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4 Continuous Random Variables

There are random variables whose set of possible values are uncountable.
Example . The lifetime of a light bulb.

Definition:

X is a continuous random variable if there exist a non-negative funtion f, defined for all
real x € (—oo, 00), having the property that for any set B of real numbers.

P{X e B} = / f(z)dz
B
The function f is called the probability density funtion of the random variable X.

e f must satisfy

1=P{Xe€(—00,0)} = /_00 f(x)dz
P{aSng}:/bf(:c)dx

P{X =a} = / f(z)dz =
This shows that the probability of a continues random variable will assume any

fixed value is 0.
P{X <a} =P{X <a} =F(a) / f(z

Example .

The amount of time, in hours that a computer funtions before breaking down:

a continuous random variable with probability density funtion

e~ 100 x>0

f(x) =
0 z <0

(a) Probability that a computer will funtion between 50 and 150 hours

before breaking down 7



1:/ f(x)dac:/\/ e~ T0dz = 100 A
0
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(b) Probability that it will function less than 100 hours ?

100 1 - A
P{X < 100} = / —e 1dr =1-¢€ = .633
, 100

e F(a) = P{X ¢ (—00,a) = /_ f(w)da

e Fla) =P{X e (—-o0,a)} = /_a f(z)dz

= dia F(a) = f(a).

e For very small ¢, and when f(.) is continuous at a,

a—

<X < a+;}+/ f(x)dz ~ cf(a).
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e X : A continuous random variable with probability density funtion f(z), then

fx)de ~ P{x <X <zx+4+dz} forsmalldz

E[X] = / xf(x)dz : the expected value of X for any real - valued funtion g,

—0o0

Elg(X)] = / " g(@) fla)de

—00

Lemma For a non-negative random variable Y,



B[Y] = /OOOP{Y>y} dy

Proof.

RHS — /OOO /yoo Fy(2)dx dy

(By interchanging the order of integration)

- /OOO (/Omdy> fy (2)dx
_ /Oooxfy(a:)dx

= E[Y]
e If a & b are constants, then
ElaX + 0] = aE[X] + b
o Var(X) = E[(X — p)?] = E[X?] - (E[X])*
e Var(aX + b) = a? Var(X).

4.1 Uniform Random Variable

e A random variable is said to be uniformly distributed over the interval (0, 1)
if its probability density function is
1 O<z <1

flz) =

0 otherwise

b
=Pla<X <b} = / fx)dx=b—a

for any 0 < a < b < 1.



o X ~ Ula, f]

o a<zr<f

f(z) =
0 otherwise
0 a<
=F(a) = g:z a<a<f
1 a>p
00 <)
E[X]:/_ a:f(x)d:r::/ ﬁfadxza;—ﬁ

g
E[X?] = / ﬁia 22dx = %(042 +af + 3?)

2
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4.2 Normal Random Variables
e X is normally distributed with parameters 1 and o? if the density of X is
given by
1 —ew?

f(x) = e 27 —00 <z < 00 (%)
2no

e Many random phenomena obey, at least approximately, a normal probability

distribution.

e Is (x) indeed a probability funtion ?

Let y = TR , then

< 1 —(z=p? 1 2
e 22 dx = — e 2d Kok
/oo 2o V2T /oo Y ()

o y2
Let I:/ e 2dy  then

—0o0



B[X] = —

Where as,

o Var(X) = E[(X - 1)?]

where as, r=rcosf, y=rsind

oo 2 2
= / / e 2 rdfdr
o Jo

o 7"2
= 27r/ re 2 dr
0

= 27

(k) = 1

Il z—p=y

V2mo J—xo

1 © —w?
ﬁ ye 202 dy =0 and W
—0 -

1 oo —(=w)?
= / (x—p)?e 2t dz

00 —(o—p)2 00
/ (¢ —pe 2 dx+ —- /
2n0 J_co 210 J—oo

1 © —? o0
/ ye 207 dy + u/ f(x) dx

o0

270 J_oo
_T—p
I y= .
1 o0 -2
- 27r0/ er : dy
— 00
1 -2 |*° © _(y?
-ye 2 + e 2 dy
2ro oo —o0

| Integration by parts



o If X ~ N(u,02), then
Y = aX + B8~ N(ap + 8, a?c?)

Proof.
(Suppose that o > 0).

The cumulative distribution funtion of Y

Fe(@) = P{oX + § < a} = P{X < “~ 2} = py (“;ﬁ)

| differentiate

wo =2 (“F0) = o5 [_WW]

o WideTod 2(&0’)2

e X ~ N(p,0?) , then
Z= % ~ N(0, 1) : Standard unit normal distribution.

Notation: The cumulative distribution funtion of a standard normal random variable

1 T2
= (P(:Zf) = E e 2 dy

Regarding ®(z), we can look up the table for z > 0
For non-negative z,

O(—x) =1- P(x) —00 <z < 00

(" symmetry of the density funtion)

Distribution funtion of X ~ N(u,0?) ?




4.3 Binomial Distribution ~~ Normal Distribution

De Moivre - Laplace Limit Theorem

Sn = # of successes that occur when n independent trials, each with
success probability p, are performed.

Then, for any a < b,
Sn — np
Pla< ——=———=<b, — @) - o)
np(l —p)
(Where as, np is mean and np(1 - p) is Standard deviation)

Remarks. This is the special case of the central limit theorem, to be presented in Chapter-8.

Example 4.h

100 people are put on the special diet. it will be endorsed if > 65% of the people have

lower cholesterol after the diet.

Assume that if the diet has no effect on the cholesterol, then , strictly by chance,
each persons cholesterol level will be lower than before with probability 1/2.

Probability that the diet will be endorsed when it actually has no effect
100 100
1
=) ( 1?0 > <2> = P{X > 64.5}
i=65

X —100.
> 2.9

1= ][0~

100.3.

£

L

1- ®(2.9) ~ 0.0019

Q

4.4 Exponential Random Variables
e An exponential random variable with parameter A

: probability density funtion



= Cumulative distribution function

Fla) =P{X <a} = / Ae M dx = 1-e @
0

e E[X] = / rAe M dx
0

| Integration by parts

e E[X?] = / e dx
0

| Integration by parts

2
= —FEX
0 + 5 [X]
2
Y
1

Example .
Amount of time until an Earthquake.

Amount of time until a new war. etc.

Definition:
A non-negative random variable is memoryless



If,

PX>s+t|X>t}=P{X>s} forall s,t>0.

If the instrument is alive at age t, the distribution of the remaining amount
of time that it survives is the same as the original lifetime distribution.

(It does not remember that it has already been used for a time )

P{X>s+t,X >t}

P{X >t} = x> s}

& P{X>s+t} =P{X>s} P{X >t}

Example .
e—)\(s+t) — oS g— At

.. Exponential distributed random variables are memoryless.

Claim:

The exponential distribution is the unique distribution possessing the
memoryless property!

— Suppose X is memoryless and let F'(z) = P{X > x}.

Then

F(s+t) = F(s)F(t)

i.e. F(.) satisfies g(s +1t) = g(s) g(t).

The only right continuous solution of this is

Why ?



4.5 Laplace Distribution (Double Exponential)

Density Function f(z) = 1 A el —00 < T < 00

Distribution Funtion

s [7 . xeMda x <0
fa) =
ffoo AeMdr + %fox e Mdy x>0
% e)\m
- 1- % e M

e A positive continuous random variable X ~ lifetime of some item, with

distribution funtion F and density p

Hazard rate (failure rate)

A(t) of F
)\(t)—]‘};((i)) F(t)=1-F

Suppose that the item has survived for ¢ and we want to know the probability that it

will not survive for additional dt.

P{Xe(t,t +dt), X >t}
P{X >t}

P{X ¢ (t,t+dt) | X >t} =

_ P{Xe(t,t+dt)}
- P{X>t)

10



~ 10
~ ) dt

: The conditional probability intensity that a t-unit-old item will fail.

Example . Exponential Distribution

= memoryless = distribution of remaining life for a ¢t-year-old item is the same
as for a new item.

= A(t) is constant

)\e—)\t

e The failure rate function A(¢) uniquely determines the distribution F.

a
At) = 1diF1§2)

t
- _/ At)dt + k = log(1— F(t))
0
= 1-F(t) = ¢ exp{— [j A(¢t)dt}

t=0= k=0. SF(t) = 1- exp{— [ Mt)dt}

4.6 Gamma Distribution)
A random variable is said to have a gamma distribution with parameters (a, \)

A>0,a>0
it its density funtion is given by,

AT T o g >0

I(a)
flx) =
0 z <0
o0
where , T'(a) = / e Yy ldy : gamma funtion
0
Note:
oo
Na)= -e7¥ ya_l}go + / e Y(a—1)y*2dy

0
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I'n)= n-1)T(n-1)=Mmn-1)(n-2)I' (n-2)= ... = (n-1)!

e T4 : The time at which the n'" event occurs.

N(t) : # of events in [0, t]
P(T, <t} = P{N() 2 n} = Y PIN() =3)

(# of events in [0, t] has a poissons distribution with parameter \t)

| Differentiate

ot —)\t 7—1 o e—)\t j
oy = 30 IOy AT

j=n j=n

B i)\e"\t(/\t)j‘l 2 Ae ML)

i —1)! !
= -1 =
—)\t()\t)n 1
- (n—1)1

[ gamma distribution with (n,\) ]
e X ~ gamma(a, \).
1 A -1
EX] = — Ae M (Ax) Hdx
0

AT (\z)%dx

Fa+1) «

M) X\

2
Var [X] = %

12



4.7 Beta Distribution

(1 — )bt 0<z<l1

o

otherwise

1
B (a,b) = / 221 (1 —2)" ! do
0
— used to model a random phenomenon whose se of possible values are some

finite interval [c, d].

a>1

(%)

—
a—
\
\
3]
N
[EnY

0 1
(a = b) beta density is symmetric about 1/2

f(x)

Note:
_ D(a)T'(b)
B(a.b) = T
X] = a i b
Var (X) = ab

(@+b)2(a+b+1)

13



4.8 Distribution of a funtion of a random variable

Example .

X : a continuous random variable with probability density function f,.

Y = X2,
Fy(y) =P {Y <y} =P{X2 <y}
=P{-y<X<y}

! Differentiate

1

fr(y) = m

Theorem

X : a continuous random variable with probability density f..

g(x) : a strictly monotone (increasing or decreasing), differentiable (and thus continuous)

funtion of x.
Then the random variable Y = g(x) has a probability density funtion
Flo 1@ 1Ee7 ()] ify = g(x) for some z

fr(y) =
0 if y # g(x) for all =

Where g~ !(y) is define to equal that value of = such that g(z) =y

Proof.
Let y = g(x) for some x. Then

Fy(y) =P {g(z) <y} = P{X < g7 (y)}
= F.(97(y)).
| differentiating

14



fr) = folo— ) jyg%y)

When y # g(z) for any x, then Fy(y) = 0 or 1. = fyly) =0

Example .

X : a continuous non-negative random variable with density f.

Y=X", fy=7?

Solution.
Let g(z) = 2" = g '(y) =y~
d 1 _ l 1y
& (97 (y) = ~ Y
I 14,1
fr(y) = —yn flym)

(Compare with the previous example)
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