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Introduction to Material Behavior

< Continuum Mechanics

1) Kinematics ... compatibility
2) Kinetics ... Equilibrium

3) Constitutive Relation Differential Equat_lon
Integrated Equation
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- Mechanical Field - Displacement Field

S : strain Sij 1=123

T :stress, T. X, -

ij @@ l_j(xl,Xz,X3,t)

Tij =Tji 6 independent components

Voight or Contracted Notion f X,
xl/
_81 ] SX _811 ] _T11 ]
SZ y 822 T22 —u1 - _u -
~ |S S S —~ |T .
S _ 3|2 _| V33 CT= 33 u=|u, |=|v
S4 28yz 2823 T23 u W
S5 28zx 2831 T31 - -
_SG_ ZSyx _2821_ _T21_
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- Strain: relative deformation

y =25
Z— Strain-Displacement Relation
i / 1+S,, 1 8Ui auj
| =G T
1 e j i
1+ 3 — 6 independent egn
-
1
- Newton’s Law > F=ma
ATZZ
L) Force _ S
T Tij = A = on i-th face, j-th direction
era
Ty T, Ty
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- Equilibrium Equation

Differential Form

5Tij = pa. — 3 Egns
5Xj ' ' ' Unknowns
6 strains 3 Equilibrium
oTy + oy, + oTy, + f, = pa, 6 stresses 6 strain-displacement
OX, 0X, OX, 3 displacements 6 constitutive Relations
éT21+éT22 _|_5T23 +f,=pa 15 Eqgn. 15 Eqgn.
sX, X, oX, * F
- Constitutive Relations
tensor _
T EumnSmn E . tff I 1Al
imn - Stiffness tensor, elasticity
S CumnTmn
T=c5,5=sT
v v
6X6 compliance

stiffness matrix
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- Boundary Conditions
A on
4 prescribed stress vector

traction

T, =(T)i, =[T. cos(Nm)]i.

T Ty Ty T |ln
T|= Ty T23 n,
_T_ L T33__n3_
Differential Form
ﬁ+ f.—pa =0
oxX. '

j Principle of Minimum Potential Energy o(U —W) =0

Integral Form
g — Principle of Total Minimum Potential Energy

j {[%+ f]-suddV =0
viox.

J

[, Tosdv = (F-su)dv +] (f,-su)ds

oU :Energy oW :virtual work
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- Electric Fields
N -~ .. F volts
E, D (electrical displacement) E =|im— =
gq—0 q m
Coulomb’s Law
- r
F = h% = ~ %% V £, =8.84x107"* Farad / meter “permittivity”
4re, |r| 47z€0 r (FEX)
_q 1

m

drg, T
superposition gives field associated with the other charge distribution

- Vector field facts
Vector field is uniquely defined by its circulation density + source density

V-v=S§
Vo C} V——V¢+V><A
@(r):scalar potential =—_f|rsfrr)|

A(r):vector potential _ J‘ C(r)
4 |r—r |
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- Gauss’s Flux Theorem

[[E-d5="
S 80
-Differential Form divergence theorem
[EdS=[v-Eav="=[ Paqv
S V (90 V go
V.E=L
b VXxE=0 — @EUT:O “irrotationality”
VxE=0
- Electric Potential h gradient operator
E=-Vop
E, :—@ = Vp= ~ P poisson’s Eq.
5X1 &
L () .
p(r)=——[ Edr
Arey*v|r—r 1 g
point charge @(r)=———
Are, 1

1-17
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- Polarization Field

v O P = dipole moment = g d x
dx () - 1 P.r
-4 O+ v dre, r°
Volume distribution 13 — B/volume

Potential associated with volume distribution of dipoles

1 ¢= 1 5

= PvE)dr 5.2 15 5.p.vd
® 47[80_‘- (r) V.(F)_Fv.P+P.V(F)
o= —2 {.V-BdV—IEV-f)dV}

Are,| Y T r

_ 1 {-P-dS_J‘V-PdV}

Argy| s T r
Potential equivalent to bound charge

surface charge

8 _
distribution (free charge) p =-V-P

S

0, =P . p consistsof p° + p°, p° =-V-P
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- Electrical Displacement

tot

Vo v.E=_P _ (' +p%)

& &y

let pB —_V.P

Describe a new vector field

D =chagre/area = ¢,E + P

B —

V.-D=p' ISE-dS:qf

- Electrical Constitutive Relations

Polarization is dependent on electrical field
electrical susceptibility, polarization coeff.

I D=gE+P=¢(1+X)E

P=¢,yE — — _

T D=xeg,E=¢E

P =g, X E (3x3matrix) k’ En & &y

P = X.E Ey  Eyy  Eng dielectric tensor
i = G0N Ej
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-Equations
Compatibility Variables
E =—V¢p 3 ® 1
Equilibrium E 3
V.-D=p" 1 D 3
VxD=0 3 7
D=c¢E 3

-Boundary Conditions7
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- Differential Form

e

V-D=o applied free charge
jv [V-D]spdV = jvaagodv

| D-6E=3"q,5p

o = oW
% Magnetism
- Current
= Current density = amps/area
= Conservation of the charge V-]z—fg—[t)

= Stationary current V-j=0

= Constitutive relation j= oE
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- Electromotive force

j=0'(I§+I§')
VxE'#0

@é.dT:j(DE')dT:jE'dl .

ds

VxE =0 i
V'(CT-E)Z—V-(O'E') J | 5
VJ:O . R | B 3
' = J=oE D=¢E
]=0cE - | T
V-D=0 B.C's n(D,-D)  n(J,-J,)
V-(sE)=0 nx(E,-E,) =0
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- Magnetic Field

A dl, x(dl, xr,) )
Ampere’s Law F, 531321 ! o 1, =47 x107H /m
12 -
loop1 oF, . ‘_. permeability of a vacuum
] dl, F= —qlqz‘ " (Coulomb’s Law)
' loop2 "
5 I‘
F,=3,dl,xB, B,= ’UOJSB Xlz
1
% F=[ jxBdv g=£t J”dv
v A v ‘r‘
_ | -
V:-B=0 :|:> VxE =0
VxB=p] | v.E-4
&y
vector potential
= 1 p
Ho ) —dV
A=—|=dV
4,[J.|r| Are, -[V r|
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- Currents

- free, bound dp

- polarization current "3 neglect
- magnetization current j,

- displacement current 94E

ot

Just as for polarization
szf’dv :jpEdV
— 1 i
m=[M dv :Ej(gx j )dv

pb:—V-ﬁ

j =VxM (M :magnetization)
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- Magnetic Fields in matter
V-B=0
VXB:I“O jtot Iﬂo(jtrue-i-VXM)

VxE =0
V.E:&:i(ptme_v.f))
& &

V% (E_ﬂom) = Hy jtrue

-~ B

—_— _  —

or H:——M,Coercivefield D=¢,E+P
Hy
( Vxﬁ: jtrue ( Vx_B’:'Jtotluo
§'sztrue V'E:&
€o
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- Permeable Material

X : magnetic susceptibility
B = (1, +)H
B= Km,uoﬁ = uH
4+ absolute permeability

K., : relative permeability

Uy = A x107° Henry/m

Terfenol K, - 7.9
Iron K,-1,000

B.C’s ngo n(E—E):O
Vxﬁ: jtrue n(ﬂZE_ME):O

nx(H, —Wl) = K : surface current density
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- Magnetic Circuit Analysis

l (v | V-B=0 V-j=0
VO = -, fEans
> . — s ~
T@ ::; B:ﬂH ) J—O'E
© N =1,000 % -
«— —> — H < FE° _
L U e 5_ & =LR;
= ,
= JdA, Ri=—4
i !
_ _ R =—i_
dH,=¢R, ¢=]Bda, R s
L L, L, = b
R=—, R,=R, Ry= , R, = , Re =
| A&éeﬁ 2 RR1 Al A Ak

—H t, ==V, =—=H,|

gap g-g tot tot "tot
Rtot ot




