TIME-DEPENDENT CONDUCTION

e Lumped Thermal Capacitance Method

< Analytical Method:
Separation of Variables

e Semi-Infinite Solid:

Similarity Solution

e Numerical Method:
Finite Difference Method



Lumped Thermal Capacitance Method

negligible spatial effect T(x,vy,z,t)=T(t)

h’Too T(O)=T|

—
—

— volume V
surface area A,

ﬁ.{:-l_%(_E.out:E.st _)Est+Eout=O

: : dT

Eout = hAs [T (t) _Too]’ Est = pVCE
d

pVe——+hA [T(t)-T, |=0




excess temperature: @(t)=T(t)-T_

vad—T+ hA [T(t)-T,]=0

10 DA g0, 6(t)=Cexp —(h—AS]t
dt pVc pPVC

initial condition: #(0)=T(0)-T_ =T, -T_=6
0(0)=60.=C

o) _TH-T, =exp_— hA t_
7 T.-T, pVc




thermal time constant

@ — exp _(h_AS)t_

0 - \pVCc)
1
T =EPVC = RtCt
1 . .
Rt = —— convection resistance
hA,

C, = pVc: lumped thermal capacitance

Thermocouple?



Transient temperature response of lumped capacitance
solids for different thermal time constant
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Seebeck effect and Peltier effect

T, T,
L V=] (Se(M)=s,m))dT

(SB_S )( )

+
I

Q=(I,-II,)1 =TI,

Tl Tl
Seebeck effect (1821) Peltier effect (1834)



total energy transfer in time t

h,T_

—
—
—

4

T(0)= T,

volume V
surface area A,

q(t) =hA[T(t)-T,]=hAH(t)
a(t)

0= jotth= hA, I;e(t)dt,

= (,oVC)Hi

1—exp(

t

2

J

—~ =exX
P P

1

hA
pVC

:




Validation of Lumped Capacitance Method

s.1 _Ts,z) — hA( s,2 _Too)

s,l_Ts,Z _ L /KA
,-T. 1/hA
_hL _pg;

K

Bi : Biot number



Transient temperature distributions for different Biot numbers
In a plane wall symmetrically cooled by convection

Bi << |
= T=T(1)

Bi > |
I'=1T(x, 1)




When Bi = hll('c < 0.1, spatial effect is negligible.

L. : characteristic length L, _V

) A

Yo,

hAt ht hL kt hL ot

— == =Bi-Fo
pVe  pel,  k opcll kL

C
Fo : Fourier number (dimensionless time)

?=exp[—8i -Fo]



Example 5.3
T, ., =175°C
2L =3 mm—|<——>| !

sur,cC = 25 OC
— A

RN RN

h,=40 W/m? - K

h =10 W/m?-K
T, ,=175°C T__=25°C
| —— €poxy ,
/ e=0.8
aluminum T(0) = T;,=25°C LoT(tt) =37°C
Step 1: Heating (0<t<t) Step 2: Cooling (t, <t<t,)
T, =25°C T.,=150°C . T,=7°C
|

. curing © Tt:?7 ¢

: I
t coollngt =t

| .
t=0 heating

|
pl

I<
t= tc 300s t .
Find: Total time 1, required for the two-step process

Assumption: Thermal resistance of epoxy is negligible.



Biot numbers for the heating and cooling processes
Aluminum: k=177 W/m-K, ¢ =875 J/kg- K, p = 2770 kg/m’

_hL hL

Bi,, y =3.4x107, Bi_ = ” —8.5x10 2y

o

Thus, lumped capacitance approximation T(t)

can be applied. I [ [ _CH [
Est =/E/i(n — Equ +/E/; hT, Orad g
*—Epox
pC(ZLAS)C;—-[ o
= —h(2A)[T()-T,] s (2A)[T*®) -T2, ]
it pcLdT

sur

Ch[T,-TO]+ a0 [T -T*®)]



pcLdT

dt = h[T, T(t)]+ga[ Tar =T (t)]

To=25C  T,=150°C _ T,=?°C  T,=37°C
Ch . _curing ©

|
! : —rn e | I
t=q heating t=t, 300s t=t, COOIIngt=tt

Heating process

C T, pCLdT t. =124
IO dt I oh[T T(t)]+€0'|: sur_T (t)] C S

Curing process

v (T pocLdT
L dt_ITC hl:Tw—T(t):|+8O'|:T4 -T(t)

sur

} T,=175°C

Cooling process

- pcLdT
t - L h[T, T(t)]+w[ T =T (t)]

t,=989's



Alirs 150°0)

- Cooling

I
|
I
I
—rHeating
|
I
I
I
I
|
I
|
|
|

.---—-———---—n-—--—-.-.—.-.—.-.-.-.-.—..u_.—_l_.-_..

[ 300 1, 600 900 ¢, 1200
tHs)

50#
25
0

Total time for the two-step process: t, =989s

Intermediate times: t . =124s t =424s



Analytical Method

Separation of Variables
Plane wall with convection

N or 0T
TZH) @& %
T%,O)H .c. T(x,0)=0)
éT._*_’ be 91 _
JIIE A l——— |
T ,h" L L T.h B : =Q[T(Ot)-T)]

T=T(xtaT, kLNnhT)



Dimensional analysis
T=T(xtaT, kLNnhT)
[, T..T_:KI[D], x:m|[L], t:s[T]
o m*/s[LT™], L:m[L]
k:W/m-K=kg-m/s’-K[LMT*D™]
h:W/m?-K=kg/s®-K[MT*D™]
dimensionless variables
T-T . X .« at . hL
T-T, L k
Fo: Fourier number, Bi: Biot number
0 =60 (x ,t;Bi)

0




Equation in dimensionless form

oT oT . T-T . x . at _. hL
— = 2,0= OO,X =—,t=—2,B|=—
ot OX T,-T, L L K
‘9_T=(Ti —Too)@=(Ti —Tw)ae* i
ot ot ot ot
- (1-7)Z%
L ot
2 B * * *
aa _ _a 0 (GT)z 8* (Ti—Tw)aH* OX |OX
OX OX \_OX OX | OX OX | OX
a(T =FJ 0% 06" 0°0

I e ot ox”



o=t "lo X ¢ _a_zt’ gi = 1L
T-T.'" L L Kk
initial condition T(x,0)=T, 58 (x,0)=1

boundary conditions

or| _T-T e8| _, 00
OX |, L ox | OX | -,
—ka—T =h[T(L,t)-T,]
OX|._,
_)_k(lfof)gﬁ* =h(T—~T.)6"(1,t")
X | -
=1

>»—| +Big'(L,t7)=0

X =1




Drop out * for convenience afterwards

@_626’

ot oOx°

A(x,0)=1, % =0, % +Bi16(1,t)=0
OX |, OX |, _,

A(x,t) = X(x)z(t)
X” T’ ,

X '=X” | — — _

‘ ‘ X T J

X"+°X =0, ¢'+%c=0



boundary conditions

991 _o, %9 iBig@ =0

ax x=0 ax x=1

9 = X'(0)r(t)=0 - X'(0)=0

6X x=0

89 - / I

| TBIOLY =X'M)r(t) +BiX 1)z (t)
x=1

=[X'(1)+BiX(1)]z(t) =0 —» X'(1) + BiX(1)=0



X(X): X"+£°X =0
b.c. X'(0)=0, X'(1)+BiX(1)=0
X (x) = C,sirtg'x) + C, cos({ x)
X'(x) = C,£e0s(¢ x) - C,¢sin(¢ x)
X'(0)=C, =0
X'(1) + BiX (1) = -C,¢'sin¢ + BiC, cos¢
=C,(Bicosg —¢'sin)=0 - {'tans = Bi
X, (X)=a,cos(s,X)
¢. suchthat £ tand =BI, n=123,---



t(t): '+t =0 > (t)=b_exp(=<7t)

O(x,t)="c,exp(-¢ 7 t)cos(¢, X)
n=1
INitial condition

0(x,0)=1= icn cos(& . X)

B jolcos(g _X)dx 4sing

—>C, = = _
jocosz(gnx)dx 24, +sIn(24,)



Approximate solution

A(x,t) = Zc exp(—¢2t)cos(< - X)

O(x,t)= c exp( ~¢£7t)cos(<, X)
+6C, exp(—gzt)cos(gzx)+-~
=0, +0,+---
When Fo=1t>0.2, C, &Xp(= c_,”zt)cos(gzx)

| C,exXp(—¢)CoS(EX)
atx=0,B1=1.0

Fo=0.1 Fo=1
6, 1.0393 0.5339
6, -0.0469 -1.22 10
6, 0.0007 4.7 1020



Approximate solution
When Fo=t2>0.2,

A(x,t) = ¢, exp(~£t)cos(¢, X)
0(0,t)=c, exp(—(;ft) =0,
f(x,1)

0

= c0S(£,X)

See Table 5.1 {,tang, = BI




total energy transfer (net out-going)
Q(t) =—IpC[T(x,t)—Ti]dV
maximum amount of energy transfer
Q,=pcV (T, -T,)
Q -pe(T-T)) 1“‘ ~-T/A_ -T

_ dVv = — vV
Q, peV (T, -T,) V =T

=\% [(1-6)dv =, [1-8,cos(¢,x)]dx

=1_sm§1 0,
61




Radial systems with convection

or _aof or
ot ror\ or
l.c. T(r,0)=T.

or T(0,t)="finite

—k— =h|T(r,t)-T,]




dimensionless variables

o=t "le " t*=a—2t_Fo gi =
T -T, I I K

Drop out * for convenience afterwards
or aa( 6T) , 06 18( 86’)

ot rorl or ot ror\ or
l.c. 4(r,0)=1
pb.c. 29 ~0 or 6(0.1)=finite
or | _,
00 +B16(1,t)=0
ar r=1




o(r,t) = R(r)z(t)

44 10( 86’)

ot rorl or

RT'=%§(rR'r) =%T(R +rR")
)
rR”+R’+r§2= . T+ =0



R(r): R"+1R'+;’2R=O
r

r’‘R"+rR'+¢°r‘R=0
|:x2y”+ xy'+ m?(x*=v?)y=0—- y=AJ (mx)+ BYV(mx)]
R(r) =C,J,(¢T)+CX(CT)
8(0,t) = finite = R(0) = finite
Y,(0) > —o0, thus C, =0

06

= +Big(1,t)=0—-> R'(1)+ BiR(1) =0
r r=1

C, djz(fr) +C,BiJ, (£)=0

=




dJ,(<r) . 3
ar | +Bi1J,({)=0

Since i|:x”Jn(x):| =Xx"J _(X)

ax )
:n_l(x>=7”Jn<x>—Jn+1(x>

S3,00] 23400 =3,

el 1 Big, (¢) =-¢9,(£) +Bid,(£) =0

dr
‘Jl(é,n) — BI
‘]O(é,n)

=

R,(N=2a,3,(¢,r), ¢, suchthat ¢,




r(t): 7' +¢%r =0 —7,(t)=b,exp(-{,t)
R,(F)=2,3,(C,r)
o(r 1) =Y, exp(=£ )3 (£,T)

Initial condition

e(r,0)=1=iano(:nr)

j rd, (£, r)dr
j rJ; (& r)dr

9




Approximate solution

O(r,t) = c,exp(=¢;1)J,(Sir)
0(0,t)=c, exp(—(ft)Jo(O) =G exp(_é’ft) =0,
9(;(’1:) = ‘]0(4,1)()
Tootal energy transfer (net out-going)
Q(t) =—ij[T(x,t)—Ti]dV, Q, = pcV (T,-T,)

Q 1 1 o
=—[(1-6)dv =\7j0[1—9030(;1r)]dv

Q, V

Since V =z, dV = 2ardrL

Q : 2J,(¢,)
—=2| |1-6,3,(,r)|rdr=1- o,
5, = =g ] Z,



109 s

T, = —20°C

[ &
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T

T(0,1)
insulation ——~
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T
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Steel, AISI 1010

.‘. i

¥
T |
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T e
et
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e ia
W g
[Pl
-, 5
-

) D=1m
Find: I—» X L=40mm

1) Biot and Fourier numbers after 8 min

2) Temperature of exterior pipe surface after 8 min, T(0, 8min)
3) Heat flux to the wall at 8 min, q"(8 min)

4) Energy transferred to pipe per unit length after 8 min, Q’

Assumption:
Pipe wall can be approximated as plane wall, since L << D.



AISI 1010: p =7823 kg/m®, ¢ =434 J/kg - K,
k=63.9W/m-K, a=18.8x10"° m*/s
1) Bl and Fo att =8 min

T, w T(L,t)
Bi = hL= 5OO><O.O4=O.313 e T =60°C
<08 T 20°C T e
at 18.8x107°x8x60 e B
| ' L x L=40mm
2) T(0, 8 min)

With Bi = 0.313, the lumped capacitance method is inappropriate.
However, since FO > 0.2, approximate solution can be applicable.

g To-T

o =T —T: = ¢, exp(—¢Fo) = 0.214

from Table 5.1 ¢, =1.047, £, =0.531

T(0,8min) =T, +6;(T, - T,) = 60+0.214(—20 - 60) = 42.9°C



3) q"(480 s) T, B T (L)

q"(480 s) = h[T (40 mm, 480 5)—T, | T (x.0) = T.=60°C
e T(XD =T, f 3l = —20°C
0 (x,t)= (x.1) - 0 (t )COS(§1X ) =500 W/m* - K
i_Too i .
T(L,t)=Tw—(Ti— 00)00 cos(4;) | Lx L=40mm

T (40 mm, 480 s) = 60— (—20—60) x 0.214 x c0s(0.531) = 45.2
q" =500(45.2—-60) = -7400 W/m*

4) The energy transfer to the pipe wall over the 8-min interval
Q _p_8iny) g g SINOS3D) 6514 — 0.80
Q, 61
Q =0.80pocV (Ti —TOO)
Q'=0.80pc(~DL)(T,-T,)
=-2.73x10" J/m




Semi-Infinite Solid: Similarity Solution




Scaling analysis

TS
ol 0T
— =
ot OX*
or AT
ot t i 1
aZT_a(aT)~£ X= A
ox° ox\ ox 52
AT AT

-~ >0’ ~at > 6 ~Jat

X X
let n=——=

st) 2Jat










0" +2n6' =0

i.c. T(x,0)=T.:
n—>o, @(wo)=0

b.c. T(0,t)=T,
n=0, 6(0)=+1

merge Into one

Ts _Ti
"= X
2Jat
TS
T X




Similarity solution
0"+2n0"'=0: 6(0)=1, H(x)=0
Integrating factor e”

i(e’726") =0—>0' = 46 _ Ce” - df= C,edzg
dry dry

] n 2 B _ T _u?
["do=|"ce"du —6(n) 6(0)=C, [ e™du
or 0(n)=1+Cle"e‘“2du

G(0)=0=1+ Cl_":e‘uzdu



. I S B
error function: erf(x)—ﬁj‘o e” du, erf(w) =1

G(0)=0=1+ Cljowe‘uzdu

"o du= Jr > C, = _2
0 2 Jr
2 n 2
O(n)=1-—| e " du =1-erf(n)
n=1-7),

T(x,t)-T

—1—erf( X )—erfc( X )
T -T, 2Jat 2Jat

erfc. complimentary error function

f(x,t)=




T(x,t)-T, T(Xt)-T,+T,-T,
Ts _Ti - Ts _Ti
T(x,t)—T,
Ti _Ts
T

f(x,t)=

=1-—

T(x,t)-T, _1-0(x.1)
T, -T, |

=1-[1-erf(n)]

ﬂrf(Z%)

5(tz)



Heat flux through the wall

qr=—k | = k(T -T,)%0
OX |, dn OX|,_,
k(T,-T,
= — ( )9(()) 9=T—T,
2Jat T-T
2 (71 __X
O(n)=1-—|"e™du 1= It
> 16 _ —ie‘”2—> ¢ 2




Interfacial contact
between two semi-infinite solids

|

Y
Kar Oas CA\ Kg, Pg: Cg

Tat Ta(Xt)=A + Agerf(n)
T, T.(x,t)=B,+B.erf(n)
Boundary and interfacial conditions
Tp(—00,t) = TairTs (0, 1) = Tgi T =T,(0,t) =Tg(0,t)
oT, 0T,

" _k — _k
LR o X

TB,i

x=0



(k,oc)lA/2 T,y + (k,oc)t:2 Tg,
1/2 1/2

(koe),” +(kpe),

The interface temperature is not function of time.

S

Ex) A: man, B: wood (pine) or steel (AlSI 1302)
Assume T,=36C, T, =10"C
k, =628 W/m-K, p, =993 kg/m®, ¢, = 4718 J/kg-K

wood: k, =0.12 W/m-K, p, =510 kg/m°®, ¢, =1380 J/kg- K
T, =359C

steel: k, =15.1 W/m-K, p, = 8055 kg/m°®, ¢, =480 J/kg- K
T, =33.9°C



ODbjects with Constant Surface Temperatures
Utilization of solution to convection boundary condition

KA
T(TS,1 -T,,)=hA(T,,-T,)

TS,l _TS,Z L/kA

_hL_
k

As Bi >, T,,—> T,

Bi




e Semi-Infinite Solid

T.-T,
q;r= (( S |)

ot
INn dimensionless form

0 = oL,  k(T,-T) L _ L
—k(Ts_Ti)— V7rat k( ) ot
1

Fo = i—t—>at 12Fo 4 =

C

« Plane wall, Cylinder, and Sphere for Bi = &



Summary of transient heat transfer results

for constant surface temperature cases

g Fo)
. Approximate Solutions .
Length Exact Maximum
Geometry Scale, L, Solutions Fo<0.2 Fo =0,2 Error (%)
Semi-infinite L (arbitrary) Use exact solution. none
VaFo

Interior Cases

Plane wall of L 2Y exp(—{Fo) {,=(n—3)w f‘ 2 exp(—&EFo) & = w2 137

thickness 2L L VaFo

o : & ; 1 ? 2
Infinite cvlinder ¥ 2N exp(—E2 Fo) Jo(E)=10 — 0.50— 0.65 Fo 2 exp(—{1 Fo) = 24050 0.8
y 0 = P(—&a oln A P(—4i {

: < ) 1 ) :

Sphere r 2¥ exp(—¢& Fo) & =nm -1 2exp(—iyFe) L =7 6.3

p o ngl P n n \;ﬁ P 1 1
Exterior Cases

1 ;
Sphere r; +1 Use exact solution. none
vV aFo
s i) 1 ¢ # g ;
Various shapes (A, /4m)" none +gq,. g, from Table 4.1 7.1
(Table 4.1, VwFo

cases 12-15)

“g* = giL KT, — T)) and Fo = at/L% where L_is the length scale given in the table,

and (b) the temperature of the infinite medium for the exterior cases.

T, is the object surface temperature, and T;1s (a) the initial object temperature for the interior cases



I:.-jl.'i'.

100

10

0.1

0.01

Exterior objects, L_= (A /4m)1

Semi-infinite solid

Interior, L_.=Lorr,

sphere
infinite cylinder
plane wall

T 0.0001 0.001 0.01 0.1 1

Fo=at/l?

10



ODbjects with Constant Surface Heat Fluxes

Summary of transient heat transfer results

for constant surface heat flux cases

q*(Fo)
Approximate Solutions
Length Exact Maximum
Geometry Scale, L, Solutions Fo <02 Fo=0.2 Error (%)
Semi-infinite L (arbitrary) L ,-"i Use exact solution. none
2\ Fo
Interior Cases . _
nierion ASES i I_ cxp( —_f,; F{T} Ly | .': | e
Plane wall of F Fo + I 2 e £, =nm = "IIE Fo + 3 53
thickness 2L ) Uz n =V = I
) |'_ =
. i 1 = exp(—{, Fo) |~} Y 18
e . . ) e RO s = Rl i CHN 2 = 2
Infinite cylinder i |:mFo + 1 .u?:] 7 ] Ji(&) =0 2\VFo 8 _,_ch i 2.1
1, &exp(—{; Fo) | 1 [z = I 1™
A : 3 S T e e M = I =
Sphere o |:JFO + 5 .,ﬂgi 2 tan({,) = £, INFo & _.}FO + 5 4.5
Exterior Cases —
. _ ol Fol2—=1 1w . 7 0.77 -
Sphere 2 [1 — exp(Folerfe(Fo )] ZV o + T — + 1 3.2
Various shapes
(Table 4.1, -
1 o o 0.77
Cas 2-15 y ez ] 1o Fociel %
cases 12-15) (A4 none 21%'. Fo + ) Y + gk unknown

gt = g LIKT, — Ty and Fo = at/L2 where I_ is the length scale given in the table, T, is the object surface temperature, and T, is (a) the initial object temperature for the interior cases
and (b) the temperature of the infinite medium for the exterior cases.



q*

100

10

0.1

DLDIG.DDGl

Exterior objects, L_ = (4 /4m)1°

Semi-infinite solid

Interior, L_ =L orr,

sphere
infinite cylinder

plane wall

0.001 0.01 0.1 1
Fo = mﬂ'_f

10



Example 5.7 Mior

Laser
Nanoshell )
impregnated
tumor -

Cancer treatment by laser heating using nanoshells

1) Prior to treatment, antibodies are attached to the nanoscale
particles.

2) Doped particles are then injected into the patient’s bloodstream
and distributed throughout the body.

3) The antibodies are attracted to malignant sites, and therefore carry
and adhere the nanoshells only to cancerous tissue.

4) A laser beam penetrates through the tissue between the skin and
the cancer, is absorbed by the nanoshells, and, in turn, heats and
destroys the cancerous tissues.



Laser beam, g7,

I (T
\Skin, p=0.05

e, =5 mm

d =20 mm | e U
e Healthy tissue
T, =37°C
_____________ .' i k=0.5 Wim«K
k=0.02 mm~1
Dt =3 mm |

Known:
1) Size of a small sphere
2) Thermal conductivity, reflectivity, and extinction coefficient of
tissue
3) Depth of sphere below the surface of the skin



Laser beam, g7,
B «— D, =5 mm

byl

l ' Nosinmons gi(x) =0, (1-p)e ™

laser heat flux

/—Tumor . 3
Healthy tissue pP=V¢ = 989.1 kg/m :
rﬁjg?mm.ﬂ Cp — 4180 J/kg . K
. k=0.02 mm~1
T —_
Find:; D, =3 mm

1) Heat transfer rate from the tumor to the surrounding healthy
tissue for a steady-state treatment temperature of T, . = 55°C at
the surface of the tumor.

2) Laser power needed to sustain the tumor surface temperature
at T, = 55°C.

3) Time for the tumor to reach T,= 52°C when heat transfer to the
surrounding tissue is neglected. Water property can be used.

4) Time for the tumor to reach T, = 52°C when heat transfer to the
surrounding is considered and the thermal mass of the tumor is
neglected.

t,SS



Laser beam, g7,

byl

B e B R

e D,=5mm laser heat flux

4=20mm et T p=V;" =989.1 kg/m®,
R Healthy tissue
J 7, =370 c. =4180J/kg-K
---------- - k=05 WimK_ P
e . k=0.02 mm~

Assumptions:
1) 1D conduction in the radial direction.
2) Constant properties.
3) Healthy tissue can be treated as an infinite medium.
4) The treated tumor absorbs all irradiation incident from the laser.
5) Lumped capacitance behavior for the tumor.
6) Neglect potential nanoscale heat transfer effects.
7) Neglect the effect of perfusion.



Laser beam, g7,

bt bbb d

D =5 mm

|

D, =3 mm

1. Steady-state heat |

J =0, (Tl _TZ)
L
\—Skiﬂ, p=0.05 ¢
1/2 1/2
|_——Tumor L = i — ﬂ.th — &
_ © \dx Ar 2
Healthy tissue
T, =37°C
f}im.a Wk K th

oss ( from the tumor (Case 12 of Table 4.1)

(k) Dimensionless conduction heat rates [q = g2 kA(T, — T,V/L.: L, = (A 4"

System Schematic Active Area, A, gz
Case 12 :*Q\

[sothermal sphere of diameter D T, D urile I
and temperature T} in an infinite T,

medium of temperature 7,

gq= 27[th (Tt,ss _Tb)

=27 x0.5W/m-Kx3x10°mx(55-37)°C
=0.170W



Laser beam, g7,
NN R laser heat flux
Y
\smﬂ,p:o.% ql"(x) = ql",o (1— ,0) <X
Ly TR projected area of the tumor:
Healthy ti 2
oy v = 0,02 mmal P 4
D; =3 mm |
2
, 7D,
2. Laser power P|, P, =q,
0 4
Energy balance : heat transfer rate from tumor = absorbed laser energy
2 2
7D _q4 7D
g=0.170W ~q/(x=d) 4t =q/,(1-p)e™ 4t

P —q" ﬂDlz _ g 7Z'D|2 _ qD,Ze"d
| —Ch,oT = (1_p)e—xdﬂ,Dt2/4 1 (1—,0) ~

1

B 0.170W x (5% 10-3m)2 » @(0-02mm™x20mm)
) (1-0.05)x (3x10°m)?

=0.74W



Laser beam, g7,
—» D, =5 mm

l ! l | l l | | laser heat flux

\Skiﬂ,p:O.DfJ qlrr(x) _ qln’o (1_ ,0) a =<

/—Tumor

Healthy tissue p = V;l = 9891 kg/m31
T, =37°C
S ¢ =4180J/kg-K
D, :é mm |

3. Time for the tumor to reach T, = 52°C when heat transfer to the
surrounding tissue is neglected.

q'(x =d)zD; dT 9 " gt=["dT
| 4 _q pVCE pVC t=0 T,
=T 1)
g
~989.1 kg/m’ x (7 /6)x (3x107°m)° x 4180 J/kg - K

x(55°C - 37°C)
0.170W
=5.165



4. Time for the tumor to reach T, = 52°C when heat transfer to the
surrounding is considered and thermal mass of the tumor is neglected.

Heat transfer between a sphere and an exterior infinite medium
subjected to constant heat flux

« _ 1 . _ q"L
- 1-exp(Fo)erfc(Fo"?)’ 1 s k(T,-T,)

q* = q"L — q;’As Lc — g Dt — g

k(Tt Tb) Ask(Tt_Tb) ”thk(Tt—Tb) 2 27kD, (Tt—Tb)

q B 1
272kD, (T, - T,) ~ 1—exp(Fo)erfc(Fo*'?) 2

. 3 _at _ at _ Aat t=&Fo

” miza " err:C ;S B (D,/2)" D ” T 4a
t=—Fo=——F0
da 4k

~ 989.1 kg/m*®x 4180 J/kg - K x (0.003 m)’
- 4x0.50 W/m - K

x10.3=192 s



Periodic Heating
e Oscillating surface temperature

\T{Uﬂ N thermal penetration depth

_FTI‘ AT (reduction of temperature amplitude

3 by 90% relative to that of surface)

5
s 5|OE4\/E
' 2,

Quasi-steady state temperature distribution

T(x,y)-T, (o |
(X, ¥) L =exp| —X @ lsin| wt - x,|-Z-
AT 200 200

Surface heat flux . (t) = KAT \/Esin(a)t + %)

a




e Sinusoidal heating by a strip
q,0,1) = Ag, + Agsim(wi)

C,: depends on thermal contact resistance at interface
between heater strip and underlying material



Numerical Method

Finite Difference Method

o°T 8T 14T Pt
> Y A2 T A
ox~ oy° a ot

10°T "
T(X,y,t+At) =T(x,y,t) At) +=——(At)* +--- At
2 ot 1

In time
_ T p+1 -T p N
oT :T(x,y,t+At) T(X’y’t)+O(At)z mn — Tmn
ot At At
truncation error: O(At) \m.n+3)
first order accuracy in time (m-1,n) (mh) [(m+1,n)
Tooin +Tooin =2T0 0 Tomes + Tons = 2T a
m+1,n m-1,n m,n m,n+1 m,n-1 m,n 1'(m,l’]-l)
(Ax)’ (Ay)*
T p+1 _T p AX

aAt In space



Explicit Method (Euler Method) : forward difference

Tm+1,n +Tm—1,n — 2Tm,n n Tm,n+1 +Tm,n—1 — 2Tm,n _ Tmp,Jrr11 _Tmp,n
(AX)? (Ay)? At
Tmp+1 n T Tmp—l n_— 2Tmp n Tmp net T Tmp n-1 2Tmp n Tmp4r-11 — Tmp n
: , noom , no_ : :
(AX)? (Ay)? ot

If Ax=Ay, TP = Fo(T p

m+1,n

p P P
+T o nt T+ T

m,n+ m,n-1

)+(1—4|:o)TmF{n

At 1 2
@ > <— or At< (AX)
(Ax)* 4 Ao

stability criterion: (1-4F0)>=0 or Fo=

If the system is one-dimensional in X,

TP =Fo(T., +T.,)+(1-2Fo)T;

2
alt <1 or At< (AX)

(AX)* ™ 2 20

stability criterion: (1-2Fo0)>0 or Fo=



T T T T T O

one-dimensional in X,

TP =Fo(TL, +T.2,)+(1-2F0)T? ar —aaZT
ot ox*
t4 T(x,0)=T,
O O
O O
& o 10,t)=T, T(Lt)=T,
© O
© O
=5 ¢ O
=4 & O
=3 ¢ O
=i S S S S S S - S S S S - - -
=1l 6Fo—Toto—o0—o0—o0—0—0—0—0—0—0—0
= ()| OO O e o e e e e e e e e e > X
m=0 1 2 3 4 5 6 7 8 9 10 11 1213 14



Boundary node subjected to convection

T ,h 0l
0. 1 1 ¢
e, | - I
CIconv,in g qc:nd,out ( >
A AX A
2 2
p p+1_ p
hAT, -T,7) —kAJE =T _ peaAX T =T,
AX 2 At
LT R WL L e
PCAX
2hAt _ 2hAX oAt — 2BiEo

PCAX

Ty = 2Fo(T,” +BiT, ) + (1~ 2Fo - 2BiFo) Ty’

K

stability criterion:

(AX)*

o* N

L J(O0)

See Table 5.3
(p. 306)

(1-2F0-2BiF0)>0 or Fo(1+Bi)<1/2




Example 5.9

Fuel element: @ =5x10°W/m?, k =30W/m-K

Steady operation -
G, =1x10"W/m° L T =250°C
et [T h =1100 W/m?*-K
Sudden change to \\
c'12:2><1O7W/m3 TH
Coolant
° ° ° ° E
m-1| m [m+1 T~ 4 g5
([ [ J ([ [ J L
— E i B € > > T
Ueond,in ->E-g Ucond,out |_|)— =10mm Gcond,in Est Geonv,out
s X
- Nt
Ax = & AX =2 mm X _
5 2 10

Find:
Temperature distribution at 1.5 s after a change in operating
power by using the explicit finite difference method



Ein =B+ By =By m-1[ m Jm+1
TP -TP | TP-Th, . CE |
KA—m=t—m _KA-m M+ 4 GAAX 1,
AX AX | Gcond,in *Est _q(;)nd,out
p+1 TP AX
= pAAXC T =Ty —
At
: 2
Thus, TP* = Fo[Tm'f’_1 ~TP + q(Akx) ]+(1— 2F0)TP, m=1,2,3,4
: 2
Fornode O0,set T” =T° | TOIO+1 — Fo[q(AX) }_'_(1_ 2|:O)-|-Op
P_TP E
For node 5, kAT4 Ts —hA(T5IO —TOO) .|.qu Eg
AX 2 A Sé
p+1 _ TP o
=pAAXCT5 T, — =
? At cond,mH conv,out
p+1 S G(Ax)* : 5 AX/2
or T,* =2Fo| T, +BIiT, + +(1-2Fo-2BiFo)T,



At: stability criterion
1-2F0=>0, 1-2Fo-2BiF0o >0

or F0<0.5, Fo(1+Bi)<05

hAx 1100 W/m?-K(0.002 m)
k 30 W/m- K

Bi= =0.0733

Thus, F0<0.466

_ Fo(AXx)? - 0.466(2x 107 m)?

< —— <0.373s
o 5x10” m-/s

At

choose At=0.3s
5x107° m*/s(0.3 s)

Then, Fo =
(2x107° m)?

=0.375




nodal equations

T, =0.375(2T,” +2.67) + 0.250T,"
T, =0.375(T,” + T,” + 2.67) + 0.250T,°
T, % =0.375(T,° + T,” + 2.67) + 0.250T.
T, =0.375(T,” +T,” + 2.67) +0.250T,
T, =0.375(T, + T,” + 2.67) + 0.250T,°
T, =0.750(T,” +19.67) + 0.250T,"

Initial distribution: steady-state solution with ¢ = ¢, =1x10"W/m’

ey 2 2 .
To=9"(1-X |41, 1=+ 9
2k |7 L h

: 7
T,=T, =T, + 9 22504+ 12200 _54091°C
h 1100

7
T(x) = 10" x0.01

2 2
1-2|+340.91=16.67| 1- 2 |+340.91°C
2x 30 E K



2

X
T(X)=1667 1—F +340910C
Calculated nodal temperatures
Tabulated Nodal Temperatures
P t(S} Tﬂ Tl Tz T3 T4 TS
0 0 357.58 356.91 354.91 351.58 346.91 340.91
I 0.3 358.08 357.41 355.41 352.08 347.41 341.41
2 0.6 358.58 357.91 355.91 352.58 347.91 341.88
3 0.9 359.08 358.41 356.41 353.08 348.41 342.35
4 1.2 359.58 35891 356.91 353.58 348.89 342.82
5 1.5 360.08 359.41 357.41 354.07 349.37 34327 |
% % 465.15 463.82 459.82 453.15 443.82 431.82




Comments:
Expanding the finite difference solution, the new steady-state
condition may be determined.

480
465.1

440
431.8

400

T (°C)

360

HEY 0 100 200 300 400

r(s)



Implicit Method (fully) : backward difference

T

m+1,n

+T

m-1,n

(Ax)? (Ay)? aAt

m,n-1 m,n

_ 2Tm,n n Tm,n+1 +T 2T _ Tmp,Jrr11 _Tmp,n

p+1 p+1 p+1 p+1 p+1 p+1 p+1 p
T +T —2Tm,n Toma t T —2Tm,n _Tm,n —Ton

m+1,n m-1,n m,n-1

(AX)? (Ay)* alt

m+1,n m-1,n m,n+1 m,n-1

If AX=Ay, (1+4|:O)Tm'°,“;]1—Fo(TIO+1 i T L )=-|—p

stability criterion : no restriction

If the system is one-dimensional in X,

m,n

m+1

(1+2F0) T2 = Fo(T.r + T2 ) =T

qconv,in

Boundary node subjected to convection

(1+2F0+2F0Bi) T, — 2F0T,”* = 2F0BIT, + T,

0. 1
® Est )
> >
qcond,out
‘ AX



Explicit Method
one-dimensional in X,

Tp+1:FO(Tp1+Tp_1)+(1—2FO)Tp a_T=aazT2
m m+ m m at ax
t4 T(x,0)=T,
o e
o e
& o 10,1)=T, T(Lt)=T,
o O
O Q
p=5 ¢ o
Pp=4 ¢ O
pP=3 ¢ O
p=2 o—0—0—0———O0—O0—O0—O0—O—O—O—0—0
P=1l[oF¢—¢T ¢ 9o 9o 9o o o oo o o o9
p = 0 0O O O O O O OO O—0 > X
m=0 12 3 4 5 6 7 8 9 10 11 1213 14




Implicit Method (fully)
one-dimensional in X,

2
(1+2F0) T2 —Fo(T.2r + T2 ) =T.F Z—I =a ngZ
t4 T(x,0)=T,
o e
o e
& o 10,t)=T, T(Lt)=T,
o Q
o Q
p=5 ¢ o
Pp=4 ¢ O
pP=3 ¢ O
p = 2[ 0—E—0F+-——0—O——O—O——O—O———0
p=1[¢ OO+ 0—0—0—0—0—0—O0—F0——0
p=0¢ I I O O O OO O—O—O—O—O—O > X
m=0 1 2 3 4 5 6 7 8 910 11 12 13 14




Crank — Nicolson Method

oT 10°T ) ]
T(X,t+A)=T(x,t)+—| (At)+— At)  +O| (At
( )=T( )atx,t()zatzx,t() | (at)* ]
oT 10°T ) ;
T(X,t—=At)=T(X,t)—— At)+— At)  +0O| (At
( )=T( )atm()mz“() | (at)* ]

T(X,t+At)-T(X,t—At) = 286—-[

(At)+o[(At)3]

X,t

oT _T(t+A)-T(x,t-A1)

a on Loy

Second order accuracy in time, but serious stability problem



p+1 TP p+1 p+1 p+1
backward difference : Tn =Ty :Tm+1 2Ty +Tns

alt (AX)?

. Tmp+1 - Tmp Tmp+1 — 2Tmp + Tmp—l
forward difference: = >
a(At) (AX)

averaging: Tmp+1 _Tmp — i TmpJ:rll — 2Tmp+l +Tmpj11 + Tmp+l - 2-|-mp + Tmp_l
a/At 2 (AX)? (AX)?
_Fo iy (1 + Fo)Tmp+1 — %Tmp:j = %Tmp_l + (1 — Fo)Tmp + %Tmpﬂ

stability criterion: 1-Fo>0 or Fo<l1

aAt <i

(AX)* 2

explicit method: Fo=



Example 5.10

g’ = 3x10° W/m? very thick slab of

| copper
— E @
T m-1l m m+1
0 1 o o °
ESL—> L, x q —E T
qrad,in qcond,out cond,in st qcond,out
“> = 20° —
AX/2 Tx0)=20°C AX = 75 mm

1. Using the explicit FDM, determine temperature at the surface
and 150 mm from the surface after 2 min, T(0, 2 min), T(150 mm,

2 min)

2. Repeat the calculations using the implicit FDM.
3. Determine the same temperatures analytically.



Determination of nodal points

T(X,2 min)

i\@ - ®
\§

20 —
150 300

> X

5(t) ~Jat =+117x10°x120 =0.118 =118 mm

Table A.1, copper (300K) : k =401W/m-K, a=117x10"°m*/s

o :500~ 1000 mm



Explicit FDM

node O: Ein — Eout + Eg = Est
p_TP p+1 _ T p
AKaTe T aAX T T,
AX 2 At

or TS = 2Fo(q°AX

interior nodes: T 7" = Fo (T P
time step: stability criterion Fo =

Table A.1, copper (300 K) : k =401W/m-K, a=117x10"m?/s

A Fo(Ax)’

+T1'°)+(1—2F0)T0'°

m+1

aAt <1

(ax)" 2

(0.075 m)°

1
a 2

2min —>p=5

117%x107° m?/s

+T.2,)+(1-2F0)T

=24 s—>Fo=1



T = 2Fo(q°AX +T1pj+ (L-2F0) T, T2 =Fo(T2y+T.L)+(1-2F0)T;
Fo=05 geAX _ 3x10° W/m?(0.075 m) _ 56,190
k 401 W/m-K |
finite-difference equations
p+1 o p p+1 Tmp+1 + Tmp—l
TO =561 C+T1 and Tm — 2 | m =1121314
T, = 20°C
Explicit Finite-Difference Solution for Fo =3
p £(s) T, T, I, T, T,
0 0 20 20 20 20 20
1 24 76.1 20 20 20 20
2 48 76.1 48.1 20 20 20
3 7.2 104.2 48.1 34.1 20 20
4 96 104.2 69.1 34.1 27.1 20
5 120 1253 69.1 48.1 i3 f 20

After 2 min, T, =125.3°C and T,=48.1°C



Improvement of the accuracy

(At =125s), domain length: 600 mm

TS = —(561°C+Tp)+1T0'°, TP = (T +T'“1)+1TIO

m m+1

Explicit Finite-Difference Solution for Fo = i

P £(s) Ty T, T, T T, T5 T T, Ty

0 0 20 20 20 20 20 20 20 20 20
1 12 48.1 20 20 20 20 20 20 20 20
2 24 62.1 27.0 20 20 20 20 20 20 20
3 36 726 340 218 20 20 20 20 20 20

814 406 244 204 20 20 20 20

w B
oY
9:.

60 89.0 467 2715 213 201
6 72 959 525 307 226 204
84 1023 579 341 241 208
8 96 108.1 63.1 376 258 215
9 108 1137 680 410 276 222 ,205 201 200 200
10 120 Ti89 726 444 296 232 , 208 202 200 200

After 2 min, T, =118.9°C and T, =44.4°C
When At =24, T,=125.3°C and T,=48.1°C

20 20 20 20
20.0 20 20 20
20.1 200 20 20
203 200 200 20

~J

[
=




Implicit FDM

T -T Ax T =T
de O "-l-k 1 0 — C 0 0
noede o AX p 2 At

200, At N
KAX

Arbitrarily choosing, Fo =% (At =24 5s)

o (1+2F0)T, " —2FoT,"" =

T,

2T —T," =56.1°C +T,°

interior nodes: —T P 44T P TP =2TP m=1,23,---8

m+1

A set of nine equations must be solved simultaneously for
each time increment.

The equations are in the form [A][T]=[C].



-1 0 O
-1 4 -1 0
0 -1 4 -1
0O 0 -1 4
0O 0 0 -1
O 0 0 O
O 0 0 O
O 0 0 O
O 0 0 O

[AI[T] = [C]

o 0 O O O
O 0 0 0 O
o 0 O O O
-1 0 0 0 O
4 -1 0 0 O
-1 4 -1 0 O
0O -1 4 -1 O

[ 56.1+T,°
2T,
2T,
2T,
2T,°
2T,
2T,
2T.F

| 2T + T |

[C]p=o =

[ 76.1]
40
40
40
40
40
40
40

60



. . ] . o prge S . ' 1
Implicit Finite-Difference Solution for Fo = 5

p s T, T, T, T; I Ts T, T, Ty

() 0 20.0 20.0 20.0 20.0 20.0 20.0 20.0 20.0 20.0
] 24 524 28.7 22.3 20.6 20.2 20.0 20.0 20.0 20.0
2 48 74.0 39.5 26.6 22.1 20.7 20.2 20.1 20.0 20.0
3 12 90.2 50.3 32.0 24 4 21.6 20.6 20.2 20.1 20.0
4 96 103.4 60.5 38.0 27.4 229 211 20.4 20.2 20.1
5 120 114.7 70.0 442 309 24.7 21.9 20.8 20.3 20.1

After 2 min, T,=114.7°C and T,=44.2°C



Analytical Solution

" 1/2 2 "
T(x,t)—Ti=2q°(atk/”) exp(—x—)—qoxerfc( X )

T(0,120 5) =120.0°C

T(0.15 m,120s)=45.4"C

Comparison

Method T, = T(0,120s) T, = T(0.15m, 120 )
Explicit (Fo = 3) 125.3 48.1
Explicit (Fo = 1) 118.9 44.4
Implicit (Fo = 3) 114.7 44.2

Exact 120.0 45.4




Implicit method with AX = 18.75 mm (37 nodalpoints)
and At=65s (Fo =2.0)

120

Implicit finite-difference
solution (Ax = 18.75 mm, At = 65)

100

80
—T(%,|1208)
60

—
]
5]
™
|

_—1(x, 60s)

40
AN | A T = il e i
N—Tx, 1O)
0
0 100 200 300 400 500 600

A {mm)

T(0,120s)=119.2°C, T(0.15m,1205s)=45.3°C
exact: T(0,120 s)=120.0°C, T(0.15m,120s)=45.4°C



