Symmetry
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Symmetry

> All repetition operations are called symmetry operations

v’ Symmeftry consists of the repetition of a pattern by the application of specific rules

» When a symmetry operation has a locus, that is a point, or a line, or a plane that is

left unchanged by the operation, this locus is referred to as the symmetry element

Symmetry operation | Geometrical representation | Symmetry element
Rotation Axis (line) Rotation axis
Inversion Point (center) Inversion cen‘reLr' (center pf symmetry)
Reflection Plane /_'Mirror‘ plane
Translation vec‘r/ Translation v;cfor'

rotation

2

reflection
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Symmetry operation

3

(1) Rotation; 1 2 3 4 6

(2) Reflection; m (= 2)

(3) Inversion (center of symmetry ) (= 1)

(4) Rotation-inversion; 1 (=center of symmetry), 2 (= mirror), 3, 4, 6

(5) Screw axis; rotation + translation 24, 31, 3,, 41, 4,, 45, 64,---, 65

(6) Glide plane; reflection + translation,a, b, ¢, n, d

rotation

inversion

o &4

reflection translation
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Crystal symmetry, 14 Bravais lattice
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Crystal System I'Barg\i’g;i Symmetry | Symmetry Axis System
Cubic P,I,F m3m m3m a=b=c, a=p=y=90
Tetragonal P, T 4/mmm 4/mmm a=bzc, a=p=y=90
Orthorhombic | P,C, I, F mmm mmm azbzc, a=p=y=90
Hexagonal P 6/mmm 6/mmm a=bzc, a=p=90, y=120
Rhombohedral 3m 3m a=b=c, a=p=yz90
Monoclinic P,C 2/m 2/m azbzc, a=y=90, pz90
Triclinic P 1 1 azbzc, azpzyz90
Quartz

Crystal System: trigonal
Bravais Lattice: primitive

| | Space Group: P3,21

Si
O

X

Lattice Parameters: 4.9134 x 49134 x 54052 A
Atom Positions:

0470 O

0.414 0.268 0.786

z
0.667
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P3,21
P3,2 1

6/mmm
6/m m m




Symmetry directions, Space group

Fmmm
Xtal systems Symmefr'y direcfions Face Cen‘l'er'ed IGTTice
m L to aaxis
Triclinic m L to b axis
m L to caxis
Monoclinic b
Orthorhombic a b G N P3221
Tetragonal c @ 110> Primitive lattice .
3, along the c axis
Triaondl c @ _ |2 fold rot axis along the a axis
I = 11 fold rot axis along the <210>
Hexagonal C <a> <210> Fd3m
Face centered lattice
Cubic a> <111> <110> € d | to a axis

3 fold axis along the <111>
m L to c axis

B  CHANPARK, MSE, SNU Spring-2019 Crystal Structure Analyses

Rotation Axis

> general plane lattice
> 180° rotation about the central lattice point A - coincidence

> 2-fold rotation axis; symbol 2,0 (normal to plane of paper),
(parallel to plane of paper)

360° _ 2
Order (multiplicity) of the rotationaxis N= =—

AT
A T
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> Two objects are EQUIVALENT

v When they can be brought into coincidence by application of a
symmetry operation

> Two objects are IDENTICAL

v When no symmetry operation except lattice translation is involved

v equivalent by translation

Ju) 71 £ 71 Iy
A Ve A Ve A
> All A's are equivalent to one another B On 8 O B
Y| 71
A Ve A A

Ve

> A is not equivalent to B

UA VC VA c A
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Rotation Axis

> n-fold axis =360 _ 277 @ minimum angle required to reach a position

LA indistinguishable from the starting point

> Axis with n> 2 will have at least two other points lying in a plane L to it

v' 3 non-colinear points define a plane - must be a lattice plane
(translational periodicity)

3-fold axis A 4-fold axis W 6-fold axis @
@=120°,n=3 ®=90°,n=4

—————

P
\__,:_’ e et

> Inspace lattices and consequently in crystals,
only 1-, 2-, 3-, 4-, and 6-fold rotation axes can occur.
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To be a lattice plane

> The points generated by rotation axis must fulfil the conditions for

being a lattice plane --- parallel lattice lines should have the same

translation period

> Lattice translation moves I > IV

> 4 points produce a unit mesh of a

lattice plane

- 3 fold axes are compatible with

space lattice
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5-fold Rotation Axis

T

Q= 72° n=5

Ott Chap 6 7 o Pecharsky Chap 2

» II-V and III-IV parallel but not equal or integral ratio - no 5-fold
axes in space lattice
> This structure does not have translational symmetry in 3-dimensions
- do not have finite unit cell > called quasicrystal
v Quasi - because there is no translational symmetry
v' Crystal - because they produce discrete, crystal-like diffraction patterns
> It isimpossible fo completely fill the area in 2-dimensions with

pentagons without creating gaps
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Rotation Axis >why 1, 2, 3,4 and 6 only ?

> limitation of @set by translation periodicity

B b R’ B = mé where m is an integer

ma =a—2acosg
m=1-2cosg
COos@p = —m
2
A - A m cos @ o) n
a
-1 1 21 1
0 3 /3 6
1,2, 3,4, 6 1 | o | w2 | 4
2 -3 21/3 3
3 -1 Tt 2
11 CHANPARK, MSE, SNU Spring-2019 Crystal Structure Analyses See Sherwood & Cooper page 78

symmetry operation vs symmetry element, proper vs improper

» Rotation by 60° around an axis > symmetry operation

> 6-fold rotation axis is a symmetry element which contains six
rotational symmetry operations

> Proper symmetry elements
v'Rotation axes, screw axes, translation vectors
> Improper symmetry elements

v'Inverts an object in a way that may be imaged by comparing right & left
hands

v'Inverted object is called an enantiomorph of the direct object (right vs
left hand)

v'Center of inversion, roto-inversion axes, mirror plane, glide plane
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Reflection

> reflection, a plane of symmetry or a mirror plane, m, | (bold line), [~

o Lattice line tilted
Lattice line // m

w.r.tl. m
7 1
H oo . g i i / \\\
: o B | 1 / \
@ L /] | .// 5 \\
a @ ; gilR
G A A Al./ \.A
A /B
Ott page 62 © s m b) m
rectangular centered rectangular
= down
N o
" N Black & Red; enantiomorphs
= down, left
myz (mx) me (mz) ! f
O up, right
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Inversion

> inversion, center of symmetry or inversion center1 o

) NP N>
Ott page 63 \ J

Inversion centre

Ott page 64

No inversion centre

All lattices are centrosymmetric.

www ghwits.ac.za/craig/diagrams/
Ott Chap 6
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Compound Symmetry Operation

> compound symmetry operation
v two symmetry operation in sequence as a
single event
> combination of symmetry operations

v' 2 or more individual symmetry operations are
combined, which are themselves symmetry

operations

compound 4 + 1bar | combination

P 4
S S
W VvV
i \ 4"*7{],}
s

y

a 4 b) 6
4 & 1bar are
not present

4 & m are present

Table 5.1. Compound symmetry operations of simple operations. The corresponding

symmetry elements are given in round brackets

Rotation Reflection Inversion Translation
Rotation X Roto- Roto- Screw
reflection inversion rotation
Reflection (Roto-' . X 2'f°k.1 Glide
reflection axis) rotation reflection
. (Roto- (2-fold .
Inversion inversion axis) rotation axis) x Inversion
Translation (Screw axis) (Glide plane) (Inversion X
centre)
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Ott page 6

Rotoinversion

» compound symmetry operation of rotation and inversion

» rotoinversion axis —

N _ _
> 1,2,3,4,6 > 1(=center of symmetry), 2 (= mirror), 3, 4,6

1 = inversion centre

D (eeile

O ) Rare case of
"compound symmetry .
operation = combination 2
 down, left of symmetry operation” ) . 6
O up, right
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Symmetry elements

> 1,2,3,4,6 (proper rotation axes)

> 1= inversion center, 2 = m, 3, 4, 6 (improper
axes; right & left hands > enantiomorph)

> Screw axes (rotation + translation)

> Glide planes (reflection + translation)

Ls

A W]

)
N4 <«
> A

> A

4-fold rotation axis
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D

Enantiomorphous objects

~fold rotation ax V
Center of inversion

—_
(%]

V Al
¥ AM

rotation axis

Al ¥
i 7

6-fold
rotation axis

Pecharsky Chap 2

Screw axes
(rotation + translation)

Ott Chap 10

. B I B S

Glide planes K M
(reflection + translation) =+ f ,
P\ W
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Glide Plane
i) reflection
ii) translation by the vector g parallel to the plane of reflection

where g is called glide component & R

g is one half of a lattice translation :
parallel to the glide plane s W{ V)
e | WM
I
c |C ’
5 O=1-f
b + b
¢
—b —b > glide plane can only occur in an orientation
o 0.9 that is possible for a mirror plane
|
Oftt Chap 10
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Glide Plane
Orthorhombic P2/m2/m2/m

(100), (010), (001) possible
Glide plane // (100) > B, 3G, 2b+C, 2b+C

/ N\ .
n-glide d-glide ——g—Y
9 9 ®’; 11(001)

c-glide

b-glide

20 CHANPARK, MSE, SNU Spring-2019 Cry.




Glide Plane

Reflection plus 3 cell translation
> a - glide: a/2 translation
> b - glide: b/2 translation
> ¢ - glide: ¢/2 translation

» n - glide (normal to a): b/2+c/2 translation

» n - glide (hormal to b): a/2+c/2 translation

» n - glide (normal to ¢): a/2+b/2 translation
> d-glide: (a+b)/4,(b+c)/4, (c+a)d

» g - glide line (two dimensions)
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Screw Axis

. . 2
i) rotation quyn (X=1,2,3,4,6)

ii) translation by a vector S parallel fo the axis

where H is called the screw component

X, =X

p 0’
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Screw Axis

2, is a 180° rotation
plus 7 cell translation

|
|
|
|
o—1 4
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3, is a 120° rotation plus
(2/3) cell translation

Fs
A ——
= —— =
T I
| |
L i
ICP\ |
| |
|
b !
i | |
[ [
| | :
| |
[ 1
1o ____O
] : T
| |
[ [
[ H
| P'—.__\_ 1
P

A,
A

3;is a 120° rotation plus
(1/3) cell translation
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Screw tetrads
4, is 4-fold rotation axis 5
¥ e _,%)\ ] "T‘“x,
0=T=0 2 e+ <A -]
T z'&)ﬁ . i l T E ! ——'——?{53 2
4, is a 90° rotation plus % cell )JT’J '1 Pre > T
| |
translation (right-handed) > —|——¢2 rbj,l'l “? |
. i | I L | ‘I
“1?_( . | ; To 9:’ l' | | Q/ I. (‘{ —¢ 2
! “C Ly ’ | Lo 1
4, is a 90° rotation plus % cell /ql) ‘O O 2 i
i ' N |
translation (ho handedness) ¢ —1*(5 3 s § g i
¥“¢ L S 2 C.)/ I. O//I ! i o il
T 4 (P——"— L, A ,153767) 2
45 is a 90° rotation plus % cell =I ;I /? e i_? 2 | /l. Ii
. . |- | 4 [
translation (right-handed) =a | fl‘,_ ¢ i 1 g e ;*lu i*r"’fl:.ﬂl
90° rotation plus % cell g =0 2 < O o

translation (left-handed)

Sets of points generated by 4, and
4; are a pair of enantiomorphs
(mirror images of one another)
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Screw hexads

,/‘j =T ==~ \ i 11~ /'T‘L--- T _———_' T,

e T Tarh | (M i S REiT
i AR Lo o] KL A -
Al sl EL NN
| T i e | el ]
| B | o] yé' T
4l SRy ot | s BlININ NI
‘ 6 ‘ 6, " 6, ‘ 65 . 6, ‘ 6,

6 6, 6, 65
» 6; 60°rotation + 1/6 cell translation (right-handed)

(@)}
[N)

(@)}
N

» 6, 60°rotation + 1/3 cell translation (right-handed)

» 63 60°rotation + % cell translation (no handedness)

+

» 6, 60°rotation + 2/3 cell translation (right-handed ) = (1/3 left-handed)

» 65 60°rotation + 5/6 cell translation (right-handed ) = (1/6 left-handed)
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Symmetry Element

Tvpe of symmetry slement Wiltten symbaol Graphical symbaol

Center of Symmetry T o

Merpendicular In plane ol
1o paper pApAT

Mirror plane m —— _I _\
a7

Anmw slniws
glide direclion

Glide planc b —————————

glide in plans
of paper

ylide vul ul
nlane of paner

n e ————— 1

Rotation

NI

Screw Axis 2y

o Ak

Ayt +ee

61 6 61 By 6 L YA EE
A

INYarsion Axis
S
'y

@l =] wl
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Cube('S=HA|)Q| CHERA

> L&A (center of symmetry)

> 9702 A2 M (mirror plane)
> 67112] 22| M= (diad axis)

> 4742 32| H = (triad axis)

> 3712| 42| M= (tetrad axis)
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Tetrahedront Octahedron?| CHA

> ‘48K (octahedron)2| CHA Q4 = HeHAQ| [HE2A
> H4HAH|(tetahedron)l| CHE 2 &

v 6712l HEH

v 3719] 43| Bt (inverse tetrad axis)

v 4740 33T %
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Point groups
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> Lattice - an array of points in space in which the

environment of each point is identical
> Basis (motif) - repeating unit of pattern

> Lattice + basis > crystal structure

R R R R R R R R
@ [ ] e [ ]
R R R R J, R R .R
R R R R LR R R R
(a) (b)
R R R R

@ @
© unit cell

Fig.2.1.  (a) A pattern with the motif R, (b) with the lattice points indicated and (c) the lattice and a unit
cell outlined (Drawn by K. M. Crennell).
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— » Ten 2-D point groups (plane point groups)
v 1,2,3,4,6,m 2mm, 3m, 4mm, 6mm
v Only these combinations of axes & mirror lines can occur in regular repeating patterns in fwo dimensions
> b lattices in 2-D (5 plane lattices)
> A basis can possess one of ten point group symmetries in two dimension
> There are only ten different types of two-dimensional patterns, distributed among the five
plane lattices (10 plane point groups)
» 17 plane groups
v pl,p2,p3,p4, pb, pm, pg, cm, p2mm, p2mg, c2mm, p2gg, p4mm, p4gm, p31m, p3ml, pbmm

> 3-D, 14 possible lattices, 7 different axis systems

> The application and permutation of all symmetry elements to patterns in space give rise to 230
space groups (instead of 17 plane groups) distributed among 14 space lattices (instead of 5
plane lattices) and 32 point group symmetries (instead of 10 plane point group symmetries)

> Space group symmetry - the way things are packed fogether and fill space

> Space group - translational component = point group

31 CHANPARK, MSE, SNU Spring-2019 Crystal Structure Analyses

5 plane lattices

p2

The oblique p-lattice

The rectangular p-lattice b

C
The square p-lattice

[/

The hexagonal p-lattice

The rectangular c-lattice

pdmm

p6mm
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17 plane groups

;oA
A= [ p—— ¢ '/_ i :
B p2 i o pam1 pltm
.............. 0 0 0 .-
[ —— | | / _A 7 /}\.,,’V*’
| ] ] /-n
[ , _/__* Loy
———--———p; ——————— = (] i J pbﬁm
4 —e®
T —— A
F—t—1 P o] g
? [ b e ———— | "
i i : Rt S I --{----i--- ‘ |
V— 0 voe————e e —l—) G——t—O P
pamg plgg czmm Bt pamem

Fig. 2.6.

(a) The seventeen plane groups (from Point and Plane Groups by K. M. Crennell). The numbering 1-17 is that which is arbitrarily assigned in the

International Tables. Note that the *shorthand® symbols do not necessarily indicate all the symmetry elements which are present in the patterns. (b) The
symmetry elements outlined within (conventional) unit cells of the seventeen plane groups, heavy solid lines and dashed lines represent mirror and glide lines
respectively (from Mamual of Mineralogy 21st edn, by C. Klein and C. 8. Hurlbut, Jr., John Wiley, 1999).
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plane groups vs. space groups

Rotation
Reflection
Inversion

}

/—\

\d

10 plane point groups || 5 plane lattices

32 point groups

14 space lattices

\ /

< 6lide (translation + reflection)

17 plane space groups
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\

/

Screw (translation + rotation)
Glide

}

230 space groups




Point group

> A group of point symmetry operations whose operation leaves
at least one point unmoved (lattice translation is not
considered in point group)

> 32 unique combination of symmetry operations about a point

in space > 32 poin’r groups (32 three-dimensional

point groups; ten two-dimensional point groups)
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Ott Chap 9
Combination > X/m
» a mirror plane is added normal to the rotation axis, é
4 m

1, 2
= N
13

3|a

3 (=¥
m
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Combination > Xm

> a mirror plane is added parallel to the rotation axis, Xm
2 4

Im / \ ﬁ O~_2Zm(= 2mm, mm2)

4

m T “generated
o)je; olo
2 1 31

6m(= 6mm)
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Combination of rotation axes - should be mutually consistent

Allowed sets of simultaneous rotational symmetries passing thru a point
- = ﬂ’ : ﬁ>

e T TS T

%0*

226

35°16'
70°32'
45° 54° 44’
54° 44/ 54° 44

233 23

Spatial arrangements for the six permissible combinations of 3 rotational
symmetry axes passing through a point in crystals

Page 149, Allen & Thomas, The Structure of Materials (MIT Series in Materials Science and Engineering) (1999)
Page 43, Buerger, Elementary Crystallography: An introduction to the fundamental geometric features of crystals (1978)
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Combination of rotation axes

- - ﬁ? i

e

¥
3
¥
£

T AT

233 V

234

Spatial arrangements for the 6 permissible combinations of rotational symmetry
axes passing through a point in crystals after allowing all rotational repeftitions

Page 150, Allen & Thomas, The Structure of Materials (MIT Series in Materials Science and Engineering) (1999)
Page 44, Buerger, Elementary Crystallography: An introduction to the fundamental geometric features of crystals (1978)
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Combination of rotation axes

222]

[SPANPASPASY
KBRE &
W RD
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Combination of rotation axes, n2

222

2
8

O_
{ generated
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Combination of rotation axes, N2

wy_ 2

12(=—)
m

2 4

A
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4
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32 Point Groups

> The point groups are made up from point symmetry operation and

combinations of them (translation is excluded)
» X : x-fold rotation axis
> m : mirror plane
> 1:inversion centre
> X : rotoinversion axis
> X2 : X-fold rotation axis + 2-fold rotation axis (X_L2)
> Xm(m): X+m(X// m)
> X2(2): X + 2-fold axis (Xbar 1 2)
> Xm:X+m(X// m)
> X/mm:X+ml+m2 (X L ml, X// m2)
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32 Point Group

» Schonflies symbol vs. International (Hermann-Mauguin) symbol

[ C.: n-fold rotation axis; identical with X |
C, C C, Cs Cy Cq
X 1 2 3 4 6

C,;: odd-order rotation axis and inversion centre i = X {odd)
C;: (s for German Spiegelebene) = mirror plane;
S n-fold rotoreflection axis (only S4 and S¢ used)

G G Cyi=8¢ Sy

X 1 (21:} 3 i

C.n: n-fold axis normal to mirror plane = X/m

Con : Com Can Can Cen

X/m 2/m (3X1%1 =) 4/m 6/m
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Symmetry directions

Xtal systems Symmetry directions
Triclinic a b C alza22a3,azpzyz90°
Monoclionic a b C alza22a3,a=y=9002p
Orthorhombi
. a b C al#za22a3,a=p=y=90°
Tetragonal c Q> <110> al=a2#a3,a=p=y=90°
Trigonal C <a> - al=a2=a3,a=p=y< 1200z 90°
Hexagonal C <a> <210> al=a2#a3,a=p=90°,y=120°
Cubic Q> <111> <110> al=a2=a3,a=p=y=90°
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Table 8.2, The 32 point groups

Crystal system Point groups

Triclinic 1 1 2
Monoclinic 2/m m, 2 3
Orthorhombic 3{1 ﬂnlﬂ ll_:_lf)m 2/m mm2, 222 3
Tetragonal fi;;i{ﬂ}zf m fjﬁ: gnam, 422 7
Trigonal Ejﬁf ;“ 3m, 32, 3,3 5
Hexagonal ?é’;:niz:;l)ﬂm Eﬁ: gfx;_m, 622 7
Cubic ?-r;:] ﬂ:_;ln?}lﬁ m 33m, 432, ?;;1%1)3, %) 5

47 CHANPARK, MSE, SNU  Spring-2019 Crystal Structure Analyses

full symbols
(short symbols)

Total 32

Oftt Chap 9

Laue class, Laue group; 11 point groups with center of symmetry

Table 2.9 The 11 Laue classes and six “powder” Laue classes.

Crystal system Laue class “Powder” Laue class Point groups
Triclinic 1 1 1,1
Monoclinic 2/m 2/m 2,m, 2/m
Orthorhombic mmm mmim 222, mm?2, mmm
Tetragonal 4/m 4/mmm 4,4.4/m

4/mmm 4/mmm 422 4mm, 4m?2, 4/mmm
Trigonal 3 6/mmm 3,3

3m 6/mmm 32, 3m, 3m
Hexagonal 6/m 6/mmm 6, 6, 6/m

6/mmm 6/mmm 622, 6mm, 6m2, 6/mmm
Cubic m3 m3m 23, m3

m3m m3m 432, 43m, m3m

Table 2.10 Lattice symmetry and unit cell shapes.

Crystal family

Unit cell symmetry

Unit cell shape/parameters

Triclinic 1 aFb#c;a#pFy#90°
Monoclinic 2/m a#b+#c;0=7=90°05£90°
Orthorhombic mmim atb#c,a=B=y=90°
Tetragonal 4/mmm a=b#c,a=p=y=90°
Hexagonal and Trigonal 6/mmm a= b #cyo=p=90°y=120°
Cubic m3m a=b=c;0=p=y=90°
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Notations in the "International Tables for Crystallography”

Table 1.1. Notation for Asymmetric Units Used to Represent Point Group Symmeiry

Notation

O
O+ O-
©
g
B

Description

Asymmetric unit in the plane of the page

Asymmetric unit above (+) or below (—) the plane of the
page

Apostrophe indicating a left-handed asymmetric unit and
clear circle indicating righthandedness.

‘Two asymmetric units directly on top of one another, with
the "+ meaning above the plane and the “—" meaning
below the plane.

Two asymmetric units directly on top of one another, one left-
handed and the other right-handed

Note: The notation derives from the fnternational Tables for Crystallography. down
]

O up

Black & Red; enantiomorphs
s down, left

(left) the poles of & general form |, (righr) the symmetry elements of the paoint group

O up, right
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BODEBE | OO
DROXD - | [ OOODB
- BOBD |- - LOED
KRB - | | DD
Fig The 32 crystallographic point group. Each pari of stereoarams shows Lfmm - i
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