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Cullity Chapter 4  
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Intensity

 How much Intensity a single electron will coherently scatter?

 Interference effects due to electrons being distributed in space 

around atoms

 Atoms are not stationary --- vibrate

 Intereference effects caused by scattering from atoms in 

different regions of the unit cell

Unit cell
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Factors affecting the relative intensity of Bragg reflections

Structure factor

Polarization factor

Multiplicity factor

Lorentz factor

Absorption factor

Temperature factor
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Atomic Scattering Factor (f), Structure Factor (F)

Scattering from a single electron

Scattering from a single atom  f

Scattering from a unit cell  F

10 μm 10 nm 1 Å
Scatter from 

Multiple Atoms
Scatter from 

an Atom
Scatter from 
an Electron
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f & F
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Unit cell

Diffraction = reinforced coherent scattering
Read Cullity Ch 4-3
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Intensity of XRD

 Scattering amplitude of a single electron

 How much Intensity a single e’ will coherently scatter?

 Scattering amplitude of a single atom  f (atomic scattering factor)

 Interference effects due to coherent scatter of all the e’‘s in an atom?

 Scattering amplitude of a unit cell  F (structure factor)

 Interference effects caused by scattering from all the atoms in different regions 

of the unit cell

f =
amplitude scattered by a single e’

amplitude scattered by an atom

F = amplitude scattered by a single e’

amplitude scattered by all the atoms of a unit cell



7 CHAN PARK, MSE, SNU   Spring-2019   Crystal Structure Analyses

How much Intensity a single e’ will coherently scatter? 

 X-ray is electromagnetic radiation which can be seen, from a fixed 

point in space, as an oscillating electric field

 This field can cause an e’ to oscillate (accelerate & decelerate) 

cause an e’ to re-radiate the energy as a spherical wave

 J.J. Thomson --- Intensity scattered from an e’

 Incident X-ray is unpolarized

 Process of scattering polarizes X-ray  polarization factor

 polarization factor
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Scattering by a single electron

z

Polarization factor

J.J. Thomson Total scattered intensity @ P

Read Cullity page 123 ~ 144

Cullity page 125

Thomson equation for the 
scattering of x-ray beam 
by a single electron

a = angle b/w scattering direction & 
acceleration direction of e

y

x
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Interference effect due to the e’s distributed in space around atoms

 Interference  scattering from different regions of the e’ cloud

 Takes into account the influence of the atom specific e’ shell on    

the scattering of X-rays

 Normalized in units of the amount of scattering occurring from a 

single e’

f =
amplitude scattered by a single electron

amplitude scattered by an atom

)(ϑFf = Zf o =)0(

 atomic scattering factor
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Atomic scattering factor (form factor)

l
l

A
B

D

C

Path difference 
between A&B 

Path difference 
between C&D >

Hammond page 171
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XRPD pattern
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Atomic scattering 
factor

Cullity
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Atomic scattering
factor

Cullity
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Atomic scattering factor

Cullity
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Factors affecting the intensity of the scattering from an atom (f)

Anomalous scattering (anomalous dispersion)

Thermal motion
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Anomalous scattering (anomalous dispersion)
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Absorption & anomalous scattering

Energy

A
bs

or
pt

io
n

Energy

f’’ “mirrors” the absorption 
coefficient

f’ is intimately related to 
the absorption coefficient

f’

f’’



19 CHAN PARK, MSE, SNU   Spring-2019   Crystal Structure Analyses

Factors affecting the relative intensity of Bragg reflections

Structure factor

Polarization factor

Multiplicity factor

Lorentz factor

Absorption factor

Temperature factor
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Temperature 
factor
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Thermal motion

Thermal vibration of atoms 

 Unit cell expands  inteplanar spacing (d) changes  2θ

position changes

 Intensity of diffraction lines decreases

 Degrades the periodicity of the lattice

 Intensity of background scattering increases

effective size of atom is larger  destructive 

interference increases with increasing 2θ
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Atomic scattering factor (form factor)

l
l

A
B

D

C

Path difference 
between A&B 

Path difference 
between C&D >

Hammond page 171
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Temperature factor

Debye-Waller temperature factor B
Mean-square displacement of atom vibration U2

Mean displacement = 0 

 Atomic vibration  effective size of atom is 

larger  interference effects larger

Jenkins & Snyder page 68
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Thermal motion
Isotropic temp factor B, Uiso

Anisotropic temp factor Bij & Uij

2π2Uij  = βij Temp factor; B, Uiso, Bij, Uij, βij

Jenkins & Snyder page 68
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Thermal motion

Jenkins & Snyder page 69
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Temperature factor

 Thermal vibration of atoms

 decrease of intensity of diffraction lines

 Effect increases with 2q

 thermal diffuse scattering

 Thermal vibration causes general coherent scattering in all directions

 Contributes to background (BKG)

 BKG intensity increases with 2q

no thermal vibration thermal vibration

Cullity page 157
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Factors affecting the relative intensity of Bragg reflections

Structure factor

Polarization factor

Multiplicity factor

Lorentz factor

Absorption factor

Temperature factor
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Structure 
factor

Unpolarized incident X-ray becomes polarized after diffraction

Every time a ray is diffracted, it undergoes a phase shift of π/2 relative to 

the incident beam
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Structure factor

Hammond chapter 9

Path difference
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Structure factor

uvw

Cullity chapter 4-4

Path difference b/w 2’ & 1’

Path difference b/w 3’ & 1’

Phase difference f

The effect of 3’ on 1’ & 2’ ?

Position of atom B, u = x/a 

Position of atom B, uvw 

Phase difference for the hkl
reflection b/w waves scattered 
by B & that scattered by A at 
origin

(h00) 
diffraction
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F = resultant wave scattered by all the atoms in the unit cell

F contains info on both amplitude and phase of the resultant wave 

Structure factor

Cullity 4-4

Add all the waves scattered by each atom in the unit cell  addition 

of complex numbers representing amplitudes and phase of each wave

Any scattered wave from 

hkl reflection & atom in uvw

Phase difference b/w waves scattered by B and 

that scattered by A at origin for hkl reflection

Cullity page 136
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Vector phase diagram for obtaining Fhkl

Hammond Chapter 9

Atomic scattering factors are represented with phase angles with 

respect to a wave scattered from the origin
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Structure Factor

un, vn, wn, fn  Fhkl can be obtained  can get Ihkl

Positions of atoms in unit cell, atomic scattering factors 

(kind of atoms)  F & I

Read Hammond Chap 9.1, 9.2, 9.3
Read Cullity Chap 4.4

2
~ hklhkl FI

F = amplitude scattered by a single electron
amplitude scattered by all the atoms of a unit cell

Intensity of any hkl reflection from a knowledge of atomic 
positions can be calculated
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 Positions of atoms in unit cell, atomic scattering factors 

 Fhkl & Ihkl

 Ihkl from several sets of planes  atom positions ; 

crystal structure determination

 F  I   vs.   I  F

 F  I (structure  diff pattern); I  F (D pattern  structure)

 Phase info in going from Fhkl to Ihkl is lost 

 phase problem
 We do not know in which direction the vector Fhkl points

2
~ hklhkl FI
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(a) & (b) : the original images.

Phase problem

(a) (b)

(c) (d)
(c) : Fourier reconstruction which has the Fourier phases of (a) and Fourier 

amplitude of (b).

(d) : reconstruction with the phase of (b) and the amplitude of (a).

A graphic illustration of phase problem
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Fourier transform

 Fhkl =   rxyz exp (2πi(hx+ky+lz)) dV

 rxyz = (1/V)    Fhkl exp (-2πi(hx+ky+lz))

 e’ density  Fourier transform  diffraction pattern

 I is related to e’ density through Fourier transform 

 Xtal structure  Fourier transform  diffraction pattern

 EXAFS pattern  Fourier transform  radial distribution function (rdf)

 r space = real space           diffraction space = reciprocal space

 Reciprocal space always has centrosymmetry even though there is no 

centrosymmetry in real space

 Diffraction pattern always gives Laue group pattern

v

h k l

Sherwood & Cooper
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Diffraction pattern 

intensity

F(k) is Fourier transform of f(r) 

Inverse transform

F(k) ; contains info on the spatial distribution of diffraction pattern

f(r) ; contains info on the structure of obstacle 

XRD
experiment

Crystal
structure

Inverse Transform

Sherwood & Cooper Chap 6
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f(r) vs. F(k)

If the structure is known 
 f(r) is known 
 diffraction pattern F(k) can be computed

If the diffraction pattern is known 
 F(k) is known 
 f(r)  can be computed

The act of diffraction = taking Fourier transform of the 
obstacle

Diffraction pattern of an obstacle described by f(r) is the 
Fourier transform of f(r), which is F(k)

Sherwood & Cooper Chap 6
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Experimental Limitation

 Information is contained in all space.  

 It is impossible to scan all space to collect all the information 

 some info is lost 

 reconstruction of the obstacle from the diffraction data will 

be incomplete

 PHASE PROBLEM

Sherwood & Cooper Chap 6.14

intensityXRD
experiment

Crystal
structure
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real space vs. reciprocal space

real space reciprocal space

Read Hammond Chap 9.1, 9.2, 9.3

Friedel’s law
 Diffraction pattern from a 

centrosymmetric crystal is 
centrosymmetric

 Diffraction pattern from a non-centrosymmetric 
crystal is centrosymmetric  Friedel’s law
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Structure factor

Unit cell with only 
one atom at 000

Base-centered 
cell 000 & ½½0

Cullity page 138

Read Cullity Chap 4.6

Body-centered cell
000 & ½½½ 
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Structure factor

face-centered cell
000, ½½0, ½0½ & 0½½ 

Read Cullity Chap 4.6
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Structure factor

Read Cullity Chap 4.6

NaCl
Na 000, ½½0, ½0½ & 0½½
Cl ½½½, 00½, 0½0, ½00
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Structure Factor - CsCl

Hammond

 caesium iodide (CsI)
 basis I-: 0,0,0  Cs+:½,½,½
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Structure Factor - CsCl

Hammond
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Structure Factor - hcp

Read Cullity Chap 4.6

When (h + 2k) is a multiple 
of 3 and l is even
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Structure
Factor
hcp

Read Cullity Chap 4.6
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Structure Factor - hcp

Hammond Chap 9

Argand diagrams for an hcp 
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Friedel’s law

 Diffraction pattern from a centrosymmetric crystal is 

centrosymmetric

 Diffraction pattern from a non-centrosymmetric crystal is 

centrosymmetric  Friedel’s law

Hammond Chap 9
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11 Laue groups

 Non-centrosymmetric point groups cannot be distinguished from 
centrosymmetric groups from diffraction

 11 centrosymmetric point groups (Laue group)  diffraction pattern can 
have 11 symmetries

Read Hammond Chap 9.1, 9.2, 9.3
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Systematic absence 
(extinction)

Hammond Appendix 6
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Systematic absence (extinction)

 The condition that structure factor becomes zero due to a 

systematic symmetry condition 

 Presence of reflections with zero intensity caused by the space 

group (symmetry) of unit cell

 Arise from centering of unit cell and/or the presence of 

translational symmetry elements – screw axes, glide planes

 Can get info on these elements from the extinction of peaks

Hammond Appendix 6
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Structure factor & Extinction conditions 

Body-centered 
cell

000 & ½½½ 

Jenkins & Snyder



55 CHAN PARK, MSE, SNU   Spring-2019   Crystal Structure Analyses

Systematic absence (extinction)

Hammond Appendix 6

H, K, L; primitive
h, k, l; fcc unit cell

FCC

BCC
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Systematic absence (extinction)

Hammond Appendix 6

Fh0l = 0 when l = odd ; 
systematic absence for h0l planes

monoclinic

monoclinic

F0k0 = 0 when k = odd ; systematic 
absence for 0k0 planes
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Systematic absence 
(extinction)

Hammond Appendix 6
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Factors affecting the relative intensity of Bragg reflections

Structure factor

Polarization factor

Multiplicity factor

Lorentz factor

Absorption factor

Temperature factor
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Multiplicity
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Multiplicity
 # of permutations of position and sign of ±h, ±k, ±l for planes having same d and F2 

(Cullity)

 # of equivalent planes cutting a unit cell in a particular hkl family (Jenkins & Snyder)

 # of equivalent orientations that a unit cell can have for a given crystallographic 

direction (Krawitz)

 Cubic

 (100), (010), (001), (-100), (0-10), (00-1)  6

 (111), (-111), (1-11), (11-1), (1-1-1), (-11-1), (-1-11), (-1-1-1)  8

 (Intensity of 111) x 3 = ( Intensity of 100) x 4, when other things are equal

 Tetragonal

 (100), (010), (-100), (0-10)  4

 (001), (00-1)  2

 (111), (-111), (1-11), (11-1), (1-1-1), (-11-1), (-1-11), (-1-1-1)  8

 (Intensity of 111) = ( Intensity of 100) x 2, when other things are equal

 (Intensity of 111) = ( Intensity of 001) x 4, when other things are equal

Cullity Chap 4.8
Krawitz page 151~153
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Multiplicity

Krawitz
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Number of equivalent points in a unit cell

Multiplicity

International Table
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Factors affecting the relative intensity of Bragg reflections

Structure factor

Polarization factor

Multiplicity factor

Lorentz factor

Absorption factor

Temperature factor
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Absorption
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Absorption is larger 

for low θ reflection

Highly absorbing specimen

high 2θ

low 2θ

small
absorption

small
absorption

large
absorption

small
absorption

Cullity page 150

Absorption factor > Hull/Debye-Scherrer
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Absorption factor > Diffractometer, Camera

Transmission (Laue camera)

Transmission & back-
reflection (Laue camera)

back-reflection (Laue camera)

Hull/Debye-Scherrer camera

 Absorption is independent of θ  irradiated 
volume constant (fixed slit)

 No effect on the relative intensity 
decreases the intensities of all diffracted 
beams by the same factor
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Extinction
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Extinction

 Diffracted intensity; perfect xtal << ideally imperfect xtal

 Decrease in intensity as the crystal becomes more perfect (large mosaic 

blocks, oriented)

 Ideally imperfect crystal consists of very small mosaic blocks, 

uniformly disoriented; no extinction

 Kinematical theory/dynamical theory

 Powder specimens should be ground as fine as possible

 Grinding  reduce crystal size, increase # of diffraction cones, 

decrease mosaic block size, disorient mosaic blocks, strain the crystals 

non-uniformly

See Cullity 5-4 for mosaic structure

Cullity page 360
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Primary Extinction

 Diffraction from highly perfect crystal

 I (perfect xtal) << I (imperfect xtal)

 φ(Ko/K1) = p/2

 φ(Ko/K2) = p  destructive interference
 lower intensity 

 Depends on the degree of being perfect

 Does not kill the reflection but lower intensity

 How to avoid? – give some stress (increase mosaicity by e.g. LN2 
quenching, heat & quenching, etc. )

Cullity page 178
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Secondary extinction

Primary Extinction

Pecharsky page 202

θ

θθ θ

Io
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Mosaic structure

 Not perfectly regular lattice  collection of tiny blocks each slightly 

disoriented one from the other

 Angle of disorientation between the blocks is e (< 1 degree) diffraction 

occurs at all angles between θB and θB + ε

 Increases the integrated intensity relative to that obtained (or calculated) 

for an ideally perfect crystal  strains & strain gradients associated with 

the groups of dislocations

Cullity page 174~176

strained

unstrained
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Factors affecting the relative intensity of Bragg reflections

Structure factor

Polarization factor

Multiplicity factor

Lorentz factor

Absorption factor

Temperature factor
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Lorentz 
Factor

Cullity 4-9 (~ 4 pages)
Jenkins & Snyder page 76

A measure of the amount of time that a point of the 
reciprocal lattice remains on the reflection sphere 

during the measuring process
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2θB

B

Imax

 Diffraction occurs over a range of angles

 Incident X-ray is not perfectly collimated

 Angular divergence of the incident x-ray leads to 

diffraction from particles with slightly different 

orientations

 Incident X-ray is not purely monochromatic

 Crystals can have mosaic structure

2θB

B

Imax

Imax & B 
integrated 
intensity



75 CHAN PARK, MSE, SNU   Spring-2019   Crystal Structure Analyses

Mosaic structure

 Not perfectly regular lattice  collection of tiny blocks each slightly 

disoriented one from the other

 Angle of disorientation between the blocks is ε (< 1 degree) diffraction 

occurs at all angles between θB and θB + ε

 Increases the integrated intensity relative to that obtained (or calculated) 

for an ideally perfect crystal  strains & strain gradients associated with 

the groups of dislocations

Cullity page 174~176

strained

unstrained
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θ1 = θB + ∆θ

θ2 = θB - ∆θ
Geometrical factor - 1

Diffracted intensity = zero when

Imax ∝ 1/sin θ

Cullity page 145~147

Max angular range of the peak

Total length of the plane

3 4

∆θ

Path difference b/w rays scattered by 
atoms at either end of the plane (3 & 4) 

5 6
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Geometrical factor - 1

2θB

B

Imax

Imax ∝ 1/sin θB B ∝ 1/cos θB

∝ Imax B ∝ (1/sin θB) (1/cos θΒ) ∝

Cullity page 146~148

Size & strain broadening

(1)

Integrated 
Intensity
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Geometrical factor - 2

 Intensity of a reflection at θB depends on the # of crystals oriented 

at or near θB

 This # is not constant even when the crystals are oriented completely 

at random

 Powder specimen at O

 ON; normal to hkl plane in one 

crystal of the powder

 Dq; range of θ near θB over which 

diffraction is appreciable 

Cullity page 148
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Geometrical factor - 2

 Planes with ends of their normals lying 

in this band on the surface of the 

sphere, are diffracting

 Fraction of crystals favorably oriented 

for reflection = ratio of strip area to 

area of the sphere

 Number of crystals favorably oriented for diffraction

∆N ∝ cos θB

Cullity page 148

(2)
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Origin of powder diffraction pattern

incident 
x-ray beam

diffracted 
rays

e.g. d*
111

EWALD
sphere

Powder 
Specimen

DEBYE RING
of diffraction
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Geometrical factor - 3

 Relative intensity  integrated intensity per unit line length of one 

diffraction line is compared with that of another

 Can get larger proportion of diffraction cone when reflection is forward or 

backward direction (2θ << 90° or 2θ >> 90°)

 Smaller proportion of cone when 2θ ∼ 90°

Relative intensity per unit length ∝

Cullity page 149

2πR sin 2qB

(3)

A & C has larger proportion of 
diffraction cone than B on the film 

A

B

C

part of 
cone

Circumference A
Part of cone A

Circumference B
Part of cone B>
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Lorentz-polarization factor (Lp factor)

 Geometrical factors decrease intensity of reflections @ intermediate angles 

compared to those in forward or backward directions

 Lp factor decreases the intensity at intermediate 2θ angles 

Lp factor

polarization 
factor

Lorentz factor(2) (3)(1)
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 In powder technique, accurate sampling & homogeneous 

mixing are critical

Factors affecting observed intensity to depart from the 

theoretical one (important in quantitative phase analysis)

 Preferred orientation (texture)

Microabsorption

Extinction
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Microabsorption

 Mixture of α & β

 When µα ≈ µβ, and particle size of α & β is different 

microabsorption can make I(calculated) deviate from I(observed)

 If µα >> µβ, or particle size of α >> size of β  Intensity diffracted 

from a crystals will be much less than calculated intensity

 Can be negligible when (1) µα ≈ µβ, and particle size of α & β is same, 

or (2) particle size of α & β is very small

 Powder samples should be finely ground

Cullity page 360
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Microabsorption

Ian Madsen, CSIRO
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Microabsorption

 When dealing with a new sample, it is difficult to determine whether a correction 
for microabsorption is required without first obtaining additional information

 The Brindley model is most frequently applied correction

 Requires knowledge of absorption contrast and particle sizes

 The latter is not easily achieved in ‘real’ samples

 The Brindley model assumes spherical particles of uniform size

 Assumption is unrealistic in real samples

 Even when particle size is measured by e.g. laser‐sizing or SEM, the best form of 

correction can still be unclear

 Many applications suffer from unnecessary and/or excessive correction

 Largely overcorrected when addressed

 Better results achieved through care in sample preparation than in application 

of correction

 Microabsorption is virtually absent for neutrons

 Neutron diffraction based results can act as a ‘benchmark’ for X‐ray studies

Ian Madsen, CSIRO



87 CHAN PARK, MSE, SNU   Spring-2019   Crystal Structure Analyses Ian Madsen, CSIRO

88 CHAN PARK, MSE, SNU   Spring-2019   Crystal Structure Analyses

Intensities of diffraction peaks

 RELATIVE intensity (no absolute intensity)

 Factors constant for all lines are omitted

Hull/Debye-Scherrer
camera

I; relative integrated intensity F; structure factor
p; multiplicity factor A; absorption factor
e-2M; temperature factor

Diffractometer
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Intensity diffracted by a single phase powder 
specimen in a diffractometer

 I(hkl) = integrated intensity per unit length of diffraction line 

 I0 = intensity of incident beam

 A = crosssectional area of incident beam

 r = radius of diffractometer circle

 V = volume of unit cell

 F(hkl) = structure factor

 p = multiplicity factor

 e-2M; temperature factor

 µ = linear absorption coefficient
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Electron density distribution

nickel phthalocyanine

Protein myoglobin
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Amorphous & partially crystalline samples

 A single atom scatters incident X-ray beam in 

all directions

 Large # of atoms arranged in a perfectly 

periodic array in 3-D to form a crystal, 

scatters x-rays in a few directions

 Crystal imperfection  diffraction @ non-

Bragg angles  diffraction occurs in a narrow 

angular range with center @ θB

No periodicity

Short range order

Crystal

Liquid
Amorphous solid

Monatomic gas

Long range 
order




