STEADY-STATE, MULTI-DIMENSIONAL

CONDUCTION

< Analytical Method:
Separation of Variables

e Conduction Factor and
Dimensionless Conduction Heat Rate

« Numerical Method:

Finite Difference Method
Finite Volume Method



Analytical Method

Separation of Variables
C 0T 8T

VT (X,Y) =0

= +
oX° oy’
+ Boundary conditions

1) Equation : linear and homogeneous
2) Boundary condition : homogeneous
at least in one direction

!

Eigenvalue problem in the direction
of homogeneous boundary condition



Sturm-Liouville Theory

Sturm-Liouville System : Hermitian operator
(self-adjoint operator)

L=t {d[P(x)i}uR(x)}, w(x)>0 over (a<x<b)
w(X) | dx dx

w(X) : weighting function
Corresponding eigenvalue problem
Lu(Xx)+ Au(x) = L{(P(x)u'(x))' + R(x)u(x)}+/1u(x) =0
w(X)

or  (P(X)U'(x)) +R(x)u(x)+Aw(x)u(x) =0

boundary conditions : au(a)+ gu'(a) =0, yu(b)+éu'(b)=0



Definition of inner product : (f(X),g(x))szW(x)f(x)g(x)dx
(Luv)= boundary terms +(Lv,u)

L0 = = (POOU0) + ROu(0)

(Lu,v)= Lb[( Pu) + Ru]vdx =[Puv]’ - [ Puvidx + [ Ruvdx
~[Puv] _{[ Pyl - [ (Pv') udx}+ [ Ruvax
= [Puv-Puv] + jabu[( Pv') + Rv]dx

= boundary terms +(L'v,u) thus L=L



boundary terms
P(b)u’(b)v(b)— P(b)u(b)v'(b)- P(a)u’'(a)v(a)+ P(a)u(a)v'(a)

au(a)+ pu’'(a)=0, yu(b)+ou'(b)=0

_ P(a)u(a)%[av(a) +Bv'(@)]- P(b)U(b)%[}’V(b) +6V'(b)]

) av(@)+pv'(@)=0, yv(b)+dv'(h)=0
homogeneous boundary conditions (Lu,v)=(|_*v,u)

i) when P(a)=0 or P(b)=0, P(a)=P(b)=0,
u and u can be finite.

) when P(a)=P(b), u=u'" eitherataorb



a
dx

EX) L=
(Lu,v)=jabu’vdx :[uv]:l —jabuv’dx =[uv]:1 +jbu(—v’)dx

= boundary terms+ Ibu(—d—v) dx
d a dx

L =— #L
dx

L=O‘|j—, u(a)=0,u(b) =0

X2

(Lu,v)=jabu”vdx = [u’v]: —jbu'v'dx =[u’v]z1 —{[uv’]: —jab uv"dx}

= U'(b)v(b) - u'(a)v(a) - u(byrTb) + u(@)a) + jab UV "dx

2
L = d—2 =L
dx
When v(a)=0,v(b)=0, (Lu,v)=(Lv,u)
d2
L

Ve self-adjoint operator



Properties of Hermitian operator

1. eigenvalues : all real
2. eigenfunctions : orthogonal
3. eigenfunctions : a complete set

¢(x) : eigenfunction

orthogonality: (¢..4,)= I:W¢m¢ndx =0 whenm=#n

f(x) : at least piecewise continuous function

. [ "W(x) f (X)d, (X)dx
f(X)= Cn¢n(X)’ Cn === b
nz=0 L w(X)¢@’ (x)dx

N—o0

2
lim b{f(x)—ch%(x)} w(x)dx =0 : least square convergence
a n=0



Example : Laplace equation V°u=0

1) in (X,y) coordinate system (Cartesian) y\
2 2
Viu= I l: +9 l; =0
oX~ oYy X

with homogeneous boundary conditions in the x direction

assume u(x,y)= X(x)Y(y), then >><< =_Y7 =—A, X"+1X =0

This is a special case of S-L system with

w(x)=1, P(x)=1, R(x)=0

LU(x)+ Au(x) = ﬁ{(P(x)u'(x))’ ; R(x)u(x)}+/1u(x) 0

eigenfunctions : trigonometric functions, sinx or cosx

b - -
EX) jsmnxsmmxdx=0, n#m
a



2) in (r,z) coordinate system (cylindrical) r
2 >/
vruo L[ ), 2u_, @
r or ar 0z
with homogeneous boundary conditions in the r direction
I:” 1 I:I G”

assume u(r,z)=F(r)G(z) , then +=
(r,z)=F(r)G(z) =t e S
1

1 '
F'"+=F'+AF =0 or r’F"+rF'+Ar’F=0 or F(r|:') +AF =0
I

This is a special case of S-L system with

w(X)=r, P(x)=r R(x)=0
Lu(x)+ Au(X) = —— w00 {(P(x)u (x)) + R(x)u(x)}+/1u(x) 0
Remark : transform with  Ar =
X’F"+XxF'+x*F =0
Bessel equation :  X°y"+xy'+(x*-v*)y=0

b
eigenfunctions : Bessel functions Ex) I XJ(NX)J(mx)dx =0, n#m



3) in (r,0 coordinate system (spherical)

6
Vzu(r,ﬁ)zizi(rza—u)+ 21_ 9 (sinea—u)=0
reor or resin@ 0@ 06

with homogeneous boundary conditions in the @ direction
assume u(r,8)=H(r)e(o)

equation for @ :ii(sin Hd—@)+ A0 =0

sin@ d@ dé
. d d@
ith x=sinf, —|(1-x*)— |+ 1@ =0, |x|<1
or with dx[( ) dx} X
d°@ de
1— X2 —2X—+ 10 =0
o ( )dx2 dx

This is a special case of S-L system with
w(x)=1, P(x)=1-x* R(x)=0
Remark Legendre equation : (1— x2) y"=2xy’+n(n+1)y=0

eigenfunctions : Legendre functions



Two dimensional conduction
In a thin rectangular plate or a long rectangular rod

Y T with no heat generation
W | 2 62 aZT
7 T 22 =0
OX* oY

Tl_' T(X’y) '_Tl b.cC. T(O, y) =T1, (|_, y) —

1

T(x,0)=T,, T(X,W)=T,

0 LTl L *  Let ¢9(x,y)=T(_)I_(’y)_I__T1

=0 b.c. 6(0,y)=0, 6(L,y)=0
0(x,0)=0, (x,W)=1

0°0 6249
8x2 oy*




et 0(x,y)=X()Y(y) I 1

0’0 0°0

oz T2

x o 01 éxy) 10
= X"(X)Y (y)+X(x)Y"(y)=0
Dividing both sides by XY, 0T, 3

X"() Y'Y _

X(X)  Y(y)
or X"(X) = _Y"(y) = constant = -A°
X(x) Y(y)

X"(X)+A°X(X)=0, Y"(y)=A°Y(y)=0



boundary conditions
01 axy) 179 60,y)=0, (L, y)=0
A(x,0)=0, (x,W)=1

0 Lp L X
6(0,y)=X(0)Y(y)=0 = X(0)=0
o(L,y)=X(L)Y(y)=0 = X(L)=0
(x,0)= X(x)Y(0)=0—>Y(0)=0
O(x,W)=X(X)Y(W)=1



For X(x): X"(x)+A*X(x)=0
b.c. X(0)=0, X(L)=0

X(x)=C,sinAx+C,cosAx
X(0)=0=C,, X(L)=0=C,sinAL

To be non-trivial

AL=nz > A =nT7z (n=1,2,3,---): eigenvalue

Xn(x)=ansinnTﬂx

. N _ |
¢n(x)=smTﬂx . elgenfunction



For Y(y): Y"(y)-A%Y (y)=0
b.c. Y(0)=0

Y(y)=C,sinhAy+C,coshAy
Y(0)=0=C,
Yn(y)=bnsinhnT”y

particular solution:

6.(X,y)= X, (X)Y,(y)

=Cnsinmsinhw
L L



0(Xx,y)= 26’ (X,y) = Zc sinnLLXsinh n’iy

O(x,W)=1= Zc smn—LXsinh CN

Multiply both sides by sin(mzx/L)
and integrate fromx=0to L

L m:rx mzx . ngx . . naW
SN Zc sin sin——sinh dx
0

L L
nyzW . Mz X . nrX
—Zc sinh I SN sin——dx
L Jo L L

=C_SIinh dx

mzaW J‘ , M X
SN
L 0 L



L L
U sin m”dx)/“ sin? m”xdx)
0 L 0 |

C =
sinh M2V
1 L
2/ ()™ +1]
B . . maW
mz sinh
Solution: 4(x,y)= Zc sinnLLXsinh miy
2[(—1)n+1 +1]
where C =
.. haW
Nz sinh

L






Method of Superposition

1) inhomogeneous boundary condition

T4 0 0 0 T,
VT =0 V2T, =0 VT, =0 VT, =0 VT, =0
Tb — 13 0+0 Tb +0 0+0
T, 0 0 T, 0
T=T,+T,+T,+T,
2) Inhomogeneous equation
T, T, 0 Ty adiabat -T5(X)
2
g [0=0 0+0[ ¢ _fo=0 o+ol ™ fo+0 0
K K
0 0 0 0 adiabat -T5(X)

T=T,+T,=T+T;+T,




Cylindrical Rod

T(0) =0 e, |

I

0 >

I
10( 0 62T
——| r— =0
ror\ or 82
boundary conditions
: T(0,z)=finite or 2—r(0,2)=0, T(r,,z)=0
. T(r,0)=0, T(r,1)=T,




13 aT 62T _0
r or ar az

assume T(r,z)=R(r)Z(z)

E(rR')’ Z+RZ"=0, 1(R'+ rR")Z +RZ"=0

r r
1 Rrr 1Rr er
R'Z+-R'Z+RZ" =0, + + =0
r R rR [Z
R +1R =_Z __
R rR Z
1

R'+-R'+A*°R=0, Z"—-1°Z =0
I



Boundary conditions

r T(ry,z) =0

— T(r,1)
T(r,0)=0 ™ =T

I

-

I
T(0,2)=R(0)Z(2) = finite > R(0) = finite
T(r,,z)=R(r,)Z(z)=0 = R(r,) =0
T(r,0)=R(r)Z2(0)=0 — Z(0)=0
T(r,)=R(r)Z(1)=T,



For R(r): R"+ 1R+ A2R =0
r

b.c. R(0)=finite, R(r) 0
,d°R  dR

dx? dx
[xzy"+ Xy’ +m (x2 —vz)y=0—> y=AJ, (mx)+ BYV(mx)]

R(x)=C,J,(x)+C.Y,(X)
or R(r)=C,J,(Ar)+C.Y,(Ar)
R(0) = finite: Y,(x) - - as x—>0 thus C,=0
R(r,)=C,J,(4r,)=0
— 4, such that J (4.r,)=0

Let Ar =



0.2 |

My Arg Aghy  Ayfg

Rn (r) = a'n‘]O(ﬂ’nr)

eigenfunction: ¢,(r)=J,(4,r)



For Z(z): Z2"-A°Z =0
b.c. Z(0)=0
Z(z)=C,sinhAz+C,cosh Az
Z(0)=C,=0
Z (z)=Db sinhA z

T(r,z) =3¢ J,(A.r)sinhA, z
n=1
T(r,)=T, =3¢ .J,(A.r)sinhA |
n=1

T, [ rdo(A,r)dr
C, = r
sinh A 1[ "rdg (4,r)dr




r—O\Jl(/lnro)

[7r3,(4,r)dr = -

n

2 2
[y R () = 2 4131 (A,0)+ 235 (A,%)

2 2

n
J? AL+
2/12 0 (44o) 2°

n

Solution: T(r,z)=chJ0(/1nr)sinh/lnz
n=1

T, [ rdy(A,r)dr
sinh 4,1[ " rdZ(4,r)dr

where C, =



Conduction Shape Factor and

Dimensionless Heat Transfer Rate
Conduction Shape Factor

g=SkAT,_, S:shape factor

S : determined analytically
two-dimensional conduction resistance
AT,

1/ Sk

q= SKAT,_, =

1
I:Qt,cond(ZD) = §



EX) Plane wall

/ A g=kA Al = SkAT_,
T T L
1 2 A
L S=—
o > L

Cylindrical wall




Conduction shape factors and dimensionless
conduction heat rates for selected systems

() Shape factors [g = SE(T, — T5)]

System

Schematic

Restrictions

Shape Factor

Case 1

Isothermal sphere buried in
a semi-infinite medium

Case 2

Horizontal isothermal
cylinder of length L buried
in a semi-infinite medium

Case 3
Vertical cylinder in a
semi-infinite medium

[

Al
] e
P

L&D
7> 3Dv2

2D
| — [Vdz

2L

cosh™ (2z/D)

2L
In (4z/D)

2qrL
In (4L/))



Case 4
Conduction between two

cylinders of length L in
infinite medium

Case 5

Horizontal circular cylinder
of length L midway between
parallel planes of equal
length and infinite width

Case 6

Circular cylinder of length L
centered in a square solid of equal length

Case 7

Eccentric circular
cylinder of length L

in a cylinder of
equal length

G TE oo
=
¢ A
;TI%B
bl =
;.TE
[

2L
L> Dy, D, e ==
L5 w Cﬂsh_l(ihl — Dy D‘:").
20,D,

z & D2 2arL

L& In (Bzfwl)
w =D 2oL
L&zw In ( 1.08 w/D))

¥

D>d iz .
L®=D

LfDP+d* =47
cosh -

20d



TABLE 4.1

Continued

System Schematic Restrictions Shape Factor
T.
Case 8 f o 3
Conduction through the £
edge of adjoining walls T | D = 5L 0.54D
Tl—.
—_— S
Case 9
Conduction through cormer of L_ T =
three walls with a temperature o L <% length and 0.15L
difference AT, _, across = | L width of wall o
the walls |- r{
D —s
Case 10 |-_ —T;
Disk of diameter [ and temperature T, |
on a semi-infinite medinm of thermal '
conductivity & and temperature 75 k = None 2D
T
Case 11 L/F_ W <14 2arL
_ s W 0.785 In (Wiw)

Square channel of length L ' T

o Woita 2L

feiss W 0.930 In (Wiw) — 0.030
zo LW

[—W—=



Dimensionless Heat Transfer Rate

ODbjects at isothermal temperature (T,)
embedded with an infinite medium of
uniform temperature (T,)

Characteristic length L = (AS /47z)1/2

Dimensionless conduction heat rate

0 = —
> kAs(Tl_TZ)

_ q:skAs (Tl _TZ)
L

C

or




(b} Dimensionless conduction heat rates [g = g= kA (T, — T,V L L, = (A /4m)"

System Schematic Active Area, A, qz
Case 12 p
Isothermal sphere of diameter [ T D wD* |

and temperature 7, in an infinite
medium of temperature T,

Case 13
Infinitely thin, isothermal disk

of diameter [J and temperature T
in an infinite medium of

temperature T,

Case 14

Infinitely thin rectangle of
length L, width w, and
temperature T in an
infinite medium of
temperature T

Case 15

Cuboid shape of height 4
with a square footprint of
width [} and temperature T
in an infinite medium

of temperature T,

AL S

JaDsf 207 + 4Dd

272

- — 0.900
0.932
diD g
0.1 0.943
1.0 0.956
20  096]
10 1.111




Numerical Method

Finite Difference Method

J(m,n+1)
(m-l,n) J(mn) J(m+1,n)
4y
J(m.n-1)
AX
T(x—Ax,y)zT(x,y)—(’;—T Ax)

o°T

2
aT_O

Ox?

+ =
oy°

discretization

TXY) =T,

T(X—AX,Y) =T,
T(X,y—Ay)=T

T(X+AX,y)=T, .1,
T(X,y+Ay)=T

m,n+1

j (Ax)’ - ;;g/(mf +of(ax)']
J (AXY" + ;%%/(Axf +of(ax)']

n

m,n-1




2

ZXTZ jx,y (ax)’ +0[ (ax)"]

T(X+AX,¥)+T(X=AX,y)=2T(X,y)+

or
621-] :T(x+Ax,y)+T(x—Ax,y)—2T(x,y)+o[(AX)z}
X" )., (Ax)’
2 T T - 2T
0 -|2- _ m+1,n + m—l,;] m,n +O|:(AX)2:|
OX (Ax)
Similarly,

0°T T(X,Y+AY)+T(X,y—Ay)-2T(X,Y) >
— O
oy° l,y (ay)’ wol()]

azT _ Tm,n+1 +Tm,n—1 — 2T
ayZ (Ay)Z

+o[(Ay)ﬂ



o°T  o°T . Tm+l,n +Tm—1,n - 2Tm,n

OX? ¥ oy’ (Ax)2
T T - 2T
4 _mn+l +(Zy”)—; UL O|:(AX)2 + (AY)2:| =0

If we neglect O[(Ax)2 +(Ay)2}(truncation error) and when Ax = Ay

T

m+1,n

+Tm—1,n +Tm,n+1 +Tm,n—1 _ 4Tm,n =0



Finite Volume Method
(Energy Balance Method)

[(m,n+1) 0°T 0T ¢
;t— ot =0
ox- oy Kk
(m-1,n) |(mfn) [(m+1,n)
+— x+— 2 2
Ay Iy I {6T aT q}dxdy 0
J(m,n-1) I k
AX
Ay x+& [ |
y+— 3 azT _ y+—- 6T 2 . a_T _a_T
I_I & zdxdy Iy_ﬂ[axl_&dy_Ay OX ) ax  OX ) ax
5 | 2 2

Assumption of linear temperature profile

a_T) _ Tm+1,n _Tm,n aT) Tm,n _Tm—l,n

OX i AX AX OX L Ax



AX

v ﬁaZT Ton Ton=Ton

S larl ay 2 _ m,n+1 mn _ '‘mn m.n—1
i_);[-rm,ml +Tm n-1" 2Tm,n:|
Iy+_j —dxdy _d (Ax)(Ay)
A .
[Tm n+1 T 1 2Tm n]+A_;(|:Tm n+1 +Tm,n—1 — 2Tm n]+%(AX)(Ay) =0
If AX = Ay Tm n+1 Tm,n—l +Tm+l,n +Tm—l,n + q(AXlZ(Ay) 4Tm,n — O



Convection Boundary Conditions

1) Side
m,n+1 T —-T T T
( )h T kAy m-1,n m,n +kAX m,n-1 m,n
(m-1,n) (_>m,n)
kA oo = T (Ton =T
Ay — 2 Ay y m,n 0
s (M,n-1)




2) Corner

Toan—T T T
mim[ T A Inan T e g AX Tnnt T T
¢ (m,n-1)
AX y
Ay - 7(Tm” )+h (mn_T

AX




3) Internal corner

(m,n+1) K(AY) m_l,nA; mn _k(Azijm,n ;:mﬂ,n
L O L) k(Ax\ Toos =T _ gy T = T
Ay 2 ) Ay Ay

" ——] (mn-) h(%} (T, =Ton)- h(ﬂ](Tm .~T,)=0
If AXx=Ay,

(Tt =Ton)=5(Ton =Tz )+ (Tt =T

~(Tor —Tm,n+1)+EA—2X(Tw -T. r,)—E%(Tm,n -T,)=0
or T, 1o+ T ot + L (Tosn + T 1)+h;:XTw —(3+%)Tm =0



Solution Techniques

agl+a,l,+a,l;+---+a, T, =C
A I +a,l,+a,l,+---+a, T =¢C,

a I, +a,l,+a,l,+---+a, T, =cC,

d; Qe Qg T1 C,
By 8y v By || T _ C,
or : : : s |
_anl Ap, v a‘nn_ _Tn_ _Cn_




1) Analytical method (matrix inversion) — Cramer’s rule
Dl D2

= Get[A] " T et

If n =10, 3x10° operations. If n =25, IBM360 10! years

2) Direct (elimination) method (n < 40)
a I, +a,lL,+al;+--+a,T,=¢C

1n"n

Gauss-Jordan elimination method By, Ty + 8T, + 85Ty +--+8,,T, =C,

Augmented matrix of A AT +ag T+, T+ +a,T, =,
_ - -, -
dj;  dp i, G _ g 0 .eeee 0 C,
: . operations | o o ... 0 c!
_anl Ap, aApp Cn_ | 0 0 . A Cn_
C, C; Cy
Tl - 7 ! T2 =y T Tn =



1 +a,T, +a,1; =¢

v

a-21T1 + azsz + a23T3 =G,
ay, [ +a,T,+a,l, =C,

a11a21T1 + a12a21T2 + a13a21T3 =C,ay
a11a21T1 + a11a22T2 + a11a23T3 =C,a,
a31T1 + a32T2 + a33T3 =G,

O . pivot element

’ ’ ! [
a‘llTl + a12T2 + a1:-3T3 =C;

a'11a‘31-|-1 + a'12a31-|_2 + a13a31T3 = Cla31
0T, +a,,T, +a,T, =c;
a'11a‘31-|-1 + a'11a‘32-|_2 + a'11a33-|-3 = C3a11

v

T, 2 +a,T, =C, <

0T, +a,T, +a,T, =C; |

/it

a1, +0T,+a,T,=c/

4

0T, +a,T,+a.T, =c,

OT, +0T, 4@¥, =¢f

v

[ / ’ [ ’ [ A
azzanTl + a22a12T2 + azzalsTs =Ca,
OT1 + a1'2a£2T2 + a1'2a£3T3 = Céalrz
0T, +al,T,+a,T, =c;

a1, +0T,+a T, =c/
OT1 + a;2a£2T2 + az'e.za;sTs = Céaéz
OTl + aézaész + a£283'3T3 = C:;aéz

({4 m
a, I, +0T,+0T, =c;
nm m
0T, +a,T,+0T, =c,
m m
OT, +0T, +a,T, =cC,




3) Gauss-Seidel iteration method (n > 100)
a, T, +a,l,+a,T,+---+a,T, =C

1n"'n

a I +a,l,+a,l,+---+a, T, =¢,

2n ' n

a,I,+a,l,+a,T,+---+a, T, =cC,

a, Ty +a,T,+a, T+ +a Ty + & T + 3,0 T+ + &, T, =€

i(i-1) "i(i-1)

C. a. a. a. a a a.
T=—t| 7 ¢z 7 . D7 O T
aii aii aii aii aii aii aii

|1 n a.
(k) — 'J (k) _ ij T (k-1)
T =3 - 3,
ii j= 1 j= |+1a

diagonal dominance — sufficient condition for convergence

Zl:‘aij ‘ < |aii |
"

T.(k) _ T (k1)
|

<&
T®

convergence criterion



AX =
Example 4.3 025 m| T.=500K
4y = \ ; : )\ - -
025 m T T T T Fire clay brick
s & 1mX1lm
$ . I - $ k=1W/mK
T, =500 K 3| 4I 3| T, =500 K
50 6 5‘ .
Find:
7| 8 7 Temperature distribution
4 and heat rate per unit
. T = length
@ T =300K 9
| h =10 W/m?K

Nodes at the plane surface with convection:

Ay Tm—l,n _Tm,n _k
2 AX 2 AX

Ton=T Ton=T
Ay m,n m+1'n+hAX(TOO—Tm,n)—kAX m,n m,n+1=0

Ay
When Ax=A4y, Than+Than+2T0 0t ZhKAX T, —(%Ax + 4ij,n =0

K




500 K

T, =

iInner nodes: T

m+1,n

+ Tm—l,n + Tm,n+1 + Tm,

n-1" 4Tm,n =0

convection nodes: T,.,,+T,1,+2T,,,+1500-9T =0

T, =500 K
! ? | Node 1:
1) zi 1) | Node 3:
i v Node 5:
3 4 3 | 8
2 1 Node 2:
5| d 5, |~ Node4:
; Node 6:
7. 8: 7.
' Node 7:
T =300K Node 8:

h =10 W/m?K

T,+T,+1000-4T, =0
T,+T,+T.+500-4T,=0
T, +T,+T,+500-4T, =0

2T, +T,+500-4T,=0
T,+2T,+T,-4T,=0
T,+2T,+T,-4T,=0

2T, + T3 +2000-9T, =0
2T, + 2T, +1500-9T, =0



47, + T,+ T,+ 0+ 0+ 0+ 0+ 0 =-1000
2T, -417,+ 0+ T,+ O+ O+ O+ O =-500
T,+ 0-4T,+ T,+ T+ 0+ 0+ 0 =-500
O+ T,+21,-4T,+ 0+ T,+ 0+ 0= O
O+ 0+ T,+ 0-4T.+ T,+ T,+ 0 =-500
O+ O+ O+ T,+2T.-4T,+ 0+ T,= 0
O+ 0+ 0+ 0+2T.+ O0-9T,+ T,=-2000
O+ 0+ 0+ 0+ 04+2T,+2T,-9T, =-1500



-4 1 1 0 0 0 O [ —1000 |
2 -4 0 0O 0 0 O —500
1 0 -4 1 1 0 0 O —500
0O 1 2 -4 0 1 0 O 0
[A]= [C]=
O 0 1 0 -4 1 1 O ~500
O 0 0 1 2 -4 0 1 0
O 0 0 0 2 0 -9 1 —2000
0 0 0 0 0 2 2 -9 | —1500 |

Using a standard matrix invlersion routine, it is a simple matter to
find the inverse of [A], [A] ", giving

[T]=[A]"[C]



where

[T]

489.30 |
485.15
472.07

462.01 |,

436.95
418.74
356.99
339.05




500 K

T, =

Heat transfer rate

T, =500 K

1)

2

=
L-H%

T, =300 K, h = 10 W/m2K

o
b
»qs-ﬁ g
el Lo

a;” G

500 K

TS

conduction in = convection out

] ) 1 2 1

conduction in =le ) +le ’+q2 +(; + (5 +CI§ :
. 2

convection out = Q§ ) + (g

_qc;i]d =k {Ax T-T) + Ay O, -T)

Ay AX
T -T T -T T -T,
+AX(3 2)+Ay(3 3)+Ay(‘°’ 5)
2 Ay AX AX
LAY (TS_T7)}=191.31 W/m
2 AX

qT - hl:Ax(T7 ~T,) +A—2X(T8 —Tw)} =191.29 W/m



Gauss-Seidel iteration method

T, =0.25T*Y +0.25T*Y  +250

T =050  +0.25T " 4125

T =0.25T  +0.25T%P  4+0.25T " +125
T =025T 405079  +0.25T%Y

T =025T  +0.25TP  +0.25T " +125
T =0.25T  +0.50T  +0.25T Y

T.%9 =0.2222T +0.1111T* " + 222.22

T =0.2222T +0.2222T¢)  +166.67



480

470

440

430

400

390

370

350

00 N O O A W N PO X

477.5
480.8
484.6
487.1
488.1
488.7
489.0
489.1

471.3
475.7
480.6
482.9
484.0
484.5
484.8
485.0

451.9
462.5
467.6
469.7
470.8
471.4
471.7
471.9

441.3
453.1
457.4
459.6
460.7
461.3
461.6
461.8

428.0
436.6
434.3
435.5
436.1
436.5
436.7
436.8

411.8
413.9
415.9
417.2
417.9
418.3
418.5
418.6

356.2
355.8
356.2
356.6
356.7
356.9
356.9
356.9

337.3
337.7
338.2
338.6
338.8
338.9
339.0
339.0

489.3

485.2

472.1

462.0

437.0 418.7 357.0

339.1




Example 4.4 Teo, = 1700 K,

h, =1000 W/m?>K  Air channel

—
Combustion ——— Te; =400 K,
gases h; = 200 W/m?K

-

4 mm 6 mm 'Y

. —)
Combustion _______
gases ﬁ Turbine blade,
0,01 70 k=25W/mK
Find.:
1. Temperature field in the blade,
2. Location of maximum temperature

3. Heat transfer rate per unit length to the channel

Guess locations of maximum and minimum temperatures.



Too'o, h0
. 4 5 s
@ @ o > X
|
Ay
11 12 Symmetry
i ¢ ~ adiabatic
Symmetry |
adiabatic i
§13 .14 p 8
|
] Too,i1 hi AX
H -
- _._‘ ______
\ Symmetry
adiabatic
y



-
[IEN
N
]
8
o
-
o

: 4 5 I'6
= ->—9 ® ?
Node 1 : | ] :
h Ax h AX A 9 10 [n ;12
T,+T,—| 2+ T, =- T, ! :
4 Kk | 113 |14 |15 |16 |17 118
? @ L o <@ 7
19 |20 Teos T
- same as nhode 6 '?"""""21
Node 3 :

h 2h
T,+T,+2T, —2( OkAX +2)T3 - Ay

- same as nhodes 2, 4, and 5



Node 12 :

T+2T,+T,-41,=0

- same as hodes 7, 13, and 20

Node 8 :

T,+T,+T,+T,-4T,=0

- same as nodes 9, 10, 11, and 14



Node 15:

2T, + 2Ty, +Tys + T,y —2(3+—h EX)TB !

_ 2hAxT
k

Node 16 :

h.AX h.AX
ZEO+T£4IQ7—2(—I:—+2)T' =2

- same as node 17



Node 18 :

h. AX
).

To+T, = 2+——
k
- same as nodes 21
Node 19 :

T13 + T20

— 2T,

h.AX

S e

K

=0

o0’ ''0
I 2 3 4 5 6
¢ ® . * * ®
] !
H 78 9 1o +12
' |
113 [14 |15 J16 17| 118
? @ & —=rPp—Q =
i o

> .6]:9.->—029 —ell



The 21 finite difference equations may be solved
for the unknown temperatures and for the prescribed conditions.

1526.0 K

1519.7 K

1515.1 K

1513.4 K

1525.3 K

1518.8 K

1513.7 K

1511.7 K

1523.6 K

1516.5 K

1509.2 K

1506.0 K

1521.9 K

1514.5 K

1506.4 K

1520.8 K

1513.3 K

1505.0 K

1520.5 K

1512.9 K

1504.5 K




Maximum temperature (Node 1)
- the location furthest removed from coolant

v
L/

Symmetry
adiabat

Isothermal contours



T (K)

1528 b 2 3 4 5 16
| |
i? 18 9 10 i 112
Node 1 I I
1526 ] 1
g5 16 J7 s

1524

1522

1520
0

Temperatures along the surface of the turbine blade exposed

to the combustion gases




heat transfer per unit length of channel :

o' =4h[(Ay/2)(T,-T,;)
+(Ay/2+ A%/ 2)(Ts - T,
+(Ax)§T16 —Tw,i;
+(Ax)(T; - T,

+(Ax/2) (T -T,)]

or, alternatively, as

o' =4h,[(Ax/2)(T,,-T,)
o0 _Tz

)

ittt
R e

+ 13 1 _$16 il? H18
;19___.2g. 1

In both cases,

-0 =3540.6 W/m




Grid dependency

- The accuracy of the solution may be improved
by refining the grid.

Ex) AX = Ay =0.5 mm

. = 1525.9 K . = 1520.5 K . = 1509.2 K

(1526.0 K) (1520.5 K) (1509.2 K)
. = 1504.5 K . = 1513.5K . = 1505.7 K
(1504.5 K) (1513.4 K) (1506.0 K)

9" =3539.9 W/m

(3540.6 W/m)



In the gas turbine industry, there is great interest in adopting
measures that reduce blade temperature.

Alloy of larger thermal conductivity

E> and/or

Increasing coolant flow through the channel (h;)

k (W/mK) h; (W/m?K) T, (K) q' (W/m)

25 200 1526.0 3540.6
50 200 1523.4 3563.3
25 1000 1154.5 11095.5
50 1000 1138.9 11320.7

(Ax=Ay =1 mm)



