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Intensity

» How much Intensity a single electron will coherently scatter?

> Interferenceeffects due fo electrons being distributed in space

around atoms
» Atoms are not stationary --- vibrate

> Intereference effects caused by scattering from atoms in

different regions of the unit cell

_—v

Unit cell
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Factors affecting the relative intensity of Bragg reflections

» Structure factor
> Polarization factor
> Multiplicity factor
» Lorentz factor

» Absorption factor

» Temperature factor
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Atomic Scattering Factor (f), Structure Factor (F)

» Scattering from a single electron D
» Scattering from a single atom > f
» Scattering from a unit cell > F p

10 pm

10 nm
Scatter from Scatter from Scatter from
Multiple Atoms an Atom an Electron
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Unit cell

Diffraction = reinforced coherent scattering
Read Cullity Ch 4-3
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Intensity of XRD

» Scattering amplitude of a single electron

v How much Intensity a single e will coherently scatter?

» Scattering amplitude of a single atom - f (atomic scattering factor)

v' Interference effects due to coherent scatter of all the e's in an atom?

» Scattering amplitude of a unit cell > F (structure factor)

v' Interference effects caused by scattering from all the atoms in different regions

of the unit cell

f _amplitude scattered by an atom
~  amplitude scattered by a single e

amplitude scattered by all the atoms of a unit cell

F =

amplitude scattered by a singlee
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How much Intensity a single e will coherently scatter?

- polarization factor
» X-ray is electromagnetic radiation which can be seen, from a fixed
point in space, as an oscillating electric field
> This field can cause an e’ to oscillate (accelerate & decelerate) >

cause an e’ to re-radiate the energy as a spherical wave

» J.J. Thomson --- Intensity scattered from an e’

o _Lo[ & T 1+cos?(20)
r* | imyc? 2

» Incident X-ray is unpolarized

> Process of scattering polarizes X-ray = polarization factor
1 + cos?*(20)

2
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Scattering by a single electron
J.J. Thomson Total scattered intensity @ P
2 4
et N L K ., _ )
1= ]0(@)( > JSIHLO’- = Iy sin“«w Ip = Ip, + Ip;
4 /) \mr- P
Ip, = IO):"ISZ a = XyOP = m/2 K
' = — (loy + Ip.cos°20)
K =7/2 — 26 B )
Ip, = ]()2—2(:05229. o= w22
r
a = angle b/w scattering direction & K(lo, 1o
acceleration direction of e = —| 5 T 5 cos 20
e\ 2 2
E’ = E] + E!
B2 = E? = |E? Thomson equption for the

) scattering of| x-ray beam
by a single electron

Read Cullity page 123 ~ 144 Polarization factor
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Interferenceeffect due to the e's distributed in space around atoms

- atomic scattering factor

> Interference €& scattering from different regions of the e’ cloud

> Takes into account the influence of the atom specific e' shell on
the scattering of X-rays

» Normalized in units of the amount of scattering occurring from a
single e’

amplitude scattered by an atom

amplitude scattered by a single electron

f=F@ f(0°)=2
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Atomic scattering factor (form factor)

[ >

10 ( >

ol

ol

7} Path difference | § | Path difference
R between A&B between C&D

0 0.1 02 03 04 05 06 07 08 09 10 T4
Sine_ —10,__—1
= 107 " /m
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XRPD pattern

Scattered

X-ray powder diffraction pattern for cubic Zrw,0g
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Atomlc Form Factor f (q) = fp(r}e 1%

10

£°(g)
8

4 =

0

"point" atom

Fla=0D)=2

\ fg—=2)=0
N
~ Atomic Form Factor wﬁh\\\

" Dispersion Corrections:

F(G10) =[2G+ f (heo) +if (hew)

0

2 4 6 o 8 10

g (A"
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sinf, o1

00 0L 02 03 04 05 06 07 08 09 10 11 12
H 1 081 048 025 013 007 004 003 002 001 000 000
. . He 2 188 146 105 075 052 035 024 018 014 011 009
A"'o m IC s CG'H'er'l ng L 5 19 18 15 13 10 08 06 05 04 03 03
Li 3 22 18 15 13 0 08 06 05 04 03 03
Bet? o) 200 19 17 16 14 12 18 09 07 06 05
fGCTO r Be 4 29 19 17 6 14 12 10 08 07 06 03
B 2 199 19 8 17 16 14 13 12 18 09 07
B 5 35 24 9 17 15 14 12 12 10 08 07
c 6 46 30 22 19 17 16 14 13 116 10 09
N*S, 2 20 20 19 19 18 17 16 15 14 13 116
N# 4 37 30 24 20 18 166 156 149 139 128 117
N 7 S8 42 30 23 19 165 154 149 139 12 117
o 8 7.1 s3 39 29 22 18 16 15 14 135 126
o? 10 80 ss 38 27 21 18 15 15 14 135 12
F 9 78 62 445 335 265 215 19 17 L6 15 135
F 10 87 67 48 35 28 22 19 17 15 15 135
Ne 10 93 75 58 44 34 265 22 19 16 155 15
Na* 10 95 82 67 s25 405 32 265 225 195 175 16
Na 1 965 82 67  s25 405 32 265 225 195 175 16
Mg?2 10 975 86 725 595 48 38 315 255 22 20 18
Mg 12 105 86 725 595 48 38 315 255 22 20 18
A3 10 97 89 78 665 55 445 365 3 265 23 20
Al 13 1.0 895 775 66 55 45 37 31 265 23 20
sit 10 975 915 825  7I5 605 505 42 34 295 26 23
si 14 135 94 82 A5 61 51 42 34 295 26 23
pis 10 98 935 845 75 655 565 48 405 34 30 26
» 15 124 100 845 745 65 565 48 405 34 30 26
Pl 18 127 98 84 745 65 565 485 405 34 30 26
510 10 985 94 87 785 685 605 525 45 39 335 29
s 16 136 107 895 785 685 60 525 45 39 335 29
52 18 143 107 89 78 685 60 525 45 39 335 29
a 17 146 113 925 805 725 65 575 505 44 38 335
a 18 152 115 93 805 725 65 575 505 44 385 335
A 18 159 126 104 87 78 70 62 54 47 41 36
K* 18 165 133 108 88 775 705 644 59 53 48 42
K 19 165 133 108 92 79 67 59 52 46 42 37 33
Cat? 18 168 140 115 93 81 735 67 62 57 51 46
Ca 20 175 141 14 97 84 73 63 56 49 45 40 36
st 18 167 140 114 94 83 76 69 64 58 535 485
Sc 2 184 149 121 103 89 77 67 59 53 47 43 39
T+ 18 170 144 119 89 85 785 73 67 615 565 505
Culli ty T » 193 157 128 109 95 82 72 63 56 50 46 42
v 5 202 166 135 115 101 87 76 67 59 33 49 44
o 24 2L 174 142 121 106 92 80 71 63 ST 51 46
25 21 182 149 127 111 97 84 75 66 60 54 49
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Atomic scattering
factor
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Atomic scattering factor

sin@ ol

A W2 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 12
Fe 26 23.1 18.9 15.6 13.3 11.6 10.2 8.9 7.9 7.0 6.3 57 5.2
Co 27 24.1 19.8 16.4 14.0 12.1 10.7 93 8.3 73 6.7 0.0 5.5
Ni 28 25.0 20.7 172 14.6 12.7 11.2 9.8 8.7 7.7 7.0 6.3 5.8
Cu 29 259 21.6 179 15.2 133 1.7 102 01 8.1 7.3 6.6 6.0
Zn 30 26.8 224 18.6 15.8 13.9 12.2 10.7 9.6 8.3 7.6 6.9 6.3
Ga 31 278 233 19.3 16.5 14.5 127 112 10.0 8.9 7.9 7.3 6.7
Ge 32 28.8 24.1 20,0 17.1 15.0 13.2 11.6 10.4 9.3 8.3 7.6 7.0
As 33 29.7 250 208 17.7 15.6 13.8 12.1 108 9.7 8.7 7.9 73
Se 34 30.6 258 21.5 18.3 16.1 143 126 11.2 10.0 9.0 8.2 75
Br 35 3.6 20.6 223 18.9 16.7 14.8 3.1 1.7 10.4 94 8.6 7.8
Kr 36 32.5 274 230 19.5 17.3 15.3 13.6 12.1 10.8 9.8 89 8.1
Rb* 36 336 287 24.6 214 18.9 16.7 14.6 12.8 112 29 8.9

Rb 37 335 28.2 238 20.2 17.9 159 14.1 12.5 11.2 10.2 9.2 8.4
Sr 38 344 29.0 24.5 20.8 18.4 lo.4 14.6 12.9 11.6 10.5 9.5 87
Y 39 354 299 253 21.5 19.0 17.0 15.1 134 12.0 10.9 9.9 9.0
Zr 40 363 308 26.0 22.1 19.7 17.5 15.6 13.8 12.4 11.2 10.2 9.3
Nb 41 7.3 317 26.8 228 20.2 18.1 16.0 14.3 12.8 11.6 10).6 9.7
Mo 42 38.2 326 27.6 235 20.8 18.6 16.5 14.8 13.2 12.0 10.9 10.0
Te 43 391 334 283 24.1 21.3 19.1 17.0 15.2 13.6 12.3 11.3 10.3
Ru 44 40.0 343 29.1 247 21.9 19.6 17.5 15.6 14.1 1257 11.6 10.6

Cullity
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Factors affecting the intensity of the scattering from an atom (f)

» Anomalous scattering (anomalous dispersion)

| [IP=(fo+AS+ASP

> Thermal motion

‘ Bsin® 0
f=foexp T3
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Anomalous scattering (anomalous dispersion)

|[1P=(fo+AS)

+ (ALY

J(E.Q)=[1,(Q)+ [((E)+if"(E)

Mass ahsarption cosfficient

K absorplion
edge

Lm ahtmrn-nnn
edge

L absaorption edge Scattered
200 radiation
i Lu an!:nrprmn edne
20
V Incident  Sample
radiation
100 4

20 is the Bragg angle

0= 47z$1n9 _ 2
r A d
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wirvslonath [ 4)

Absorption & anomalous scattering

f' is intimately related to
the absorption coefficient

2\ _EE) .

J'(E)= 7 JEE)

f" “mirrors” the absorption
coefficient

2ftmc £,

f”I:E)_( e’h

E,uﬂ
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Absorption
—>

—




Factors affecting the relative intensity of Bragg reflections

» Structure factor
» Polarization factor
» Multiplicity factor
> Lorentz factor

» Absorption factor

» Temperature factor
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Temperature
factor
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Thermal motion

» Thermal vibration of atoms =>

v Unit cell expands - inteplanar spacing (d) changes > 26

position changes
v Intensity of diffraction lines decreases
» Degrades the periodicity of the lattice

v Intensity of background scattering increases

> effective size of atom is larger > destructive

interference increases with increasing 26
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Atomic scattering factor (form factor)

[ | S

Path difference Path difference
between A&B between C&D

0 0.1 02 03 04 05 06 07 08 09 10 T4
SNG4 510/
) 107 " /m
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Temperature factor

> Atomic vibration > effective size of atom is

larger - interference effects larger

Debye-Waller temperature factor B
Mean-square displacement of atom vibration U2| | B — {2 /2
Mean displacement = 0

‘ Bsin® 0
i :fnexp[ _T—]

" Bd**
= tocp| 2]

4
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Thermal motion

Isotropic temp factor B, Uy,

B =872U? Anisotropic temp factor B;; & U;;
: Bsin® () — Bd**
j:f(,exp[ 12 ] j._.fﬂexp|:-‘— 4 :I:

f= foexp—3(Bh*a*? + B,,k?b** + B, %c*?
+ 2B, ,hka*b* + 2B, hla*c* + 2B, . kib*c*).

= foexp —2n%(U h*a*? + U,,k%b*? 4 U, ,[%c*?

+ 2U  hka*™b* + 2U | Jhla*c* + 2U, JkIb*c™).

2T[2U;J- - Bij Temp factor; B, Uiso/ Bij: Uij/ Bij
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Thermal motion

30

S 2
f, exp[-B(sin“8)/ 1" ]

0.0 0.5 1.0

(sin@)/a

Figure 3.14. The effect of atomic thermal motion on the copper scattering factor.
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Jenkins & Snyder page 69

Temperature factor

) i I
no thermal vibration

thermal vibration

L, o

1
180 0 90

26 (degrees)

20 (degrees)

I
180

> Thermal vibration of atoms

- decrease of intensity of diffraction lines
v' Effect increases with 2q

- thermal diffuse scattering

v' Thermal vibration causes general coherent scattering in all directions

v' Contributes to background (BKG)

v' BKG intensity increases with 2q

26 CHANPARK, MSE, SNU Spring-2019 Crystal Structure Analyses

Cullity page 157




Factors affecting the relative intensity of Bragg reflections

» Structure factor
> Polarization factor
» Multiplicity factor
» Lorentz factor

» Absorption factor

» Temperature factor
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Structure
factor

Unpolarized incident X-ray becomes polarized after diffraction

Every time a ray is diffracted, it undergoes a phase shift of /2 relative to

the incident beam
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Structure factor

a)
W M
fo fo T
Ay
\9(\'/6' M l f1 i
fa fy t
Path dif ference
PD.=AB—-CD=r;-8—r; S =1 (8§ —8;)
© 4 A R
(s —sg) = Ay, = A(ha" + kb" + Ic"). M /
_ 6 0
P.D. = Muja+vib+wjc) - (ha” + kb + lL'#) Et;tlgcszting .
Doy
PD. = )\(hul + kV[ + lwl). l @ 6 6 0
¢ = 2r(huy + kv + Iwy).
D RR
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Structure factor

_(h00) Path differenceb/w 2' & 1'
G'TTmszmn Sy = MCN = 2d,ppsin 6 = A
3
L N \ L 0 , dyoo = AC = %
) The effect of 3'on1' & 2'?
L Path difference b/w 3' & 1
C AB

33'1’=RBS“—AC( ) /h —(A)

Phase difference f ¢ — X (27:')

2 . o 2mhx
[:v;-i | ¢ - . by = j\l 27m) = P

Position of atom B, u = x/a > ¢ = 27hu Phase difference for the hkl

. reflection b/w waves scattered

origin
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Structure factor

Phase difference b/w waves scattered by B and b = QW(hu Ny !w)
that scattered by A at origin for hkl reflection

Add all the waves scattered by each atom in the unit cell > addition

of %plex numbers representing amplitudes and phase of each wave

Any scattered wave from

hkl reflection & atom in uvw

Aefd’ﬁ — fEZ’JTI.U]'I:"i‘f{U‘!'fw':I'

\\“\\ N

_ Dari(hue, + kv, +Iw,)
Efz.!r.a' T E fne
1

F = resultant wave scattered by all the atoms in the unit cell

Cullity 4-4

F contains info on both amplitude and phase of the resultant wave

31 CHANPARK, MSE, SNU Spring-2019 Crystal Structure Analyses Cullity page 136

Vector phase diagram for obtaining Fpy

(@) (b) 2

Fhk{

fo

Atomic scattering factors are represented with phase angles with

respect to a wave scattered from the origin

Hammond Chapter 9
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Structure Factor

amplitude scattered by all the atoms of a unit cell

F = amplitude scattered by a single electron
n=>N )
Fopy = Z Juexp 2mi(hu, + kv, + lw;,) | _—— ‘Fhkl ‘

n={)

Intensity of any hkl reflection from a knowledge of atomic
positions can be calculated

Up, Vi, Wy, T 2 Fii can be obtained - can get I,

Positions of atoms in unit cell, atomic scattering factors
(kind of atoms) > F & I

Read Hammond Chap 9.1,9.2,9.3
Read Cullity Chap 4.4
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n=N

Fup = Z Ju €xp 2mi(hu, + kv, + wy,)

n={)

> Positions of atoms in unit cell, atomic scattering factors
> Fria & Tng |y ~ ‘Fhkl ‘2

» I, from several sets of planes > atom positions ;
crystal structure determination

»F>I vs. I>F
v'F > I (structure > diff pattern); I > F (D pattern > structure)

» Phase info in going from Fy,, to I, is lost

> phase problem

v We do not know in which direction the vector F,, points

34 CHANPARK, MSE, SNU Spring-2019 Crystal Structure Analyses Read Hammond Chap 9.1,9.2,9.3




Phase problem

We would be better off A graphic illustration of phase problem

if diffraction measured B @ (b
phase of scattering L
rather than amplitude!
Unfortunately, nature
did not oblige us.

(a) & (b) : the original images.

(c) : Fourier reconstruction which has the Fourier phases of (a) and Fourier
amplitude of (b).
(d) : reconstruction with the phase of (b) and the amplitude of (a).

35 CHANPARK, MSE, SNU  Spring-2019 Crystal Structure Analyses Picture by courtesy of D. Sivia

Fourier transform

» Fa = Iéxyz exp (2mi(hx+ky+lz)) dV - i £, exp 2miChuty + kvy + bwy)

n=(

> Py = (V)X Z X Fryg exp (-2mi(hx+ky+1z))
h k|
> e density € Fourier transform - diffraction pattern
> T is related to e’ density through Fourier transform
» Xtal structure < Fourier transform > diffraction pattern
v EXAFS pattern < Fourier transform - radial distribution function (rdf)
> r space = real space diffraction space = reciprocal space

> Reciprocal space always has centrosymmetry even though there is no

centrosymmetry in real space

> Diffraction pattern always gives Laue group pattern

36 CHANPARK, MSE, SNU Spring-2019 Crystal Structure Analyses Sherwood & Cooper




Inverse Transform

Diffraction pattern F(Kk) = f f(r)e®r dr
allr

F(k) is Fourier transform of f(r)

Inverse transform f(r) = f F(K)e kT dk
all k

F(k) ; contains info on the spatial distribution of diffraction pattern

f(r) ; contains info on the structure of obstacle

XRD intensity Crystal
. ) F(k) £(r)
experiment |F(k)| structure
37 CHANPARK, MSE, SNU Spring-2019 Crystal Structure Analyses Sherwood & Cooper Chap 6

f(r) vs. F(k)

If the structure is known
-> f(r) is known
- diffraction pattern F(k) can be computed

If the diffraction pattern is known
- F(k) is known
> f(r) canbe computed

The act of diffraction = taking Fourier transform of the
obstacle

Diffraction pattern of an obstacle described by f(r) is the
Fourier transform of f(r), which is F(k)

38 CHANPARK, MSE, SNU Spring-2019 Crystal Structure Analyses Sherwood & Cooper Chap 6




Experimental Limitation

» Informationis contained in all space.

> It is impossible to scan all space to collect all the information

- some info is lost

- reconstruction of the obstacle from the diffraction data will

be incomplete

» PHASE PROBLEM

intensity

HOlk

XRD
experiment

D E) B f(r) B
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Crystal

structure

Sherwood & Cooper Chap 6.14

real space vs. reciprocal space

e i

INTENSITY

real space  reciprocal space

Friedel's law

> Diffraction pattern from a
centrosymmetric crystal is
centrosymmetric

Table 9.1 The eleven Laue point groups or crystal classes

Crystal system

Cubic

(two Laue point groups)
Tetragonal

(two Laue point groups)
Orthorhombic

Trigonal

(two Laue point groups)
Hexagonal

(two Laue point groups)
Monoclinic

Triclinic

Laue point group
and centrosymmetric
point group

m3m
m3

Afmmm
4/m
i
3m

3
Ofmimm
6/m
2fm

l

Non-centrosymmetric
point groups belonging
to the Laue point group

432 43m

422 dimm  42m
4

22 mm2
2

31’)1

22 (_)n . 6m2
6

m

> Diffraction pattern from a non-centrosymmetric

crystal is centrosymmetric - Friedel's law
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Read Hammond Chap 9.1,9.2,9.3




Structure factor N

_ 2ari(hu, + kv, +w,)
E&A’.{ - 2 fne
1

Unit cell with only
one atom at 000

F = f*™0 = f Body-centered cell
" " 000 & 414
F? = f2
f F = feﬂaﬂ([)] + /‘1327""{’{“"2"'k:"ZTUZ)
Base-centered e
cell 000 & 335 = f[1 + emttkri,
F= fe?_-m(n} - .fezm(hﬂ k) F=2f when (h + k + 1) is even;
= f[1 + ™9, F = A4f.
F=2f for 7 and k unmixed; F= when (A + k + 1) is odd;
F? = 4f% F2=0
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Read Cullity Chap 4.6

Cullity page 138

Structure factor

face-centeredcell N

+iw,)

_ 2ari(fue, + kv,
000 110 101 & 0Ll Fua = 2 fne
1

F = fe2m0 4 folmith/2k/2) | fezm(k,«'zwz) + fodmith/2+1/2)

:f[l + em’(h+fc} + Bm’(.l’c+.'.'} + em'(h+!')].

F=4f for unmixed indices;
F? = 16f°

F=0 for mixed indices:
F?=0

42 CHANPARK, MSE, SNU Spring-2019 Crystal Structure Analyses

Read Cullity Chap 4.6




Structure factor

NaCl N
_ 2ailhit, + kv, +w,)
Na 000, $30, 303 & 033 | |Fim = 2 |
Cl $4%,00%, 030, 300

F = leiEZwi((ﬂ + fmezm(h,rz th2) 4 leezm(;,:,rz +1/2) 4 fu 2milk/2+12)
: i X .

+ foe® ATk 4 faer™ D + foe?™ R 4 f e

F = fNa[l T em‘{thk) + efri(fH.’.) + e'r.rf(k +I)]

_,_j:C][ewi(thkJrl) + em'f + em’k 4 em‘h:l_

F=

F = fi,[1 + emh+h) 4 emih+) 4 mik+D]
. F=
+ faem BRI 4 gmihmh) o gmil=h=D) 4 ek =11
F? =
F=[1+emtth 4 gmihth 4 orikth)ip | femiitkri)] =
F? =

F=10

F*=0.

for mixed indices;

4[fNa + fCleﬂ'E[h +k +[):[.

Hfna + far) if (h + k + ) is even;
16(fna + far
Hfra = far) if (h + k + 1)is odd;

]6(fNa - fCl)z'

43 CHANPARK, MSE, SNU Spring-2019 Crystal Structure Analyses

Read Cullity Chap 4.6

Structure Factor - CsCl

Fug =Y foexp 2milhuy, + kvy + Iw,)

n=

N

0

(%%%) for Cs (000) for CI

Fir = forexp 2mi(h0 4 kO + 10) + fo, exp 2mi () + ki + &)

= for +fosexp mi(h + k + I).
Fi = far + Jes (h+k+1)= even

Friu = for — fos (h+k+1)= odd

sz o r;;‘l o
3 il > caesium iodide (CsI)

(fy+ f) - v basis I:000 Cs"3,3.3
P fes
- — Center of
< e Structure: CsCl type o cs* unit cell

oo Bravas lattice pimple cubic] o
Ions/unit cell: 1Cs™ + 1CI. ®<"
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_ n=N
Structure Factor - CsCl Figr= 3. expollfar, %k )

n=0

Example 1. CsCl structure (Fig. 1.12). The (u, v, w,) values are (000) for Cl, atomic

scattering factor f¢; and (% %%) for Cs, atomic scattering factor f¢s. Substituting these two

terms in the equation:

Figy = for exp 2mi(h0 + kO + [0) + fog exp 2mi (1l + k3 + )
= fa +fesexpmi(h + k + D).

Two situations may be identified: when (h + k + /) = even integer, exp =i (even
integer) = 1, hence Fyy = fc; + fcs and when (h + k + [) = odd integer, exp i (odd
integer) = —1, hence Fjy = fo) — fos. These two situations may be simply represented
on the Argand diagram as shown in Fig. 9.4. Note that in both cases Fj, is a real number;
the imaginary component is zero. This arises because CsCl has a centre of symmetry at
the origin, as explained below.

” ()
(fg + feo)
y fCS
< 5
< fo (b)
(foi — sz)
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Structure Factor - hep
121 n=N
H:O

Fia = f exp 2mi(h0 + kO + 10) + f exp 2mi (hd + k2 + 1)
=f(1 +exp2mi(hi+k3+11)).
When (h + 2k) is a multiple
((h+2k)/3+1/2) =g F=f{1 + &¥) of 3 and | is even

- (h - Zk- + i) = n, where #n is an integer;
JF|2 :fZ(] + ezmg)(] + e—fzm‘g) 3 2
cos mn = +1,
— fz(z + ezm'g + €—2ﬁfg).
cos*mn = 1,

\F|” = %2 + 2 cos 2mg)

72 = 4f”
= f’[2 + 2(2 cos’ mg — 1)]
= (4 cos’mrg) h+ 2k [ |F|-
h + 2k ] 3m odd 0
= 4}‘: cos> f.rr(—- — + ;) 3m even 4)"3
T im * | odd 3f2
= () when (h + 2k) is a multiple of 3 and / is odd. Im * 1 even f?

Read Cullity Chap 4.6
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Example 2:  hcp metal structure. We have a choice of unit cells (Fig. 5.8); it is best to

atomic scattering factor f, with fractional coordinates (000) (the A layer atoms) and
(121) (the B layer atoms). Substituting these two terms in the equation:

Structure Fua = f exp 2xi(h0 + kO + 10) + f exp 2ai(hi + k2 + 11)

Factor = f(1 +exp2mi(hl+ k2 +11)).

hcp ]
Now let us apply this to some particular (ikl ) planes, e.g. (002) = (0002); (100) = (1010)
and (101) = (1011).

Fyoz = f(1 +exp2mi) = 2f
Fl()(l :f(l —+ €Xp%ﬂ'i) :f(l -+ COS%’,‘T -+ 1811’1%71‘) :f(OS + 10866)
Fin =f(1 +exp2mi(i +1)) =fF(1 + cosfm +isind ) = f(1.5 — i0.866).

These results are shown graphically in Fig. 9.5. Note that F'jgy and Fjg; are complex
numbers.

The intensities Iy of X-ray beams are proportional to their amplitudes squared, or
Fiw multiplied by its complex conjugate F;,, (see Appendix 5). For the hcp metal
examples above:

Toos = 2f - 2f = 4f2

Lo = f(0.5 +i0.866) (0.5 — i0.866) = f*

Loy = f(1.5 = 10.866) (1.5 +10.866) = 3", Read cullity Chap 4.6
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Structure Factor - hep

refer to the primitive hexagonal cell, Fig. 5.8(a), which contains two identical atoms, — ===

Foor = f(1 +exp2mi) = 2f
Fioo = f(1 +exp27i) = f(1 +cos2m +isin3r) = £(0.5 +i0.866)
Fm] :f(l -+ exp 2?!‘1(.1\:—% %)) :f(l -+ COS%?T + isin%?r) :f(lS = 10866)

Imaginary

; Imaginary Imaginary
axis ., i
§ f
& 2/3 1 5/3 1
,r'-_002 F m
—n £
f f Real f Real Real
axis axis axis
S

fo?,

Argand diagrams for an hcp
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___ Example 3: A crystal with a centre of symmeitry at the origin. This is an important case

because the structure factor for all reflections is real. For every atom with fractional
coordinates (uvw) and phase angle +¢ there will be an identical one on the opposite side
of the origin with fractional coordinates (zviw and phase angle —¢. For these two atoms:

Fr = fexp 2rmi(hu + kv + Iw) + f exp 2mi(hu 4 kv + [w)
= fexp 2xmi(hu + kv + lw) + f exp —27i(hu + kv + Iw).
The second term is the complex conjugate of the first, hence the sine terms cancel and
Fru = 2f cos 2n(hu + kv + Iw)
as shown graphically in Fig. 9.6.

Imaginary
axis

+¢ Real
axis

Fhk!

Fig. 9.6. The Argand diagram for a centrosymmetric crystal. The phase angle +¢ for the atom at
(uvw) is equal and opposite to the phase angle —¢ for the atom at (zzvw), hence Fjy, is real.
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Friedel's law

> Diffraction pattern from a centrosymmetric crystal is
centrosymmetric

> Diffraction pattern from a non-centrosymmetric crystal is

centrosymmetric > Friedel's law

I = Fpg - Fiyy = f exp 2mi(hu + kv -+ Iw) f exp —2mi(hu + kv + Iw)
— fexp 2mi(hu + kv + Iw) f exp 2mi(hu + kv + Iw)

Lt = Fig - Frpy = f exp 2miChu + kv + Iw) f exp —2mi(hu + kv + Iw)
= fexp 2mi(hu + kv + Iw) f exp 2mi(hu + kv + Iw).

e e 2
Fpu=F T and F;; = Frips henpe I = Tig
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11 Laue groups

Table 9.1 The eleven Laue point groups or crystal classes

Laue point group Non-centrosymmetric
and centrosymmetric point groups belonging

Crystal system point group to the Laue point group

Cubic m3m 432 43m

(two Laue point groups) m3 23

Tetragonal Afmmm 422 4mm  2m

(two Laue point groups) 4/m 4 .

Orthorhombic i 222 mm2

Trigonal 3m 32 3m

(two Laue point groups) 3 3

Hexagonal Ofmmm 622 6mm Gn2

(two Laue point groups) 6/m 6 6

Monoclinic 2/m 2 m

Triclinic | 1

> Non-centrosymmetric point groups cannot be distinguished from
centrosymmetric groups from diffraction

> 11 centrosymmetric point groups (Laue group) - diffraction pattern can
have 11 symmetries
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Systematic absence
(extinction)
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Systematic absence (extinction)

> The condition that structure factor becomes zero due to a

systematic symmetry condition

> Presence of reflections with zero intensity caused by the space

group (symmetry) of unit cell

> Arise from centering of unit cell and/or the presence of

translational symmetry elements - screw axes, glide planes

v Can get info on these elements from the extinction of peaks
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Structure factor & Extinction conditions

Body-centered

cell
000& 331

F= fezm'(u) + felmih2 K2 if2)

— f[] + e?Ti(.'I+k+[)]

F=2f when (& + k + I)iseven;
F =4f.
F=0 when (h + k& + ) is odd;
F? = 0.
Table 3.2. Example of Conditions for the Extinction of
Reflections Due to Translational Symmetries
Symmetry Extinction Conditions
P none
C hikl; h + k = odd
T hkl h+k + 1= odd
F hkl; h, k, | mixed even and odd
2.1Ib 0k0: k = odd
clb hOL: | = odd
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Systematic absence (extinction)

A=la+ib+0c
B=1a+0b+1lc
C:Oa+%b+%c.

(000), (31 0),(

Fya = f exp2mi(h0 + kO + 10) + f exp 2mi (k) + k1 + 10)

H, K, L; primitive
h, k, I; fcc unit cell

=1 1 — ©
H=5h+5k+0I 2H=h+k Face centred
K=3h+0k+3l or 2K=h-+1 S
- ¥
L=0h+3k+11 2L =k+1. K L et
04).(03). 7. 7/
c i
Hhombohe?raL 60° ;
+fexp2mi(hy+ k04 15) + fexp2mi(h0 + ki +11). iner-axial angle
b
o
Fi = f(1 4 cos2a(h + k) + cos 2w(h + ) + cos 2x(k 4 D)). Fie. A6
ig. A6.1.

hkl; h, k, | mixed even and odd

BCC

=f(1 +cosw(h + k+ D).

Fuy = f exp 2mi(h0 + kO + 10) + f exp 2mi(h ] + ki +11)

Hence when (h + k 4 [) = even integer Fj; = 2f and when (A + k 4+ [) = odd integer

Fria = 0.

hkl; h+ k + [ = odd
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Hammond Appendix 6

Systematic absence (extinction)

monoclinic ¢Lbh kKOl [=odd
Operation of ¢ -glide ﬁ
\c
monoclinic 2,|p 0k0: k = odd
gr;g“rctle?lection Cperation of screw diad
—in plane of = -
paper Screw diad £ re U120V
along y -axis ! b
/T ; Ly By —
®uvw
F = f exp 2mithu + kv + lw) + fexp 2ni (hu + kv + l(% |- W)) 1
- . ‘kuii«p.
Consider the A0/ reflections (k = 0):

Fuor = f exp 2riChu + Iw) + f exp 2wi(hu + w) exp 27ri%l
= fexp 2miChu + Iw)[1 + exp 7il].

Froi = O when | = odd ;

systematic absence for hOl planes

ay

v

X

Fiyy = f exp 2mi(hu + kv + w) + f exp 2mi (hit + k(4 +v) + Iw)
consider the Ok0 reflections (h = [ = 0)

Foro = f exp 2mi(kv) + f exp 2mi (k § + kv)

= fexp 2mi(kv)[1 + exp mik].
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Foko = O when k = odd ; systematic

absence for OkO planes
Hammond Appendix 6




Table A6.1

Extinction criteria for lattices and symmetry elements

Lattice or symmetry

clement type

Lattice type:

Systematic absence
(extinction)

primitive
body-centred

Glide plane || (001)

Glide plane || (100)

Glide plane || (010)

Glide plane || (110)

Screw axis || ¢

Screw axis || a

Screw axis || b

Symbol Class of Condition for
reflections presence
hkl
P none
I h+k+1=2n
centred on the C face C h+k =2n
centred on the A face A k+1=2n
centred on the B face B h +1=2n
h okl
centred on all faces F all = n (odd)
or all =2n (even)
rhombohedral, obverse R —h+k+1=3n
rhombohedral, reverse R h—k+1=3n
a hkO h =2n
b k =2n
n h+k =2
d h+k =4n
b Okl k =2n
c ! =2n
n k+1=2n
d k+1=4n
a hOL h =2n
c I =2n
d h +1=2n
n h +!=4n
c hhl l=2n
n h—+k =2n
d 2h + l=4n
21,49,63 00! l=2n
31,32, 62,64 ! =3n
4,4, I =4n
061,05 I =6n
2,4, h0OO h=2n
4143 h =4n
2,4, 0k0 k =2n
4145 k =dn
2, hhO h =2

Screw axis || [110]
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Hammond Appendix 6

Factors affecting the relative intensity of Bragg reflections

» Structure factor
> Polarization factor
» Multiplicity factor
» Lorentz factor

» Absorption factor

» Temperature factor
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Multiplicity

B9 CHANPARK, MSE, SNU Spring-2019 Crystal Structure Analyses

Multiplicity

> # of permutations of position and sign of +h, *k, #| for planes having same d and F?2
(Cullity)
> # of equivalent planes cutting a unit cell in a particular hkl family (Jenkins & Snyder)
> # of equivalent orientations that a unit cell can have for a given crystallographic
direction (Krawitz)
» Cubic
v' (100), (010), (001), (-100), (0-10), (00-1) > 6
v (111), (-111), (1-11), (11-1), (1-1-1), (-11-1), (-1-11), (-1-1-1) > 8
v' (Intensity of 111) x 3 = ( Intensity of 100) x 4, when other things are equal
» Tetragonal
v' (100), (010), (-100), (0-10) > 4
v (001), (00-1) > 2
v (111), (-111), (1-11), (11-1), (1-1-1), (-11-1), (-1-11), (-1-1-1) > 8
v' (Intensity of 111) = ( Intensity of 100) x 2, when other things are equal
v' (Intensity of 111) = ( Intensity of 001) x 4, when other things are equal

Cullity Chap 4.8
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Multiplicity

Table 6.1. Multiplicities for the Seven Crystal Systems

Hexagonal

Index  Triclinic Monoclinic Orthorhombic Trigonal Tetragonal Cubic
hkl 2 4 8 24* 16* 48*
hhl 2 -+ 8 12* 8 24
hho 2 4 8 6 4 12
Okk 2 % 8 12 8 12
hhh 2 4 8 12 8 8
hk0 2 4 8 12* 8" 24*
ho1 2 2 4 12" 8 24*
Okl 2 4 4 1% 8 7 g
h00 2 2 2 6 o 6
0k0 2 2 2 6 . 6
001 2 2 2 2 2 6

Note: For some space groups within the crystal systems, indexes marked with = are half the indicated val-
ues. A complete listing may be found in Table 3.5.1 in the International Tables for X-Ray Crystallography,

Vol. 1, pp. 32-33.
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CONTINUED No. 14 P2 /e
Generators selected (1); #(1,0,00; #(0,1,00; (0,0,13; (2); (3)

Positions
Maltiplicity. Coordinates Feflection conditions

Whychoff lstter

Site symimaty

4+ ¢« | Pozifions

Wy ckoEE [itr,

5 14 e 1 (13 x5z (D xy+iz+]

1 d 10, 110
1o 1 0,0, ! 0.4.0
2 b 1 10,0 b 4%
2 a1 0,00 0.5}
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Multipliczty, MUH’IP'ICITY Coordinates

RS

: « |sieyumery Number of equivalent points in a unit cel

4rxv+i.2

International Table
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Factors affecting the relative intensity of Bragg reflections

» Structure factor
» Polarization factor
» Multiplicity factor
> Lorentz factor

» Absorption factor

» Temperature factor
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Absorption
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Absorption factor > Hull/Debye-Scherrer

small small
absorption absorption
large
\\‘\\\\ absorption
> Absorption is larger b:”;:',r' .
absorptio

for low O reflection

Highly absorbing specimen
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Absorption factor > Diffractometer, Camera

Transmission & back-
reflection (Laue camera) | &

Transmission (Laue camera)

Iy
1cm
“!‘t /A C//T'_gb
deb —T
S T
| ‘ AT Absorption is independenf‘bf 8 € irradiated
| Hull/Debye-Scherrer camera volume constant (fixed slit)

> No effect on the relative intensity <
decreases the intensities of all diffracted
beams by the same factor
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Extinction

67 CHANPARK, MSE, SNU Spring-2019 Crystal Structure Analyses

Extinction

> Diffracted intensity; perfect xtal « ideally imperfect xtal

» Decrease in infensity as the crystal becomes more perfect (large mosaic

blocks, oriented)

» Ideally imperfect crystal consists of very small mosaic blocks,

uniformly disoriented; no extinction
> Kinematical theory/dynamical theory
> Powder specimens should be ground as fine as possible

» Grinding > reduce crystal size, increase # of diffraction cones,
decrease mosaic block size, disorient mosaic blocks, strain the crystals

non-uniformly

See Cullity 5-4 for mosaic structure
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Primary Extinction

(i)

K 5 S
N
B 3420 ,’4 "
, , | e
> Diffraction from highly perfect crystal SRV
> I (perfect xtal) < I (imperfect xtal) A X 20 K p B
> QK,/Ky) = p/2 TR
> @(K,/K;) = p > destructive interference “‘,‘ -
> lower intensity RS

> Depends on the degree of being perfect

> Does not kill the reflection but lower intensity

» How to avoid? - give some stress (increase mosaicity by e.g. LN2
quenching, heat & quenching, etc. )
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Primary Extinction I ) K
/// //
&° R

< hid &\ /\/e
\\\\‘\sz’///;\\\\\\x <
hid

<
Secondary extinction L—] :/(5‘|
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Mosaic structure

» Not perfectly regular lattice > collection of tiny blocks each slightly
disoriented one from the other
» Angle of disorientation between the blocks is e (< 1 degree)-> diffraction

occurs at all angles between 63 and 63 + €

» Increases the integrated intensity relative to that obtained (or calculated)

for an ideally perfect crystal € strains & strain gradients associated with

the groups of dislocations

(a) unstrained
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Factors affecting the relative intensity of Bragg reflections

» Structure factor
» Polarization factor
» Multiplicity factor
» Lorentz factor

» Absorption factor

» Temperature factor
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Lorentz
Factor

A measure of the amount of time that a point of the
reciprocal lattice remains on the reflection sphere

during the measuring process

Cullity 4-9 (~ 4 pages)
Jenkins & Snyder page 76
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lpeak | «<—-——
Imax
2 | Full Width at
2 Half-Maximum
2 —>/B
Ibkgd
20peak Position (28)
20;
» Diffraction occurs over a range of angles |
ma

v' Incident X-ray is not perfectly collimated
* Angular divergence of the incident x-ray leads to

diffraction from particles with slightly different

v
1

orientations
v' Incident X-ray is not purely monochromatic 205
v’ Crystals can have mosaic structure I &BS integrated
max intensity
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Mosaic structure

> Not perfectly regular lattice = collection of tiny blocks each slightly
disoriented one from the other

» Angle of disorientation between the blocks is € (< 1 degree)-> diffraction
occurs at all angles between 6z and 63 + €

» Increases the integrated intensity relative to that obtained (or calculated)

for an ideally perfect crystal < strains & strain gradients associated with

the groups of dislocations

< 1 .
Ji.ﬂ' l% ST P
24 GTTRY Y TR oz

K T v
TR T &
Y ¢ vt

(a) unstrained
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- ®

) Total length of the plane
dyp = AD — CB = a cos 6, — a cos 6,

= acos (0, — AB) — cos (65 + AG)].

Sy = 2aA0 sin O Try . Path difference b/w rays scattered by
e n 05, = 2Na A0 sin 0 atoms at either end of the plane (3 & 4)

Diffracted intensity = zero when |[2Na A6 sin 6, = A

A
AG = —

2 Na sin 03-

<+ A0 >
76 CHANPARK, MSE, SNU Spring-2019 Crystal Structure Analyses

I..x01/sin®

Max angular range of the peak

Cullity page 145~147




Geometrical factor -1

B\

20,

T,..x 0 1/sin 6, B O 1/cos 64
Size & strain broadening

Integrated 1
: 0TI, B0O(1/sinBy)(1/cos 6g) 0 ——
Intensity max & sin 20
(1)
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Geometrical factor - 2

> Intensity of a reflectionat 6; depends on the # of crystals oriented

at or near 65

> This # is not constant even when the crystals are oriented completely

at random

> Powder specimen at O

» ON; normal to hkl plane in one

crystal of the powder

» Dgq; range of 6 near 63 over which

diffraction is appreciable
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Geometrical factor - 2

> Planes with ends of their normals lying
in this band on the surface of the
sphere, are diffracting

> Fraction of crystals favorably oriented

for reflection = ratio of strip area to

area of the sphere

AN  rAQ - 2mrsin (90° — 65) A6 cos 05
N 4rrr? 2

» Number of crystals favorably oriented for diffraction

AN [ cos GB
(2)
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Origin of powder diffraction pattern

incident
x-ray beam

diffractec
rays

DEBYE RING
of diffraction
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Geometrical factor - 3

2TR sin 2qp

Part of cone A Part of cone B A & C has larger proportion of
Circumference A Circumference B diffraction cone than B on the film

> Relative intensity - integrated intensity per unit line length of one
diffraction line is compared with that of another

> Can geft larger proportion of diffraction cone when reflection is forward or
backward direction (26 << 90° or 26 >> 90°)

> Smaller proportion of cone when 26 090°

Relative intensity per unit length 1 ———  (3)
sin 26
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Lorentz-polarization factor (Lp factor)

( 1 )(cos 9)< 1 )_ cos § 1
sin 20 | sin 26 sin®20 4 sin’@ cos @
(1) 2) @Q3) Lorentz factor

50 T T T T T T T

polarization (1 + cos? 26) 5 - ]
factor

30 - —

1 + cos’28
sin’ 6 cos 6

20 —

L-P factor

Lp factor

10 |~ —

| ] ! 1 1
0 20 40 60 80 100 120 140 160 180

0

two-theta (degrees)

> Geometrical factors decrease intensity of reflections @ intermediate angles

compared to those in forward or backward directions

> Lp factor decreases the intensity at intermediate 26 angles
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» In powder technique, accurate sampling & homogeneous

mixing are critical

» Factors affecting observed intensity to depart from the

theoretical one (important in quantitative phase analysis)

v’ Preferred orientation (texture)
v Microabsorption

v Extinction
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Microabsorption

> Mixture of a & B

> When i, = W, and particle size of a & B is different >

microabsorption can make I(calculated) deviate from I(observed)

> If py >> Yg, or particle size of a > size of B > Intensity diffracted

from a crystals will be much less than calculated intensity

> Can be negligible when (1) y, = ug, and particle size of a & B is same,
or (2) particle size of a & B is very small

- Powder samples should be finely ground
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Microabsorption

® Largest source of residual error in QPA by XRD due to microabsorption
®* Occurs when sample contains a mix of low & highly absorbing phases

A disproportionate amount (more or less) of observed intensity comes from
individual grains relative to what would be expected for the average absorption of
the sample

* High absorbers

Beam absorbed in surface of grain
— Only a fraction of the grain diffracting |||

Intensity under-overestimated — low QPA

®* Low absorbers

Beam penetrates further into grain

— Greater likelihood of ‘volume

diffraction’ occurring & High absorber
Intensity over-estimated — high QPA D) Low absorber
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Microabsorption

» When dealing with a new sample, it is difficult to determine whether a correction
for microabsorption is required without first obtaining additional information

» The Brindley model is most frequently applied correction
v' Requires knowledge of absorption contrast and particle sizes
* The latter is not easily achieved in 'real’ samples
» The Brindley model assumes spherical particles of uniform size
v' Assumption is unrealistic in real samples

v" Even when particle size is measured by eg. laser-sizing or SEM, the best form of
correction can still be unclear

> Many applications suffer from unnecessary and/or excessive correction
v' Largely overcorrected when addressed

> Better results achieved through care in sample preparation than in application
of correction

» Microabsorption is virtually absent for neutrons
v" Neutron diffraction based results can act as a 'benchmark’ for X-ray studies
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~ Sample Related Factors Affecting Accuracy
Microabsorption (cont’d)

® Brindley devised criteria for assessing whether microabsorption is
likely to present a problem

— uD = (linear absorption coefficient X particle diameter)

Fine powders
— 1D < 0.01 — negligible micro-absorption, no correction necessary

— 0.01 < 4D < 0.1 — micro-absorption present, normal Brindley model applies
o Coarse powders

— 0.1 < uD < 1.0-larger micro-absorption effect, use Brindley model to
estimate effect — provided uD is closer to the lower limit

o Very coarse powders

— 1D > 1.0 —severe micro-absorption effect, beyond limits of model,
concept of micro-absorption loses meaning
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Intensities of diffraction peaks

» RELATIVE intensity (no absolute intensity)

» Factors constant for all lines are omitted

I; relative integrated intensity F. structure factor
p; multiplicity factor A; absorption factor
e?M; temperature factor

Hull/Debye-Scherrer | _ | g2 (1 + cos’ 23)/—1(9)(—32‘”
camera sin”fcos 0
Diffractometer [ =|F*p (1 + COS#ZH)E-- 2M
sin” fcos 0

okt = ()| (e ) oo s oo ) )
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Intensity diffracted by a single phase powder
specimen in a diffractometer

1 AN w )2 et 171 1 + cos*26 e M
kel = [ -2 - = :
(k1) (327rr )K% mZKﬁ)[’F(h“” P(szacos 9>K 2u )

> I(hkl) = integrated intensity per unit length of diffraction line

> I, = intensity of incident beam

» A = crosssectional area of incident beam
> r = radius of diffractometer circle

» V = volume of unit cell

» F(hkl) = structure factor

> p = multiplicity factor

> e2M: temperature factor

> W = linear absorption coefficient
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Electron density distribution

c? >c
S S
4/ i Ny
\CET N
G O ‘
(b) Protein myoglobin

nickd phthaocyanine
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Amorphous & partially crystalline samples

Long range
Crystal order > A single atom scatters incident X-ray beam in

INTENSITY

all directions

Short range order > Large # of atoms arranged in a perfectly

Liquid periodic array in 3-D to form a crystal,
Amorphous solid

INTENSITY

scatters x-rays in a few directions

o » Crystal imperfection > diffraction @ non-
No periodicity

Monatomic gas Bragg angles > diffraction occurs in a narrow

INTENSITY

angular range with center @ 6,

0 90 180
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