FY (ψ) =
∑Nb

m=1(f
m
x sinψm + fm

y cosψm − fm
z sinψmβp)

FZ(ψ) =
∑Nb

m=1(f
m
z + fm

x βp)

MX(ψ) =
∑Nb

m=1(m
m
x cosψm −mm

y sinψm −mm
z cosψmβp)

MY (ψ) =
∑Nb

m=1(m
m
x sinψm +mm

y cosψm −mm
z sinψmβp)

MZ(ψ) =
∑Nb

m=1(m
m
z +mm

x βp)

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
(3.171)

where fx, fy, fz,mx,my,mz are the rotating frame hub loads, i.e., blade loads integrated up to the
hub. The steady values of the fixed frame hub loads (3.171) are used for trimming the helicopter.
The higher harmonics cause helicopter vibration. For a tracked rotor, with identical structural
and aerodynamic behavior, the higher harmonics contain only those frequencies which are integral
multiples of rotor frequency. These harmonics are generated by harmonics of rotating frame blade
loads which are one higher and one lower than the rotor frequency.

For example, for an Nb bladed rotor, the higher harmonics in the fixed frame hub loads are
pNb/rev, where p is an integer. These harmonics are generated by pNb±1/rev in-plane shear forces
(fx, fy), pNb/rev vertical shear force (fz), pNb± 1/rev flap and torsion bending moments (mx,my)
and pNb/rev chord bending moment (mz). To predict helicopter vibration these rotating frame
blade loads must be predicted correctly.

3.8 Hub Reactions

The forces and moments acting on the root of the blade are transmitted to the body. If we sum
up all the like forces and like moments from various blades in the fixed frame, these form the
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hub reactions. The hub reactions are important for the calculation of the helicopter trim, body
vibrations and helicopter stability and control characteristics.

Rotating Frame (Blade)

The root forces and moments for a blade,

Sz = vertical shear force

Sx = drag shear force

Sr = radial shear force

NF = flapwise bending moment

NL = lag bending moment
Fixed Frame (Rotor)

The resultant rotor forces and moments are,

T = thrust

H = drag force

Y = Side force

Mx = roll moment

My = pitching moment

Q = rotor torque, positive opposing rotor rotation

The total non-rotating forces and moments on the rotor hub are obtained by resolving the
rotating forces and moment of various blades in the fixed frame and summing these for N blades:

T =

N∑
m=1

Sz

H =

N∑
m=1

(Sr cosψm + Sx sinψm)

Y =

N∑
m=1

(Sr sinψm − Sx cosψm)

Mx =

N∑
m=1

NF sinψm

My = −
N∑

m=1

NF cosψm

Q =

N∑
m=1

NL
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�
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� �
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�
�
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�

ψ

The above relations can be put in nondimensional form

γ
cT
σa

= (
R

IbΩ2
)
1

N

N∑
m=1

Sz

γ
2cmx

σa
=

1

IbΩ2

2

N

N∑
m=1

NF sinψm

γ
2cmy

σa
= − 1

IbΩ2

2

N

N∑
m=1

NF cosψm

γ
cQ
σa

=
1

IbΩ2

1

N

N∑
m=1

NL

γ
cH
σa

=
R

IbΩ2

1

N

N∑
m=1

(Sr cosψm + Sx sinψm)

γ
cy
σa

=
R

IbΩ2

1

N

N∑
m=1

(Sr sinψm − Sx cosψm)

Example: 3.4

The flap-lag equations of motion for a blade with springs at hinges located at a distance ee from
the rotation axis are

∗∗
β +

γ

8

∗
β +[2β0 − γ

8
(2θ − λ)

∗
ζ +ν2ββ = 0
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∗∗
ζ +[−2β0 +

γ

8
(θ − 2λ)

∗
β +ν2βζ = 0

(a) Calculate the various forces and moments at the blade hinge.
(b) Reduce the blade forces to the fixed system.

IF x
∗∗
β arm x IF x

∗∗
ζ arm x

CF x arm xβ0 CF x arm xeζ

CorR 2
∗
ζ x arm CorF 2β0

∗
β x arm x

AR Fβ arm x AF Fζ arm x

dL =
1

2
ρacΩ2R2{(uT

R
)2 − up

R

uT
r
}

uT
ΩR

= x
up
ΩR

= x
∂uT
ΩR

= x
∗
ζ

Vertical Shear

Sz =
IbΩ

2

R
{γ
6
(2θ − λ)

∗
ζ −γ

6

∗
β −3

2

∗∗
β}

Lead-Lag Shear

Sx =
IbΩ

2

R
{−γ

6
(θ − 2λ)

∗
β +

3

2
ζ − 3

2

∗∗
ζ }

Radial Force

Sx =
IbΩ

2

R
{2 − 3

∗
ζ}

Flap Moment

NF = IbΩ
2{β(ν2β − 1− 3

2
e)}

Lead-Lag Moment

NL = IbΩ
2{ζ(ν2ζ − 3

2
e)}

Fixed System
Thrust:

cT =
σa

6
{(2θ − λ)

∗
ζ0 −

∗
β0} −

3

2

σa

γ

∗∗
β 0

Roll Moment Mx

γ2
cmx

σa
= (ν2β − 1− 3

2
e)β1s

Pitch Moment My

γ2
cmx

σa
= −(ν2β − 1− 3

2
e)β1c
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Rotor Torque Q

γcQ
σa

= (ν2ζ −
3

2
e)ζ0

Drag Force H =
∑

(SR cosψm + Sx sinψm)

γ2
cH
σa

=
γ

6
(θ − 2λ)(

∗
β1s −β1c)− 3

2
(
∗∗
ζ1s −2

∗
ζ1c −ζ1s)

+
3

2
ζ1s − 3(

∗
ζ1c +ζ1s)

=
γ

6
(θ − 2λ)(

∗
β1s −β1c)− 3

2
(
∗∗
ζ1s)

Side Force Y =
∑

(SR sinψm − Sx cosψm)

γ2
cy
σa

=
γ

6
(θ − 2λ)(

∗
β1c +β1s) +

3

2
(
∗∗
ζ1c +2

∗
ζ1s −ζ1c)

+
3

2
ζ1c − 3(

∗
ζ1s −ζ1c)

=
γ

6
(θ − 2λ)(

∗
β1c +β1s) +

3

2
(
∗∗
ζ1c)
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Questions

Justify the following:

• Let us look at the “tennis racket effect” on the tennis ball. To give clockwise spin to the ball
how should the racket be tilted.

• Generally pitch bearing is located outboard of flap hinge.

• Inplane rotating frequency is generally kept away from the rotational speed, but that is not
the case with the flapping mode.

• If the pitch axis lies on the cg axis, there is no structural coupling between flap and pitch
motions, but in actuality, these motions are coupled.

• The coriolis forces depend on velocity like damping forces, but their nature is quite different
from damping forces.

• In a bearingless main rotor (BMR), the pitch bearing is replaced by an elastic flexure con-
sisting of flexbeams and a torque tube to facilitate pitch changes. From outset, the BMR
configuration appears quite similar to the hingeless blade, but in actual, the analysis is quite
different for a BMR blade.

• A large δ3 (like 45◦) is not uncommon for tail rotors.

• A zero lag offset is not physical.

• Pitch and lag equations are coupled through coriolis terms.

• External damping in the lag mode is beneficial, but it is quite difficult to add such damping
for a hingeless blade.

• Generally it is possible to achieve a matched stiffness condition with soft lag rotors.

• A small offset of cg from feather axis may have a negligible influence on flap mode, but that
may not be the case with torsion mode.

• The corolis forces produce a 2/rev lag motion proportional to the square of the 1/rev flap
amplitude.

• There will be inherently some pitch-flap and pitch-lag coupling for an elastic blade.

• A vertical gust would induce only vertical oscillations in an articulated rotor with no hinge
offset, but that may not be the case with hingeless rotors.
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Chapter 4

Unsteady Aerodynamics

The subject of unsteady aerodynamics deals with time dependent aerodynamic forces. The objec-
tive of this chapter is to discuss briefly some basic principles of unsteady aerodynamics that concern
a rotary wing system. As far as possible, lengthy mathematical derivations are avoided. There are
many unique features of the unsteady aerodynamics of the rotary wing as compared to the fixed
wing that merit attention. Some of these are: time varying free stream, returning wake, inflow
dynamics, radial flow, dynamic stall, reversed flow and complex blade motions. It is important to
first understand some of the basic phenomena related to fixed wing unsteady aerodynamics and
then expand and reformulate these, wherever possible, to the rotary wing aerodynamics.

4.1 Basic Fluid Mechanics Equations

Assume a wind tunnel case where body is stationary and fluid is flowing over it. The objective is
to obtain the state of the fluid at any station x, y, z at a time t. The state consists of six variables
and these are pressure (p), fluid density (ρ), temperature (T), and three flow velocity components
u, v, w along x, y, and z axes respectively.

Z

Y

X

There are two forces of interaction between the fluid and the body - (1) pressure force normal
to the body surface, and (2) shear force, tangential to the body surface. In addition, a temperature
gradient may exist between the fluid and the body. Typically, one would like to determine the
pressure distribution and shear force distribution over the body. The shear force depends on the
viscosity of the fluid, and velocity gradients near the wall. Without viscosity, the fluid slips past
the body without exerting any tangential shear force. The governing partial differential equations
are based on conservation of mass, momentum, and energy. Additionally, an algebraic equation of
state is used to relate pressure and density to temperature. With the inclusion of viscosity, the
equations become involved and it is extremely difficult to solve these equations, even for simple
cases.
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The governing equations are discussed in the following sections. The derivations of the governing
equations can be found in textbooks like Refs. [1, 2].

4.1.1 Navier-Stokes equations

The continuity equation describes the conservation of mass.

1. Conservation of mass

The velocity component in the x direction is u. The velocity components in the y and z direction
are u and w.

∂ρ

∂t
+

∂(ρu)

∂x
+

∂(ρv)

∂y
+

∂(ρw)

∂z
= 0

∂ρ

∂t
+∇ · (ρV) = 0

(4.1)

When all spatial terms are expressed in the form of divergence, as above, the equations are said to
be in a conservation form.

2. Conservation of momentum

Three equations, each for x, y, and z directions. First consider the equation for x direction. In
conservation form it is given as follows.

∂(ρu)

∂t
+

∂(ρu2)

∂x
+

∂(ρuv)

∂y
+

∂(ρuw)

∂z
= ρfx +

∂σxx
∂x

+
∂σxy
∂y

+
∂σxz
∂z

(4.2)

where the fluid stresses are given as

σxx = −p+ τxx (4.3)

σxy = τxy (4.4)

σxz = τxz (4.5)

The viscous stresses can be related to velocity gradients for Newtonian fluids. Air is a Newtonian
fluid. Blood is a non-Newtonian fluid.

τxx = μ
∂u

∂x
− 2

3
μ

(
∂u

∂x
+

∂v

∂y
+

∂w

∂z

)
(4.6)

τxy = μ

(
∂u

∂y
+

∂v

∂x

)
(4.7)

τxz = μ

(
∂u

∂z
+

∂w

∂x

)
(4.8)

The momentum equations in y and z directions are similarly given as follows.

∂(ρv)

∂t
+

∂(ρuv)

∂x
+

∂(ρv2)

∂y
+

∂(ρvw)

∂z
= ρfx +

∂σyx
∂x

+
∂σyy
∂y

+
∂σyz
∂z

(4.9)

∂(ρw)

∂t
+

∂(ρwu)

∂x
+

∂(ρwv)

∂y
+

∂(ρw2)

∂z
= ρfx +

∂σxx
∂x

+
∂σxy
∂y

+
∂σxz
∂z

(4.10)

The stress tensor σ is given by

σ =

(
−p+

2

3
μ∇ ·V

)
I+ 2μD (4.11)
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I is an unit tensor. D is the deformation tensor defined as

D =
1

2

[∇V+ (∇V)T
]

(4.12)

where ∇V is the gradient tensor.

∇V =

⎡⎢⎣
∂u
∂x

∂u
∂y

∂u
∂z

∂v
∂x

∂v
∂y

∂v
∂z

∂w
∂x

∂w
∂y

∂w
∂z

⎤⎥⎦ (4.13)

Alternatively, in Einstein notation we have

σij = −pδij − 2

3
μ∇ · V δij + 2μDij (4.14)

Consider equations 4.2, 4.9, and 4.10. The spatial derivatives on the left hand side (LHS) are
called the convection fluxes. The spatial derivatives on the right hand side (RHS) are called the
diffusive fluxes. ρf , the body forces are called the source terms. The equations can be transformed
to non-conservative forms as follows. Consider the left hand side of any one equation, say equation
4.2. They can be simplified using the continuity equation as follows.

LHS =
∂ρu

∂t
+

∂(ρu2)

∂x
+

∂(ρuv)

∂y
+

∂(ρuw)

∂z

=ρ
∂u

∂t
+ ρu

∂u

∂x
+ ρv

∂u

∂y
+ ρw

∂u

∂z
+ u

[
∂ρ

∂t
+

∂(ρu)

∂x
+

∂(ρv)

∂y
+

∂(ρw)

∂z

]
=ρ

(
∂

∂t
+ u

∂

∂x
+ v

∂

∂y
+ w

∂

∂z

)
u+ u(0) using continuity equation

=ρ

(
∂

∂t
+ V.∇

)
u

=ρ
Du

Dt

(4.15)

where Du/Dt is called the substantial derivative operator. Thus equation 4.2 can be written in
non-conservation form as follows.

ρ
Du

Dt
=
∂σxx
∂x

+
∂σxy
∂y

+
∂σxz
∂z

+ ρfx

=
∂p

∂x
+

∂τxx
∂x

+
∂τxy
∂y

+
∂τxz
∂z

+ ρfx

(4.16)

The three equations along three directions can be written together as

ρ
DV

Dt
= −∇p+∇ · τ + ρf (4.17)

3. Conservation of energy

The conservation of energy equation is based on the first law of thermodynamics. The total
energy per unit mass of a fluid, E is given by

E = e+
1

2
v2

where e is the internal energy, and 1/2v2 is the kinetic energy per unit mass. The enthalpy is given
by

h = e+ pv
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where p is the pressure, and v is specific volume. In general

e = e(T, v)

h = h(T, p)

When the intermolecular forces are negligible, and the fluid is not chemically reacting, we obtain a
thermally perfect gas

e = e(T )

h = h(T )

de = cvdT

dh = cpdT

If the specific heats, cv and cp are not functions of temperature, we obtain a calorically perfect gas
where

e = cvT

h = cpT

It has been assumed that h(T = 0) = 0 and e(T = 0) = 0. The energy conservation equation is
given as follows

∂(ρE)

∂t
+

∂Fx

∂x
+

∂Fy

∂y
+

∂Fz

∂z
+

∂Gx

∂x
+

∂Gy

∂y
+

∂Gz

∂z
= B (4.18)

where the convective fluxes are

Fx = ρuE + pu

Fy = ρvE + pv

Fz = ρwE + pw

(4.19)

The diffusive fluxes are

Gx = −τxxu− τxyv − τxzw + qx

Gy = −τyxu− τyyv − τyzw + qy

Gz = −τzxu− τzyv − τzzw + qz

(4.20)

q are the heat fluxes into the control volume. They can be related to the temperature gradients.
For example, from Fourier’s law of heat conduction one can write

qx = −kxA
∂T

∂x

Similary for the other directions. A is the area perpendicular to heat flux.

B = ρq̇ + ρufx + ρvfy + ρwfz

where ρq̇ is the heat supply per unit mass. Equation 4.18 is in the conservation form. It can be
reduced to the non-conservation form to read

ρ
DE

Dt
= −∇ · (pV )−∇ ·G+B

ρ
De

Dt
+ ρV · DV

Dt
= −∇ · (pV )−∇ ·G+B

(4.21)

The conservation form and the non-conservation forms are also called the strong, and weak con-
servation forms.
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4. Equation of state

The equation of state for a perfect gas (where intermolecular forces are neglected) is given by

p = ρRT (4.22)

where R is the Rankine gas constant, 287 Joules/kg.Kelvin.

R =
�
M

(4.23)

where � is the universal gas constant, same for all gases, 8314 Joules/(kg.mole.Kelvin). M is the
molecular weight of the gas.

These are six basic equations and there are six unknowns to be evaluated. From outset it
appears straight forward. But, in reality, it is not possible to get a closed form solution even for
very simple problems. Naturally, we have to depend on an approximate analysis. The equations
are non-linear and coupled. There are no analytical solutions.

Numerical solutions can be obtained using either finite difference, or finite element discretization.
Both these discretization techniques can be cast into a finite volume method. The finite volume
method when applied to the equations in conservation form ensures global conservation of mass,
momentum and energy. A finite volume method is implemented in the following manner.∫

Ω

(
∂u

∂t
+

∂F

∂x
+

∂G

∂x
−B

)
dΩ = 0∫

Ω

(
∂u

∂t
−B

)
dΩ+

∫
Γ
(F +G)nidΓ = 0

(4.24)

where
∫
Ω is a volume integral,

∫
Γ is a surface integral. The following two theorems are very useful.

Divergence Theorem

The volume integral of a divergence of a quantity is equal to the surface integral of the component
of the quantity normal to the surface.∫

Ω
∇ ·EdV =

∫
Γ
EdA (4.25)

Stokes Theorem

The area integral of the curl of a vector is equal to the line integral of the vector around the
boundary of the area.∫

Γ
∇× EdA =

∫
L
Edl (4.26)

The Navier-Stokes equations can be non-dimensionalized. However, for practical applications
with complicated geometries, varying fluid properties, and unsteady boundary conditions the num-
ber of non-dimensional parameters become very large. Hence for many practical applications are
dimensional equations are used. From experiments it has been observed that the Navier-Stokes
equations describe the flow of a Newtonian fluid satisfactorily, even though, for a given boundary
condition the uniqueness of a solution is difficult to prove.

The Navier-Stokes equations can be simplied for special cases. These simplified cases are also
of great value to an analyst. They are incompressible flows (constant density), isothermal flows
(constant viscosity), inviscid flows (zero viscosity), potential flow (zero viscosity and irrotational),
creeping or Stokes flow (convective fluxes are negligible except for pressure, i.e. flow occurs under
viscous, pressure and body forces only), Boussinesq flow (density is constant in the unsteady and
convective fluxes, but varying in the gravitational body forces), boundary layer flow (thin shear
layer), and steady flows, where the time derivatives are set to zero. The simplfied equations relevant
for rotorcraft flows are discussed below.
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4.1.2 Euler equations

The fluid is assumed to have no viscosity. The Euler equations are obtained by simply setting the
diffusive fluxes to zero in the conservation form of the equations. The continuity equation remains
same as equation 4.1.

The momentum equation, in its non-conservation form, equation 4.17, reduces to

ρ
DV

Dt
= −∇p+ ρf (4.27)

The energy equation, equation 4.18, can be re-arranged in several ways. One way is to proceed
from equation 4.18 as follows. First set the diffusive fluxes to zero, G = 0.

ρ
De

Dt
= −ρV · DV

Dt
−∇ · (pV ) +B

= +V · ∇p−∇ · (pV ) +B using the momentum equation

= −p∇ · V +B using ∇ · (pV ) = p∇ · V + V · ∇p

(4.28)

The continuity equation gives the following

∂ρ

∂t
+ (V · ∇)ρ+ ρ∇ · V = 0

∇ · V = −1

ρ

Dρ

Dt

(4.29)

Thus the energy equation becomes

ρ
De

Dt
=

p

ρ

Dρ

Dt
+B

ρcv
De

Dt
=

p

ρ

Dρ

Dt

(4.30)

Assuming the body forces and heat fluxes to be zero.
The Euler equations cannot be solved analytically. The next level of approximation is to

assume irrotational flow. The assumption of irrotational flow leads to the existance of velocity
and acceleration potential functions. Thus, these flows are called potential flows.

4.1.3 Velocity Potential Equation for Unsteady Flows

The assumption of irrotationality reduces the momentum equations to the unsteady Bernoulli
equation, also called Kelvin’s equation. This is the Bernoulli equation in its most non-restrictive
form, applicable for unsteady, compressible flows. The governing equation is obtained from the
continuity equation. The equations are derived in ref. [3], and given below.

Flow irrotationality means that the curl of the flow velocity is zero. The curl of the flow velocity
is vorticity, ξ.

ξ = ∇× V = 0 (4.31)

This is a necessary and sufficient condition for the existance of a velocity potential such that

V = ∇φ (4.32)

For an irrotational flow, the force field must be irrotational. A conservative force field is an
irrotational force field. Consider the Euler equation 4.27. The body force per unit mass f can then
be represented as ∇Ω. The equation is written as

DV

Dt
= −∇p

ρ
+∇Ω (4.33)
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Now

DV

Dt
=

∂V

∂t
+ (V · ∇)V

=
∂V

∂t
+∇V 2

2
− V × (∇× V )

=
∂V

∂t
+∇V 2

2
− 0

=
∂∇φ

∂t
+∇V 2

2

= ∇
(
φt +

V 2

2

)
(4.34)

where φt = ∂φ/∂t. The momentum conservation equation now becomes

∇
(
φt +

V 2

2

)
= −∇p

ρ
+∇Ω

= −∇
∫

dp

ρ
+∇Ω

(4.35)

It follows

∇
(
φt +

V 2

2
+

∫
dp

ρ
− Ω

)
= 0 (4.36)

The term within the bracket can only be a constant, at most a function of time.

φt +
V 2

2
+

∫
dp

ρ
− Ω = F (t) (4.37)

The above equation is the most non-restrictive form of Bernoulli’s equation. The right hand side
can be related to conditions at a remote point where φ will be a constant. Thus,

F (t) =
U2∞
2

+

∫ p∞ dp

ρ
− Ω∞ (4.38)

Thus equation 4.37 can be written as

φt +
1

2

(
V 2 − U2

∞
)
+

∫ p

p∞

dp

ρ
+ (Ω∞ − Ω) = 0 (4.39)

For isentropic flow∫ p

p∞

dp

ρ
=

1

γ − 1

(
a2 − a2∞

)
(4.40)

The local pressure coefficient and the local speed of sound (or absolute temperature T ) can be
obtained from the above equation.

Cp =
p− p∞
1
2ρ∞U2∞

=
2

γM2

{[
1− γ − 1

a2∞

(
φt +

V 2 − U2∞
2

+ Ω∞ −Ω

)] γ
γ−1

− 1

} (4.41)
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From equations 4.40 and 9.18 we have

a2 − a2∞ = −(γ − 1)

[
φt +

1

2

(
V 2 − U2

∞
)
+ (Ω∞ − Ω)

]
(4.42)

We saw above how the Euler equations for momentum conservation reduce to the unsteady Bernoulli’s
equation (or Kelvin’s equation) under the assumption of flow irrotationality. The continuity equa-
tion for mass conservation reduces to the governing governing PDE for the velocity potential φ.

Dρ

Dt
+ ρ∇ · V = 0

Dρ

Dt
+ ρ∇2V = 0∫ p

p∞

dp

ρ
= −φt − 1

2

(
V 2 − U2

∞
) (4.43)

Now using Leibnitz theorem we have

d

dp

∫ p

p∞

dp

ρ
=

1

ρ
(4.44)

Then

D

Dt

∫ p

p∞

dp

ρ
=

[
d

dp

∫ p

p∞

dp

ρ

]
Dp

Dt

=
1

ρ

dp

dρ

Dρ

Dt

=
a2

ρ

Dρ

Dt

(4.45)

Using the above result with the third of equation 4.43 we have

1

ρ

Dρ

Dt
= − 1

a2
D

Dt

(
φt +

1

2
V 2

)
1

ρ

Dρ

Dt
= − 1

a2

(
∂

∂t
+ V · ∇

)(
φt +

V 2

2

) (4.46)

Replace the left hand side of the above expression from the second of equation 4.43. Expand the
right hand side to obtain

∇2φ− 1

a2

[
φtt + V · ∇φt + V · ∂V

∂t
+ V · ∇

(
V 2

2

)]
(4.47)

Thus the governing equation can be written in any of the following forms

∇2φ− 1

a2

[
φtt +

∂

∂t
V 2 + V · ∇V 2

2

]
= 0

∇2φ− 1

a2

(
∂

∂t
+ V · ∇

)(
φt +

V 2

2

)
= 0

∇2φ− 1

a2
D

Dt

(
φt +

V 2

2

)
= 0

(4.48)

These equations describe an inviscid potential flow, but non-stationary and not limited to small
disturbances. It has the same form as the equation of wave motion. The disturbance represented
by the velocity potential partakes of the local fluid velocity and is propagated as a wave which
spreads at a rate equal to the local speed of sound.

At this stage it is important to note the following. Consider the following two assumptions, one
by one.
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1. The fluid is incompressible, ρ is constant everywhere.

2. The fluid flow is steady, ∂/∂t terms are zero.

Under each of these two conditions, the governing equation reduces to the same Laplace equation

∇2φ = 0 (4.49)

Under the first assumption, the speed of sound goes to infinity. Under the second assumption, the
unsteady terms go to zero. Thus for incompressible flow, the governing equation is indistinguishable
between steady and unsteady flows. The boundary conditions, however, are to be treated differently.
The classical unsteady solutions (obtained during the 1930s by several researchers) are obtained
from such differences. This is treated in the section on thin airfoil theory. Thin airfoil theory deals
with incompressible potential flow in 2-dimensions.

The above potential flow equations ( 4.48) is in its invariant form. It can be converted easily o
any coordinate system, fixed or moving in space. For example, in cartesian coordinates it reduces
to the following form [4](

1− u2

a2

)
φxx +

(
1− v2

a2

)
φyy +

(
1− w2

a2

)
φzz − 2

uv

a2
φxy − 2

vw

a2
φyz

−2
wu

a2
φzx − 2

u

a2
φxt − 2

v

a2
φyt − 2

w

a2
φzt −− 1

a2
φtt = 0

(4.50)

where u = φx, v = φy, w = φz, and a is the velocity of propagation of disturbances, i.e. the local
speed of sound.

4.1.4 The Acceleration Potential

Like velocity potential φ, an acceleration potential Ψ can be defined for potential flows. For an
irrotational flow to remain irrotational, the force field must be irrotational. The Euler equation
from equation 4.27 is then given by

DV

Dt
= −∇p

ρ
+

f

ρ
(4.51)

where Ω is the potential of the force field per unit mass. It follows

DV

Dt
= −∇p

ρ
+∇Ω

= ∇
[
Ω−

∫
dp

ρ

] (4.52)

Thus

∇× DV

Dt
= 0 (4.53)

which implies DV/Dt can be expressed as a gradient of a potential ∇Ψ. This is called the acceler-
ation potential.

Ψ = Ω−
∫

dp

ρ
(4.54)

or at most

Ψ = Ω−
∫

dp

ρ
+G(t) (4.55)
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where G(t) can be function of time, generally discarded. When disturbances are small, the accel-
eration potential is useful.∫ p

p∞

dp

ρ
≈ p− p∞

ρ∞

Ψ = −p− p∞
ρ∞

(4.56)

Thus the acceleration potential Ψ denotes a pressure difference. Doublets of Ψ are useful tools to
represent lifting surfaces.

4.1.5 Vorticity Conservation Equation

The Euler equations for momentum conservation can be recast into a vorticity conservation form.
This form is often used by researchers for problems where preservation of flow vorticity is of great
importance over large flow domains. Consider the substantive derivative of velocity (left hand side
of the Euler equation).

DV

Dt
=

∂V

∂t
+ (V · ∇)V

=
∂V

∂t
+∇V 2

2
− V × (∇× V )

=
∂V

∂t
+∇V 2

2
− V × ξ

(4.57)

Now take curl of the equation above

∇× DV

Dt
= ∇× ∂V

∂t
+∇×∇V 2

2
−∇× (V × ξ)

=
∂ξ

∂t
+ 0−∇× (V × ξ)

(4.58)

Note the following identity

∇× (A×B) = (B · ∇)A− (A · ∇)B −B(∇ ·A) +A(∇ · B) (4.59)

It follows

∇× (V × ξ) = (ξ · ∇)V − (V · ∇)ξ − ξ(∇ · V ) + V (∇ · ξ) (4.60)

Note that ∇ · ξ = 0. This is similar to the Maxwell equation for magnetic induction B, ∇ · B = 0.
Hence we have

∇× DV

Dt
=

∂ξ

∂t
+ (V · ∇)ξ − (ξ · ∇)V + ξ(∇ · V )

=
Dξ

Dt
− (ξ · ∇)V + ξ(∇ · V )

(4.61)

The final equation is then

Dξ

Dt
= (ξ · ∇)V + ξ(∇ · V ) +∇× f (4.62)

where f is the body force per unit mass.
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4.1.6 Potential Equation for Steady Flow

The potential equation for steady flow can be obtained by setting the time derivatives in equa-
tion 4.48 or equation 4.50 to zero. The later gives the following(

1− φ2
x

a2

)
φxx +

(
1− φ2

y

a2

)
φyy +

(
1− φ2

z

a2

)
φzz

−2
φxφy

a2
φxy − 2

φyφz

a2
φyz − 2

φzφx

a2
φzx = 0

(4.63)

where all velocities have been expressed in terms of the potential. Note that this equation, combines
both the continuity and momentum conservation laws. The energy conservation law leads to the
following. Conserving enthalpy per unit mass and assuming a calorically perfect fluid we have

CpT +
V 2

2
= CpT0

Cp =
γR

γ − 1

a =
√
γRT

where T0 is the stagnation temperature corresponding to zero velocity. Using the above we obtain

a2 − a20 = −γ − 1

2

(
φ2
x + φ2

y + φ2
z

)
(4.64)

Note that the above equation 4.64 is same as equation 4.42 for a steady case. Only that in the
present case the local properties have been related to stagnation properties, whereas in the previous
case they were related to un-disturbed conditions at infinity. Equations 4.63 and 4.64, as before,
represent one equation for continuity, momentum and energy conservation. The non-linear PDE is
applicable to subsonic, transonic, supersonic as well as hypersonic flows. The only assumptions are
that of irrotational and isentropic flow.

4.1.7 Potential Equation for Incompressible Flow

In the case of incompressible flow, the continuity equation 4.1 reduces to the following form

∇ ·V = 0 (4.65)

The condition of flow irrotationality, ξ = ∇×V = 0, gaurantees the existance of a velocity potential
V = ∇φ. The continuity equation then produces the Laplace Equation.

∇2φ = 0 (4.66)

In cartesian coordinates

φxx + φyy + φzz = 0 (4.67)

Both are readily deducible from equations 4.48 and 4.50. As noted earlier, for an incompressible
flow the time dependancies vanish, and hence the governing equation is indistinguishable between
steady and unsteady flows. The momentum conservation equation reduces to the Bernoulli’s equa-
tion for steady flows. From equation 9.18 we have

p+
1

2
ρV 2 = Constant (4.68)
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The equations 4.83, 4.67 can be solved with values of the potential or its normal derivatives
(or combinations thereof) prescribed at the boundaries. A large volume of knowledge exists on the
solution of such classical boundary volume problems, see for example Lamb ( [5], 1945), Milne-
Thompson ( [6], 1960), Thwaites ( [7], 1960). The equation cannot be solved directly for arbitrary
geometries. Analytical solutions exist for simple flows which can be combined to obtain solutions
for practical applications. Such solutions are the uniform flow, source, sink, and a vortex flow. The
strength of these solutions are treated as unknowns and determined from boundary conditions.
One such application is the basis for the thin airfoil.

4.2 The Rotor Flow Field

The rotor blades operate in a high Reynolds number, typically 1–6 million, highly vortical flowfield.
The aerodynamics of a rotor blade differ from that of a fixed wing due to the following phenomenon.

1. Rotor inflow, generated by high RPM of the blades (around 250 for conventional main rotors),
necessary for vertical flight.

2. Cyclic variation of blade pitch angle, necessary for control.

3. Time varying, assymetric flow in forward flight with large variations of angle of attack in the
advancing and retreating sides.

4. Enormous compressibility effects including shocks on the advancing side and stalled flow on
the retreating side.

5. The complex, unsteady wake structure of each blade interacting with following blades.

4.2.1 Wake Structure of a Lifting Wing

Consider an un-twisted wing with symmetric airfoils in steady flight. If the angle of incidence of
with respect to the oncoming flow is zero then the flow over the wing is symmetric in the vertical
direction. It need not be so in the horizontal direction. If the airfoil sections are thick, and if
there is sufficient skin friction the flow will seperate towards the trailing edge of the wing. This
assymetry creates skin friction drag and pressure drag forces on the wing. In turn, the disturbance
imparted by the wing on the surrounding air can be turbulent and unsteady. The flows on the
top and bottom surfaces however, being symmetric, generates no vertical force. This symmetry
is broken in the case of a wing at an angle of incidence to the oncoming flow, or in the case of
a wing with cambered airfoils. The assymetry between the flow on the top and and flow on the
bottom generates a vertical lifting force. The magnitude of this lifting force, or lift, is generally
an order of magnitude greater than the drag force. It is the key determinant of wing performance
and the performance of the aircraft as a whole. The assymetry between the flow on the top and
bottom surfaces also generates an additional horizontal drag force called the induced drag. This
horizontal force is produced only in the case of a finite wing. While the net pressure determines lift,
the distribution of pressure determines the pitching moment about any point on a wing section.
The lift, pitching moment, and drag are called airloads. The pitching moment divided by the lift
force gives a distance. This is the distance from the point about which the pitching moment was
calculated and the point at which the lift force acts. The later is called the center of pressure. The
definition of center of pressure becomes less meaningful when the lift force approaches zero. This
happens at small angles of incidences. The center of pressure then approaches infinity, oscillating
wildly between positive and negative values depending on the relative signs of the lift and pitching
moments. The goal is to calculate the airloads as accurately as possible.
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The disturbance imparted by a lifting wing to its surrounding air is highly vortical in nature.
Lanchester was the first to show that the effect of the wing on the surrounding air, and the effect
of the surrounding air on the wing in terms of the lifting force can be closely simulated by a system
of vortices. Lanchester’s system of vortices greatly aids in understanding the basic character of the
disturbance, or wake, behind finite, lifting wings. The system comprises of what is called a bound
vortex system, a trailing vortex system and a starting vortex system. The trailing and starting
vortex systems can be related to physical flow characteristics in the wake and are often visible to
the naked eye if the conditions are right. The bound vortex system is hypothetical and forms the
crux of the model. The bound vortex system replaces the wing. The finite wing theory is concerned
with the determination of an equivalent bound vortex system which re-creates the real airloads,
and the real disturbances imparted to the fluid, from as close to the wing as possible.

The strength of the bound vortices are related to the strengths of the trailing and starting
vortices via the four fundamental theorems of vortex motion, Helmholtz’s Theorms. These theorems
require that a fluid initially free from vortices remain so permanently - vortices can neither be
created nor destroyed. The lift force is related to the strength of the bound vortices via Kutta
Joukowski condition. These inter-relations only emphasize the coupled nature of airloads and wake
where one determines the other and vice versa.

4.2.2 Coupled Airloads and Wake

For a 2D airfoil, there is no trailing vortex system. If the airfoil is held steady to the oncoming
flow, the starting vortex is at infinity. The bound vortex system, which models the airfoil, moves
through the flow, and tries to simulate the airloads on the airfoil, and the disburbances imparted
by the airfoil on the surrounding air. The strength of the bound vortex system is obtained by zero
impenetrability condition, and by ensuring smooth flow over the training edge. The later is also
called the Kutta condition. The forms the subject of thin airfoil theory. That is, given an airfoil
at an angle of incidence the goal is to determine the bound vortex strength which generates the
correct lift.

For a 3D wing, the objective is the same, but there is an added complication. That is the trailing
vortex system. Depending on the strength of the trailing vortex system a downwash is induced on
the airfoil, which modifies the oncoming flow, and this induced effect must be taken into account
while calculating the bound vortex system. However, the strength of the trailing vortex system is
itself determined by the bound vortex system. Thus, the wake (trailing vortex system) and the
airloads (determined by the bound vortex system) are coupled together and must be treated as a
whole.

Prandtl’s lifting line model conceptually seperates the two. Its says the following: (1) use thin
airfoil theory for each wing section just as if it were 2D, with the only modification, that instead of
using the actual angle of incidence use a modified or reduced angle of incidence, and (2) calculate
the angle of reduction that is required in step 1. To carry out step 2, the bound vortex distribution
used in step 1 is collapsed to a single bound vortex. The wing model then becomes a line of
bound vortices extending over the span. The trailing vortex system is then calculated using this
line distribution of bound vortices across the span, hence the name lifting-line. The lifting-line
forms the wing, which is used to modify the local airfoil incidences. The assumption is that the
global induced flow effects of the wake can be simulated disregarding the details of the local airfoil
surface flow. It works well for large aspect ratio wings without a sharp spanwise lift variation. As
long as the spanwise lift distribution do not show sharp gradients the predictions are satisfactory.
This method is called breaking up the wing problem into inner and outer problems. The inner
problem deals with the airfoil section. The outer problem deals with the 3D reduction in angle of
incidence needed in the inner problem. For wings with low aspect ratio, sweep, delta wings, etc.,
this approach is no longer effective. Note also, that the spanwise lift change is necessarily sharp at
the tip because it drops to zero. Thus a lifting-line model is unsatisfactory near the tip. In general,
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a lifting model gives good lift variations for aspect ratios above 4, and for straight wings.

In the next level of modeling the wing is not idealized as a bound vortex line, but treated as a
distribution of vortices. The vortex system is then treated in an unified manner. For conventional
helicopter rotors, blades have a high aspect ratio (8 to 10) and are nominally straight. However
the lift variation is not uniform over span due to the rotational motion of the wing. Still, the
lifting line model can be successfully used for the calculation of lift. It is often modified to account
for measured airfoil properties. The airfoil properties provide 2D lift, drag, and pitching moment
data for realistic airfoils. In this case step 1 of the lifting line procedure can be avoided. However,
step 2 must be done is a systematic manner such that the bound vortex strengths, trailing vortex
strengths and the airfoil properties are all consistent. This means: (1) the predicted lift satisfies
Kutta Joukowski theory as well as the airfoil properties, and (2) the reduced angle of incidences
are consistent with the trailing vortex system which is consistent with the airfoil lift. A lifting line
model is a simplified potential flow solution. The advantage is that the effects of compressibility and
viscosity can be easily incorporated externally using prescribed airfoil tables. To understand lifting
line models that are classically adopted for rotary wing calculations we begin with the concept of
breaking up the problem of calculation of lift into inner and outer problems.

The inner problem is the airfoil response problem. The outer problem is the wake problem.
Note that, as mentioned earlier, this break-up is only for the ease of analytical treatment. In reality
the 3D wing or rotor problem is a coupled problem of airloads and wake.

4.2.3 Non-steady Excitation in Rotor Blades

In the case of a rotor blade the angle of incidence varies with time. This is due to the time varying
control inputs and blade deformations. As a result the trailing vortex system is time varying.
In addition, there is a shed vortex system. It can be thought of as a system of starting vortices
generated due to a time varying angle of incidence on the blade. In the case of rotor blades

Physically, the problem has two parts - excitation and response. The excitation is due to blade
motions and control angles. The response involves the calculation of airloads on the blade and
the motion imparted to the surrounding air by the blade, i.e. the wake comprised of the trailed
and shed vortex system. The airloads and the wake system, as mentioned earlier, forms a coupled
problem. Given the blade excitation, modern CFD methods seek to solve the response problem
directly.

For many applications a lifting line approach is adopted to a rotor. In this approach the problem
is again be broken into an inner and an outer part. The advantage, as mentioned earlier, in this
approach of breaking up the problem into inner and outer parts is the ease of including compressible
and viscous effects using corrections to a potential flow solution. The conceptual departure from
physics here is the treatment of wake as an agent of excitation, not part of the response. This is
discussed in the next subsection.

4.2.4 Trailed and Shed Wake Structure of a Rotor

Consider the wake system one by one. First the trailed wake. As in the case of a fixed wing, a
lifting line model can be used to calculate a modified angle of incidence. The key difference here
is that the modification must account for the trailed wake from all blades. Next consider the shed
wake. The shed wake can be incorporated in two ways. One way is to treat it in the same way as
the trailed wake. That is, determine the effect of the shed wake from all blades to modify the angle
of incidence. In this case the shed wake is treated as an agent of excitation. A disadvantage here is
that, the shed wake being modeled as a vortex system, is necessarily incompressible and inviscid.
The second way is to ignore the shed wake while calculating the airfoil excitation. Incorporate the
shed wake by modifying the airfoil response. This second approach forms the subject matter of
the theory of unsteady aerodynamics. This approach has the advantage that compressibilty, and
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dynamic stall effects can be incorporated using semi-empirical models. The effect of shed wake
is called the circulatory effect. The unsteady airfoil response also contains a non-circulatory or
apparant mass effect. This effect must be accounted for in either approach. The effect of trailed
and shed wake from all the blades generate the rotor inflow.

If the rotor blades experience a constant angle of incidence, for example in the case of hover
with only a collective angle, then there is no shed wake. The trailed wake, all the blades create a
steady inflow through the rotor disk, varying over the blade span.

One approximate way to calculate the steady rotor inflow is to use momentum theory. This
inflow can then be used to modify the blade angle of incidence. This is the blade element momentum
theory. Note that it is not a lifting line model, as the inflow has not been calculated using a blade
aerodynamic model, but by simple implementation of energy conservation laws.

4.2.5 Unsteady Aerodynamics

Classical 2D unsteady aerodynamic theory is concerned with calculating the effect of shed wake on
airfoil airload response. For example, the effective angle of incidence of the airfoil sections on the
rotor blade can be determined based on blade motions, control angles, and trailed wake from all
blades. The angle of incidence is also called the effective blade element angle of attack. Based on the
angle of attack and its rate of change the airload response can be modified to incorporate the effect
of shed wake. The geometry of the shed wake will be different depending on the type of excitation.
The effective angle of attack excitation can consist of several parts. For example, the blade pitching
motions supply both an angle of attack as well as a rate of change of angle of attack, the flapping
motion supplies a plunging motion, the inflow supplies a gust type velocity pattern, the unsteady
response to all these stimuli are different and complex. An comprehensive treatment of these effects
can be found in Leishman [8]. In general, most rotor simulations combine these effects to define
an instantaneous angle of attack for each airfoil section calculated at the 3/4 chord location. The
airloads are then calculated using the ’look-up’ tables obtained from wind tunnel tests. These
are termed quasi-steady airloads. The quasi-steady airloads can then be corrected using unsteady
aerodynamic theory. The quasi-steady airloads vary with time. The unsteady correction reduces
the peak magnitude and alters the phase. The correction can be made either in the frequency
domain or in the time domain. They are equivalent. For example, the classical Theodorsen’s
theory provides the correction in the frequency domain. On the other hand Wagner’s formulation
is in the time domain. It is exactly equivalent to Theordorsen’s theory in the frequency domain,
except that it also includes the non-circulatory forces. These classical 2D theories are based on
potential flow solutions to oscillating thin airfoils. Thus they ignore compressibility, viscous effects,
affect of airfoil shape and most significantly flow seperation. Over the last three decades, significant
improvements have been made in usteady aerodynamic modeling. Oscillating airfoil wind tunnel
data have been used to develop semi-empirical models that attempt to capture the real fluid effects,
including specific airfoil properties, compressibility, and flow separation. Flow seperation on rotor
blades produce the phenomenon of dynamic stall. Whereas the attached flow unsteady effects are
produced by continuous vortex shedding from the trailing edge, dynamic stall is characterised by
abrupt vortex shedding from the leading edge. For example, semi-empirical indicial models were
developed for high sub-sonic (up to Mach number 0.8) 2D unsteady aerodynamics by Leishman
and Beddoes [11, 10]. The models were further extended to include nonlinear effects of flow
separation [9], dynamic stall [12] and effects of blade sweep on dynamic stall [13].

4.2.6 Dynamic Stall

Dynamic stall is an unsteady flow separation phenomenon that occurs on a heavily loaded rotor
or a moderately loaded rotor at high speed. The rotor blades can encounter dynamic stall on the
retreating blade because of high angle of attack, and on the advancing blade because of shock
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induced leading-edge separation. Dynamic stall generates high oscillatory and vibratory torsion
loads on the blades and the swash-plate servos. Predicting dynamic stall is necessary for initial
sizing and stall flutter calculations. It is also key to achieving higher forward speed capabilities for
heavily loaded rotor systems.

Numerous experiments have revealed the general sequence of events. For an airfoil pitching up, a
progressive trailing edge separation due to flow reversal in the boundary layer, is accompanied by the
formation of a leading edge vortex. The onset of a critical leading edge pressure triggers a leading-
edge separation where the vortex detaches and starts moving downstream. This phenomenon
of vortex detachment generates a strong pitching moment stall. However, as long as the vortex
traverses over the airfoil, the lift does not stall and continues to increase. The lift stalls when the
vortex leaves the trailing edge. At this time, the pitching moment reaches its maximum negative
value. A period of progressive flow re-attachment follows as the airfoil pitches down. During
this time one or more weaker vortices can be shed from the upper surface, creating additional
fluctuations in lift and pitching moment. This sequence of events lead to large hysteresis loops in
airloads when plotted versus the angle of incidence. Typical hysteresis loops in airfoil lift coefficient
and pitching moment coefficients are shown in Fig.4.1. The figure shows the airloads on a 2D SC-
1095 airfoil section undergoing pitch oscillations at a nondimensional frequency k = ωc/2U , where
ω is the frequency of oscillation in radians/sec, c is the airfoil chord, and U is the incident velocity.
The incident velocity corresponds to a Mach number of 0.3. When the angle of attack variation is
such that the airfoil goes slightly out of the static stall regime with each oscillation, it is called a
light stall. When a large part of the angle of oscillation occurs outside the static stall regime, it is
called a deep stall.
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Figure 4.1: SC-1095 light and deep dynamic stall cycles; static and dynamic data from
McCroskey et al NASA TM-84245, 1982, at Mach 0.3, reduced frequency k = 0.1
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Fundamental understanding of dynamic stall began with the seminal work of Liiva [16] on
helicopter rotors and Carta [17] on axial-flow turbomachines. Subsequently, many experimental
investigations have provided greater insights into the phenomena.

Current comprehensive analyses calculates dynamic stall using semi-empirical models. like the
UTRC Method 1970, the Beddoes Time-Delay Method 1976, Gangwani’s Method 1982 (all reviewed
in [8]), the Boeing-Vertol gamma function method 1973 [18], Johnson’s Method 1969 [19], the
Leishman-Beddoes Method 1986 [12], ONERA EDLIN (Equations Differentielles Linearires) model
1990 [20] and the ONERA BH (Bifurcation de Hopf) model 1998 [21].

Dynamic stall is characterized by a delay in angle of attack before stall (or separation) and high
transient loads induced by a leading edge vortex after stall. All dynamic stall models, model the
delay in angle of attack and the aerodynamic coefficient increments after stall. In the Leishman-
Beddoes model uses first-order differential equations for the delayed angle of attack and leading-edge
vortex lift. All models are 2-D and semi-empirical in nature. The ONERA EDLIN model and BH
model both use second-order differential equations to calculate delayed angle of attack and lift,
drag and moment increments. The Johnson model uses an angle of attack delay proportional to
the rate of change of angle of attack. The Boeing model uses an angle of attack delay proportional
to the square-root of the rate of change of angle of attack. In general the agreement between
different models are good considering the simplicity of the models, but correlation with test data
show significant errors, as expected with empirical models. Johnson [22] compared 2D airloads,
PUMA blade sectional airloads, and power predictions under stall conditions using the different
models. The predictions were similar but correlation with test data showed errors, as expected of
all semi-empirical models.

4.3 Unsteady Thin Airfoil Theory

Thin airfoil theory is widely used to calculate the lift force on an airfoil. The theory tries to solve
the Laplace equation in two dimensions while implementing boundary conditions that produce
useful aerodynamic solutions. The assumption of inviscid potential flow implies that the governing
equation remains the same for both steady and unsteady flows. The treatment of unsteady flows
is via boundary conditions.

Normally, the problem is divided into two parts, lift and drag. Typically, the lift problem is
normally solved using the inviscid flow assumption. On the other hand, the viscosity plays an
important role near the surface and it influences the drag force. The drag solution is separately
obtained for the real fluid either using some empirical relations or the experimental data. For most of
the problems, viscosity has little influence on the pressure solution. An airfoil is assumed sufficiently
thin so that for a small angle of attack the disturbances in the flow are small perturbations.

The assumptions are:

1. Flow disturbances are small perturbations.

2. Flow on the surface is tangential.
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3. Flow leaves trailing edge smoothly (Kutta condition).

Break the problem into two parts.

Part I: Thickness solution

The airfoil camber as well as the angle of attack are set to zero. A symmetric airfoil at zero
angle of attack gives symmetric pressure resulting in zero net lift. The airfoil is replaced by a source
distribution on the chord line.

We would like to find the strength of the source distribution, and this is done using the tangential
flow condition on the surface. Once the strength is known then the pressure distribution can be
calculated.

Part II: Lift solution

The airfoil thickness is set to zero, so the camber line is set at an angle of attack. The lift solution
is obtained by replacing the camber line with the vortex sheet. The solution is anti-symmetric in
character.

Using the boundary condition on the surface and the Kutta condition at the trailing edge, the
strength of the vorticity distribution is evaluated. Then the pressure distribution can be calculated.
Glauert used a Fourier series to solve the problem. Note that, without the Kutta condition the
airfoil generates zero forces and moments. The assumption of inviscid irrotational flow gaurantees
that the flow slips past the body without producing any net forces. The Kutta condition ensures
that at least a lift is produced. This lift happens to be close to measured values, implying that the
Kutta condition has a physical basis.

It was Helmholtz who first proposed an idea to obtain a lift solution for a thin airfoil, essentially
a flat plate. It is impossible he reasoned that a real flow with viscosity would negotiate a sharp
turn (zero radius of curvature) at the leading and trailing edges. One way to indirectly incorporate
viscous behavior within a potential flow solution was to impose flow smoothness at the leading
and trailing edges. The lift solution he obtained was far off, but the idea was correct. Kutta and
Joukowski, independantly, imposed the condition only at the trailing edge. Their solution was quite
accurate. We now know that the effects of viscosity is pronounced at the trailing edge, not the
leading edge. The boundary layer is thick near the trailing edge.
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4.3.1 Steady Airloads

Let us examine the lifting problem through the thin airfoil theory. The flow is assumed to be
inviscid, irrotational (i.e. potential) and in addition incompressible.

The airfoil camber is given by z = z(x), z(x) << c, where c is the airfoil chord. The camber
line is replaced by the vorticity distribution γ(x). For steady flow, the shed vorticity is neglected.
The induced velocity w(x) perpendicular to the camber line at any x is approximated to be the
same as that perpendicular to the x axis. This is the thin airfoil assumption.

wb(x) =

∫ c

0

γb(ξ)dξ

2π(ξ − x)

For flow tangency, or impenetrability along the camber line, the induced velocity from the free
stream should be equal and opposite to the vortex induced velocity. Thus∫ c

0

γ(ξ)dξ

2π(ξ − x)
+

(
α− dz

dx

)
U = 0

or ∫ c

0

γ(ξ)dξ

2π(x− ξ)
=

(
α− dz

dx

)
U

The Kutta condition is given by

γ(c) = 0

Solve for γ(x). Then the lift and moment about the leading edge can be calculated using

L =

∫ c

0
ρUγdx

Mle =

∫ c

0
ρUγxdx

The moment can be transfered to any chord-wise location based on requirements.
Glauert calculated the solution using the Fourier series. The results are summarized here. The

non-dimensional lift and pitching moment coefficient at quarter chord are given by

Cl = 2π(A0 +A1/2)

Cm 1
4
c = −π

4
(A1 −A2)

where

A0 = α− 1

π

∫ π

0

dz

dx
dθ

An =
2

π

∫ π

0

dz

dx
cosnθdθ

θ = cos−1

(
1− 2x

c

)
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4.3.2 Quasi-Steady Airloads

The steady airloads results can be adapted to unsteady airfoil motions. It provides quasi-steady
airloads solutions that are quite useful for simple aero-elastic stability analysis. The world quasi-
steady is used because the effects of shed wake is still being neglected.

Note that the slope of the camberline dz/dx satisfies the following equation to maintain impen-
etrability conditions.(

α− dz

dx

)
U = wa(x)

where wa(x) is the component of free stream perpendicular to the camberline. Thus

dz

dx
= α− wa(x)

U

In the case of a flat plate we have

dz

dx
= 0

Consider a flat plate with a plunge velocity ḣ downwards (so that the relative air velocity is ḣ
positive upwards).

wa(x) = Uα+ ḣ

wa(x)

U
= α+

ḣ

U

dz

dx
= − ḣ

U

Now consider a flat plate pitching with a angular rate α̇. The point with zero translational velocity
(center of rotation, elastic axis) is at a distance ahb from the mid-chord, where b = c/2.

wa(x) = Uα+ (x− b− ahb) α̇

wa(x)

U
= α+ (x− b− ahb)

α̇

U

dz

dx
= − (x− b− ahb)

α̇

U

For an airfoil both pitching and plunging we have

dz

dx
= − ḣ

U
− (x− b− ahb)

α̇

U

Using the above expression in the steady airload results and noting that x = b(1 − cos θ), we have

A0 = α+
1

π

∫ π

0

[
ḣ

U
+ (x− b− ahb)

α̇

U

]
dθ

= α+
ḣ

U
− ahb

U
α̇

(4.69)

For pitching about 1/4c, i.e. if the elastic axis is at 1/4c then

ahb = −b/2
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ah = −1/2

A0 = α+
ḣ

U
+

bα̇

2U
or

A0 = α+
ḣ

U
+

cα̇

4U

Similarly

A1 = − 2

π

∫ π

0

[
ḣ

U
+ (x− b− ahb)

α̇

U

]
cos θdθ

= − 2

π

α̇

U

∫ π

0
x cos θdθ

=
α̇

U
b

(4.70)

Thus

Cl = 2π

[
α+

ḣ

U
+

α̇

U

(
b

2
− ahb

)]

Lqs =
1

2
ρU2(2b)

= 2πbρU

[
Uα+ ḣ+ α̇

(
b

2
− ahb

)] (4.71)

where Lqs is the quasi-steady lift per unit span. Note that

b

2
− ahb =

(
b+

b

2

)
− (b+ ahb)

=
3

4
c− xea

(4.72)

Thus

Cl = 2π

[
α+

ḣ

U
+

α̇

U

(
3

4
c− xea

)]

= 2π

[
α+

downward velocity at 3/4 chord

U

]
= 2παg

(4.73)

where αg is defined as a geometric angle of attack, arising out of the unsteady blade motions. αg

is the angle of attack at 3/4c.
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Thus, the quasi-steady assumption boils down to the following. At any instant of time, freeze
the motion of the body. Calculate the effective angle of attack at 3/4c. Then use the static
aerodynamic characteristics to evaluate the forces on the body.

4.3.3 Unsteady Airloads

For unsteady flow, the shed vorticity plays an important role. The Laplace solutions are retained
with the addition of shed vorticity. Consider a similar pitching and plunging airfoil motion as
before.

The bound vorticity strength is γb as before. In addition we have a shed (or wake) vorticity
strength of γw.

wa(x) = Uα+ ḣ+ α̇(x− ahb)

where, as in the case of steady and quasi-steady airloads, the geometric camber has been neglected.
The airfoil is assumed to behave as a flat plate.

wb(x) =

∫ b

−b

γb(ξ)dξ

2π(ξ − x)

λs(x) =

∫ ∞

b

γw(ξ)dξ

2π(ξ − x)

For flow tangency or impenetrability as before we have

wb + λs + wa = 0

The unknown is γb. Note that γw is not an unknown. It can be related to γb, as follows. The total
bound circulation is Γ =

∫ +b
−b γbdx. The shed vorticity is the time rate of change in total bound

circulation Γ. Suppose in time Δt the airfoil has traversed a distance Δs. Then

γwΔs = −ΔΓ

It follows

γw
Δs

Δt
= −ΔΓ

Δt
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In differential form

γw = − 1

U

dΓ

dt

where the derivative is take at time t − (x − b)/U when the vorticity was shed from the airfoil.
The Kutta condition is same as before γb(c) = 0. In addition the condition γw(t) = γw(x − Ut)
is satisfied to enforce the shed vorticity to convect with free stream. This ensures that there is
no pressure differential across the shed wake. The solution of the impenetrability condition, along
with the above boundary conditions produce a γb of the following form. For details of the derivaion
see Johnson [23].∫ b

−b
γbdx = 2πb

[(
w0 +

1

2
w1

)
−
(
λ0 +

1

2
λ1

)]
where

w0 = Uα+ ḣ− ahbα̇

w1 = bα̇

λn =
2

π

∫ π

0
λs(x) cosnθdθ = − 1

π

∫ ∞

b
γw

(ξ −
√

ξ2 − 1)n

bn
√

ξ2 − b2
dξ

γb can be broken into two parts

γb = γbc + γbnc

such that the circulatory part γbc provides the net circulation Γ but does not affect the boundary
conditions, whereas the non-circulatory part γbnc does not affect the circulation but satisfies the
boundary condition. Thus∫ b

−b
γbcdx = Γ

∫ b

−b

γbc
2π(x− ξ)

dx = 0

and ∫ b

−b
γbncdx = 0

∫ b

−b

γbnc
2π(x− ξ)

dx = wa − λs

The solution γb is then related to the differential pressure on the top and bottom surfaces of
the airfoil and then to lift and pitching moments. The differential pressure is obtained from the
linearized form of the unsteady Bernoulli’s equation. This is valid for small perturbations of the
flow.

p = −ρ

(
U
∂φ

∂x
+

∂φ

∂t

)

−Δp = ρ

(
U
∂Δφ

∂x
+

∂Δφ

∂t

)
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∂Δφ

∂x
= Δu = γb

∂Δφ

∂t
=

∂

∂t

∫ x

−∞
Δudx

Finally

−Δp = ρ

(
Uγb +

∂

∂t

∫ x

−∞
γbncdx

)
where the effect of the time derivative of γbc has already been accounted for via λs(x). The lift and
pitching moments about the elastic axis then become

L =

∫ b

−b
(−Δp)dx

Mahb =

∫ b

−b
(−Δp)(−x+ ahb)dx

Substitute the expression for Δp to obtain

L = ρ

(
UΓ− ∂

∂t
Γ(1)
nc

)

Mahb = −ρ

(
UΓ(1) − 1

2

∂

∂t
Γ(2)
nc

)
where

Γ(n) =

∫ b

−b
xnγbdx

Γ(n)
nc =

∫ b

−b
xnγbncdx

Γ = Γ(0)

From the solution of γb, and using equation 4.71 we can obtain

Γ = 2πb

[
Uα+ ḣ+ α̇

(
b

2
− ahb

)]
+

∫ ∞

b

(√
ξ + b

ξ − b
− 1

)
γwdξ

=
Lqs

ρU
+

∫ ∞

b

(√
ξ + b

ξ − b
− 1

)
γwdξ

(4.74)

and

∂

∂t
Γ(1)
nc = −πb2(Uα̇+ ḧ− ahbα̈)− U

∫ ∞

b

(
1− ξ√

ξ2 − b2

)
γwdξ

Substituting in the lift expression we have per unit span

L = 2πbρU

[
Uα+ ḣ+ α̇

(
b

2
− ahb

)]
+ ρπb2(Uα̇+ ḧ− ahbα̈)

+ ρU

∫ ∞

b

b√
ξ2 − b2

γwdξ

= Lqs + Lnc + Lw

= Lc + Lnc

(4.75)
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Lqs is the same expression as obtained earlier in equation 4.71. Lnc and Lw are the new terms. The
shed wake contribution Lw can be re-arranged as follows. Note that, from conservation of vorticity
we have

Γ = −
∫ ∞

b
γwdξ

Using the above in the second line of equation 4.74 we obtain

Lqs = −ρU

∫ ∞

b

√
ξ + b

ξ − b
γwdξ

It follows

Lc = Lqs + Lw = −ρU

∫ ∞

b

ξ√
ξ2 − b2

γwdξ

Finally the total lift can be expressed as

L = Lc + Lnc

= (Lqs + Lw) + Lnc

=
Lqs + Lw

Lqs
Lqs + Lnc

=

∫∞
b

ξ√
ξ2−b2

γwdξ∫∞
b

√
ξ+b
ξ−bγwdξ

Lqs + Lnc

= CLqs + Lnc

(4.76)

where C is a lift deficiency function. The form of C depend on the specific time history of excitation.
For example, for α = ᾱeiωt and h = h̄eiωt, the shed wake is of the form γw = γ̄we

iω(t−ξ/U) and C
has the following form

C(k) =
H

(2)
1 (k)

H
(2)
1 (k) + iH

(2)
0 (k)

(4.77)

where H
(2)
n are Hankel functions, expressed in terms of Bessel functions

H(2)
n = Jn − iYn

and k is defined as the reduced frequency.

k =
ωb

U

C(k) for this type of excitation is called the Theodorsen Lift Deficiency Function as discussed later.
The circulatory lift Lc acts at quarter chord for thin airfoil theory. The moment Mahb about the
elastic axis is given by

Mahb = Lc ·
(
b

2
+ ahb

)
− 1

2
ρπb3

[
2Uα̇+ ḧ+ b

(
1

4
− ah

)
α̈

]
= LqsC(k) ·

(
b

2
+ ahb

)
− 1

2
ρπb3

[
2Uα̇+ ḧ+ b

(
1

4
− ah

)
α̈

] (4.78)
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4.3.4 A Simple Interpretation

The unsteady results above are often interpreted as follows. The unsteady forces generated over
the wing can be classified into two categories; circulatory and non-circulatory forces. The cir-
culatory forces are caused by circulation, which means the origin of the forces is vorticity. The
non-circulatory forces are called virtual or apparent forces. Let us examine the various component
of forces. The airfoil chord is 2b.

ḣ = vertical motion, positive down
α̇ = pitch motion about elastic axis, positive nose up

1. Lift ‘L1’ caused by circulation. The downwash is computed at 3/4-chord. It lies at the aerody-
namic center.

L1 =
1

2
ρClαU

22b

[
α+

ḣ

U
+

α̇

U

(
b

2
− ahb

)]

In the case of thin airfoil theory, the lift curve slope, Clα = 2π. The aerodynamic center lies at
1/4c.
2. Lift ‘L2’ is noncirculatory with the center of pressure at mid-chord.

L2 = (apparent mass) × (vertical acceleration at mid-chord) = πρb2(ḧ− ahbα̈)

For an apparent mass, a cylinder of air with diameter equal to chord and length of unity assumed
to oscillate with the wing
3. Lift L3 is noncirculatory with the center of pressure at 3/4-chord. The nature of the force is of
centrifugal force type.

L3 = (apparent mass)× (Uα̇)

= πρb2Uα̇

4. Noncirculatory nose down moment ‘Ma’

Ma = (apparent moment of inertia)× (angular acceleration)

For an apparent mass moment of inertia, a one-quarter inertia of a cylinder with diameter equal to
chord and length unity is used.

Ma = −πρb4

8
α̈
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Total lift L = L1 + L2 + L3

Total moment about elastic axis

=

(
b

2
+ ahb

)
L1 + ahbL2 −

(
b

2
− ahb

)
L3 − πρb4

8
α̈

Circulatory lift LQ = L1

Noncirculatory lift LNC = L2 + L3

The effect of shed vorticity is only on circulatory lift.

4.3.5 The Theodorsen Lift Deficiency Function

The Theodorsen Lift Deficiency function is obtained for a pure harmonic excitation of a pitching
and plunging airfoil. Let us consider that the wing is undergoing pure harmonic motion at frequency
ω

h(t) = heiωt

α(t) = αeiωt

It follows then that the wake vorticity γw is also periodic in time with frequency ω. The circulation
lift build up depend on the reduced frequency.

L = C(k)LQ + LNC

where C(k) is called Theodorsen lift deficiency function and it depends on reduced frequency

k =
ωb

U

where ω is the frequency of oscillation, rad/sec, b is the semi-chord, m, and U = free stream
velocity, m/sec. The magnitude of C varies from 1 at low frequency to .5 at high frequency. The
lift deficiency C takes care of the effect of shed vorticity on the lift due to unsteady motion and
this always reduces the quasi-steady lift value. On the following figure, the lift deficiency function
in terms of magnitude and phase is plotted for various k. The magnitude gives deficiency of lift
and phase shows the lag in the lift build up. Thus the C(k) is a type of feed-back parameter of
wake vorticity.

Lift and moment expressions are

L = 2πbρU

[
Uα+ ḣ+ α̇

(
b

2
− ahb

)]
+ ρπb2(Uα̇+ ḧ− ahbα̈)

M = 2πbρU

[
Uα+ ḣ+ α̇

(
b

2
− ahb

)]
·
(
b

2
+ ah

)
C(k)

+ πρb2
[
(ḧ− ahbα̈)ahb− Uα̇

(
b

2
− ahb

)
− b2

8
α̈

] (4.79)
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Let us examine a typical reduced frequency for a rotor blade

k =
ωb

U
=

ωc/2

Ωr

say ω = nΩ

k =
nc

2r

Consider a representative section at 3/4-radius

k =
nc

2× 3
4R

=
2n

3
(
c

R
)

Assume

c

R
=

1

20

For 1/rev motion, n = 1, k = 0.033

|C(k)| ∼ .97

The unsteady circulatory lift is about 97% of quasi-steady lift. This means that the unsteady effect
due to shedding of vorticity are negligible. This shows that the quasi-steady assumption is quite
adequate for 1/rev motion. For high frequency motion, say n = 4 (4/rev), there is about a 15%
reduction in lift. Therefore unsteady effect has to be included for higher harmonic motion.

4.3.6 Application to Rotary Wings

The objective is to apply unsteady forces results derived earlier for fixed wing to rotary wing
problems. For the fixed wing the blade undergoes two degrees of motion, pitching and heaving
motions. The rotor blade motion as well as flow environment are complex, and for simplicity the
effect of blade motion is taken care of in the velocity components. Let us examine the normal
velocity due to airfoil motion.
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where the first component is air velocity normal to the airfoil section at the pitch axis. The
normal velocity component Wa is a function of ḣ+Uα and α̇, it follows that the linear solution for
aerodynamic lift and moment must also depend on these two quantities. Therefore, rewriting the
lift and moment expressions.

L = 2πρUbC(k)

[(
ḣ+ Uα

)
+

(
b

2
− ahb

)
α̇

]
+πρb2

[(
ḧ+ Uα̇

)
− ahbα̈

]

M = 2πρUbC(k)

[(
ḣ+ Uα

)
+

(
b

2
− ahb

)
α̇

]
·
(
b

2
+ ahb

)
+πρb2

[
ahb
(
ḧ+ Uα̇

)
− 1

2
Ubα̇− b2

(
1

8
+ a2h

)
α̈

]
Writing the forces in this manner, one does not need to identify the section pitch and heave

motions, but on the other hand one needs the mean and linear components of the normal velocity
distribution over the airfoil chord. It is useful to identify, in the above expressions, the normal and
inplane velocity components UP and UT .

ḣ+

(
b

2
− ahb

)
α̇ = −UP

U = UT

α = θ

For rotor problems, h and θ are obtained based on the blade structural dynamic model. The inflow
and forward velocity components are added appropriately.
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For example, consider an articulated rotor blade with rigid flap and rigid pitch motions.

ḣ = −rβ̇

α̇ = θ̇

b = c/2

In hover

UT = Ωr

UP = λΩR+ rβ̇ −
( c
4
− ah

c

2

)
θ̇

In forward flight

UT = Ωr +ΩRμ sinψ

UP = λΩR+ βΩRμ cosψ + rβ̇ −
( c
4
− ah

c

2

)
θ̇

where

λ is wake induced inflow

β is flap motion

μ is advance ratio

λ = λTpp − μβ1c
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4.3.7 Near Shed Wake

Shed wake plays an important role in the determination of unsteady aerodynamic forces. The
rotary shed wake is in a helical sheet behind the blade. Most of the influence on airfoil loading
comes from near shed wake, extending 15◦ to 45◦ in azimuth behind the blade trailing edge. Thus
considering only the near shed wake and neglecting the far wake reduces the computation to a great
extent.

Miller (1964) considered a lifting line theory approximation for the near shed wake, implying a
low reduced frequency. He derived a simple expression for the lift deficiency function.

C(k) =
1

1 + π
2k

Pizialli Model (1966):

Pizialli made a discrete vortex approximation for the near wake.

The wake is represented by a series of finite strength point vortices.

Spacing d =
2πU

Nω
for N vortices per cycle. (Typically 5-8)

Daughaday and Pizialli (1966):



252 CHAPTER 4. UNSTEADY AERODYNAMICS

They made another model for shed wake where combined continuous and discrete shed wake
vorticity is used.

4.3.8 Time-Varying Free Stream

The rotating blade in forward flight has a time varying free stream velocity at a station

uT = Ωr +ΩRμ sinψ

This is periodic with a period of 2π rad. Since the time varying component is of the same order of
magnitude as the mean component, one has to include the effect of time variation on the unsteady
forces, both the direct effect as well as the shed wake effect. This results in

(a) additional noncirculating forces caused by d
dt(Uα)

(b) additional circulatory forces

(c) additional influence of stretching and compressing of the vorticity in the shed wake.

A simple approximation sometimes can be very useful by choosing element C(k) based on mean
k.

4.3.9 Returning Wake

For a hovering rotor, the wake generally moves slowly away from the rotor disk. Therefore, for the
determination of unsteady loads, one needs to consider the influence of helical vortex sheets below
the disk, one from each blade. For high inflow or forward speed, the rotor wake is convected away
and so the influence of the returning shed wake is not important.

Loewy (1957) developed a two-dimensional model for unsteady aerodynamics of hovering rotor.

Consider a single blade rotor, so all the vorticity is originated from the same blade. The
returning wake is modeled as a series of planar two-dimensional vortex sheets with a vertical
separation h. For hover, the velocity U = Ωr, is constant with time and the vortex sheets are
parallel to free stream U. The spacing h depends on the mean flow through the rotor disk.
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The wake induced velocity λ is

λ =
1

2π

∫ ∞

b

γwdξ

x− ξ
+

∞∑
n=1

1

2π

∫ ∞

−infty

γwn(x− ξ)

(x− ξ)2 + h2n2
dξ

As before the strength of the shed vorticity is of the form

γw = γ̄we
iω(t−x/U)

The strength of the n-th sheet is of the form

γwn = γ̄we
iω(t−x/U−2πn/Ω)

The total lift can again be written in the following form

L = C ′LQ + LNC

where C’ is the Loewy function and it is a function of reduced frequency k, frequency of oscillation
ω/Ω and wake spacing h. The wake spacing h is such that the wake goes down by a distance Nbh
over a single rotor revolution. Thus

Nbh = v0
2π

Ω

where v0 is the steady inflow. It follows

h =
2λ0c

σ

h

c
=

h

2b
=

2λ0

σ
The Loewy function is quite similar to Theodorsen function, C(k). For a N blade rotor, the

returning wake model gets complicated, since the wake of other blades also has to be considered.

m = 0, 1, 2 blade index
For ω/Ω = integer and for low k (approximately < 0.4),

C ′ 	 1

1 + πσ
4λ0

where λ is the steady inflow ratio and σ is the solidity ratio. Typically,

λ0 = .05 to .07

h

b
	 3 or 4

C ′ 	 .5

This is quite important for control loads and stability. This may reduce flap damping significantly.
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4.3.10 Miller’s Conclusion

When system frequencies approach integers of rotational speed Ω, unsteady flow theory must be
used because of a large reduction in dcl

dα due to spiral wake. The near wake including the first
quadrant or so of vorticity behind the blade is important. For this the lift acts at 1/4-chord due
to angle of attack at 3/4-chord. When frequency ω are not close to integers of Ω, the far wake
contribution to C(k) are negligible.

For ω
Ω = integer,

C ′ 	 1

1 + πσ
4λ0

= F + iG (G = 0)

Where

λ0 = steady inflow.

This means that there is a lift deficiency but no lag is produced.

4.4 Time Domain Methods for Unsteady Aerodynamics

Consider a unit step function at t = h

u(t− h) = 1 t ≥ h

= 0 t < h

Any function f at a discrete time nh can be expressed as

f(nh) = f(0)u(t− 0) +

i=n∑
i=1

[
f(ih)− f(i− 1h)

]
u(t− ih)

= f(0)u(t− 0) +

i=n∑
i=1

Δf(ih)u(t− ih)

= f(0)u(t− 0) +

i=n∑
i=1

Δf(ih)

h
u(t− ih)h

In the limit as h → 0, we have at a continuous time t

f(t) = f(0)u(t− 0) +

∫ σ=t

σ=0

∂f

∂σ
u(t− σ)dσ

Thus any continous and smooth function f(t) can be expressed as a superimposition of a series of
step functions. Note that for t > 0, u(t − 0) = 1. Similarly an angle of attack variation can be
expressed in the same manner, as a series of step functions

α(t) = α(0) +

∫ t

0

∂α

∂σ
u(t− σ)dσ (4.80)

In order to calculate the airloads (normal force, pitching moment, and chord force) generated by
the airfoil in response to this angle of attack variation, it is therefore sufficient to calculate only
the response to a step input in angle of attack of unit magnitude. The response to any angle of
attack variation can then be constructed by superposition of these responses. The response to a
step input in angle of attack is called an indicial response. For example if θ(t − h) is the indicial
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lift coefficient generated in response to u(t−h), an unit step input in angle of attack at t = h, then
the lift coefficient at any time t is simply

Cl(t) = α(0)θ(0) +

∫ t

0

∂α

∂σ
θ(t− σ)dσ (4.81)

Note that θ(t−h), the lift increment generated in response to an unit step change in angle of attack
α(t − h) applied at time t = h, finally reaches a steady state value after some time. This value is
the airfoil lift curve slope Clα. In the case of a flat plate, based on calculations of thin airfoil theory
with no stall, we have Clα = 2π. Including the Glauert correction for compressibility Clα = 2π/β,
where β =

√
1−M2. For real airfoils, Clα depends on the initial angle of attack setting at which

the step change is applied. That is, the steady state increment in Cl in response to an unit step
increment in angle of attack depends on whether the unit step increment is imposed while the
airfoil is at 5o or 12o. At 12o, when the airfoil is already near stall, an unit step increment in angle
of attack may not produce any noticeable increment in Cl at all. Thus, below stall, Clα is same as
the airfoil lift curve slope. Above stall, Clα depends on the local angle of attack.

Instead of the lift coefficient Cl, let us consider the normal force coefficient Cn from now onwards.
The direction of the normal force coefficient is defined solely by the airfoil orientation. Similarly
instead of drag consider the chord force Cc. The choice is only a matter of convention, either can be
used to formulate the problem without any loss in generality. For pitching moments, we consider
those about the airfoil quarter-chord. In addition, we distinguish between the circulatory and non-
circulatory components by the superscript C and I, where I stands for ‘impulsive’. The impulsive
airloads in compressible flow are similar to their the noncirculatory counterparts in incompressible
flow. Let the circulatory part of the normal force indicial response to angle of attack be of the form

CC
nα(t) = Cnαφ

C
nα(t)

where the indicial response function φC
nα(t) → 1 as t → ∞, so that CC

nα(t) → Cnα at the steady
state. Also, at t = 0, the indicial function must vanish, φC

nα(0) = 0. Consider an acceptable form
as the following

φC
nα(t) = 1−A1e

−t/T1 −A2e
−t/T2 where A1 +A2 = 1 (4.82)

The normal force response of the airfoil to sinusoidal inputs can be deduced from its indicial
response. The response to sinusoidal inputs is the response to inputs of the general form ept, where
p = jω for sinusoidal inputs.

The response to inputs of the form ept is, by definition, the Transfer function between input
and output of the system expressed in terms of the Laplace variable p, assuming that the response
is related to the input via an ODE in time. A continuous function of time f(t) can be expressed
as a summation of basis functions each of form ept, where p is a complex variable with frequency
varying from +∞ to −∞, and each multiplied with a magnitude F (p) independant of time t but
in general a function of p. Thus

f(t) =
1

2πj

∫ γ+j∞

γ−j∞
F (p)eptdt (4.83)

The component F (p) is defined as the Laplace Transform of the function f(t) and can be determined
by

F (p) = lim
T→∞

∫ T

0
f(t)e−ptdt
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Let f(t) be the input to a system governed by an ODE. Let y(t) be the output. The function y(t)
can again be expressed as a summation of basis functions as before.

y(t) =
1

2πj

∫ γ+j∞

γ−j∞
Y (p)eptdt (4.84)

where Y (p) is the Laplace Transform of y(t). Now, note that for a system (an input output
relationship) governed by a linear ODE with constant coefficients, the output corresponding to an
input ept must necessarily be of the form H(p)ept. H(p) is defined as the transfer function in terms
of the Laplace variable. A special case is when p = 1. The output corresponding to an input et

is always et itself, i.e., H(p) = 1. Thus the output y(t), corresponding to f(t), which is given by
eqn.4.83 is necessarily of the form

y(t) =
1

2πj

∫ γ+j∞

γ−j∞
F (p)H(p)eptdt (4.85)

Comparing expressions4.84 and 4.85 we have

Y (p) = F (p)H(p) (4.86)

or

H(p) =
Y (p)

F (p)
(4.87)

Thus the transfer function of a system H(p), which is the response of the system to an input of the
form ept can be determined by the ratio of the Laplace Transforms of any output-input combination.

Assuming that the airload response to an indicial input of angle of attack is governed by a
linear constant coefficient system, the response to an input angle of attack ept is simply H(p) where
H(p) is the ratio of the Laplace Transforms of any set of output-input combination. The Laplace
Transforms of the unit step input and assumed indicial output are

L [u(t− 0)] =
1

p

L
[
CC
nα

]
= Cnα

(
1

p
− A1T1

1 + T1p
− A2T2

1 + T2p

)
Thus

HC
nα(p) =

L
[
CC
nα

]
L [u(t− 0)]

= Cnα

(
1− A1T1p+A1 −A1

1 + T1p
− A2T2p+A2 −A2

1 + T2p

)
= Cnα

(
1−A1 −A2 +

A1

1 + T1p
+

A2

1 + T2p

)
= Cnα

(
A1

1 + T1p
+

A2

1 + T2p

)
using A1 +A2 = 1

For frequency response, i.e. response to inputs of sine and cosine harmonics, substitute p = jω.
The transfer function then takes the following form

HC
nα(jω) = Cnα

(
A1

1 + jT1ω
+

A2

1 + jT2ω

)
= Cnα

[
A1 (1− jT1ω)

1 + ω2T 2
1

+
A2 (1− jT2ω)

1 + ω2T 2
2

]
= Cnα

(
A1

1 + ω2T 2
1

+
A2

1 + ω2T 2
2

)
− jCnα

(
A1T1ω

1 + ω2T 2
1

+
A2T2ω

1 + ω2T 2
2

)
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Consider the indicial function given in eqn.4.88. For rotor problems, the time t is often replaced
with a nondimensional parameter s, where s is the distance traversed by the airfoil measured in
semi-chords in time t after the step change in angle of attack.

s =
Ut

c/2
or t =

c

2U
s

The time constants T1 and T2 are replaced with constants b1 and b2 where

T1 =
c

2U

1

b1β2

T2 =
c

2U

1

b2β2
where β2 = 1−M2

The indicial function in terms of s and b1 then take the following form

φC
nα(t) = 1−A1e

−sb1β2 −A2e
−sb2β2

where A1 +A2 = 1 (4.88)

Note that

ωT1 =
ωc

2U

1

b1β2
=

k

b1β2

ωT2 =
ωc

2U

1

b2β2
=

k

b2β2
where k is the reduced frequency

The transfer function then takes the following form

HC
nα = Cnα

(
A1b

2
1β

4

b21β
4 + k2

+
A2b

2
2β

4

b22β
4 + k2

)
− jCnα

(
A1b1kβ

2

b21β
4 + k2

+
A2b2kβ

2

b22β
4 + k2

)
(4.89)

4.4.1 Leishman-Beddoes indicial model

The Leishman-Beddoes model consists of the indicial functions given by Beddoes [9, 10] and subse-
quently refined by Leishman and Beddoes [11, 12, 13]. They included the effects of compressibility,
and later viscous flow separation. The indicial normal force due to angle of attack, the indicial
pitching moment (about quarter-chord) due to angle of attack, the indicial normal force due to
‘rate’ of angle of attack, and the indicial pitching moment due to ‘rate’ of angle of attack are given
by the following expressions. The first part is the impulsive part, analogous to the non-circulatory
components in incompressible flow, the second part is the circulatory part due to the effects of the
shed vorticity.

Cnα =
4

M
φI
αn +

2π

β
φC
αn (4.90)

Cmα = − 1

M
φI
αm − 2π

β
φC
αn (xac − 0.25) (4.91)

Cnq =
1

M
φI
qn +

π

β
φC
qn (4.92)

Cmq = − 7

12M
φI
qm − π

8β
φC
qm (4.93)

Each indicial response is assumed to consist of two parts: an exponentially decaying part for the
initial non-circulatory loading, and an assymptotically growing part which reaches a steady state
value. The initial non-circulatory loading is taken from piston theory [14, 15]. The circulatory
component of the indicial normal force due to angle of attack is

φC
αn = 1−A1e

−b1β2s −A2e
−b2β2s
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The impulsive component of the indicial normal force due to angle of attack is

φI
αn = e

− s
T ′α where T ′

α =
4M

2(1 −M) + 2πβM2(A1b1 +A2b2)

The circulatory component of the indicial normal force due to ‘rate’ of angle of attack is the same
as that due to angle of attack

φC
qn = 1−A1e

−b1β2s −A2e
−b2β2s

The impulsive component of the indicial normal force due to ‘rate’ of angle of attack has the same
form but with a different time constant

φI
qn = e

− s
T ′q where T ′

q =
2M

(1−M) + 2πβM2(A1b1 +A2b2)

The circulatory component of the indicial pitching moment due to angle of attack is assumed to be
due to the aerodynamic center offset from quarter chord. The impulsive component of the indicial
pitching moment due to angle of attack is

φI
αm = A3e

− s
b3T

′
αm +A4e

− s
b4T

′
αm where T ′

αm = 2M

[
A3b4 +A4b3
b3b4(1−M)

]
The circulatory component of the indicial pitching moment due to ‘rate’ of angle of attack is

φC
qm = 1− e−b5β2s

The impulsive component of the indicial pitching moment due to ‘rate’ of angle of attack is

φI
qm = e

− s
T ′qm where T ′

qm =
14M

15(1 −M) + 3πβM2b5

The original model parameters proposed by Beddoes are

A1 = 0.3 A2 = 0.7 A3 = 1.5 A4 = −0.5

b1 = 0.14 b2 = 0.53 b3 = 0.25 b4 = 0.1 b5 = 0.5

4.4.2 Frequency response of indicial model

It was shown earlier that it is possible to deduce the frequency response (i.e. response to sinusoidal
inputs) from indicial response. The frequency response of the circulatory normal force was deduced
in eqn.4.89. Consider the impulsive indicial normal force in response to angle of attack.

CI
nα(s) =

4

M
e
− s

T ′α

To convert to a function in time use s = 2Ut/c. The nondimensional constant T ′
α can be expressed

as

T ′
α =

2U

c
Tα

where Tα has the dimension of time. Then we have

CI
nα(t) =

4

M
e−t/Tα
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The Laplace Transform is

L
[
CI
nα

]
=

4

M

Tα

1 + Tαp

Thus

HI
nα(p) =

L
[
CI
nα

]
L [u(t− 0)]

=
4

M

Tαp

1 + Tαp

Substitute p = jω to obtain

HI
nα(jω) =

4

M

(
ω2T 2

α

1 + ω2T 2
α

)
+ j

4

M

(
ωTα

1 + ω2T 2
α

)
The time constant Tα can be expressed as

Tα =
c

a
Kα

where a is the speed of sound, and Kα is a nondimensional constant. Then

ωTα = ω
c

a
Kα =

2Uk

c

c

a
Kα = 2MkKα

The transfer function then takes the following form

HI
nα =

4

M

(
4K2

αM
2k2

1 + 4K2
αM

2k2

)
+ j

4

M

(
2KαMk

1 + 4K2
αM

2k2

)
(4.94)

The transfer function has been expressed as a function of incident Mach number M and reduced
frequency k. Consider the impulsive indicial pitching moment in response to angle of attack.

CI
mα(s) =

1

M

(
A3e

− s
b3T

′
αm +A4e

− s
b4T

′
αm

)
To convert to a function in time use s = 2Ut/c. The nondimensional constant T ′

αm can be expressed
as

T ′
αm =

2U

c
Tαm

where Tαm has the dimension of time. Then we have

CI
mα(t) =

1

M

(
A3e

− t
b3T

′
αm +A4e

− t
b4T

′
αm

)
The Laplace Transform is

L
[
CI
mα

]
=

1

M

(
A3b3Tαm

1 + b3Tαmp
+

A4b4Tαm

1 + b4Tαmp

)
Thus

HI
mα(p) =

L
[
CI
mα

]
L [u(t− 0)]

=
1

M

(
A3b3Tαmp

1 + b3Tαmp
+

A4b4Tαmp

1 + b4Tαmp

)
Substitute p = jω to obtain

HI
mα(jω) =

1

M

(
A3b

2
3ω

2T 2
αm

1 + b23ω
2T 2

αm

+
A4b

2
4ω

2T 2
αm

1 + b24ω
2T 2

αm

)
− j

1

M

(
A3b3ωTαm

1 + b23ω
2T 2

αm

+
A4b4ωTαm

1 + b24ω
2T 2

αm

)
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The time constant Tα can be expressed as

Tαm =
c

a
Kαm

where a is the speed of sound, and Kα is a nondimensional constant. Then

ωTαm = ω
c

a
Kαm =

2Uk

c

c

a
Kαm = 2MkKαm

The transfer function then takes the following form

HI
mα =

1

M

(
4A3b

2
3M

2k2K2
αm

1 + 4b23M
2k2K2

αm

+
4A4b

2
4M

2k2K2
αm

1 + 4b24M
2k2K2

αm

)
−j

1

M

(
2A3b3MkKαm

1 + 4b23M
2k2K2

αm

+
2A4b4MkK2

αm

1 + 4b24M
2k2K2

αm

)
(4.95)

The transfer function has been expressed as a function of incident Mach number M and reduced
frequency k.

Consider the impulsive indicial normal force in response to ‘rate’ of angle of attack. Note that,
here, the input is still a unit step of angle of attack, and not an unit step of ‘rate’ of angle of attack.

CI
nq(s) =

1

M
e
− s

T ′q

To convert to a function in time use s = 2Ut/c. The nondimensional constant T ′
q can be expressed

as

T ′
q =

2U

c
Tq

where Tq has the dimension of time. Then we have

CI
nq(t) =

1

M
e−t/Tq

The Laplace Transform is

L
[
CI
nq

]
=

1

M

Tq

1 + Tqp

Note that the above expressions describes the response to a sinusoidal input in pitch rate, i.e. a
pitch rate of the form ept. This is not the transform we seek. We seek the response to a sinusoidal
input in angle of attack, i.e. an angle of attack variation of the form ept. The response will depend
on the pitch rate this angle of attack variation generates. To this end we consider a step change
in input angle of attack. Then, relate in the Laplace domain, the output response with the input
pitch rate it generates. If the angle of attack variation is given by α(t), then the rate of angle of
attack is the time derivative α̇(t), with units of rad/sec. In nondimensional form

q(t) = α̇
c

U

The Laplace transform of the pitch rate is related to the Laplace transform of the angle of attack
variation as follows

L [q] = L [α̇]
c

U
= pL [α]

c

U

Now, the transfer function between normal force due to pitch input and pitch input is given by

L
[
CI
nq

]
L [q]

=
1

M

Tqp

1 + Tqp
(4.96)
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Replace the Laplace transform of the pitch rate

L
[
CI
nq

]
pL [α] c

U

=
1

M

Tqp

1 + Tqp

The transfer function between normal force due to pitch input and the angle of attack is then
obtained by simply re-arranging the above expression

HI
nq(p) =

L
[
CI
nq

]
L [α]

=
1

M

Tqp

1 + Tqp
p
c

U
=

1

M

2Tqp

1 + Tqp
p

c

2U
(4.97)

Substituting p = jω in eqn.4.102 gives CI
nq when q is sinusoidal. Substituting p = jω in eqn.4.97

gives CI
nq when α is sinusoidal. This is the transfer function we seek. Substitute p = jω in eqn.4.97

to obtain

HI
nq(jω) =

1

M

(
jωTq

1 + jωTq
jω

c

2V

)
=

1

M

(
jωTq

1 + jωTq
jk

)
= − 1

M

(
2ωTqk

1 + ω2T 2
q

)
+ j

1

M

(
2ω2T 2

q k

1 + ω2T 2
q

)

The time constant Tq can be expressed as

Tα =
c

a
Kq

where a is the speed of sound, and Kq is a nondimensional constant. Then

ωTα = ω
c

a
Kq =

2Uk

c

c

a
Kq = 2MkKq

The transfer function then takes the following form

HI
nq = − 1

M

(
4KqMk2

1 + 4K2
qM

2k2

)
+ j

1

M

(
8K2

qM
2k3

1 + 4K2
qM

2k3

)
(4.98)

Similarly, consider the circulatory indicial pitching moment in response to ‘rate’ of angle of attack,
i.e. pitch rate.

CC
mq(s) = − π

8β

(
1− e−b5β2s

)
To convert to a function in time use s = 2Ut/c, and introduce the nondimensional constant T5

T5 =
c

2U

1

b5β2

Then we have

CC
mq(t) = − π

8β

(
1− e−t/T5

)
Now, the transfer function with respect to the pitch input is given by

L
[
CC
mq

]
L [q]

= − π

8β

(
1

1 + T5p

)
(4.99)
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Following the arguments given earlier, the transfer function with respect to the angle of attack is
then

HC
mq(p) =

L
[
CC
mq

]
L [α]

= −2π

8β

(
p

1 + T5p

)
c

2U
(4.100)

Substitute p = jω to obtain

HC
mq(jω) = − π

8β

(
jk

1 + jωT5

)
= − π

8β

(
kωT5

1 + ω2T 2
5

)
− j

π

8β

(
k

1 + ω2T 2
5

)
Use

ωT5 =
k

b5β2

to obtain

HC
mq = − π

8β

(
b5k

2β2

k2 + b25β
4

)
− j

π

8β

(
kb25β

4

k2 + b25β
4

)
(4.101)

Lastly, consider the impulsive indicial pitching moment in response to pitch rate.

CI
mq(s) = − 7

12M
e
− s

T ′qm

To convert to a function in time use s = 2Ut/c. The nondimensional constant T ′
mq can be expressed

as

T ′
mq =

2U

c
Tmq

where Tq has the dimension of time. Then we have

CI
mq(t) = − 7

12M
e−t/Tmq

Now, the transfer function with respect to the pitch input is given by

L
[
CI
mq

]
L [q]

= − 7

12M

(
Tqmp

1 + Tqmp

)
(4.102)

Following the arguments given earlier, the transfer function with respect to the angle of attack is
then

HI
mq(p) =

L
[
CC
mq

]
L [α]

= − 7

12M

(
2Tqmp

1 + Tqmp

)
c

2U
(4.103)

Substitute p = jω, and express the time constant Tmq as

Tmq =
c

a
Kmq

where a is the speed of sound, and Kmq is a nondimensional constant. Then

ωTmq = ω
c

a
Kmq =

2Uk

c

c

a
Kmq = 2MkKmq

The transfer function then takes the following form

HI
nq =

7

12M

(
4KmqMk2

1 + 4K2
mqM

2k2

)
− j

7

12M

(
8K2

mqM
2k3

1 + 4K2
mqM

2k3

)
(4.104)
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4.4.3 Recursive formulation of an indicial model

The normal force at any time t is the sum of normal forces due to angle of attack and pitch rate,
each having a circulatory and an impulsive component.

CN = Cα
N + Cq

N

= CαC
N + CαI

N + CqC
N + CqI

N

where the components are given in terms of the indicial response functions (see eqns.4.80 and 4.81)
as follows

CαC
N (s,M) =

2π

β
φC
αn(0)α(0) +

∫ s

0

∂α

∂σ

2π

β
φC
αn(s− σ)dσ

=
2π

β

[
α(0) +

∫ s

0

∂α

∂σ
φC
αn(s− σ)dσ

]
=

2π

β

[
α(0) +

∫ s

0

∂α

∂σ

{
1−A1e

−b1β2(s−σ) −A2e
−b2β2(s−σ)

}
dσ

]
=

2π

β

[
α(0) +

∫ s

0
dα−

∫ s

0
A1

∂α

∂σ
e−b1β2(s−σ)dσ −

∫ s

0
A2

∂α

∂σ
e−b2β2(s−σ)dσ

]
=

2π

β
[α(s)−X(s)− Y (s)]

(4.105)

where

X(s) =

∫ s

0
A1

∂α

∂σ
e−b1β2(s−σ)dσ

Y (s) =

∫ s

0
A2

∂α

∂σ
e−b2β2(s−σ)dσ

(4.106)

The above formulation can be cast into a recursive form for discrete advances in time Δt, or reduced
time Δs, where Δs = 2UΔt/c. For example, at s+Δs we have

CαC
N (s+Δs,M) =

2π

β
[α(s+Δs)−X(s +Δs)− Y (s +Δs)]

Using eqn4.106 it can be shown

X(s +Δs) = X(s)e−b1β2Δs +A1Δα(s +Δs)e−b1β2 Δs
2

or in terms of current s

X(s) = X(s −Δs)e−b1β2Δs +A1Δαe−b1β2 Δs
2

where Δα is at s and

X(0) = 0

Thus the recursive formulation for the circulatory normal force due to angle of attack variation can
be expressed as

CαC
N (s,M) =

2π

β
[α(s)−X1(s)− Y1(s)]

X1(s) = X1(s−Δs)e−b1β2Δs +A1Δαe−b1β2 Δs
2

Y1(s) = Y1(s−Δs)e−b2β2Δs +A2Δαe−b2β2 Δs
2

X1(0) = Y1(0) = 0

(4.107)
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Using the same approach it can be shown that the recursive formulation for the impulsive normal
force due to angle of attack variation is

CαI
N (s,M) =

4T ′
α

M

[
Δα(s)

Δs
−D1(s)

]
D1(s) = D1(s−Δs)e

−Δs
T ′α +

{
Δα(s)

Δs
− Δα(s−Δs)

Δs

}
e
− Δs

2T ′α

CαI
N (0,M) = 0 , D1(0) = 0

(4.108)

The recursive formulation for the circulatory normal force due to pitch rate is

CqC
N (s,M) =

π

β
[q(s)−X3(s)− Y3(s)]

X3(s) = X3(s−Δs)e−b1β2Δs +A1Δqe−b1β2 Δs
2

Y3(s) = Y3(s−Δs)e−b2β2Δs +A2Δqe−b2β2 Δs
2

X3(0) = Y3(0) = 0

(4.109)

The recursive formulation for the impulsive normal force due to pitch rate is

CqI
N (s,M) =

T ′
q

M

[
Δq(s)

Δs
−D3(s)

]
D3(s) = D3(s−Δs)e

−Δs
T ′q +

{
Δq(s)

Δs
− Δq(s−Δs)

Δs

}
e
− Δs

2T ′q

CqI
N (0,M) = 0 , D3(0) = 0

(4.110)

The circulatory pitching moment due to angle of attack is simple due to the aerodynamic center
offset from quarter-chord and is given by

CαC
M (s,M) =

(
1

4
− xac

)
CαC
N (s,M) (4.111)

The recursive formulation for the circulatory pitching moment due to pitch rate is

CqC
M (s,M) = − π

8β
[q(s)−X2(s)]

X2(s) = X2(s−Δs)e−b5Δs +A5Δqe−b5β2 Δs
2

X(0) = 0

(4.112)

The recursive formulation for the impulsive pitching moment due to angle of attack is given by

CαI
M (s,M) = −A3b3T

′
mα

M

[
Δα(s)

Δs
−D4(s)

]
− A4b4T

′
mα

M

[
Δα(s)

Δs
−D5(s)

]
D4(s) = D4(s−Δs)e

− Δs
b3T

′
mα +

{
Δα(s)

Δs
− Δα(s −Δs)

Δs

}
e
− Δs

2b3T
′
mα

D5(s) = D5(s−Δs)e
− Δs

b4T
′
mα +

{
Δα(s)

Δs
− Δα(s −Δs)

Δs

}
e
− Δs

2b4T
′
mα

CαI
N (0,M) = 0 , D4(0) = 0 , D5(0) = 0

(4.113)

The recursive formulation for the impulsive pitching moment due to pitch rate is

CqI
M (s,M) = −7T ′

mq

12M

[
Δq(s)

Δs
−D6(s)

]
D6(s) = D6(s−Δs)e

− Δs
T ′mq +

{
Δq(s)

Δs
− Δq(s−Δs)

Δs

}
e
− Δs

2T ′mq

CqI
N (0,M) = 0 , D6(0) = 0

(4.114)



4.4. TIME DOMAIN METHODS FOR UNSTEADY AERODYNAMICS 265

4.4.4 Leishman-Beddoes dynamic stall formulation

The first step is to reconstruct the static airfoil property data, normal force (or lift) and pitching
moments using a theoritical model for flow separation over 2D bodies. A theory which models the
separated flow regions on 2D bodies is due to Kirchhoff [7, 24]. An airfoil at an angle of attack
α, normal force coefficient CN , and force curve slope 2π for incompressible flow, has a the trailing
edge separation point f given by

CN = 2π

(
1 +

√
f

2

)2

α

For real airfoils this can be adapted to

CN = C0 + Cnα

(
1 +

√
f

2

)2

α

Given the static airfoil properties, f can be calculated at every α. A smooth curve is then fitted
through these data points

f =

⎧⎨⎩ f1 + f2 exp
(
α−α1
S1

)
if α ≤ α1

f3 + f3 exp
(
α1−α
S2

)
if α ≥ α1

α1 is the static angle of attack at which the airfoil stalls. At α = α1, the separation point f = f1+f2.
For incompressible flow this point often corresponds to f = 0.7. In the Leishman-Beddoes model,
f is therefore described as

f =

⎧⎨⎩ 1− 0.3 exp
(
α−α1
S1

)
if α ≤ α1

0.04 + 0.66 exp
(
α1−α
S2

)
if α ≥ α1

S1, S2, α1, and in general the constants f1, f2, f3, f4 can be determined from static airfoil tables at
a given Mach number. The pitching moment about quarter-chord can be constructed as a function
of the separation point as

CM = CM0 + CN [K0 +K1(1− f) +K2 sin (πf
m)] (4.115)

where CM0 is the zero lift moment. The constant K0 = (0.25 − xac) is the aerodynamic center
offset from the quarter-chord. K1 models the effect on the center of pressure due to the growth of
the separated flow region. K2 and m help describe the shape of the moment break at stall. The
four constants are to be adjusted to provide the best static moment reconstruction for a particular
airfoil.

Consider the circulatory normal force due to angle of attack variation as in eqn.4.107. Writting
terms of a current time n we have

CNn = Cnα [αn −Xn − Yn]

Xn = Xn−1 exp
(−b1β

2Δs
)
+A1Δαn exp

(
−b1β

2Δs

2

)
Yn = Yn−1 exp

(−b2β
2Δs
)
+A2Δαn exp

(
−b2β

2Δs

2

) (4.116)

where CN = CαC
N , the superscript ‘αC’ is dropped for brevity. Δs = sn − sn−1 is the distance, in

semi-chords, traversed by the airfoil in Δt = tn − tn−1. Δαn = αn − αn−1 is the step change in
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Figure 4.2: NACA 0012 light and deep dynamic stall cycles: Test data vs. prediction
using Leishman-Beddoes model (data from McCroskey et al NASA TM-84245, 1982)
Mach No. 0.3, reduced freq. k = 0.1

angle of attack at step n. Note that the flat plate lift curve slope has been replaced with a general
lift curve slope Cnα.

During unsteady conditions, stall is delayed due to a lag in leading edge pressure response
with respect to the normal force. To implement this lag a first order reduction is applied to the
circulatory normal force producing a new value

C ′
Nn

= CNn −Dpn

where

Dpn = Dpn−1 exp

(
−Δs

Tp

)
+
(
CNn − CNn−1

)
exp

(
−Δs

2Tp

)
Tp is an empirical constant, a function of Mach number, and determined from unsteady experimental
data. The corrected angle of attack is then

αf =
C ′
Nn

− C0

Cnα

where C0 is the normal force coefficient at zero angle of attack. The corrected angle of attack is
then used to determine the effective separation point on the airfoil, f ′, from the static f versus α
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Figure 4.3: SC-1095 light and deep dynamic stall cycles: Test data vs. prediction using
Leishman-Beddoes model (data from McCroskey et al NASA TM-84245, 1982) Mach
No. 0.3, reduced freq. k = 0.1; Old airfoil data is static data from McCroskey report,
New airfoil data is a refined version from U.S.Army

relationship given above. The additional effect of unsteady boundary layer response is incorporated
using a first order lag

f ′′
n = f ′

n −Dfn

where

Dfn = Dfn−1 exp

(
−Δs

Tf

)
+
(
f ′
n − f ′

n−1

)
exp

(
− Δs

2Tf

)
Tf is an empirical constant, a function of Mach number. Can be determined from unsteady data
or an unsteady boundary layer analysis, in absence of data. Once the separation parameter has
been determined, the normal force can then be determined as

CNn = Cnα

(
1 +
√

f ′′
n

2

)2

αf = CC
Nn

where Cnα is the lift curve slope, a function of Mach number. The pitching moment is given by

CMn = CM0 + CC
Nn

[
K0 +K1(1− f ′′

n) +K2 sin
(
πf ′′m

n

)]
(4.117)
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Figure 4.4: Hughes HH-02 light and deep dynamic stall cycles: Test data vs. prediction
using Leishman-Beddoes model (data from McCroskey et al NASA TM-84245, 1982)
Mach No. 0.3, reduced freq. k = 0.1

Note that, here CM corresponds to CαC
N , the circulatory pitching moment due to angle of attack

variation. The contributions of the pitch rate terms and the impulsive terms will be added later
on. As the airfoil gradually pitches up, the separation point f progressively advances towards the
leading edge. At the same time, a leading edge vortex is formed, gradually growing in strength.
The gradual growth in its strength can be viewed as caused by an accumulation of circulation,
such that, the lift induced by this gradually growing vortex accounts for the difference between the
normal force given by the Kirchhoff approximation above, CNn , and a hypothetical normal force
that would result if there was no separation, i.e. corresponding to f ′′

n = 1. Thus the incremental
vortex lift at a time step n is given by

CVn = CNn − Cnααf = Cnα

(
1 +
√

f ′′
n

2

)2

αf − Cnααf (4.118)

The total vortex lift, Cv
N , results from the cummulative addition of the above increments along

with a simultaneous mechanism for decay.

Cv
Nn

= Cv
Nn−1

exp

(
−Δs

Tv

)
+
(
Cv
n −Cv

n−1

)
exp

(
−Δs

2Tv

)
(4.119)

where Tv is another empirical constant. When a leading edge separation is triggered, the vortex
lift is added to the normal force as long as the vortex traverses the chord and has not been washed
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aft of the trailing edge. The condition of leading edge separation, and the duration of the vortex
passage over the chord are set by empirical means. The condition for leading edge separation is
when CNn exceeds the value corresponding to static stall. This value is a function of Mach number
and denoted by CN1 in the model. At this point the accumulated vortex is assumed to start to
convect over the airfoil chord. The rate of convection has been experimentally determined to be
less than half of the free stream velocity. During the vortex convection, the vortex lift evolves
according to eqns.4.118 and 4.119, i.e. the total vortex lift Cv

Nn
is allowed to decay exponentially

with time while being constantly updated by a new increment. The duration of vortex passage, in
terms of nondimensional time τv (distance travelled by the airfoil in semi-chords), is from τv = 0 to
τv = τvl. At τv = τvl, the vortex leaves the trailing edge. The center of pressure movement behind
quarter-chord due to the vortex movement is determined empirically to be

Cv
P = 0.20

[
1− cos

(
πτv
Tvl

)]
(4.120)

The pitching moment contribution of the moving center of pressure is then simply

Cv
Mn

= −Cv
P Cv

Nn
(4.121)

The final normal force and pitching moment expressions at a given time step n is then

CN = C0 + CαC
N + Cv

N + CαI
N + CqC

N + CqI
N

CM = CM0 + CαC
M +Cv

M + CαI
M + CqC

M + CqI
M

The seperated flow model is embedded in the underlined terms. The dynamic stall effects are in
Cv
N and Cv

M . Dynamic stall cycles for an oscillating 2D airfoil are shown in Figs.4.2, 4.3 and 4.4.

4.5 Wing Models

4.5.1 Prandtl Lifting Line Theory

Associated with the lift on the wing, there is a circulation around the wing. At the tip, the lift is
zero and therefore the circulation must vanish at the tip. This means circulation varies along the
span. Whenever there is a variation of circulation spanwise, there has to be shedding of vorticity.
If there is a continuous variation of circulation along the wing span, a continuous sheet of trailing
vortices must proceed from the wing.

If we assume that the circulation is uniform along the span and drops to zero at the tips of the
wing, then one can consider a simple model of two concentrated vorticity filaments originated at
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the wing tips. this concept of two tip vortices was originated by Lanchester. This model gives a
good global picture but is not appropriate for analyzing flow near the wing.

A better model is to consider a continuous trailing vortex sheet distribution, as proposed by
Prandtl.

The vortex sheet on the top and bottom surface is called the bound vortex sheet. Across the
bound vortex sheet, a pressure difference may exist. The trailing edge sheet is called the free vortex
sheet and no pressure difference exists across the sheet. The shed vortices are pulled downstream
by the wind. If there is no new shedding, the old one will not have any influence on the airfoil.

For large aspect ratio wings, the bound part of the vortex sheet may be approximated by a
single bound vortex line of varying strength. This is called the Prandtl lifting line theory.

For steady flow, influence on the shedding vorticity sheet on lift is negligible. For a body in
motion, the lift is changing with time and so there is a continuous shedding of vorticity. The vorticity
which is close to the surface plays an important role for the calculation of unsteady pressure on the
surface.

4.5.2 Weissinger-L Lifting-surface Theory

The W-L model [25] is essentially a lifting-surface model with only one chord-wise element. The
W-L model represents blade lift using a series of spanwise horseshoe vortex elements. The bound
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circulation is located at the 1/4-chord point. The flow tangency condition is imposed at the 3/4-
chord point. Compared to a lifting line model, the W-L model predicts improved loading for fixed
wings with arbitrary planforms.

Let the blade be divided into N aerodynamic segments. For the i−th segment the flow tangency
can be written as

Vbi = V∞iαei

= V∞i(αi − φNWi)

= V∞iαi − VNWi

(4.122)

where Vbi is the bound vortex induced velocity at the i− th control point and V∞i is the incident
free stream velocity at the control point. αei is the effective angle of attack at the section. The
effective angle of attack is obtained by subtracting the near wake induced angle of attack from the
input angle of attack. The later includes the effect of blade deformation and far wake inflow. VNWi

is the velocity induced by the nearwake at the i− th control point.
The velocities Vbi and VNWi are related to the strength of the bound vortices, Γi through

influence coefficient matrices. These matrices depend both on the blade deformations and on the
blade geometry e.g., rigid twist, control angles, planform, sweep etc.

Vbi =

N∑
j=1

Ibi,jΓj (4.123)

VNWi =
N∑
j=1

INWi,jΓj (4.124)

The linear algebraic governing equations for bound circulation (N equations, N unknowns) are thus
obtained as

N∑
j=1

{
Ibi,j + INWi,j

}
Γj = V∞iαi (4.125)

Once the bound circulation strengths, Γj are known they are used to calculate αei using equations
(4.124) and (4.122). Assuming thin airfoil theory, i.e., with a lift curve slope of 2π, the local lift
coefficient simply becomes

Cl = 2παei

=
2π

V∞i

N∑
j=1

Ibi,j
(4.126)

using equations (4.122) and (8.34). This is the effective angle of attack approach and is consistent
with K-J theorem for 3D wings which gives

Cl =
2π

V∞i

N∑
j=1

Ibi,j (4.127)

In the present analysis, the effective angle of attack approach is used.
The radial distribution of input angle of attack is influenced by the far wake (rotor inflow) which

in turn is governed by the bound circulation strengths. Therefore, iterations are performed between
far wake and near wake until bound circulation strengths are converged. The iterations are started
with a uniform inflow far wake (based on helicopter gross weight) which is subsequently replaced
with non-uniform inflow.
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Within the W-L near wake model, the airfoil property tables are included using the following
method. The input angle of attack is scaled to an equivalent flat plate angle of attack using the lift
coefficients obtained from the airfoil tables. This scaled angle of attack is used by the W-L model
to calculate bound circulation strengths at 1/4-chord locations. The bound circulation strengths
are then used to calculate the circulation strengths of near wake trailers. The near wake trailers are
used to estimate the induced angle of attack at 3/4-chord locations. This induced angle of attack
is subtracted from the input angle of attack and the resulting effective angle of attack is used to
obtain lift (also pitching moment and drag) from the airfoil tables.

4.5.3 Unsteady Lifting-Line Analysis

An unsteady lifting-line model can be constructed using a consistent combination of the following
parts: (1) A near wake model, e.g. a W-L type lifting surface model, (2) A far wake model, with free
or prescribed wake geometries (3) 2D airfoil properties and (4) An unsteady aerodynamic model
for attached and seperated flow flow.
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Figure 4.5: Dynamic stall prediction on a hypothetical 3D wing of Aspect ratio 15.30
with SC-1095 airfoils; Weissinger-L and Leishman Beddoes model; Inboard predictions
(almost 2D) are compared with 2D airfoil data from McCroskey et al NASA TM-84245,
1982, Mach No. 0.3, reduced freq. k = 0.1

For a prescribed set of deformations, the airloads were calculated using the following three
steps. In the first step, the blade deformations and an initial inflow distribution, for example,
a uniform inflow based on the measured thrust, were used to calculate the sectional angle of
attack. The sectional angle of attack was used as input to the W − L near wake model, which
then calculates the spanwise bound circulation distribution. The bound circulation distribution is
calculated iteratively, so that it is consistent with the airfoil properties, the Kutta condition, and the
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Figure 4.6: Dynamic stall prediction on a 3D wing with NACA 0015 airfoils, Mach No.
0.3, reduced freq. k = 0.1 Piziali test data compared with McCroskey SC1095 test,
(prediction for Piziali test case uses 2D static data sent to UMD on Aug. 1991)

near-wake trailer sheet. This procedure is described later. In the second step, the bound circulation
strengths were used to calculate the rotor far wake (free or prescribed). The far-wake generates a
refined non-uniform inflow distribution. Using the non-uniform inflow, the sectional angles of attack
are recalculated. In the third step, the new angles of attack are used as input to the near wake
model to recalculate the bound circulation strengths. Steps one to three are repeated untill the
airloads converge. Iterations are required because the bound circulation strengths calculated by the
near wake model changes the far wake inflow which changes the input angle of attack distribution
of the near wake model.

Within the W − L model, the bound circulation strengths are obtained iteratively. First, the
input angle of attack and incident Mach number are used to obtain the spanwise lift distribution
from the airfoil tables. The bound circulation is obtained using the Kutta condition. Next, a near
wake trailer sheet is layed out over thirty degree azimuth following the blade; 25 blade segments are
used. The bound circulation line is at local 1/4−chord and swept back at the tip. The trailer sheet
follows the local incident velocity. It is allowed to trail in the reverse direction in the regions of
reverse flow. The velocity induced by the trailer sheet at the local 3/4−chord is then used to reduce
the input angle of attack to an effective angle of attack. The effective angle of attack is then used
to update the bound circulations using airfoil properties and the Kutta condition. The steps are
repeated until the bound circulation converges. A relaxation scheme is necessary for converging the
bound circulation strengths (10% used). The converged bound circulation strengths are consistent
with the near wake trailers and the airfoil properties.

The W-L model can be combined with the 2D static airfoil property data and a 2D unsteady
dynamic stall model. The stall model is applied at each section on the effective angle of attack
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distributions. Sample test data and predictions are shown in Figs.4.5 and 4.6.

4.6 Perturbation Aerodynamic Forces

The quasisteady blade element theory can used to obtain the perturbation aerodynamic forces.

uT = tangential flow velocity, ft/sec

up = normal flow velocity, ft/sec

uR = radial flow velocity acting radially outward, ft/sec

θ = pitch, rad

α = angle of attack, θ − φ, rad

φ = induced angle, rad

ρ = air density, slug/ft3, lb-sec2/ft4

c = chord, ft

v = resultant velocity,
√

u2p + u2T , ft/sec

The blade lift and drag forces per unit length

L = 1/2ρv2c cl

D = 1/2ρv2c cd

The moment about aerodynamic center

Mac = 1/2ρv2c2cmac

Resolving forces in hub plane

Fz = L cosφ−D sinφ

Fz = L sinφ+D cosφ

Moment about elastic axis

Mea = 1/2ρv2c2cm − Lxa

where xa is the chordwise offset of aerodynamic center from elastic axis (+ ve aft). The radial force
can be important for forward flight and it consists of two components; drag force due to radial
velocity, and resolved component of vertical force in the radial direction.
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Fr = D
uR
v

− Fz
dW

dr

Note

sinφ =
up
v

cosφ =
uT
v

Thus

Fz =
1

2
ρc(cluT v − cdupv)

Fx =
1

2
ρc(clupv + cduT v)

Fr =
1

2
ρc(cdvuR)− Fz

dw

dr

Ma =
1

2
ρc2(cmac −

xa
c
cl)v

2

These are the forces per unit span. These forces contain blade motion and thus these are the motion
dependent aerodynamic forces.

To make analysis simple, the flow components are broken into two parts, steady and perturba-
tion components.

uT = (uT )trim + δuT

up = (up)trim + δup

uR = (uR)trim + δuR

θ = θtrim + δθ

The trim or steady components are due to the operating condition of the rotor and the perturbed
components are caused by the perturbed motion. Similarly, the forces are also expressed into two
parts, trim and perturbation components.

Fz = (Fz)trim + δFz

Fx = (Fx)trim + δFx

Fr = (Fr)trim + δFr

Mea = (Mea)trim + δMea

for convenience, the trim word is omitted from flow components.

Trim Forces

(Fz)trim =
1

2
ρc(cluT v − cdupv)

(Fx)trim =
1

2
ρc(clupv + cduT v)
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(Fr)trim =
1

2
ρccduRv − Fz

dw

dr

(Ma)trim =
1

2
ρc2(cm − xa

c
cl)v

2

In the above expressions, the aerodynamic coefficients are obtained for trim flight.

Perturbations

Let us first examine the perturbation of resultant velocity v and pitch θ.

δv = δ(u2p + u2T )
1/2

=
upδup + uT δuT

v

δα = δ(θ − tan−1 up
uT

) 	 δ(θ − up
uT

)

= δθ +
uP δuT − uT δup

uT

The aerodynamic coefficients are the functions of the angle of attack and Mach number.

cl = cl(α,M)

cd = cd(α,M)

cm = cm(α,M)

The perturbation in aerodynamic coefficients are

δcl =
∂cl
∂α

δα +
∂cl
∂M

δM

= clαδα + clM δM

δcd = cdαδα + cdM δM

δcm = cmαδα + cmM
δM

The Mach number at any radial station is

M =
Mtip

vtip
v

= Mtip
v

ΩR

and the perturbation in the Mach number is

δM =
Mtip

ΩR
δv

Let us now look at the perturbation in forces

Fz =
1

2
ρc{cluT v − cdupv}

δFz =
1

2
ρc{δcluT v + clδuT v + cluT δv

−δcdupv − cdδupv − cdupδv}
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=
1

2
ρc{(clαδα+ clM δM)uT v + clδuT v + cluT δv

−(cdαδα + cdM δM)upv − cdδupv − cdupδv}

δFz
1
2ρc

=

δuT {up
v
(uT clα − upcdα) +

u2T
2
(cl +MclM ) + clv

−(cd +McdM )
upuT
v

+ δup{−uT
v
(uT clα − upcdα) +

upuT
v

(cl +MclM )

−cDv
u2p
v
(cd +McdM )}+ δθ{clαvuT − cdαvup}

Similarly

δFx
1
2ρc

= δuT [
up
v
(upclα + uT cdα) +

u2T
v
(cd +McdM )

+cdv + (cl +MclM )
upuT
v

}

+δup{−uT
v
(upclα + uT cdα) +

upuT
v

(cd +mcdM )

+clv +
u2p
v
(cl +MclM )}

δθ{clαvup + cdαvuT }

δFr
1
2ρc

= δuT {cdα
upuR
v

+
uTuR
v

(cd +mcdM )

+δup{−cdα
upuR
v

+
upuR
v

(cd +McdM )}
+δuR{cdv}
δθ{cdαvuR}

δMea
1
2ρc

2
= δuT {2uT (cm − cl

xa
c
) + v2

up
u2T

(cmα − clα
xa
c
)

+μT (cmM
− clM

xa
c
)}

+δup{2up(cm − cl
xa
c
)− v2

uT
(cmα − clα

xa
c
)

+Mup(cmM
− clM

xa
c
)}

+δθ{v2(cmα − clα
xa
c
)}

To these perturbation forces, the noncirculating forces also are added. The most important com-
ponent is the virtual moment.

δMea = (δMea)c +Mnc

MNC = noncirculatory moment

=
1

4
πρΩ2c3

[
r

(
1

4
+

xa
c

)
β̈ − r

(
1

2
+

xa
c

)
θ̇ − c

(
3

32
+

1

2

xa
c

)
θ̈

]
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Small Angle Simplification

Assume small angles

Fz 	 L

Fx 	 L
up
uT

+D

α 	 θ − up
uT

Assume simplified airfoil characteristics

cl = aα (symmetric airfoil)

= a(θ − up
uT

)

cd = cd0

cm = cm0 (for symmetric it is zero)

v = uT

Trim Forces

Fz =
1

2
ρca(u2T θ − upuT )

Fx =
1

2
ρca(upuT θ − u2p +

cd
a
u2T )

Ma =
1

2
ρc2a{cm

a
(u2p + u2T )−

xa
c
(u2T θ − upuT )}

Perturbation Forces

δFz =
1

2
ρca{δuT (2uT θ − up) + δup(−uT ) + δθ(u2T )}

δFx =
1

2
ρca{δuT (upθ + cd

a
2uT ) + δup(uT θ − 2up) + δθ(upuT )}

δMa =
1

2
ρc2a{δuT (2cm

a
uT +

xa
c
up − 2

xa
c
uT θ)

+δup(2
cma

a
up +

xa
c
uT ) + δθ(−xa

c
u2T )}

Example 4.1:

In a circulation-controlled rotor, the aerodynamic lift is a function of geometric angle as well as
blowing

cl = cl(α, cμ)

where

cμ =
ṁVj
1
2ρV

2c
(ṁVj = jet momentum)
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calculate the perturbation in lift in terms of flow components of up and uT and pitch angle θ (steady
and perturbations).

Lift L = 1/2ρV 2c cl(α, cμ)

Perturbation δL = ρc clV δV + 1/2ρcV 2δcl

V =
√

u2p + u2T

δV =
upδup + uT δuT

V

δcl = claδα + clμδcμ

δcμ = −2cμ
δV

V

α = θ − tan−1 up
uT

δα = δθ − uT δup − upδuT
u2T

δL

1/2ρc
= δuT {2uT cl + V 2

u2T
upclα − 2uT cμclμ}

+δup{2upcl − V 2

u2T
uT clα − 2upcμclμ}

+δθ{V 2clα}

Example 4.2:

For an articulated rotor in hovering flight, obtain the blade flapping equation under varying pitch
conditions. For unsteady aerodynamic forces, use the lift deficiency function of a typical section at
75% radius position. Assume a 6% hinge offset, and the elastic axis at mid-chord position.

∗∗
β +ν2ββ − 3

2

xI
R
(
∗∗
θ +θ) = γMβ

Mβ =
1

2

∫ 1

0
x[
δuT
ΩR

(2
uT
ΩR

θ − up
ΩR

) +
δup
ΩR

(− uT
ΩR

) + δθ(
uT
ΩR

)2]C(k))dx

+

∫ 1

0
xLNCdx

uT
ΩR

= x,
up
ΩR

= λ,
δuT
ΩR

= 0,
δup
ΩR

= xβ̇ − 1

4

c

R

∗
θ

δθ = θ

k =
ωb

U
=

1

.75

ω

Ω

c

R

LNC =
πρb2

ρacΩ2R4
[(uT θ − up)− bah(θ +Ωβ)]

Mβ = C(k)[−1

8

∗
β +

1

24

c

R

∗
θ +

1

8
θ] +

c

R
(

∗
θ

24
−

∗∗
β

24
)− 1

64
(
c

R
)2

∗∗
θ
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4.7 Dynamic Inflow Models

Typical stability analyses normally employ steady wake induced inflow calculated from simple
momentum theory. However, under unsteady flow conditions, the rotor wake will not be steady,
and this will naturally result in unsteady induced inflow, called as dynamic inflow. The dynamic
inflow may be a significant factor in the calculation of unsteady aerodynamic loads, and hence can
have an important influence on the rotor dynamics. In fact, the dynamic inflow components should
be related to the unsteady rotor loads (thrust, roll moment and pitch moment). These relationships
are complex and are still subject of research. For analyses, it is important to put these relationships
in simplified form. One possible way to derive these relationships is by using unsteady actuator
disk theory. Let us examine the steady as well as dynamic inflow components for hover and forward
flight.

4.7.1 Hover

A simple steady inflow model for hover is to assume uniform inflow over the rotor disk. Using
simple momentum theory the inflow is related to the rotor thrust.

λ = sign(CT )kp

√∣∣∣cT
2

∣∣∣
where CT is the thrust coefficient, λ us induced inflow (vi/ΩR) and kp is an empirical factor to
cover tip losses (∼ 1.15).

A simple dynamic inflow model for hover is

τ λ̇+ λ = sign(CT )kp

√∣∣∣∣CT

2

∣∣∣∣
or

τΔλ̇+Δλ = k2p
ΔCT

4λ0

where τ is time lag in seconds and can be approximately taken as .85/4λ0Ω. The λ0 is the mean
induced inflow and Ω is rotational speed (rad/sec). Note that the CT here consists of total thrust,
i.e., the sum of steady and perturbation thrust components.

4.7.2 Forward Flight

A simple steady inflow model for forward flight is to assume it uniform over the rotor disk.

λi =
1

2

CT√
μ2 + λ2

where λi is induced inflow ratio and μ is advance ratio and λ is inflow ratio

λ = μ tanα+ λi

and α is disk tilt to the free stream. An improvement over the simple uniform model is to assume
a linear variation for steady induced inflow

λi = λm(1 + κx
r

R
cosψ + κy

r

R
sinψ)

where λm is the mean value of induced flow, and κx represents the longitudinal variation of inflow
and κy represents the lateral variation of inflow.
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Typically, the value of κx is positive and the value of κy is negative. This means that the
induced inflow is larger at the rear of the disk and on the retreating side. At higher velocities,

λi 	 λm(1 +
r

R
cosψ)

The classical vortex theory gives an estimate of parameters κx and κy. There are a number of
estimates available for these parameters. A popular one is given by Drees (1949)

κx =
4

3
[(1− 1.8μ2)

√
1 + (λ/μ)2 − λ/μ]

κy = −2μ

Dynamic inflow in forward flight is lot more involved than the hover case. A simple dynamic inflow
model is to assume a perturbation to the induced inflow of the following form

Δλi = λu + λ1c
r

R
cosψ + λ1s

r

R
sinψ

where λu represents the uniform perturbation component and λ1c and λ1s represent the linear
varying components in longitudinal and lateral directions over the rotor disk. These dynamic
inflow components are related to the perturbation forces on the rotor disk, namely rotor thrust CT ,
pitching moment CMy and rolling moment CMx. The perturbation forces are obtained from total
forces after subtracting the steady forces. A simple form of relationships between dynamic inflow
components and perturbation forces is obtained using actuator disk theory.⎡⎢⎢⎣

τT λ̇u

τM λ̇c

τM λ̇s

⎤⎥⎥⎦+

⎡⎢⎢⎣
λu

λ1c

λ1s

⎤⎥⎥⎦ =

⎡⎢⎢⎣
1

2(λ0+
√

μ2+λ2
0)

0 0

0 2√
μ2+λ2

0

0

0 0 2√
μ2+λ2

0

⎤⎥⎥⎦
⎡⎢⎢⎣

ΔCT

−ΔCMy

ΔCMx

⎤⎥⎥⎦
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where τT and τM are time lags in seconds and these are approximately taken as

τT =
.42

μΩ

τM =
.22

μΩ

The λ0 is the rotor steady inflow (λm + μ tanα) and the Ω is the rotational speed (rad/sec).
An alternate form of dynamic inflow is given by Pitt and Peters (1980).

[M ]

⎡⎣ λ̇u

λ̇c

λ̇s

⎤⎦+ [L]−1

⎡⎣ λu

λc

λs

⎤⎦ =

⎡⎣ cT
−CMy

CMx

⎤⎦
The matrices M and L are of size 3 x 3. There are many forms of these matrices; typically for simple
momentum theory, these matrices are diagonal, for other theories they can be fully populated. One
of the popular form of these matrices is

[L] =
1

cv

⎡⎢⎢⎣
1
2 0 15π

64

√
1−sinα
1+sinα

0 −4
1+sinα 0

15π
64

√
1−sinα
1+sinα 0 − −4

1+sinα

⎤⎥⎥⎦

[M ] =

⎡⎣ 128
75π 0 0
0 −16

45π 0
0 0 −16

45π

⎤⎦
where cv is a mass-flow parameter

cv =
μ2 + λ(λ+ λi)√

μ2 + λ2

and α is the rotor disk tilt wrt free stream.
For dynamic analysis of the blade, the dynamic inflow components are treaded as additional

degrees of freedom. The dynamic inflow models are well suited for aero-elastic stability calculations.
For loads prediction a free wake based unsteady lifting line model or detailed CFD analysis is
prefered. These are discussed in the next section.
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Questions

Justify the following:

• The unsteady forces are more involved for a rotary wing than a fixed wing.

• Show the similarities and differences between the basic fluid mechanics equations and the
basic structural mechanics equations.

• Virtual aerodynamic forces play an important role in the pitch dynamics of the blade.

• In a wind tunnel testing, the unsteady aerodynamic forces on a two-dimensional wing model
were measured for a pure pitch motion as well as for a pure vertical vibratory motion. The
discrepancy in the two sets of results was observed for identical angle of attack perturbation.

• The neglecting of the effect of shed wake and other unsteady aerodynamic forces on the
analysis of rotor performance is quite justified, but for higher frequency vibrations one cannot
ignore these forces.

• During the forward flight mode, there is a continuous stretching and compressing of the
vorticity in the shed wake.

• One has to be very careful to include the effect of shed vorticity for higher harmonic vibrations.

• Is there any difference between the induced velocities calculated using the momentum theory
and the lifting line theory?

• For blade aeroelastic analysis (flap-lag), quasi-steady aerodynamics is widely used.

• The shed wake plays a mroe important role in hovering flight than the forward flight.

• There are differences between the thin airfoil theory, lifting line theory, lifting surface theory
and the rotor shed wake modeling.

• The larger the reversed flow region on the retreating side of the rotor, the more the vibration.

• In a circulation-controlled rotor blade, the steady lift is primarily caused by blowing circu-
lation, causing the aerodynamic center to be close to the half-chord position. To reduce the
aerodynamic moment, the elastic axis is positioned at half-chord, but this may result in an
unstable torsional motion (single degree flutter).

• The Theodoresen function C(k) is referred to as a feedback parameter of blade motion.

• There is no Kutta condition for circulation control airfoils.

• Dynamic inflow modeling is an approximate representation for unsteady rotor forces.
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Chapter 5

Aeroelastic Stability in Hover

Flutter is a dynamic aeroelastic instability caused by the interaction of aerodynamic, elastic and
inertial forces. Flutter is self-sustained oscillations which are totally different from resonance or
forced response oscillations. For flutter instability, the external forcing is not needed. The objective
of this chapter is to understand the basic principles of blade flutter in hovering flight. The equations
of motion are simple as compared to the forward flight case, where many periodic terms are present.
The time and response solutions for forward flight are very involved as compared to those of hovering
flight. For hover, it is relatively easy to determine the equilibrium position of the blade and then
to determine a linearized stability analysis. There are many types of flutter. Two of the most
important types of blade flutter are flap-lag and pitch-flap. The designer has to be very careful
with these instabilities and has to establish the safety margin for critical flight conditions. These
aeroelastic instablities will be investigated in detail for simple blade configurations, with two-degree-
of-freedom models. One can interpret these results for complex configurations and then refine these
analyses.

5.1 Flag-Lag Flutter

This aeroelastic instability is unique with rotor blades, and does not take place in fixed wings. The
flap and lag modes participate in causing this instability, of course, with the inclusion of unsteady
aerodynamic forces. The flap mode alone is highly damped because of aerodynamic damping. The
lag mode alone is a low damped mode, but does not become unstable. The flap and lag modes
together are coupled, and the couplings are due to the Coriolis forces and aerodynamic forces.
There is no likelihood of blade flutter if the aerodynamic forces are neglected. Again, there is no
likelihood of flutter if Coriolis forces are neglected. Hence, for blade flutter, both the aerodynamic
forces and the Coriolis forces play an important role.

To understand the phenomena, a simple blade configuration is studied in hovering flight. The
blade is assumed rigid and it undergoes two degrees of motion, flap and lag motions about hinges.
The flap and lag hinges are coincided and are offset by a distance e from the rotation axis. Also,
there are bending springs at the hinges to obtain desired flap and lag frequencies.
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The equations of motion in nondimensional form are,

Flap:
∗∗
β +ν2ββ − 2β0

∗
ζ= γMβ

Lag:
∗∗
ζ +ν2ζ ζ + 2

ωζ0

Ω
ζL

∗
ζ +2β0

∗
β= γM ζ (5.1)

These are perturbation equations. The νβ and νζ are rotating flap and lag frequencies, the ζL
is the viscous damping coefficient due to lag damper, and β0 is the steady flap deflection due to
centrifugal and aerodynamic forces.

ν2ββ0 = γMβ0 +
ω2
β0

Ω2
βp

where βp is a precone angle. The Mβ and M ζ are perturbation aerodynamic moments about
flap and lag hinges and γ is the Lock number. The ωβ0 and ωζ0 are non-rotating flap and lag
frequencies. Sometimes the viscous damping ratio of mechanical lag damper is defined with respect

to the rotating lag frequency. Then the third term in Eq(5.1) becomes 2ζLνζ
∗
ζ. Let us derive

aerodynamic forces.
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Quasisteady theory is used to obtain the aerodynamic forces. The up and uT are flow velocity
components. Forces per unit span are

Fz 	 L =
1

2
ρac(u2T θ − upuT )

Fx 	 L
up
uT

+D =
1

2
ρac
(cd
a
u2T + upuT θ − u2p

)
Perturbations

Fz =
1

2
ρac{δuT (2uT θ − up) + δup(−uT ) + δθ(u2T )}

Fx =
1

2
ρac{δuT (2cd

a
uT + upθ) + δup(uT θ − 2up) + δθ(upuT )}

Let us examine flow components

Steady:

uT = Ωr
uT
ΩR

= x

up = ΩλR
up
ΩR

= λ

Perturbation:

δuT = −rζ̇
δuT
ΩR

= −x
∗
ζ

δup = rβ̇
δup
ΩR

= x
∗
β

δθ = −kpββ − kpζζ

where x = r/R, and λ is the wake induced inflow parameter at the rotor disk. The kpβ and kpζ are
pitch-flap and pitch-lag coupling terms.

Mβ =
1

ρacΩ2R4

∫ R

e
Fz(r − e) dr

For making analysis simple, the effect of e is neglected in the derivation of aerodynamic forces.
This is, however, not a bad assumption.

Mβ =
1

ρacΩ2R4

∫ R

0
Fzr dr
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M ζ =
1

ρacΩ2R4

∫ R

0
Fxr dr

(Mβ)steady =
1

2

∫ 1

0

{( uT
ΩR

)2
θ −
( up
ΩR

)( uT
ΩR

)}
x dx

=
θ

8
− λ

6

It is assumed that the pitch θ as well as inflow ratio γ are uniform along the length of the blade.
The (M ζ)steady is not important since it is negligible, because the drag force is much smaller than
the lift force.

(Mβ)perturbation =
1

ρacΩ2R4

∫ R

0
δFzr dr

=
1

2

∫ 1

0

{
δuT
ΩR

(
2
uT
ΩR

θ − up
ΩR

)
− δup

ΩR

uT
ΩR

+ δθ
( uT
ΩR

)2}
x dx

= −
∗
ζ

(
θ

4
− λ

6

)
−

∗
β

8
− 1

8
(kpββ + kpζζ)

(M ζ)perturbation =
1

ρacΩ2R4

∫ R

0
δFxr dr

=
1

2

∫ 1

0

{
δuT
ΩR

(
2
cd
a

uT
ΩR

+
up
ΩR

θ
)
+

δup
ΩR

( uT
ΩR

θ − 2
up
ΩR

)
+δθ

( uT
ΩR

)2}
x dx

= −
∗
ζ

(
1

4

cd
a

+
λθ

6

)
+

∗
β

(
θ

8
− λ

3

)
− (kpββ + kpζζ

) λ
6

Steady solution

β0 =
γ

ν2βe

(
θ

8
− λ

6

)
+

ω2
β0

Ω2
βp

1

ν2βe

(5.2)

ζ0 	 0

where

ν2βe
= ν2β +

γ

8
kpβ

Perturbation Equations
Flap

∗∗
β +

γ

8

∗
β +(ν2β +

γ

8
kpβ)β +

[
−2β0 + γ

(
θ

4
− λ

6

)] ∗
ζ +kpζ

γ

8
ζ = 0

Lag

∗∗
ζ +

[
2
ωζ0

Ω
ζL + γ

(
cd
4a

+
λθ

6

)] ∗
ζ +
(
ν2ζ +

γ

6
kpζλ

)
ζ +

[
2β0 − γ

(
θ

8
− λ

3

)] ∗
β

+
γ

6
kpβλβ = 0
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Rewriting these equations⎡⎢⎣
∗∗
β

∗∗
ζ

⎤⎥⎦+

[ γ
8 −2β0 + γ

(
θ
4 − λ

6

)
2β0 − γ

(
θ
8 − λ

3

)
2
ωζ0

Ω ζL + γ
(
cd
4a + λθ

6

)
]⎡⎢⎣

∗
β

∗
ζ

⎤⎥⎦

+

[
ν2β + γ

8kpβ
γ
8kpζ

γ
6kpβλ ν2ζ +

γ
6kpζλ

][
β

ζ

]
= 0 (5.3)

For the solution of the above equations (5.3), one needs trim solution i.e., λ and θ. It is assumed
that the wake induced inflow λ for hover is uniform along the length of the blade. For constant
pitch θ, there may be some variation in λ, but is not considered here. Using the simple momentum
theory,

λ = kh

√
cT
2

(5.4)

where cT is the thrust coefficient and kh is an empirical factor to cover tip losses and nonuniform
distribution, typically 1.15. Comparing thrust obtained using momentum theory and blade element
theory, one gets

θ =
6cT
σa

+
3

2
λ (5.5)

Two simple ways to calculate the solution on Eqs. (5.3) are determinant expansion and the eigen-
value solution.

I. Determinant Expansion

Assume flap and lag displacements as

β(ψ) = βesψ

ζ(ψ) = ζesψ

Eqs. (5.3) becomes⎡⎢⎢⎣
s2 + γ

8s+ ν2β + γ
8kpβ (−2β0 +

γθ
4 − γλ

6 )s+ γ
8kpζ

(2β0 − γθ
8 + γλ

3 )s+ γ
6kpβ

s2 + (
2ωζ0

Ω ζL + γ
4
cd
a + γλ

6 θ)s
+ν2ζ +

γ
6kpζλ

⎤⎥⎥⎦
⎡⎣ β

ζ

⎤⎦ = 0

For a nontrivial solution, the determinant of the matrix is zero. This results into

As4 +Bs3 + Cs2 +Ds+E = 0 (5.6)

where

A = 1

B =
γ

8
+ 2

ωζ0

Ω
ζL +

γ

4

cd
a

+
γλ

6
θ

C=γ
8 (2

ωζ0

Ω ζL + γ
4
cd
a + γλ

6 θ) + ν2β + γ
8kpβ + ν2 + γ

6kpζλ

−(−2β0 +
γθ
4 − γλ

6 )(2β0 − γθ
8 + γλ

3 )
(5.7)
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D = (ν2β +
γ

8
kpβ)(

2ωζ0

Ω
ζL +

γ

4

cd
a

+
γλ

6
θ) +

γ

8
(ν2ζ +

γ

6
kpζλ)

−γ

8
kpζ (2β0 −

γθ

8
+

γλ

3
)− γ

6
kpβλ(−2β +

γθ

4
− γλ

4
)

E = (ν2β +
γ

8
kpβ )(ν

2
ζ +

γ

6
kpζλ)− (

γ

8
kpζ )(

γ

6
kpβλ)

At the critical flutter condition, the system damping becomes zero.

s = iω

Substituting in Eq. (5.6),

Aω4 − iBω3 − Cω2 + iDω + E = 0

Setting separately the real and imaginary parts to be zero, gives,

Aω4 − Cω2 + E = 0

−Bω3 +Dω = 0

The second equation gives

ω2 =
D

B

Substituting in the first equation

A(
D

B
)2 −C(

D

B
) +E = 0

or

AD2 − CDB + EB2 = 0

This is the condition for instability. It is called as Routh’s stability criteria.

Solution Procedure

Given the rotor characteristics in terms of coefficients

γ, σ, a, cd, kpβ , kpζ , ζL, νβ, νζ , βp, ωβ0/Ω, ωζ0/Ω

Step 1. Calculate the trim solution. For a given cT
σ calculate λ and θ using Eqs.(5.4) and (5.5).

Step 2. Calculate the steady flap detection β0 using Eq. (5.2).

Step 3. Calculate the constants A, B, C, D, E for Eqs. (5.7).

Step 4. Calculate R = AD2 −BCD +B2E.

If the remainder R is zero it gives critical condition. For a non-zero value of R, select a new cT
σ

and repeat Steps 1-4. Vary cT
σ till R changes sign. Take finer steps of cT

σ to get the critical value
at which R is nearly zero.

Note that Eq.(7) can also be solved using any standard subroutine for polynomial equation.
The solution will give complex roots, the real part represents damping and the imaginary part
presents the damping of the mode.

II. Eigen Analysis
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The perturbation equations of motion (5.3) can be interpreted in a standard spring-mass-damper
form.

[M ]

⎧⎨⎩
∗∗
β
∗∗
ζ

⎫⎬⎭+ [C]

⎧⎨⎩
∗
β
∗
ζ

⎫⎬⎭+ [K]

{
β
ζ

}
= 0 (5.8)

The matrices C and K are not symmetric. These can be transformed into a first order system
(2.14) and solved as an eigenvalue problem. This will give two complex conjugate pairs, i.e., four
eigenvalues. A typical eigenvalue λ will be

λ = λreal + iλimaginary

(Note this eigenvalue λ is totally different from inflow λ.) The real part of the eigenvalue represents
damping of the mode and the imaginary part represents the frequency of the mode.

If any one of the eigenvalue has a positive real part, the blade is unstable. The λR = 0 gives
the stability boundary. Also note that if the frequency becomes zero in the unstable region, it
represents static divergence condition.

This figure shows the flap-lag flutter stability boundaries as a function of thrust level obtained
for a rotor blade in hovering flight. The following rotor parameters have been used for calculations

γ = 8.0 σ = .05 kpβ = kpζ = 0

βp = 0 a = 2π cd = .01 ζL = 0

The flutter boundary is calculated using the determinant expansion. For a particular thrust
level represented by cT

σ , the blade is unstable inside the elliptic graph. The less damped lag mode
becomes unstable and the damping ratio of the lag mode is plotted on the next figure for a fixed
flap frequency, and for varying lag frequencies. These results are obtained using eigen-analysis. It
is interesting to note that the lag mode instability is soft in nature and can be easily stabilized
with the inclusion of a small amount of structural damping in the lag mode. Flap-lag flutter is
an instability of lag mode which occurs at lag frequency. Because of low reduced frequencies, the
unsteady effects play less important role here. The application of quasisteady aerodynamics theory
appears adequate to predict flap-lag flutter. For hingeless rotors with no pitch-flap or pitch-lag
coupling or flap-lag structural coupling, the critical condition for flap-lag stability occurs with zero
precone and

flap frequency = lag frequency = 1.15/rev
The rotor is stable for a flap frequency of less than 1/rev or greater than 1.4/rev.
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5.1.1 Comment on Flap-Lag Flutter

Some general remarks are made on flap-lag flutter.

1. Articulated Rotor
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Assume the blade with kpβ = kpζ = 0 and with no hinge offset, e = 0. Gives νβ = 1. The
steady solution is given in Eq. (5.2),

β0 =
γθ

8
− γλ

6

Let us examine the perturbation equations in Eq. (5.3),

coupling term in flap equation = (−2β0 +
γθ
4 − γλ

6 )
∗
ζ

=
γλ

6

∗
ζ

This term is small and can be neglected. This nearly uncouples the flap equation from the
lag equation. It has been seen that the articulated blade with zero hinge offset, the blade is
stable from the aeroelastic stability. However, the coupling term in the lag equation plays an
important role for the determination of vibration and loads.

2. Ideal Precone

An ideal precone is the initial blade coning setting so that at the operating condition, the
moments due to centrifugal force and aerodynamic force balance out, result in

β0 ≈ βp

From steady solution, Eq.(5.2)

β0 =
1

ν2β

[
ω2
β0

Ω2
βp +

γθ

8
− γλ

6

]
(assume kpbeta = kpζ = 0)

ν2β = 1 +
3

2

e

R
+

ω2
β0

Ω2

This gives

βp =
γ

1 + 3
2e

(
θ

8
− λ

6

)
and this does not depend on nonrotating flap frequency. Again the flap mode gets nearly un-
coupled from lag mode resulting in a stable blade from flap-lag flutter instability. Otherwise,
precone can be destabilizing.

3. Thrust Level

Flap-lag flutter is a high thrust phenomena. To achieve a high thrust level in hover, a high
collective pitch is required. Also the inflow λ is higher for a higher thrust level. The result
of this all is that the coupling terms particular in the lag equation becomes larger with
higher thrust. At zero thrust, the coupling is minimum and the blade is free from aeroelastic
instability.

4. Elastic Coupling

If the section principal axes do not lie along the flap and lag axes, then the flap and lag
equations get coupled structurally due to elastic coupling. The elastic coupling allows the
transfer of kinetic energy from weakly damped lag mode to well damped flap mode. The
soft lag rotors get stabilized with small coupling. The stiff lag rotors on the other hand
get destabilized with the small coupling term but generally become stabilized with the large
coupling term.
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5. Matched Stiffness Rotors

For matched stiffness rotors, the flap bending stiffness EIx is equal to the lag stiffness EIz.
This is generally achieved through a circular cross-section at the root of the blade. This means
that the nonrotating flap and lag frequencies are equal. Not shown so far, but it results in
uncoupling, the bending and torsion equations structurally. This means that there is a less
influence of torsion on flap-lag stability. Thus the matched stiffness condition stabilizes the
blades.

6. Structural Damping

The flap mode is highly damped because of aerodynamic damping. The structural damping
in the flap mode is unimportant. On the other hand, the lag mode is weakly damped and
the flag-lap mode is instability of the lag mode. This instability is soft in nature and can
stabilized damping in the lag mode. The other possibility is to add a mechanical lag damper
at the root hinge to stabilize the blade.

7. Hinge Sequence

The earlier analysis is made for lag hinge followed by flap hinge outboard, other possibility
is flap hinge followed by lag hinge outboard. The changed hinge sequence will introduce
some extra nonlinear terms, in particular, in the aerodynamic forces. The flap-lag aeroelastic
stability is very sensitive to small terms so the results can be somewhat different due to a
change in hinge sequence (Kaza & Kvaternik.)

8. Pitch-Flap Coupling kpβ

Pitch-flap coupling, due to torsion dynamics or kinematic coupling is introduced in the two-
degree-of-freedom problem by assuming a feather motion of the form

Δθ = −kpββ

The pitch-flap coupling kpβ is positive for flap up/pitch down motion. The positive value
of pitch-flap coupling raises the flap frequency. However, its influence on flap-lag stability is
small.

9. Pitch-Lag Coupling kpζ

Pitch-lag coupling due to torsion dynamics or kinematic coupling is introduced in two-degree
model by assuming a feather motion of the form

Δθ = −kpζζ

The pitch-lag kpζ is positive for lag back-pitch down motion. Generally, a negative coupling
is stabilizing analysis.

10. Quasistatic Torsion Model

For low to moderate torsional frequencies one has to include torsion degree of motion for
stability analysis. For high torsional frequencies (typically νθ > 5) the feathering inertia and
damping terms are generally small and these do not influence the flap-lag instability. Either
one can drop the torsion effect all together or one can include approximately the stiffness
terms through a quasistatic torsion model assumption. Let us look at the flap-lag torsion
equations.

[M ]

⎧⎨⎩
β̈

ζ̈

θ̈

⎫⎬⎭+ [C]

⎧⎨⎩
β̇

ζ̇

θ̇

⎫⎬⎭+ [k]

⎧⎨⎩
β
ζ
θ

⎫⎬⎭ = 0 (5.9)
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keeping only static stiffness terms in the torsion equation, one gets

k31β + k32ζ + k33θ = 0

θ = −k31
k33

β − k32
k33

ζ (5.10)

Replace θ from the flap and lag equations using above expression. Again this results into a
two-degree system. The effective pitch-flap and pitch-lag coupling terms due to torsion mode
have been retained. These coupling terms are primarily caused by aerodynamic forces.

11. Stall

The flap-lag instability generally takes place at a high pitch setting, which also means high
angle of attack. There is the likehood of getting into stalled flow for part of the rotor blade.
At stall, there is a loss of flap damping because of the reduced lift-curve slope.

12. Compressibility

Near the tip of the blade, there is a high speed region, and sometimes there can be transonic
flow conditions. The compressibility effects are important near the tip, because of larger
dynamic pressure there. Also due to transonic conditions, there is a shift in aerodynamic
center from 1/4-chord to 1/2-chord, resulting in a large torsional moment. Also there is a
large increase in the drag force. The compressibility effects can be quite destabilizing.

Ex. In a circulating controlled rotor blade, the aerodynamic characteristics are functions of
geometric angle as well as blowing,

cl = c1α+ c2cμ

cd = cd0 + d1cμ

Using quasisteady aerodynamics, derive the equations of motion for blade flap-lag aeroelastic sta-
bility in hover.

Flap-Lag equations

∗∗
β −ν2ββ − 2β0

∗
ζ= γMβ +

ω2
β0

Ω2
βp

∗∗
ζ −ν2ζ ζ − 2β0

∗
β +2ζL

ωβ0

Ω
ζ = γM ζ

FZ =
1

2
ρc(cluTV − cdupV )

δFZ =
1

2
ρc(δcluTV + clδuTV + cluT δV − δcdupV

−cdδupV − cdupδV )

δcl = clαδα + clμδcμ

δcd = cduδcμ

δcμ = −2cμ
δV

V

δV =
1

V
(uT δuT + upδup)

α = θ − up
uT
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δα = δθ − 1

V 2
(uT δup − upδuT )

δFz
1
2ρc

= δuT

{
upuT
V

(c1 + d1cμ − cd0) + (
u2T
V

+ V )(θ − up
uT

)c1

−(
u2T
V

− V )c2cμ

}
+δup

{
−u2T

V
c1 +

upuT
V

c1(θ − up
uT

)− upuT
V

c2cμ

+
u2p
V

(d1cμ − cd0)− V (cd0 + d1cμ)

}
+δθ(c1uTV )

Fx =
1

2
ρc(clupV + cduTV )

δFx
1
2ρc

= δuT

{
c1
u2p
V

+
upuT
V

c1(θ − up
uT

)− upuT
V

c2cμ

+
u2T
V

(cd0 − d1cμ) + V (cd0 + d1cμ)

}
+δup

{
−upuT

V
(c1 + d1cμ − cd0) + (

u2p
V

+ V )c1(θ − up
uT

)

−u2p
V

c2cμ

}
δθ(c1upV )

For Hover
uT
ΩR

= x,
up
ΩR

= λ

δuT
ΩR

= −x
∗
ζ,

δup
ΩR

= x
∗
β δθ = −kpββ − kpζζ

V ≈ uT

Mβ =
1

ρacR4Ω2

∫ R

0
r δFZ dr

M ζ =
1

ρacR4Ω2

∫ R

0
r δFx dr

Perturbation Equations are
Flap:

∗∗
β +γ(

1

8
− 1

6
λθ − 1

8

cd0
c1

+
1

6

c2
c1
cμ)

∗
β +(ν2β +

γ

8
kpβ)β

+

{
−2β0 + γ(

θ

4
− λ

6
− 1

8

c2
c1
cμ +

1

6

d1
c1

cμ − 1

6

cd0
c1

)

} ∗
ζ +

1

8
kpζζ = 0

Lag:

∗∗
ζ +

{
2ωζ0

Ω
ζL + γ(

cd0
4c1

+
λθ

6
− 1

6

c2
c1
cμλ)

} ∗
ζ +(ν2ζ +

γ

6
kpζλ)ζ

+

{
2β0 − γ(

θ

8
− 1

6

d1
c1

cμ +
1

6

cd0
c1

)

} ∗
β +

γ

6
kpβλβ = 0
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5.2 Pitch-Flap Instabilities

The flap and torsion modes participate causing this instability. This flutter instability is also
called as classical or conventional flutter because a similar type flutter is also called as classical or
conventional flutter because a similar type flutter instability takes place in fixed wings. However,
there are certain differences for rotor blade flutter from fixed wing flutter.

i) There is an important coupling due to centrifugal force if there is a cg offset from the elastic
axis.

ii) There is a tennis racket effect in the torsion equation.

iii) Aerodynamic forces are more involved, in particular, returning wake can be important here.

iv) Periodic forces are present if forward flight is also considered.

The result of all this is that one may not be able to apply the fixed wing results here. Let us
investigate this problem for a simple blade configuration with two degrees of motion, rigid flap
about flap hinge and rigid pitch about pitch bearing. The torsion bearing is assumed to be located
outboard of the flap hinge (which is typical). The study is carried out for hovering flight.

The equations of motion for uniform blades in nondimensional form are

Flap:
∗∗
β +ν2ββ − 3

2

XI

R
(
∗∗
θ +θ) = γMβ +

ω2
β0

Ω2
βp (5.11)

Pitch: I∗
f
(
∗∗
θ +ν2θθ + 2

ωθ0

Ω
ζθ

∗
θ)− 3

2

xI
R

(
∗∗
β +β) +Kpβ (

Wθ0

Ω
)2I∗

f
β

= γMθ + I∗
f

ω2
θ0

Ω2
θcon

where I∗
f
= If/Ib, the If is the feather moment of inertia and Ib is the flap moment of inertia.

The ωβ0 and ωθ0 are the nonrotating flap and torsion frequencies. The ζθ is the viscous damping
coefficient in the pitch mode with respect to nonrotating frequency and Kpβ is the pitch-flap
coupling. The νβ and νθ are respectively, the rotating natural frequencies of flap and torsion
modes.

ν2β = 1 +
3

2

e

R
+

ω2
β0

Ω2
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ν2θ = 1 +
ω2
θ0

Ω2

where e is the offset for flap hinge. The θcon is the control system command pitch.

Let us examine the aerodynamic forces

Mβ ≈ 1

ρacΩ2R4

∫ R

0
rL dr (5.12)

Mθ ≈ 1

ρacΩ2R4

[∫ R

0
(−xa)Ldr +MNc

]
where xa is the chordwise offset of aerodynamic center from elastic axis, positive towards the trailing
edge. The airfoils used for the rotor blades are generally symmetric and therefore the aerodynamic
moment coefficient cmac is zero. The MNc is the noncirculatory aerodynamic moment which is
important for the pitch dynamics. The lift force per unit length is

(5.13)

where C(k) is a lift deficiency function and it depends on the reduced frequency k = ωb
U . For

simplifying the analysis, a representative value of C(k) is taken at the 3/4-radius position and
assumed constant for the blade. The perturbation aerodynamic force is

(Mβ)perturbation =
1

ρacΩ2R4

∫ R

0
δL r dr

1

2

∫ 1

0
C(k)

{
δuT
ΩR

(2
uT
ΩR

θ − up
ΩR

)− δup
ΩR

uT
ΩR

+ δθ(
uT
ΩR

)2
}
x dx

Mθ)perturbation = −1

2

∫ 2

0

xa
R

C(k)

{
δuT
ΩR

(2
uT
ΩR

θ − up
ΩR

)− δup
ΩR

uT
ΩR

+δθ(
uT
ΩR

)2
}
dx+Mnc

and

Mnc =
1

ρacΩ2R4

{
1

4
πρΩ2c3[r(

1

4
+

xa
c
)β̈ − r(

1

2
+

xa
c
)θ̇
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−c(
3

32
+

1

2

xa
c
)θ̈]

}
The steady and perturbation flow components are

uT
ΩR

= x,
up
ΩR

= λ

δuT
ΩR

= 0,
δup
ΩR

= x
∗
β − c

R
(
1

2
+

xa
c
)

∗
θ

δθ = θ (elastic)

Perturbation moments become

Mβ =
1

2
C

{
−1

4

∗
β +

1

3

c

R
(
1

2
+

xa
c
)

∗
θ +

1

4
θ

}
Mθ = −1

2
C
xa
R

{
−1

3

∗
β +

1

2

c

R
(
1

2
+

xa
c
)

∗
θ +

1

3
θ

}
− 1

16
(
c

R
)2(

1

2
+

xa
c
)
∗
θ (5.14)

The equations of motion (5.11) become[
1 −3

2
xI
R

−3
2
xI
R I∗

f

][ ∗∗
β
∗∗
θ

]
+

⎡⎢⎢⎣
γ
8C(k) − γ

12
c
R(1 + 2xa

c )C(k)− 1
24

C
R

−γ
6

c
R

xa
c C(k)

γ
8 (

c
R )

2 xa
c (1 + 2xa

c )C(k)
+ 1

16(
c
R )

2(12 +
xa
c ) + 2I∗

f

ωθ0
Ω ζθ

⎤⎥⎥⎦
[ ∗

β
∗
θ

]

+

[
ν2β −γ

8C(k)− 3
2
xI
R

−3
2
xI
R kpβ I∗

f
ν2θ + γ

6
c
R

xa
c C(k)

][
β
θ

]
= 0 (5.15)

These are second order equations expressed in standard spring-mass-damper form. These can
be solved many different ways. Two possible ways are:

(a) Expansion of the determinant
(b) Eigen Analysis

Two types of instabilities are possible
(a) Static instability (Divergence)
(b) Dynamic instability (Flutter)

Let us examine each one separately.

5.2.1 Pitch Divergence

At a particular operating condition, if a disturbance is given to the blade, the elastic pitch becomes
larger and larger till the blade fails. This is a static instability and the dynamics of the blade does
not play any role. It is only the pitch mode which becomes unstable. One can solve the governing
pitch-flap equations (5.15) as an eigenvalue problem. This will result into two complex conjugates
pairs.
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eigen λ = λReal + iλImag.

For divergence condition

λReal ≥ 0

and

λImag. = 0

Divergence is a zero frequency condition. For divergence, the acceleration and velocity terms
are not important. Also, C(k) = 1.[

ν2β −γ
8 − 3

2
xI
R

−3
2
xI
R I∗

f
ν2θ +

γ
6
xa
R

] [
β
θ

]
= 0

Setting the determinant to be zero, gives the critical condition

R = ν2β(I∗
f
− ν2θ +

γ

6

xa
R

)−−3

2

xI
R

(
γ

8
+

3

2

xI
R

)

= 0 gives the critical condition.
If R > 0, the system is stable or

3

16
γ
xI
R

− γ

6
ν2β

xa
R

< ν2βI∗
f
ν2θ

xI
R

− 8

9
ν2β

xa
R

<
16

3γ
ν2βI∗

f
ν2θ

8

9
ν2β ≈ 1

Thus for the stable blade from pitch divergence

xI − xa
R

<
16

3γ
ν2βI∗

f
ν2θ

The pitch divergence depends on the chordwise offset of the cg after aerodynamic center. The
elastic axis location is unimportant for the divergence boundary.

Let us consider a typical rotor with the following properties

γ = 8 νβ = 1.1 I∗
f
= .001

R

c
= 10
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For the unstable blade

xa − xI
c

≥ R

c
× 16

3
× 1

8
× 1.21 × ν2θ × 0.001 ≈ .01ν2θ

The right hand side is a positive number. The aerodynamic center is quite close to 1/4-chord. Thus
if cg falls on 1/4-chord or ahead of 1/4-chord, there is no possibility of pitch divergence.
There are two important parameters for pitch divergence

(a) cg offset from 1/4-chord
(b) torsional frequency ωθ

Ω
It should be kept in mind that for fixed wing, the divergence depends on aerodynamic center

offset from the elastic axis. For the rotor blade, the elastic axis position is unimportant and
divergence can happen even if the aerodynamic center and elastic axis are coincident. This is
because in rotors, as blade twists, the lift increases and this increases steady flap deflection β,
resulting in larger twisting action due to the centrifugal force component (β × CF ).

5.2.2 Flutter

The self-excited oscillations are caused by the coupling of pitch and flap modes. The flutter bound-
ary is defined by the zero damping condition. This flutter does not depend on the thrust level and
in fact, it can take place at zero thrust. The rotor trim is not required for the calculation of flutter
speed.

There are two simple ways to solve the dynamic pitch and flap equations (5.15), either the
determinant expansion or as an eigenvalue problem. Let us discuss the first method.
Determinant Expansion:

Assume the perturbation motion as

β(ψ) = βesψ

θ(ψ) = θesψ

Substituting in the governing Eq. (5.15),⎡⎢⎢⎢⎢⎢⎣
s2 + γ

8C(k)s+ ν2β
−3

2
xI
R s2 − γ

12
c
R (1 + 2xa

c )C(k)s

−γ
8C(k)− 3

2
xI
R

−3
2
xI
R s2 γ6

xa
R C(k)s

−3
2
xI
R

I∗
f
s2 + γ

8 (
c
R )

2 xa
c (1 + 2xa

R C(k)s

+I∗
f
ν2θ + γ

6
xa
R C(k) + 2I∗

f

ωθ0
Ω ζθ

⎤⎥⎥⎥⎥⎥⎦
[
β
θ

]
= 0

Expansion of the determinant will result in

As4 +Bs3 + Cs2 +Ds+E = 0

Routh’s stability criteria is

R = AD2 −BCD +B2E > 0 for stable system.

Neglecting the shed wake effect. The above stability criteria can be put in an approximate form as

xI − xa
R

< (
c

R
)2(

1

3
√
2
+

γ

48
) for stable blade

Again it is the offset of cg behind the aerodynamic center that is important. If cg lies on the
1/4-chord or ahead of it, there is no likelihood of flutter.
Eigen Analysis
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The governing equations (5.15) are second order equations and can be put in a standard spring-
mass-damper form and these can be solved as an eigenvalue problem. The solution will give two
complex conjugate pairs, i.e, four eigen-values.

Eigenvalue λ = λReal + iλImag.

If any of the eigenvalues has a positive real part, that system is unstable. The flutter boundary is
marked where the real part of the eigenvalue is zero.

Flutter stability is increased by

(a) Increasing the control stiffness, i.e. ωθ.

(b) Reducing xI , i.e. bringing cg closer to the elastic axis. A conservative approach is to keep cg
on the aerodynamic center.

(c) Introducing damping in the torsion mode either through a mechanical damper or attaching
damping tape on the control system.
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Ex. The characteristics of an articulated rotor with 6% hinge offset are given as

γ = 8.0 I∗
f
= .001

c

R
= 20

The blade cg and elastic axis lies respectively at 35% and 20% of chord. If the nonrotating torsional
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frequency is 3 times the rotational speed.

(a) Find out whether the blade is stable from pitch divergence or not.

(b) If the elastic axis is brought to 25% chord position, you would like to find whether the blade
can get into pitch-flap flutter. For simplicity assume C(k)=1 C(k) = 1

(a) For pitch divergence,

xI − xA
R

<
16

3γ
ν2βI∗

f
ν2θ for stable blade

ν2β = 1 +
3

2
× .06 = 1.09

RHS =
16

3× 8
× 1.09 × .001 × 10 = .0073

LHS = .10× 1

20
= .005

Blade is stable

(b) Flutter Eqs.[
1 −.0075

−.0075 .001

] [
β
θ

]
+

[
1 −.033
0 .000625

] [
β
θ

]
+

[
1.09 −1.0

−.0075 .01

] [
β
θ

]
= 0

Determinant becomes∣∣∣∣ s2s+ 1.09 −.0075s2 − 1.0
−.0075s2 − .0075 −.001s2 + .000625s + .01

∣∣∣∣ = 0

= As4 +Bs3 + Cs2 +Ds+ E

A = .00094 B = .00075 C = .0035
D = .00975E = .0034

R = AD2 −BCD +B2E = .66 × 10−8

Blade stable (marginal)

5.3 Flap-Lag-Torsion Flutter

The earlier two-degrees of freedom representation of flap-lag and pitch-flap blades is quite analogous
to the fixed wing “typical section” analysis that treats a two-dimensional wing undergoing rigid
body pitch and heave motions. An improvement over the two-degree model will be to introduce the
third degree of motion. Thus, the blade undergoes rigid body flap, lag and feather rotations about
hinges at the blade root, with hinge springs to obtain arbitrary natural frequencies. With this three-
degree flap-lag-torsion model, both flap-lag and pitch-flap instabilities are covered. The equations
of motion for this system are covered in 3.10 and the generic aerodynamic forces are defined in 4.6.
This will result into three second order equations in terms of β, ζ, and θ (like Eqs. (5.3)) and these
equations can be solved as an eigenvalue problem. Again the nature of the eigenvalues tells whether
the system is stable or not. For a three-degree model, the hinge sequence is quite important, and
the results can be quite different for different hinge sequences. The suitability of a particular hinge
sequence depends on the physical configuration of the blade. For most blade configurations, a hinge
sequence of inboard flap, followed by lag and then the torsion outboard, appears quite adequate.
For analysis details, see Chopra (83). These simple two-degree and three-degree models help to
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understand the physics of phenomena through a systematic identification of coupling terms. Also,
these simple models have often been proven very useful for rotor system design and development.

A better representation for a rotor blade is to treat it as an elastic beam undergoing flap
bending, lead-lag bending and torsion deflections. Several authors have investigated the aeroelastic
stability of an elastic blade (see, general review papers 4-7). The equations of motion are given
in 3.11 for a uniform blade and the generic aerodynamic forces are defined in 4.6. The common
approach for calculating the trim deflections, as well as the aeroelastic stability, is the model
method (Galerkin or Rayleigh-Ritz) using either coupled natural modes (rotating) or uncoupled
beam modes (nonrotating). In general, the trim deflections are assumed to be large and are obtained
by solving nonlinear steady-state equation; and the flutter equations of motion are linearized about
the trim state. With the modal approach, it becomes increasingly difficult to handle geometric
complexities. For example, it is difficult to effectively model the multibeam flexure of a bearingless
blade. The finite element method is perhaps an ideal choice for complex blade configurations.
The blade is divided into a number of beam elements and the application of energy principles or
the method of weighted residuals yields approximate expressions for forces (inertial, elastic, etc.)
over each elements. The global equations for motion are obtained by assembling the elements.
Nonuniform properties can be easily accommodated. The finite element method is very flexible and
the formulation can be adapted to different rotor blade configurations with a few modifications.
Multibeams of a bearingless blade can be modeled individually (Refs. 10-11).

Most analyses apply quasisteady strip theory to obtain aerodynamic forces. Forces of noncircula-
tory origin from unsteady thin airfoil theory are also included. Normally, linearized two-dimensional
airfoil lift, drag, and pitch moment coefficients are used. Typically,

cl = aα

cd = cd0

cm = 0

The correlation of theoretical and experimental results from scaled models has shown that nonlinear
airfoil section characteristics may significantly influence low-frequency flap-lag-torsion stability. For
example,

cl = c0 + c1α+ c2α|α|

cd = d0 + d1α
2|α|

cm = f0 + f1α

appears quite adequate representation below stall condition. Some analyses have used data tables
to obtain airfoil characteristics. Linearization of airfoil lift, drag and pitch moment coefficients
about a trim angle of attack provides a simple way of treating these effects in a linear stability
analysis.

cl(α) = cl(α0) +
δcl
δα

(α0)Δα

cd(α) = cd(α0) +
δcd
δα

(α0)Δα

cm(α) = cm(α0) +
δcm
δα

(α0)Δα

and

α = α0 +Δα
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where a0 is the trim angle of attack and δα is the perturbation in the angle of attack.

The induced inflow is calculated using simple momentum theory. The assumption of uniform
inflow is widely used, though it is strictly true for ideally twisted blades. It is, however, observed
that a small variation in inflow distribution has negligible influence on blade stability.

Quasisteady assumption appears satisfactory for low frequency modes. For high frequency
pitch-flap flutter, one needs to include unsteady aerodynamic effects. The influence of unsteady
aerodynamics can be introduced through a suitable modification of the circulatory lift with a
suitable lift deficiency function. The airfoil characteristics become

cl = cl(α0) +
δcl
δα

(α0)Δα

cd = cd(α0) +
δcd
δα

(α0)Δα

cm = cm(α0) +
δcm
δα

(α0)C(k)Δα

where C(k) is lift deficiency function and k is the reduced frequency, ωc
2U . The ω is the frequency

of oscillation, c is the chord, and U is the free-stream velocity. For hover, U becomes equal to Ωr,
where Ω is rotational speed (rad/sec) and r is the radial position. The value of reduced frequency k
varies along the length of the blade; the smaller value at the tip and the larger value near the root
end of the blade. For hover, it is appropriate to use the Loewy function C(k) and for forward flight
Theodorsen function C(k) is perhaps a better choice. There are two problems with this approach.
First, the reduced frequency k varies radially and the second, C(k) is a complex number. The first
problem can be covered approximately through finite element formulation. The blade is divided
into a number of elements and for each element an average value of reduced frequency corresponding
to the mid-point is used. With the inclusion of complex numbers for lift deficiency functions, the
equations become complex and there is no easy way to solve these equations. Thus,

C(k) = F (k) + iG(k)

One possible way is to arbitrarily neglect the complex component from the lift deficiency function
(G(k) = 0) and retain the real component. There is a little justification with this assumption; more
so, with higher frequencies.

Another simple way to include unsteady aerodynamic effects is to use dynamic inflow modeling.
As discussed in art. 4.6, the dynamic inflow components are related to perturbation rotor loads
(thrust, roll moment and pitch moment). For hovering flight, the dynamic inflow model is quite
simple and is given as

∼̇
λ+

∼
λ= sign (cT )k

2
p
ΔcT
4λ0

where
∼
λ is a perturbation to the induced inflow from its steady value λ0.

The blade motion is assumed to be small perturbation about steady deflected shape. The steady
blade equilibrium position has an important influence on blade stability. The steady-state equations
are obtained for hovering flight after dropping the time dependent terms. These nonlinear equations
are solved iteratively using the Newton-Raphson procedure. The next step is to obtain the natural
vibration characteristics of the rotating blade about its equilibrium position. This is done removing
all aerodynamic terms and also neglecting damping matrix. This gives real eigenvalues. The last
step is to calculate the flutter stability. Typically, this is done through the normal mode equations
using few (about 6) natural vibration modes. This results in a complex eigenvalue problem. The
condition of negative damping for a mode results in dynamic instability.
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The correlation of experimental data with analytical results obtained using different codes for
blade and rotor stability has been presented in ITR Methodology Workshop (1983). One particular
example of hingeless blade in hovering flight is worked out here using finite element analysis. The
blade is divided into seven elements. Each element consists of two end nodes and three internal
nodes, with a total of fifteen degrees of freedom. Each of the end nodes has six degrees of freedom,
namely, axial deflection u, lead-lag deflection v, v′, flap deflection w, w′, and elastic twist φ. The
input data is given below.

Configuration Hingeless Rotor Isolated Stability
(Task IIA) Soft Flexure case

Rotor RPM = 1000
Lock Number γ = 5.3
Solidity ratio σ = .057
chord/radius c

R = .09
reference life curve slope ar = 6.0

zero precone, zero pretwist, zero offsets of aerodynamic center, cg and tension center from elastic
axis

cl = 6α− 10α2 (sign α)

cd = .01 + 11.1(α)3(sign α)

cm = 0

7 Finite Elements (No. 1 from tip)
lengths in terms of radius .1, .1, .1, .1, .25, .255, .095.
structural properties same for elements 1-6

Flapwise EIy/m0Ω
2R4 = .005239

Chordwise EIz/m0Ω
2R4 = .1067

Torsion GJ/m0Ω
2R4 = .00157

Torsion Inertia k2m/R2 = .000647 = k2a/R
2

m/m0=1
For root element 7

EIy/m0Ω
2R4 = .1477 EIz/m0Ω

2R4 = .1866

GJ/m0Ω
2R4 = .00116 k2m/R2 = k2a/R

2 = .0131

m/m0 = 12.1

Given nonrotating frequencies
flap frequency = .311/rev
lag frequency = 1.32/rev
torsion freq. = 2.30/rev
lag structural damping 2ζL

ωζ0
Ω = .0196

For unsteady aerodynamics

Reduced frequencies k corresponding to lag mode for elements 1-7 are .066, .074, .084, .097,
.133, .283 and 1.326 and Theodoresen’s lift deficiency function C(k) are .8825, .8699, .8363, .7922,
.6746 and .5262.
Calculated rotating frequencies (θ = 0)

flap frequency = 1.17/rev
lag frequency = 1.33/rev
torsion freq. = 2.97/rev
The following reports discuss aeroelastic stability in hover for different types of rotors.
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(a) Hingeless rotors - Hodges and Ormiston (1976).

(b) Circulation control rotors Chopra and Johnson (1979) Chopra (1984).

(c) Composite Blades - Hong and Chopra (1985).

(d) Bearingless Rotors - Sivaneri and Chopra (1984), Chopra (1984), Hong and Chopra (1985),
Hodges (1979).

(e) Tilting Proprotor (JVX, XV-15) - Johnson (1975).



312 CHAPTER 5. AEROELASTIC STABILITY IN HOVER



5.3. FLAP-LAG-TORSION FLUTTER 313



314 CHAPTER 5. AEROELASTIC STABILITY IN HOVER



5.3. FLAP-LAG-TORSION FLUTTER 315



316 CHAPTER 5. AEROELASTIC STABILITY IN HOVER

Questions

Justify the following:

• Flutter is different from forced vibrations.
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• Flap-lag flutter is a unique aeroelastic instability with rotor blades, and it has nothing to do
with fixed wing.

• Flap-lag flutter is a weak instability and can be easily stabilized.

• Soft lag rotors get stabilized with a small elastic coupling.

• Pitch divergence of the blades does not depend on the elastic axis position.

• Through a simple analysis, the blade was found to be unstable from pitch-flap instability and
the flutter frequency was calculated to be 18 Hz. During the hover test, the rotor model was
found to be quite stable at the operating speed of 360 RPM. However, when the speed was
slightly reduced, an instability appeared and the rotor started shaking violently.

• After the blade was built, the analysis showed the possibility of pitch-flap flutter. You would
like to do some quick fix to the problem.

• How would you identify the wake excited flutter? Suggest ways to get rod of it.

• A great effort is made to keep the cg and the elastic axis at the quarter-chord position.

• Through a quasielastic torsion modelling, the important pitch-flap and pitch-lag terms are
retained.

• The pitch divergence of the blades does not depend on the thrust level at which the rotor is
being operated.
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Chapter 6

Ground and Air Resonance

6.1 Ground Resonance

Ground resonance is a dynamic instability caused by the coupling of the blade lag motion and the
hub inplane motion. The word resonance is used because at the instability condition one of the lag
frequencies in the fixed frame becomes equal to the support frequency. It is called ground resonance
because this instability takes place when the helicopter is on the ground. That is the reason that
the landing gear and the supporting structure characteristics are important for this instability. It
is also called mechanical instability because the aerodynamic forces do not play an important role
in causing this instability. The ground resonance is a problem of soft lag rotors.

Ground resonance is a violent instability and would result in a catastrophe. A major design
consideration is to avoid this instability. The selection of the operating rotor speed is made with
the consideration that there is no possibility of resonance at or near this speed. The inclusion of
damping in lag mode is very beneficial for this instability. This is the reason that most of the
flying rotors have mechanical lag dampers near the root of the blade. This type of instability is
also possible when the helicopter is in flight, then it is called air resonance. This instability is more
common with hingeless blades.

6.1.1 Blade Lag Motion in Fixed Coordinates

Let us examine the Fourier coordinate transformation of blade lag motion.
ζ(m) = lag motion of the mth blade in rotating frame

ζo, ζnc, ζns, ζN/2 = lag motions in fixed frame
The FCT is a linear transformation of N degrees of motion in the rotating frame to N degrees

of motion in the fixed frame.

For N bladed rotor

ζo =
1

N

N∑
m=1

ζ(m)

ζnc =
2

N

N∑
m=1

ζ(m) cosnψm

ζns =
2

N

N∑
m=1

ζ(m) sinnψm

319
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ζN/2 =
1

N

N∑
m=1

ζ(m)(−1)m

and

ζ(m) = ζo +
∑
n=1

(ζnc cosnψm + ζns sinnψm) + ζN/2(−1)m

The summation

∑
n

⇒ n = 1 to N−1
2 for N odd

n = 1 to N−2
2 for N even

and

ψm = ψ + (m− 1)Δψ m=1,2,. . . ,N
Δψ = 2π

N
ψ = Ωt where Ω is rotational speed.

Let us examine the fixed frame terms. First consider a four bladed rotor. The analysis is similar
for three bladed rotors. Then consider a two bladed rotor. The analysis for two bladed rotors is
distinctly different from three or higher blades.

6.1.2 Three and Four bladed Rotors

For 4-bladed rotors, N=4, there are four rigid lags in the rotating frame, one for each blade. This
results in four degrees of motion in the fixed frame, i. e. , ζo, ζlc, ζls, and ζ2.

ζ(m) = ζo

cg of complete 

cg stays at the
center

ζo is a collective lag motion

ζ(m) = ζlc cosψm

cg of ro

y
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ζlc represents a lateral shift of rotor cg, in negative y directional.

ζ(m) = ζls sinψm

cg of ro
x

ζls represents a longitudinal shift of rotor cg, in positive x direction.

ζ(m) = ζ2(−1)m

cg of ro
x

ζ2 Scissoring motion, cg stays at the center.
The transformed lag motion in the fixed system can be coupled with the hub motion. The

uncoupled lag equation for a blade with rigid lag is

Iζ(
∗∗
ζ +ν2ζ ζ +C∗

ζ

∗
ζ) = γMζ

The right side is the aerodynamic force which is small and its effect can be taken care of through
the damping term C∗

ζ .

Iζ(
∗∗
ζ +ν2ζ ζ +C∗

ζ

∗
ζ) = 0

Using ‘FCT’ for a 4-bladed rotor
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Iζ(
∗∗
ζ o +ν2ζ ζo +C∗

ζ

∗
ζo) = 0

Iζ(
∗∗
ζ 2 +ν2ζ ζ2 +C∗

ζ

∗
ζ2) = 0

Iζ{
∗∗
ζ lc +2

∗
ζ ls −ζlc + ν2ζ ζlc +C∗

ζ(
∗
ζlc +ζls)} = 0

Iζ{
∗∗
ζ ls −2

∗
ζ lc −ζls + ν2ζ ζls +C∗

ζ(
∗
ζ ls −ζlc)} = 0

The last two equations are longitudinal and lateral inertial equations of the rotor. Now there
is a hub motion of xh and yh superimposed on lag motion, then the blade lag equation becomes:

Iζ(
∗∗
ζ +ν2ζ ζ +C∗

ζ

∗
ζ) + Sζ(

ẍh
Ω2

sinψ − ÿh
Ω2

cosψ) = γMζIb

r

ψ

x

y

r ζ + x sin ψ - y 
hh

.... ..

6.1.3 Ground Resonance Equations

As we have seen earlier for a 4-bladed rotor that there is no shift of rotor cg with collective lag ζo and
differential lag ζ2. The important lag motions are ζlc and ζls which cause lateral and longitudinal
shift of rotor cg. These motions can couple with inplane longitudinal and lateral hub motions, xh
and yh. Therefore, a four degree of freedom model is quite useful to explain the phenomenon of
ground resonance.
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Rotor

o y

xh

h

C

C K

K

xx

y

y

The equations of motion are conveniently expressed in the fixed reference frame. Neglecting the
aerodynamic forces, the equations of motion for inplane rotor motion in the fixed frame are

IζΩ
2{(

∗∗
ζ lc +2

∗
ζls −ζlc) + ν2ζ ζlc +C∗

ζ(
∗
ζ lc +ζls)} − SζΩ

2 ∗∗
y h= 0

IζΩ
2{(

∗∗
ζ ls −2

∗
ζlc −ζls) + ν2ζ ζls +C∗

ζ(
∗
ζls −ζlc)}+ SζΩ

2 ∗∗
xh= 0

y

xh

h

x

yζ

ζ

lc

ls

The νζ is the rotating lag frequency and the C∗
ζ is the damping coefficient in the rotating frame

due to aerodynamic, structural and mechanical damping. In actuality, the nature of mechanical
damping from lag and support dampers is quite nonlinear. For mathematical convenience, these
dampings are represented as equivalent viscous dampings and are calculated equating the energies
dissipated in one cycle of motion.

Iζ =
∫ R
e r2 dm mass moment of inertia about lag hinge

Sζ =
∫ R
e r dm first moment of mass about lag hinge
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Let us assume that Mx and My the effective masses of body hanging on the springs in the x
and y directions respectively. The rotor forces excite the body, and the equations of motion for the
body are

Mxẍh + kxxh +Cxẋh = H

Myÿh + kyyh +Cy ẏh = Y

The blade inplane forces are

Sr = −2Ωζ̇

∫ R

e
mr dr − (ẍh cosψ + ÿh sinψ)

∫ R

e
mdr = −2Sζ Ωζ̇ −M(ẍh cosψ + ÿh sinψ)

Sx = −ζ̈

∫ R

e
mr dr +Ω2ζ

∫ R

e
mr dr − (ẍh sinψ − ÿh cosψ)

∫ R

e
mdr

= −Sζ ζ̈ + SζΩ
2ζ −M(ẍh sinψ − ÿh cosψ)

y

x

Ω

ψ

S
S
x

y

xh

h

r ζ

r

y

xh

h

H

Y

μ
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where H and Y are the hub forces due to the rotor and these are expressed as

H = Total resultant drag force =

N∑
(Sx sinψm + Sr cosψm)

H =

N∑
m=1

sinψm[−Sζ ζ̈
(m) +MΩ2ζ(m) −M(ẍ sinψm − ÿh cosψm

+

N∑
m=1

cosψm[−2SζΩζ̈
(m) −M(ẍh + ÿh sinψm)]

= −SζΩ
2N

2
(
∗∗
ζ ls −2

∗
ζ lc −ζls) +MΩ2N

2
ζls −Mẍh

N

2

− 2SζΩ
2N

2
(
∗
ζ lc +ζls)−Mẍh

N

2

= −SζΩ
2N

2

∗∗
ζ ls −NMbẍh

= −N

2
Sζ ζ̈ls −NMbẍh

Y = Total Edge Force

Y =
N∑

m=1

(−Sx cosψm + Sr sinψm)

=

N∑
m=1

− cosψm[Sζ ζ̈
(m) +MΩ2ζ(m) −M(ẍh sinψm − ÿh cosψm)]

+

N∑
m=1

sinψm[−2SζΩζ̇
(m) −M(ẍh cosψm − ÿh sinψm)]

= SζΩ
2N

2
(
∗∗
ζ lc +2

∗
ζ ls −ζlc)−MΩ2N

2
ζlc −Mÿh

N

2

− 2SζΩ
2N

2
(
∗
ζ ls −ζlc)−Mÿh

N

2

= SζΩ
2N

2

∗∗
ζ lc −MbNÿh

where N is the number of blades and Mb is the total blade mass. The Cx and Cy are the damping
coefficients of the supporting structure.

The body equations can be rewritten as

ẍh(Mx +NMb) + Cxẋh + kxxh +
N

2
Sζ ζ̈ls = 0

ÿh(My +NMb) + Cyẏh + kyyh − N

2
Sζ ζ̈lc = 0

Imagine that there are no coupling terms, then one can calculate natural frequencies of support
as

ω2
x =

kx
Mx +NMb
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ω2
y =

ky
My +NMb

Also, defining

C∗
x =

Cx

Ω(Mx +NMb)

C∗
y =

Cy

Ω(My +NMb)

The equations of motion expressed in nondimensional form

⎡⎢⎢⎢⎢⎢⎣
1.0 0 0 −S∗ζ
0 1.0 S∗ζ 0

0 1
2

S∗ζ
M∗

x

1 0

1
2

S∗ζ
M∗

y

0 0 1

⎤⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎣
∗∗
ζ lc∗∗
ζ ls∗∗
xh
∗∗
y h

⎤⎥⎥⎥⎥⎥⎦+

⎡⎢⎢⎣
C∗
ζ 2 0 0

−2 C∗
ζ 0 0

0 0 C∗
x 0

0 0 0 C∗
y

⎤⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎣

∗
ζlc∗
ζ ls∗
xh
∗
yh

⎤⎥⎥⎥⎥⎥⎦

+

⎡⎢⎢⎢⎣
ν2ζ − 1 C∗

ζ 0 0

−C∗
ζ ν2ζ − 1 0 0

0 0 ω2
x

Ω2 0

0 0 0
ω2
y

Ω2

⎤⎥⎥⎥⎦
⎡⎢⎢⎣

ζlc
ζls
xh
yh

⎤⎥⎥⎦ = 0

where

S∗ζ =
RSζ

Iζ
∼= RSζ

Ib
= 3

2 for uniform blades

Ib is blade inertia =Mb
R2

3 for uniform blade

M∗
x = (Mx+NMb)R

2

NIb

= 3
(

Mx

NMb
+ 1
)
for uniform blades

M∗
y =

(My+NMb)R
2

NIb

= 3
(

My

NMb
+ 1
)
for uniform blades

NMb = Total rotor mass

For uniform blades

S∗ζ
M∗

x

=
1

2(
My

NMb
+ 1)

∼= 1

2

Rotor mass

Support mass
(Support mass = My +NMb)

S∗ζ
M∗

y

=
1

2( Mx

NMb
+ 1)

∼= 1

2

Rotor mass

Support mass

The support mass is much larger than the rotor mass. In the above equations, the hub dis-
placement xh and yh are also nondimensional with respect to rotor radius R.

xh = xh
R

yh = yh
R
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The governing equations are four second order differential equations. These can be solved either
through determinate expansion or through the eigen analysis. Let us examine the first approach of
determinate expansion. The stability determinant is

∣∣∣∣∣∣∣∣∣∣∣∣

(s2 +C∗
ζs+ ν2ζ − 1) (2s +C∗

ζ) 0 −s∗ζs
2

−(2s+C∗
ζ) (s2 +C∗

ζs+ ν2ζ − 1) s∗ζs
2 0

0 (12
s∗ζ

M∗

ζ

)s2 (s2 +C∗
xs+

ω2
x

Ω2 ) 0

−(12
s∗ζ

M∗

ζ

)s2 0 0 (s2 +C∗
ζs+ ν2ζ − 1)

∣∣∣∣∣∣∣∣∣∣∣∣
= 0

This is an eighth order polynomial. The solution gives eight eigenvalues, which means four
complex conjugate pairs. From the physics, the divergence instability is not possible. The ground
resonance is a dynamic instability where one of the modes becomes unstable, i. e. , zero damping
condition.

For divergence stability

[(ν2ζ − 1)2 +C∗ 2
ζ ](

ωx

Ω
)2(

ωy

Ω
)2 > 0

This is always satisfied. Let us first consider the uncoupled dynamics, obtained by setting S∗ζ
equal to zero. The blade lag motion is damped and its eigenvalue in the rotating frame is

sR = −C∗
ζ

2
± i

√
ν2ζ −

(
C∗
ζ

2

)2

and in the fixed frame, the eigenvalue is

s = sR ± i (n = 1)

This consists of two types of modes
(a) High frequency mode s = sR + i

Frequency = ImsR + 1 per rev.
Frequency of oscillation is always greater than the rotational speed, and corresponds to a pro-

gressive whirling motion of the rotor cg.
(b) Low frequency mode s = sR − i

Frequency = ImsR − 1 per rev.
There are two possibilities. For stiff lag rotors (ImsR > 1), it results into a regressive whirling

motion of the rotor cg at a frequency of (ImsR − 1) per rev. For soft lag rotors (ImsR < 1), it
results into a progressive whirling mode of the rotor cg at a frequency of (1 − ImsR) per rev. The
last possibility is a typical example of an articulated rotor.

Let us examine the uncoupled inplane support eigenvalues in x and y directions.

s = −C∗x
2 ± i

√(
ωx
Ω

)2 − (C∗x2 )2
s = −C∗y

2 ± i

√(ωy

Ω

)2 −(C∗y
2

)2

These are two complex conjugate pairs in the fixed reference frame. In total, these are four
conjugate pairs. Looking at the real parts, one finds that the uncoupled rotor and support motion
is stable. Therefore, the ground resonance instability is a possibility due to inertial coupling s∗ζ .
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For a configuration with zero damping and zero inertial coupling, there are four frequencies,
high frequency lag νζ + 1, low frequency lag 1− νζ , longitudinal support frequency ωx and lateral
support frequency ωy. With the inclusion of coupling terms, the different modes coalesce resulting
in instability. This is a dynamic instability and is of catastrophic type.

In the first figure the Coleman diagram is plotted for an articulated rotor with soft inplane
frequency. The Coleman diagram consists of a plot of dimensional frequencies as a function of
rotational speed. The frequencies corresponding to different modes in the fixed frame are obtained
either from the eigen-solutions or from the roots of the eighth order polynomial. The following
data is used for calculations.

S∗ζ = 1.5 C∗
ζ = C∗

x = C∗
y = 0

M∗
x = 68.175 M∗

y = 29.708

νζ = .285/rev ωx = 12.148 rad/sec, ωy = 18.402 rad/sec

There are two instability bands, caused by coalescence of rotor and body modes. For a stable
condition, there are four distinct eigenvalues. For an unstable condition, two frequencies merge
resulting in three distinct eigenvalues. Also the real part of the eigenvalue which represents damping
of the mode becomes positive. In the next figure, the damping ratio of the unstable mode is
presented. The value of damping ratio of 0.1 is quite large and represents violent instability. This
also shows that a large lag damping is required to stabilize this instability.

In the next figure, the Coleman diagram is plotted for an articulated rotor with stiff inplane
frequency. The following data are used for calculations.

S∗ζ = 3.19 C∗
ζ = C∗

x = C∗
y = 0

M∗
x = 178.77 M∗

y = 77.902

νζ = 1.3/rev ωx = 12.148 rad/sec, ωy = 18.402 rad/sec

There is no instability condition for stiff inplane rotors.
For a case of no-damping

C∗
ζ = C∗

x = C∗
y = 0

The stability determinant becomes∣∣∣∣∣∣∣∣∣∣∣∣∣∣

s2 + ν2ζ − 1 2s 0 −s∗ζs
2

−2s s2 + ν2ζ − 1 s∗ζs
2 0

0 1
2

(
s∗ζ

M∗

x

)
s2 s2 + ω2

x
Ω2 0

−1
2

(
s∗ζ

M∗

y

)
s2 0 0 s2 +

ω2
y

Ω2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0

This gives

[(s2 + ν2ζ − 1)2 + 4s2](s2 + ω2
x

Ω2 )(s
2 +

ω2
y

Ω2 )− (s2 + ν2ζ − 1)
s∗ 2ζ

M∗

xM
∗

y

×s4[M∗
y(s

2 + ω2
y) + M∗

x(s
2 + ω2

x)] +
s∗ 4ζ

M∗

xM
∗

y

s8 = 0

The critical condition of zero system damping can be calculated by substituting s = iω in the
above equation. The numerical solution of the polynomial represents the boundary line between
stable and unstable conditions.

Deutsch Stability Criteria
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Using an approximate stability criteria, a simple expression for damping required to stabilize
ground resonance is obtained.

Longitudinal mode:

Assumed
ω

Ω
∼= ωx

Ω
= 1− νζ and ωx �= ωy For stability

C∗
ζC

∗
x >

(1− νζ)

4νζ

(ωx

Ω

)2 s∗ 2ζ
M∗

x

Lateral mode:

Assumed
ω

Ω
∼= ωy

Ω
= 1− νζ and ωx �= ωy For stability

C∗
ζC

∗
y >

(1− νζ)

4νζ

(ωy

Ω

)2 s∗ 2ζ
M∗

y

For a stiff-lag rotor, (νζ > 1), the right hand side is negative and the system is always stable.
For a soft-lag rotor, (νζ < 1), the product of lag damping and support damping must be greater
than the critical values given above for longitudinal and lateral modes. A larger lag damping is
required for

(a) small lag frequency (typical of articulated rotors)

(b) large support frequency (ωx or ωy)

(c) large inertial coupling s∗ 2ζ /M∗
x or s∗ 2ζ /M∗

y (∼= 3
4

rotor mass
support mass)

For an isotropic support condition (ωx = ωy). For stability

C∗
ζC

∗
y >

(1− νζ)

2νζ

(ωy

Ω

)2 s∗ 2ζ
M∗

y

One requires twice the damping needed for an anisotropic case (ωx �= ωy). This is because the
longitudinal and lateral support frequencies become equal resulting in the whirling motion of the
hub which couples well with the whirling motion of the low-frequency lag mode.

Ex. The shake test was performed on the helicopter on its landing gear and the natural fre-
quencies were obtained as 1.2 and 1.8 Hz respectively in longitudinal and lateral directions. The
damping ratios were calculated as 2% of critical value for both the modes. The helicopter rotor
was four-bladed, articulated with 6% hinge offset. The blades are uniform and form about 10% of
the total weight. You would like to check whether the rotor is stable from ground resonance at an
operating speed of 360 RPM. Write the stability equation in the form of determinant.

ω = 6Hz

ωx =
1.2

6
= .2/rev

ωy =
1.8

6
= .3/rev

ζx = ζx = .02
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C∗
x = 2ζxωx = .008

C∗
y = 2ζyωy = .012

ν2ζ = .09 νζ = .3

I∗
ζ
= 1

sζ =
mR2

2 Ib =
mR3

3 s∗ζ =
3
2

M∗
x =

R2(Mx +NMb)

N Ib
=

Mx +NMb

NMb
1
3

= 30 = M∗
y

Stability determinant∣∣∣∣∣∣∣∣
s2 + .09 − 1 2s 0 −3

2s
2

−2s s2 + .09 − 1 3
2s

2 0
0 3

2s
2 60(s2 + .008s + .04) 0

−3
2s

2 0 0 60(s2 + .012s + .09)

∣∣∣∣∣∣∣∣ = 0

Expansion of the determinant will give 8th order polynomial. Solution will be 4 complex
conjugate pairs. Nature of the roots tells us whether the system is stable or not.

6.2 Ground Resonance of Two-Bladed Rotors

Let us consider the ground resonance stability of a two-bladed rotor. Again, assume the rotor is
fully tracked and the blade undergoes lag degree of motion.

Rotating frame:

ζ(1) = lag motion of blade 1

ζ(2) = lag motion of blade 2

Fixed frame:

ζo = collective lag motion

= 1
2

(
ζ(2) + ζ(1)

)
ζ1 = differential collective lag motion

= 1
2

(
ζ(2) − ζ(1)

)
Also,

ζ(1) = ζo − ζ1

ζ(2) = ζo + ζ1

Let us examine the influence of lag motion on rotor cg.
ζo motion cg stays at center

cg
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ζ1 motion Assuming

ζ(1) = ζo − ζlc cosψ − ζls sinψ

ζ(2) = ζo + ζlc cosψ + ζls sinψ

This gives

ζ1 = ζlc cosψ + ζls sinψ

Two cases.
(a) ζ1 = ζlc cosψ

cg

2

1

A lateral shift of rotor cg in positive x-direction.
(b) ζ1 = ζls sinψ

cg

A longitudinal shift of cg in negative x-direction.
Therefore, the differential collective lag motion ζ1 coupled with support motion to cause ground

resonance instability for the 2-bladed rotor.
The uncoupled lag equations for blades in the rotating frame are

∗∗
ζ
(1)

+C∗
ζ

∗
ζ
(1)

+ν2ζ ζ
(1) = 0

∗∗
ζ
(2)

+C∗
ζ

∗
ζ
(2)

+ν2ζ ζ
(2) = 0

Transformed rotor equations in fixed frame are

∗∗
ζ o +C∗

ζ

∗
ζo +ν2ζ ζo = 0

∗∗
ζ 1 +C∗

ζ

∗
ζ1 +ν2ζ ζ1 = 0

Now, if there is a hub motion of xh and yh superimposed on lag motion, the lag equations
become
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r

Iζ(
∗∗
ζ
(2)

+C∗
ζ

∗
ζ
(2)

+ν2ζ ζ
(2)) + Sζ(

∗∗
xh sinψ− ∗∗

y h cosψ) = 0

Iζ(
∗∗
ζ
(1)

+C∗
ζ

∗
ζ
(1)

+ν2ζ ζ
(1))− Sζ(

∗∗
xh sinψ− ∗∗

y h cosψ) = 0

and the rotor equations become

∗∗
ζ o +C∗

ζ

∗
ζo +ν2ζ ζo = 0

Iζ(
∗∗
ζ 1 +C∗

ζ

∗
ζ1 +ν2ζ ζ1) + Sζ(

∗∗
xh sinψ− ∗∗

y h cosψ) = 0

The first collective lag equation is unaffected by hub motion. The differential collective equation
however gets modified with the hub motion. Again, assuming vehicle is supported by two sets of
springs and dampers represented by kx, Cx, ky, Cy. The body equations of motion are

Mxẍh +Cẋh + kxxh = H

Myÿh +Cẏh + kyyh = Y

The inplane hub forces H and Y are obtained from blade shear forces

Sr = −2Ωζ̇Sζ −Mb(ẍh cosψ + ÿh sinψ)

Sx = Sζ(Ω
2ζ − ζ̈)−Mb(ẍh sinψ − ÿh cosψ)

and

H =
2∑

m=1

(S(m)
x sinψm + S(m)

r cosψm)

= −2Mbẍh + 2Sζ [(Ω
2ζ1 − ζ̈1) sinψ − 2Ωζ̇1 cosψ]

Y =

2∑
m=1

(−S(m)
x cosψm + S(m)

r sinψm)

= −2Mbÿh + 2Sζ [(ζ̈1 − Ω2ζ1) cosψ − 2Ωζ̇1 sinψ]



6.3. AIR RESONANCE 333

Again using the previous definitions, the coupled rotor-body equations for a two-bladed rotor
can be written as⎡⎢⎢⎢⎢⎣

1.0 S∗ζ sinψ −S∗ζ cosψ

S∗ζ
M∗

ζ

sinψ 1.0 0

− S∗ζ
M∗

ζ

cosψ 0 1.0

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎣

∗∗
ζ 1∗∗
xh
∗∗
y h

⎤⎥⎥⎦+

⎡⎢⎢⎢⎢⎣
C∗
ζ 0 0

2
S∗ζ
M∗

x

cosψ C∗
x 0

2
S∗ζ
M∗

y

sinψ 0 C∗
y

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎣

∗
ζ1∗
xh
∗
yh

⎤⎥⎥⎦

+

⎡⎢⎢⎢⎢⎣
ν2ζ 0 0

− S∗ζ
M∗

x

sinψ ω2
x

Ω2 0

S∗ζ
M∗

y

cosψ 0
ω2
y

Ω2

⎤⎥⎥⎥⎥⎦
⎡⎣ ζ1

xh
yh

⎤⎦ = 0

These are three second order differential equations and can be solved either through determinant
expansion or through the eigen-analysis.

6.3 Air Resonance

An air resonance is similar to ground resonance but occurs on an airborne vehicle. It is caused by
coupling of low frequency blade flap and lag modes and rigid body airframe modes. Aerodynamic
forces are needed to determine this instability. Air resonance is primarily a problem for soft-inplane
hingeless and bearingless rotors.

In general, hingeless and bearingless aeromechanical stability is more difficult to predict com-
pared to articulated rotors. The frequencies of rotor flap coupled with body angular motions
coalesce with the rotor lag frequency. Due to the presence of the flap motion, aerodynamic forces
become important. For hingeless and bearingless rotors, flap, lag, and torsion can be highly cou-
pled, and the torsion motion can affect ground and air resonance. The damping and frequency
characteristics of coupled hingeless rotor-body modes often make the associated instabilities a mild
phenomena.

Compared to ground resonance, where the body modes are relatively clear, in air resonance
they are more complex. In ground resonance the body modes are determined by the rotor-body
mass reacting against the fixed ground. In air resonance there is offcourse no fixed ground against
which the rotor-body mass can react. Here, the body modes are the fundamental free-free modes of
the rotor-body reacting against each other through the interposed blade flap spring (mechanical or
virtual) stiffness. Hence the body modes are determined by the flap spring stiffness, rotor inertia,
body inertia, and rotor aerodynamics. The modes and frequencies are not well defined and show
great variety from one rotor to another. The coalescences are also more obscure.

The basic mechanism of air resonance involves flap, lag, body pitch and body roll motions. For
a simple analysis, blades are assumed rigid and undergo flap and lag motions about hinges. The
body is also assumed rigid and undergoes pitch and roll motion about the body center of gravity.
Body translation degrees of freedom are not included since they do not significantly influence air
resonance stability. Let us study the behavior of the isolated modes in a step-wise manner.

The body pitch and roll degrees of freedom are shown in Fig. 6.1. If IY is the fuselage (or
body) mass moment of inertia about the pitch axis, MF is the fuselage mass, then the square of
the body mass radius of gyration about the pitch axis, nondimensionalized with the square of the
rotor radius, is given by

K2
y =

MF

IyR2
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�

�

φ

θ

�

Figure 6.1: Body pitch and roll degrees of freedom

Similarly the square of the body mass radius of gyration about the roll axis, nondimensionalized
with the square of the rotor radius, is given by

K2
x =

MF

IxR2

Typical values are

K2
y =

square of body mass radius of gyration

R2
≈ 0.1 to 0.4

K2
x ≈ 0.025

The body pitch and roll frequencies, nondimensionalized with respect to the operating rotational
speed Ω0 typically varies between

body pitch frequency = ω̄θ = 0 to 0.8/rev

body roll frequency = ω̄φ = 0 to 0.4/rev

The mass ratio and distance of rotor hub above the rotor-body c.g. are typically

rotor mass

total mass
= 0.1

h

R
= 0.2

The characteristic plots shown in the subsequent sections correspond to the following values, where
applicable.

νζ = 0.7/rev

νβ = 1.1/rev

γ = 5−−15

σ = 0.05

clα = 5.73

cd0 = 0.01

The lag and flap frequencies above are typical values for soft inplane hingeless rotors.
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6.3.1 Body Pitch and Roll with a Rigid Spinning Rotor

Consider a two degree of freedom system, as shown in Fig. 6.1, with body pitch and roll modes.
Consider a spinning rotor attached at the top. When the rotor is rigid, i.e. has no flapping, the
frequencies in vacuum represent those of a 2 degree of freedom gyroscope. The four eigenvalues of
the system are

η = 0, 0,±j
ΩJ√
IθIφ

The zeroes represent the unconstrained rigid body pitch and roll motions. The imaginary pairs
are the well known nutation frequency of a gyroscope. Iθ and Iφ are the rotor-body pitch and roll
inertia about the rotor-body center of mass.

Iθ = Iy +
1

2
NbIb + 3NbIbh

2

Iφ = Ix +
1

2
NbIb + 3NbIbh

2

J = rotor polar mass moment of inertia = NbIb

If the body vanishes, we have

Iθ = Iφ =
1

2
NbIb

and

η = 0, 0,±j2Ω

A well known result, where the gyroscopic nutation frequency is twice the rotational speed. The
above results were in vacuum. In air, the spinning rigid rotor acts as a damper and the four
eigenvalues of the system become

η = 0, 0, σ ± jω

where

σ =−
(
Iθ + Iφ
IθIφ

)
Jγ

32
Ω

ω =
ΩJ√
IθIφ

√
1 +
( γ

16

)2 [1
2
− 1

4

(
Iθ
Iφ

+
Iφ
Iθ

)] (6.1)

Iθ is greater than Iφ, hence the term associated with (γ/16)2 in the expression for frequency is
negative. For very high values of γ, the frequency can become imaginary and produce two real
eigenvalues.

6.3.2 Rotor Flap and Lag

Consider the flapping motion in the rotating frame. Assuming an offset e/R and non-rotating
frequency of ωβ0 rad/s, and rotational speed Ω, the rotating flap frequency νβ is given by

ν2β = 1 +
3

2

e

R
+

ω2
β0

Ω2
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Another useful way of writing the frequency expression is to first denote the flap frequency at the
operating RPM as p. That is

p2 = 1 +
3

2

e

R
+

ω2
β0

Ω2
0

Then

ω2
β0 =

(
p2 − 1− 3

2

e

R

)
Ω2
0

The rotating flap frequency expression can now be written as

ν2β = 1 +

(
p2 − 1− 3

2

e

R

)
Ω2
0

Ω2

where the flap frequency at the operating RPM, p, occurs explicitly. We shall drop the term
3e/2R at this point, as it adds no new physics, inclusion of this term by interested readers will be
straight-forward. Thus we have

ν2β = 1 +
(
p2 − 1

) Ω2
0

Ω2

Recall that the flap perturbation equation in hover was

∗∗
β +

γ

8

∗
β +ν2ββ = 0

with characteristic stability roots

− γ

16
± i

√
ν2β −

( γ

16

)2
in /rev

In dimensional form was

β̈ +
γ

8
Ωβ̇ + ν2βΩ

2β = 0

with characteristic stability roots

σ ± iω = − γ

16
Ω± iΩ

√
ν2β −

( γ

16

)2
in rad/s

Using the expression for flap frequency given above we can write

σ =− γ

16
Ω

ω =Ω

[
1 +
(
p2 − 1

) Ω2
0

Ω2
−
( γ

16

)2]1/2 (6.2)

Nondimensionalized with respect to the operating RPM, Ω0, we have

σ̄ =
σ

Ω0
= − γ

16
Ω̄

ω̄ =
ω

Ω0
= Ω̄

[
1 +
(
p2 − 1

)
/Ω̄2 −

( γ

16

)2]1/2 (6.3)
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The frequencies in the fixed frame are simply shifted by integer multiples of the rotational speed.
Consider for the sake of discussion we have a three or a four bladed rotor. Then the frequencies of
the fixed frame cyclic flapping modes, β1c and β1s, are given by

ωF = |ω ± Ω| in rad/s or, in nondimensional form ω̄F = |ω̄ ± Ω̄|
The high frequencies, obtained using the positive sign, is always positive. The low frequencies,
obtained using the negative sign, decreases with increase in Ω, and in air (i.e. for a non-zero Lock
number) eventually hits zero. With further increase in Ω it continues to become more and more
negative, however, because the physical frequency of oscillation is the absolute value of this number,
the absolute value is plotted, showing an increase with increase in Ω. Figure 6.2(a) plots the fixed
frame frequencies in rad/s. Figure 6.2(b) is an identical plot, only this time in nondimensional
form. Figure 6.2(a) uses the expression in eqn. 6.2. Note that for Ω = 0

ωF = Ω±
[
Ω2 +

(
p2 − 1

)
Ω2
0 − Ω2

( γ

16

)2]1/2
=
[(
p2 − 1

)
Ω2
0

]1/2
= ωβ0

Figure 6.2(b) uses the expression in eqn. 6.3. Note that for Ω̄ = 0

ω̄F = Ω̄±
[
Ω̄2 + p2 − 1− Ω̄2

( γ

16

)2]1/2
=
[(
p2 − 1

)]1/2
=

ωβ0

Ω0

The magnitudes of β1c and β1s define the angular motion of the rotor disc plane with respect
to the body. Note that, β1c − θ and β1s − φ define the angular motion of the rotor disc plane with
respect to a fixed-space reference frame, for the simple case when the motions are in phase. For
example, if β1c = θ implies that the spinning rotor remains fixed in space due to gyroscopic inertia
as the body pitches beneath it.

Vaccuum   γ = 0

Vaccuum   

   γ = 0

Air   γ = 5

ω
β0

frequency,  ωF

Ω

(a) Frequencies in radians /sec

Vaccuum   γ = 0

Vaccuum   

   γ = 0

Air   γ = 5

frequency,  ωF = ω /Ω0

Ω = Ω / Ω0

Ω0

ω
β0

(b) Frequencies nondimensionalized

    with respect to operating RPM  Ω0

Figure 6.2: Rotor Flap Frequencies in the Fixed Frame

Consider the lagging motion in the rotating frame. The rotating lag frequency νζ is given by

ν2ζ =
3

2

e

R
+

ω2
ζ0

Ω2

If the lag frequency at the operating RPM is q, then

q2 =
3

2

e

R
+

ω2
ζ0

Ω2
0
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Air   γ = 5

frequency,  ωF = ω /Ω0

Ω = Ω / Ω0

ω
β0

 / Ω0

(a) Flap and Lag frequencies nondimensionalized
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Figure 6.3: Rotor Flap and Lag Frequencies, and damping in the Fixed Frame

It follows(
q2 − 3

2

e

R

)
Ω2
0 = ω2

ζ0

ν2ζ =
3

2

e

R
+

(
q2 − 3

2

e

R

)
Ω2
0

Ω2

where the lag frequency at the operating RPM, q, occurs explicitly. Dropping the term 3e/2R, we
have

ν2ζ = q2
Ω2
0

Ω2

The frequencies in the fixed frame, of the 1st cyclic lag modes ζ1c and ζ1s, are then simply shifted
by the rotational speed. In /rev they are

1 + νζ =1 +

[
3

2

e

R
+

ω2
ζ0

Ω2

]1/2
high frequency

|1− νζ | =
∣∣∣∣∣∣1−

[
3

2

e

R
+

ω2
ζ0

Ω2

]1/2∣∣∣∣∣∣ low frequency

(6.4)

In rad/s they are

Ω + ωζ =Ω+

[
3

2

e

R
Ω2 + ω2

ζ0

]1/2
high frequency

|Ω− ωζ | =
∣∣∣∣∣Ω+

[
3

2

e

R
Ω2 + ω2

ζ0

]1/2∣∣∣∣∣ low frequency

(6.5)
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which shows the variation with RPM Ω. A convenient form is to nondimensionalize with the
operating RPM Ω0. Divide the above expressions by Ω0 to obtain

Ω̄ + ω̄ζ =Ω̄ + Ω̄

[
3

2

e

R
+

ω2
ζ0/Ω

2
0

Ω̄2

]1/2
high frequency

|Ω̄− ω̄ζ | =
∣∣∣∣∣∣Ω̄− Ω̄

[
3

2

e

R
+

ω2
ζ0/Ω

2
0

Ω̄2

]1/2∣∣∣∣∣∣ low frequency

(6.6)

For Ω = 0 (or Ω̄ = 0), the high and low frequencies are the same and equal ωζ0 (or ωζ0/Ω0). To
have the operating lag frequency q explicitly, use

ω2
ζ0 =

(
q2 − 3

2

e

R

)
Ω2
0

to obtain the fixed frame frequencies as

Ω̄ + ω̄ζ =Ω̄ + Ω̄

[
3

2

e

R
+

(
q2 − 3

2

e

R

)
/Ω̄2

]1/2
high frequency

|Ω̄− ω̄ζ | =
∣∣∣∣∣Ω̄− Ω̄

[
3

2

e

R
+

(
q2 − 3

2

e

R

)
/Ω̄2

]1/2∣∣∣∣∣ low frequency

(6.7)

Dropping e/R we have

Ω̄ + ω̄ζ =Ω̄ + q high frequency

|Ω̄− ω̄ζ | =
∣∣Ω̄− q

∣∣ low frequency
(6.8)

For Ω̄ = 0, the frequencies are q = ωζ0/Ω0. The lag frequencies do not change in hover, because
unlike flap there is no significant source of aerodynamic damping in lag. Characteristic trends for
the fixed frame lag frequencies are shown in Fig. 6.3(a). Figure 6.3(b) shows the typical trends in
flap and lag damping.

6.3.3 Rotor Flap and Body Pitch

Three DOF system: β1c, β1s, and θ.
Six roots:

2 zero frequency real roots.

1 pair of complex conjugate high frequency flap.
1 pair complex conjugate low frequency flap-pitch coupled modes.

Figure 6.4 shows the two pairs of complex conjugate roots in vacuum. The dashed lines are the
isolated flap frequencies. The plots correspond to K2

y = 0.1, p = 1.1/rev. Figure 6.5 shows the
same frequencies in air γ = 5. Again, the dashed lines are the isolated flap frequencies. The pair
of low frequency pitch-flap modes degenerate into 2 unequal real roots with increase in rotational
speed before becoming oscillatory again.

6.3.4 Rotor Flap and Body Pitch and Roll

Four DOF system: β1c, β1s, θ, and φ.
Eight roots:

2 zero frequency real roots.

1 pair of complex conjugate high frequency flap.
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Figure 6.4: Coupled Flap and Body Pitch Frequencies in Vaccuum
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Figure 6.5: Coupled Flap and Body Pitch Frequencies in Air

2 pairs of complex conjugate coupled low frequency flap-pitch-gyroscopic modes.
Figure 6.6 shows the frequencies of the three oscillatory complex conjugate modes for the values
K2

x = 0.025, K2
y = 0.1, and p = 1.1/rev. The uncoupled roll and pitch frequencies (non-rotating)

are simply due to the fuselage inertia reacting against the blade flap springs. The expressions given
in the figure correspond to a four bladed rotor. Figure 6.7 shows the same frequencies including
aerodynamic forces in hover for Lock number γ = 5.

6.3.5 Rotor Flap and Lag and Body Pitch in Vacuum

To avoid confusion with blade pitch angle during the derivation of aerodynamic forces, the body
pitch angle will be denoted henceforth as αy.

Blade Equations

Rotating frame:

∗∗
β −2β0

∗
ζ +ν2ββ−

∗∗
αy cosψ + 2

∗
αy sinψ = 0
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 (non-rotating)

Uncoupled pitch

  (non-rotating)Gyroscopic

     mode

Figure 6.6: Coupled Flap Body Pitch Roll Frequencies in Vaccuum

∗∗
ζ +2β0

∗
β +gL

∗
ζ +ν2βζ+

∗
Sζ

h

R

∗∗
αy sinψ = 0

where h is hub center above body cg.
Fixed Frame:

β1c :
∗∗
β 1c +2

∗
β1s −β1c − 2β0(

∗
ζ1c +ζ1s) + ν2ββ1c−

∗∗
αy= 0

β1s :
∗∗
β 1s −2

∗
β1c −β1s − 2β0(

∗
ζ1s +ζ1c) + ν2ββ1s + 2

∗∗
αy= 0

ζ1c :
∗∗
ζ 1c +2

∗
ζ1s −ζ1c + 2β0(

∗
β1c +β1s) + gL(

∗
ζ1c +ζ1s) + ν2ζ ζ1c = 0

ζ1s :
∗∗
ζ 1s −2

∗
ζ1c −ζ1c + 2β0(

∗
ζ1s −ζ1c) + gL(

∗
ζ1s +ζ1c) + ν2ζ ζ1s+

∗
Sζ

h

R

∗∗
αy= 0

Body Equation

Iyα̈y + cyα̇y +Kyαy = My + hH

Iy is pitch inertia and cy is the pitch damping coefficient. My is the rotor pitch moment and H is
the rotor drag force.

My = −
N∑

m=1

Mβ cosψm

Mb = flap moment at root

= −
∫ R

0
r(mdr)r(β̈ − ¨alphay cosψm − 2β0Ωζ̇ + 2Ωα̇y sinψm +Ω2β)
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Figure 6.7: Coupled Flap Body Pitch Roll Frequencies in Air

= −IbΩ
2(

∗
β − ∗∗

αy cosψm − 2β0
∗
ζ +2

∗
α sinψm + β)

Radial shear:

SR = −2Ω
∗
ζ

∫ R

0
mr dr − hα̈y cosψm

∫ R

0
mdr

= −2SζΩ
∗
ζ −hMbα̈y cosψm

where Mb is blade mass.
Inplane shear:

Sx = −(ζ̈ − Ω2ζ)

∫ R

0
mr dr − hα̈y sinψm

∫ R

0
mdr

= −(ζ̈ − Ω2ζ)Sζ − hMbα̈y sinψm

Hub drag force:

H =

N∑
(Sr cosψm + Sx sinψm)

=

M∑
(−2SζΩζ̇ cosψm − hMbα̈y − ζ̈Sζ sinψm +Ω2ζSζ sinψm)

= −hMbα̈y − Sζ
N

2

∗∗
ζ 1s Ω

2

My = IbΩ
2

N∑
m=1

(
∗∗
β
(m)

− ∗∗
α cosψm − 2β0

∗
ζ
(m)

+2
∗
αy sinψm + β) cosψm + hH
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= IbΩ
2N

2
[
∗∗
β 1c +2

∗
β1s −

∗∗
αy −2β0(

∗
ζ1c +ζ1s)]

Body equation becomes (setting cy = Ky = 0)

∗∗
αy (Iy +

NIb
2

+Nh2Mb)− (
∗∗
β 1c +2

∗
β1s −2β0

∗
ζ1c −2β0ζ1s)(Ib

N

2
) + Sζh

N

2

∗∗
ζ 1s= hH

Setting
∗
Iy= (Iy +

NIb
2

+Nh2Mb)/
NIb
2

Body equation becomes

∗
Iy

∗∗
αy −

∗∗
β 1c −2

∗
β1s +2β0

∗
ζ1c +2β0ζ1s+

∗
Sζ

h

R

∗∗
ζ 1s= 0

Rotor/Body Equations:

⎡⎢⎢⎢⎢⎢⎣
1 0 0 0 −1
0 1 0 0 0
0 0 1 0 0

0 0 0 1
∗
Sζ

h
R

−1 0 0
∗
Sζ

h
R

∗
Iy

⎤⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

∗∗
β 1c∗∗
β 1s∗∗
ζ 1c∗∗
ζ 1s∗∗
αy

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭

+

⎡⎢⎢⎢⎢⎣
0 2 −2β0 0 0
−2 0 0− 2β0 2
2β0 0 gL 2 2β0
0 2β0 −2 gL 0
0 −2 2β0 0 0

⎤⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

∗
β1c∗
β1s∗
ζ1c∗
ζ1s∗
αy

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭

+

⎡⎢⎢⎢⎢⎢⎣
ν2β − 1 0 0 −2β0 0

0 ν2β − 1 2β0 0 0

0 2β0 ν2ζ − 1 gL 0

−2β0 0 −gL ν2ζ − 1 0

0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎦
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

β1c
β1s
ζ1c
ζ1s
αy

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ = 0

6.3.6 Rotor Flap and Lag coupled to Body Pitch and Roll in Air

Six DOF system: β1c, β1s, ζ1c, ζ1s, θ, and φ.
The body pitch and roll angles θ, and φ are henceforth denoted by αy and αx to avoid confusion
with blade pitch angle.
Twelve roots:

2 zero frequency real roots.
5 complex conjugate pairs: 2 pairs corresponding to β1c, β1s; 2 pairs for ζ1c, ζ1s; and 1 pair for

αy and αx (the other two roots of the fuselage modes are real).
Figure 6.8 shows the frequencies of the five oscillatory roots. The regressive lag mode has the

danger of coalescing with two modes: the regressive flap coupled body pitch-roll and the regressive
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flap coupled gyroscopic nutation mode. When it does, it produces air resonance. The damping
in regressive lag mode is shown in the bottom diagram. The character of the two regressive flap
coupled body modes changes with collective angle, hence the thrust level. For example, figure 6.9
shows the same frequencies at an collective pitch angle of 10o. The damping of the regressive lag
mode becomes further negative, increasing air resonance instability.

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 −1
0 1 0 0 1 0

0 0 1 0
∗
Sζ

h
r 0

0 0 0 1 0
∗
Sζ

h
r

0 −1
∗
Sζ

h
r 0

∗
Ix 0

−1 0 0
∗
Sζ

h
r 0

∗
Iy

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∗∗
β 1c∗∗
β 1s∗∗
ζ 1c∗∗
ζ 1s∗∗
αx
∗∗
αy

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 2 −2β0 0 2 0
−2 0 0 −2β0 0 2
2β0 0 gL 2 0 2β0
2β0 0 gL 2 0 2β0
0 2β0 −2 gL −2β0 0
2 0 0 −2β0 0 2
0 −2 2β0 0 −2 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∗
β1c∗
β1s∗
ζ1c∗
ζ1s∗
αx
∗
αy

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

+

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ν2β − 1 0 0− 2β0 0 0

0 ν2β − 1 2β0 0 0 0

0 2β0 ν2ζ − 1 gL 0 0

−2β0 0 gL ν2ζ − 1 0 0

0 0 0 0 0 0
0 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

β1c
β1s
ζ1c
ζ1s
αx

αy

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
= γ

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

Mβ1c

Mβ1s

M ζ1c

M ζ1s

cmx

cmy

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
Aerodynamic forces are broken into stiffness and damping contributions.

γ

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

Mβ1c

Mβ1s

M ζ1c

M ζ1s

cmx

cmy

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
= KA

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

β1c
β1s
ζ1c
ζ1s
αx

αy

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
+ CA

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∗
β1c∗
β1s∗
ζ1c∗
ζ1s∗
αx
∗
αy

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
where the components of KA and CA are as follows.
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Figure 6.8: Coupled Flap, Lag, Pitch, Roll Air-Resonance Modes; Collective angle = 0o

6.4 Experimental Data on Aeromechanical Stability

A comprehensive experimental test program to measure the aeromechanical stability of a hingeless
rotor was undertaken by Bousman [3]. The model was a 1.62-m diameter, three-bladed rotor
mounted on a static mast. The mast was bolted to a transmission and two electric drive motors,
together constituting the model. The model was supported on a gimballed frame which allowed
pitch and roll motions. The blades were rigid with flexibility concentrated at the root end flexures.
The flexures created virtual lag and flap hinges. From the center of the hub, the lag hinge flexure
was located inboard, followed by the flap hinge flexure outboard. When assembled, the flap and
lag hinge were coincident. The lag stiffness was greater than the flap stiffness, as in conventional
rotors. The flexure representing the lag hinge could be substituted with a skewed flexure to produce
negative pitch lag coupling of Kpζ = −0.4. The flexure representing the flap hinge could be
substituted with another with eight times the stiffness to produce the same non-rotating flap and
lead-lag frequencies were equal with the blade set at zero pitch angle. The blade pitch angle could
be changed manually, either outboard or inboard of the flexures. Five configurations were tested.
They are given in table 6.1.
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Figure 6.9: Coupled Flap, Lag, Pitch, Roll Air-Resonance Modes; Collective angle =
10o

The nominal rotor speed was 720 rpm. The rotor dimensionless lead-lag frequency at this rpm
was 0.70/rev. The low frequency lead-lag regressing mode in the fixed coordinates was therefore at
0.30/rev. The body frequencies were controlled by cantilevered springs mounted across the gimbal
flexural pivots. The springs were selected to provide body pitch and roll frequencies of 0.12/rev
and 0.28/rev (2 Hz and 4 Hz at 720 rpm). The pitch mode is lower than the lead-lag regressive
mode, while the roll mode is quite close and represents a critical design condition. The placement
of frequencies was representative of air resonance conditions for a number of full-scale soft inplane
rotor helicopters [4, 5, 6, 7]. The structural properties are given in table 6.2.

The blade properties are mean of three blades. The blade frequency and percentage critical
damping are given in table 6.3. The structural properties of the body are given in table 6.4.

The gimbal frame acted as a part of the body during pitch motions, hence the difference in
mass and c.g. location in pitch and roll. The vertical c.g. location is above the gimbal plane. The
rotor disk was 24.10 cm above the gimbal plane. The body pitch and roll mode damping in terms
of percentage critical were

ξα = 3.200% ξφ = 0.929%
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Table 6.1: Experimental Rotor Configurations

Configuration Flap flexure Lead-lag flexure Blade pitch angle set

1 nominal, ωβ0 < ωζ0 straight, Kpζ = 0 outboard of flexures
2 nominal, ωβ0 < ωζ0 skewed, Kpζ = −0.4 outboard of flexures
3 nominal, ωβ0 < ωζ0 skewed, Kpζ = −0.4 outboard of flexures
4 thick, ωβ0 = ωζ0 straight, Kpζ = 0 outboard of flexures
5 thick, ωβ0 = ωζ0 skewed, Kpζ = −0.4 outboard of flexures

Table 6.2: Rotor Structural Properties

Property Value

Radius, cm 81.10
Chord, cm 4.19
Hinge offset, cm 8.51
Lock number 7.37 (based on a = 5.73)
Airfoil NACA 23012 (C0 = 0.15)
Profile drag (cd0) 0.0079
Blade mass (to flap flexure), g 209.00
Blade mass centroid (ref. flexure centerline), cm 18.60
Blade flap inertia (ref. flexure centerline), g-m2 17.30
Blade polar inertia (ref. hub centerline), g-m2 85.50

Table 6.3: Blade Frequency and Damping

Configuration ωβ0, Hz ωζ0, Hz ξ%

1 3.13 6.70 0.52
2 3.13 7.16 0.65
3 3.13 7.16 0.65
4 6.63 6.73 0.53
5 6.64 7.04 0.65

Table 6.4: Body Properties

Property Pitch Roll

Body mass, kg 22.60 19.06
Vertical c.g., cm 1.32 1.56

Body inertia, g-m2 633.00 183.00
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(a) Overall set up of the model

SKEWED LEAD-LAG
FLEXURE

(b) Expanded view of blade root flexures

Figure 6.10: A 1.62-m diameter, three-bladed model rotor mounted on a static mast



350 CHAPTER 6. GROUND AND AIR RESONANCE

400 500 600 700 800 900 1000

−1

−0.5

0

0.5

1

Ω, rpm

σ
, s

ec
−1
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(b) Configuration 2
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(c) Configuration 3
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(d) Configuration 4
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(e) Configuration 5

Figure 6.11: Lead-lag regressing mode damping as a function of rotor speed at blade
pitch angle θ0 = 9o
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Figure 6.12: Lead-lag regressing mode damping as a function of blade pitch angle for
configuration 1; ωβ0 < ωζ0, Kpζ = 0
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Figure 6.13: Lead-lag regressing mode damping as a function of blade pitch angle for
configuration 3; ωβ0 < ωζ0, Kpζ = −0.4
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Figure 6.14: Lead-lag regressing mode damping as a function of blade pitch angle for
configuration 4; ωβ0 = ωζ0, Kpζ = 0
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(a) Lead-lag progressive and regressive modes
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(b) Body roll and pitch modes
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(c) Flap progressive and regressive modes
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(d) All modes

Figure 6.15: Modal frequencies as a function of rotor speed for configuration 1; ωβ0 < ωζ0,
Kpζ = 0, blade pitch angle thetab = 0
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(a) Lead-lag regressive mode damping
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(b) Body pitch mode damping
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(c) Body roll mode damping

Figure 6.16: Modal damping as a function of rotor speed for configuration 1; ωβ0 < ωζ0,
Kpζ = 0.
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Figure 6.17: Body pitch and roll mode damping as a function of blade pitch angle for
configuration 1; ωβ0 < ωζ0, Kpζ = 0, Ω = 650 rpm.
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(b) Body roll and pitch modes
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(c) Flap progressive and regressive modes
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Figure 6.18: Modal frequencies as a function of rotor speed for configuration 4; ωβ0 = ωζ0,
Kpζ = 0, blade pitch angle θb = 0.
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(a) Lead-lag regressive mode damping
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(b) Body pitch and flap regressive mode damping

0 200 400 600 800 1000

−6

−5

−4

−3

−2

−1

0

Ω, rpm

σ
, s

ec
−1

(c) Body roll mode damping

Figure 6.19: Modal damping as a function of rotor speed for configuration 1; ωβ0 < ωζ0,
Kpζ = 0.
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