Reciprocal Lattice

Read
Hammond - Chapter 6, A
Krawitz - Chapter 2.8,2.9,2.10
Sherwood & Cooper - Chapter 8.7 (page 269 ~ 274, < 6 pages)
Cullity - Chapter 2-4, Al-1, A1-2, A1-3
Ott - Chapter 13.3

Used to understand
Geometry of X-ray and electron diffraction
Behavior of electrons in crystals

Basic concept & application of reciprocal lattice to the analysis of
XRD pattern < P. P. Ewald
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[uvw] & (hkI)

[uvw] (1) a lattice line through the origin and point uvw

(2) the infinite set of lattice lines which are

parallel o it and have the same lattice parameter

(hkl)  the infinite set of parallel planes which are apart

from each other by the same distance
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Reciprocal Lattice
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Fig. 6.1. (a) Traces of two families of planes 1 and 2 (perpendicular to the plane of the paper), (b) the
normals to these families of planes drawn from a common origin and (c) definition of these planes in
terms of the reciprocal (lattice) vectors d; and d;, where d] = K/d,, d; = K/d,, K being a constant.
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Fig.6.2. AsFig. 6.1, showing in Fig. 6 2(a) 2 third set of intersecting planes (planes 3), their normals
in Fig. 6.2(b) and their reciprocal lamice vectors m Fig. 6.2(c). Note that d] + d;, = d; and that the

reciprocal lattice points do form a lattce
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5 plane lattices and their reciprocal lattices

(2), (010)
(100)}—
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Real vs. reciprocal lattice

Fig. 8.7. The unit cells of a real and reciprocal lattice. Note that a
plane of b and ¢; and similarly for b* and c*

. For clarity, the two
scale.

* is perpendicular to the
figures are not drawn to

(a)

(b)

Fig. 8.8. The reciprocal lattice of a primitive orthorhombic real lattice. The reciprocal
is also primitive orthorhombic. For clarity, (b) is drawn on a larger scale than (a).
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lattice

Sherwood & Cooper Chapter 8.7




Reciprocal Lattice
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habc — + 1 ha* + kb* + lc abc = deb X ¢C
aea* =1 geb =0 aec' =0
. bXé| | . éxa . dXxb bea" =0 heb =1 bhec* =0
a* = b* = =
abc abc abc . . -
cea*=0 Ceb*=0 Ccoec*=1

Sherwood & Cooper Chapter 8.7
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a, b, c vs. a*, b*, c*

. _bXé | . ¢éxd . _dXb
T = abe " abc ¢ = abe
FR— —_— —_—
aea*=1 qgeb*=0 aec*=0
_— — _— — _ —
bea*=0 beb*=1 bec* =0
— sy T —
cea* =0 ceb*=0 cec‘ =1

Since ¢" is perpendicular to both a and b, the scalar (or dot) products are zero, i.e.
c"+a=0,c -b =0 and similarly for a* and b*,ie. a-b=0,2"-¢=0,b"-a=0,
b*.¢c=0.

Now consider the scalar product ¢-¢* = c|c"| cos ¢. However, since |¢*| = 1/dgo1 by
definition and ¢ cos ¢ = do;, thenc - ¢ = dooy/doo; = 1 and similarly fora - a" = land
b-b*=1.
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Reciprocal lattice

bi, b,, bs; reciprocal lattice
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FIGURE 2.17. The denominator of the reciprocal lattice basis vectors gives the cell volume.

A agx as

d2 X a3 y
0 ==
a); -a» X az
a3 X aj
by =
ay - a X as a3
d)p X d2
by =
dj| -dy X ay
ﬂi b b.i e l

fori # j

a; * b; = a; X b0 X cos (angle)
= X 1/d001 X dOOl/al =1
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Krawitz page 64

Reciprocal Lattice of a monoclinic P
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Fig 6.4 (a) Plan of a monoclinic P unit cell perpendicular to the y-axis with the unit cell
shaded. The traces of some planes of type {10!} (i.e. parallel to the y-axis) are indicated, (b)
the reciprocal (lattice) vectors, dj,, for these planes and (c) the reciprocal lattice defined by
these vectors. Each reciprocal lattice point is labelled with the indices of the plane it
represents and the unit cell is shaded. The angle B* is the complement of S.
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Hammond Chapter 6




Reciprocal Lattice of a monoclinic P

102 002

Reciprocal lattice unit cell of a
monoclinic P crystal

112

(a) hO! section (b) h1l section

Fig. 6.5. Sections of a monoclinic reciprocal lattice perpendicular to the b® vector or y”-axis. (a) h0!
section through the origin 000, built up by simply extending the section in Fig. 6.4(c); (b) k1l section
(representing planes intersecting the y-axis at one lattice vector b) ‘one layer up’ along the b" axis.
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Reciprocal Lattice

> Direction symbols [uvw] are the components of a vectorr,,

in direct space (direct lattice vector)

row=uUa+vb+wec

> Laue indices are simply the components of a reciprocal lattice

vector

d*th: ha* + kb* + | c*

indi 141
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Reciprocal lattice of a cubic - T

Fig. 6.4. (a) Plan of a cubic 7 crystal perpendicular to the z-axis and (b) pattern of reciprocal
lattice points perpendicular to the z-axis. Note the cubic F arrangement of reciprocal lattice

points in this plane.
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Cubic I direct lattice - Cubic F reciprocal lattice

Cubic F direct lattice - Cubic I reciprocal lattice
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Real vs reciprocal in Cubic

Real space Reciprocal space
Cubic F Cubic I
(rhombohedral 60°) (rhombohedral 109.47°)
Cubic P Cubic P
(rhombohedral 90°) (rhombohedral 90°)
Cubic I Cubic F
(rhombehodral 109.47°) (rhombohedral 60°)
Fourier
Real : fransform : Reciprocal
lattice lattice

See Hammond Fig. 3.2
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Reciprocal lattice

Reciprocal space

Real space

c,©°o o o © & o
4—a> €
v .- -~ @

© b O @ © O 1/b
oY o
—o0—0—0—90 ) o
010 110
) o
o o o o o origin 100

Points = atomic
positions

15 CHANPARK, MSE, SNU  Spring-2019 Crystal Structure Analyses

o )
yS—
\ 4 ©
O ©
e 5
200

Points = (hkl), reflections

Reciprocal lattice

» dy is the vector drawn from the origin of
the unit cell to intersect the first
crystallographic plane in the family (hkl) at a
90° angle

» The reciprocal vector is d*, = 1/dy,

» In the reciprocal lattice, each point
represents a vector which, in furn,
represents a set of Bragg planes

> Each reciprocal vector can be resolved into
the components:

d* = ha* + kb* + Ic*
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Reciprocal lattice vector r*,,, is normal to real lattice plane (hk/)

x| (hkl p e
. L (hkl) \
a a3 %
A=T—7 '
and
. a) an
B =
Thus

ay
h

a
) b1y b — (—;-) . (hby + kb> + Ib3)
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> A | r‘*hk, & C L *hkle r*hkl 1 (hk’)

Krawits page 65

) =——
: dh il
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The magnitude of xy,, is the inverse of the interplanar spacing of the (hkl)
planes, dpyy. The unit normal to (hkl) is given by n = v/ 07| so thatn =
(hb +kbg +(b3)/|r;,,|. Referring again to Figure 2.18, the projection of a; / h
onto n gives dpy; S0

; a a; hby + kby +1bs I
Qukt = 5 "= f ; T
: h h |r};;<;| |r;;!d|

Thus the inverse of the magnitude of the reciprocal lattice vector r},;,; is equal
to the interplanar spacing of the (ikl) of the real lattice, and

1

dp kl

Il = (2.6)

Krawits page 66




Reciprocal lattice and interplanar spacing dp
N origin S
a d _a, rt _a o ha*+kb*+lc* _ 1
hkl — 3 ° 2%~ #n o T
h dy ho || h || ]
=

Nigq = =— = (ha” + kb* + Ic¥) o (ha® + kb* + Ic7)
kl
= h?2a*2 + k?b*? + 1%2¢*2 + 2a*b* cosy* + 2b*c* cosa* + 2c*a* cos f*
For cubic, a=b=c, a=B=y=90°, a*=b*=c*=1/qa, a*=p*=y*=90°, a**a* = 1/a?
a .
Cubic

2 1 h%+k2+12 d —
Thkt = -z = 2 hkl = 5 Z 1 ]2
2, a Vh2 + k2 +1
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.
V1™ = —5— = (hby + kba +Ib3) - (b + kb2 + Ib3)

Al
= h:l)| -by + k2b3 -b> —|—f2b3 by 4+ 2hkb; - by 4+ 2kibs - b3y + 2hlbs - by

Interplanar
spacing Expanding the b; in terms of their real space definitions, and factoring out the
denominator, we have

l

— vz
+ 2ki(az x a1) - (a; x a2) + 2hl(a; x a2) - (a2 x a3)}

2 2 & 2 2 2
{(h=]ax x a3|" + k~"|las x a;|” +17]a; x az|” + 2hk(ar x a3) - (a3 x a;)
Two results from vector algebra are used to simplify this expression:
S CL R S 1 M)
|a; x a;|" = ajaj sin” a;j
2
(aj xa;)-(a; xag) = (a -a;}a; a) —a; - akaj

This enables the final result:
k*sin® B [%sin’y

| _ (rlzagcr% h? sin’ «
d;—:,\ ; V2 a?" a% a%

2hk

+ (coscos f — cosy)
ajan
2kl 21h

4 (cos fcosy —cosa) + {cosy cosa —cos ) (2.9)
az2ds a)as
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: L _ R+ +P
Cubic: — =
‘ d’ a?
. L w+k P
Tetragonal: 2= = + s
L 4R+ hke+ K2\ P
Hexagonal: ye = i#) + =

Interplanar
spacing

Rhombohedral:

(7 + &+ Psin’a + 2(hk + ki + hl){cos’a — cos )
. — 7 S T e TS a)

d & a’(1 = 3cos’a + 2cos’a)
h kl oo P
Orthorhombic: — = 1‘“ = =
a” b
1 1 (KB Kisin? 1> 2hlcos
Monoclinic: e c_n;£ o Egues —Lﬁj
d*  sin®B\a b c ac
1 1
Triclinic: 5= W(sl.hz T Spk? + Sl® + 2Sphk + 28,k1 + 28,5hi)

In the equation for triclinic crystals,

Cubic: 1 _rP+i2+r
d? a®
2 2 2
letragonal — —= Ll e 1_9
{IZ (12 c”
L K P
Orthorhombic: — = —17 + =+ =
d a b ¢
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V' = volume of unit cell (see below),

S = bcsin’a,
S5 = a’csin® B,
Sy = a’bsin?y,
812 = abc’(cosacos B — cosy),

Sy = a’hc(cosBeosy — cosa),

813 = ab’c(cosycosa — cosB).






