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TABLE 10.2 SOME COMMON z-TRANSFORM PAIRS

Signal Transform ROC
1. 8[n] 1 Allz
I
) >
2. uln] = |z > 1
1
3. —u[-n-1] - lz| <1
1 -z
4. 8[n — m] 2 All z, except
0@Gfm=>0)or
 (if m < 0)
A 1
5. a"u[n] 'I—:F |ZJ = ‘af
|
6. —a"u[-n—-1 ——— lz| < |a|
1 —az!
-1
n maz
7. na’'u[n] = |z| > |a
n P . az?l
8. —na"u[—n—1] (_l e |z < ||
1 = [coswp]z™!
9. [cos wonluln] B T Jef =1
: [sinwglz™!
. [s Zl =
10. [sinwon]u[n] o P P s |zl > 1
1 — [rcosaglz !
11. [r" cos >
[r" coswon]u[n] (= Rroosmole + 722 lz| > r
; -1
12 [+ sinwon]uln] Eal: |2 > r

1 = [2rcoswplz™! + riz2

10.7.1 Causality

A causal LTI system has an impulse response h[n] that is zero for n < 0, and therefore is
right-sided. From Property 4 in Section 10.2 we then know that the ROC of H(z) is the
exterior of a circle in the z-plane. For some systems, e.g., if h[n] = &[n], so that H(z) = 1,
the ROC can extend all the way in to and possibly include the origin. Also, in general, for
a right-sided impulse response, the ROC may or may not include infinity. For example,
if h[n] = 6[n + 1], then H(z) = z, which has a pole at infinity. However, as we saw in
Property 8 in Section 10.2, for a causal system the power series

H(z) = > hlnlz™"
n=0

does not include any positive powers of z. Consequently, the ROC includes infinity. Sum-
marizing, we have the follow principle:

A discrete-time LTI system is causal if and only if the ROC of its system function is
the exterior of a circle, including infinity.
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If H(z) is rational, then, from Property 8 in Section 10.2, for the system to be causal,
the ROC must be outside the outermost pole and infinity must be in the ROC. Equivalently,
the limit of H(z) as z — o must be finite. As we discussed in Section 10.5.9, this is
equivalent to the numerator of H(z) having degree no larger than the denominator when
both are expressed as polynomials in z. That is:

A discrete-time LTI system with rational system function H(z) is causal if and only if:
(a) the ROC is the exterior of a circle outside the outermost pole; and (b) with H(z)
expressed as a ratio of polynomials in z, the order of the numerator cannot be greater
than the order of the denominator.

Example 10.20

Consider a system with system function whose algebraic expression is

ot 272 4 7

H(z) = :
g 1,1 1
2 2zt g

Without even knowing the ROC for this system, we can conclude that the system is not
causal, because the numerator of H(z) is of higher order than the denominator.

Example 10.21

Consider a system with system function

1 1
Jile) = + ,
() l—%z" ],22-—}

) (10.97)

Since the ROC for this system function is the exterior of a circle outside the outermost
pole, we know that the impulse response is right-sided. To determine if the system is
causal, we then need only check the other condition required for causality, namely that
H(z), when expressed as a ratio of polynomials in z, has numerator degree no larger than
the denominator. For this example,

2- 377! 22— 2

A-Tzh1-2) 2-3z+1

H(z) = (10.98)

so that the numerator and denominator of H(z) are both of degree two, and consequently
we can conclude that the system is causal. This can also be verified by calculating the
inverse transform of H(z). In particular, using transform pair 5 in Table 10.2, we find
that the impulse response of this system is

h(n] = {(%) + 2”}1{[1’1]. (10.99)

Since h[n] = 0 for n < 0, we can confirm that the system is causal.

10.7.2 Stability

As we discussed in Section 2.3.7, the stability of a discrete-time LTI system is equivalent to
its impulse response being absolutely summable. In this case the Fourier transform of /1{n]



Hz)=

[
e

/- 22!
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converges, and consequently, the ROC of H (z) must include the unit circle. Summarizing,
we obtain the following result:

An LTI system is stable if and only if the ROC of its system function H(z) includes
gL - ) =
the unit circle, |z| = 1. < s> “t["_‘l‘ g™ P

N=-0e
Example 10.22

Consider again the system function in eq. (10.97). Since the associated ROC is the region

+ z| = 2, which does not include the unit circle, the system is not stable. This can also be
seen by noting that the impulse response in eq. (10.99) is not absolutely summable. If,
however, we consider a system whose system function has the same algebraic expression
as in eq. (10.97) but whose ROC is the region 1/2 < [z < 2, then the ROC does contain
the unit circle, so that the corresponding system is noncausal but stable. In this case,
using transform pairs 5 and 6 from Table 10.2, we find that the corresponding impulse
response is

hln] = (;) uln] — 2"u[—n - 1], (10.100)

which is absolutely summable.

Also, for the third possible choice of ROC associated with the algebraic expression
for H(z) in eq. (10.97), namely, |z| < 1/2, the corresponding system is neither causal
(since the ROC is not outside the outermost pole) nor stable (since the ROC does not
include the unit circle). This can also be seen from the impulse response, which (using
transform pair 6 in Table 10.2) is

hln] = —[(;) + 2"Ju[—n — Il

As Example 10.22 illustrates, it is perfectly possible for a system to be stable but
not causal. However, if we focus on causal systems, stability can easily be checked by
examining the locations of the poles. Specifically, for a causal system with rational system
function, the ROC is outside the outermost pole. For this ROC to include the unit circle,
|z] = 1, all of the poles of the system must be inside the unit circle. That is:

A causal LTI system with rational system function H(z) is stable if and only if all of
the poles of H(z) lie inside the unit circle—i.c., they must all have magnitude smaller
than 1.

Example 10.23

Consider a causal system with system function

1
s

which has a pole at z = a. For this system to be stable, its pole must be inside the unit
circle, i.e., we must have |a| < 1. This is consistent with the condition for the absolute
summability of the corresponding impulse response hln] = a"u[n).
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so that

J?, o/ witm é H(z) = 2@ _ k=0 . (10.106)

X(z)

é ‘/7 o‘[ /'e’obm . ZN:akz_k

We note in particular that the system function for a system satisfying a linear constant-

coefficient difference equation is always rational. Consistent with our previous example

and with the related discussion for the Laplace transform, the difference equation by itself

does not provide information about which ROC to associate with the algebraic expression

H(z). An additional constraint, such as the causality or stability of the system, however,

j; @ ,’ L‘ serves to specify the region of convergence. For example, if we know in addition that the
» system is causal, the ROC will be outside the outermost pole. If the system is stable, the

naAura & ROC must include the unit circle.

7‘ °// eWS. 10.7.4 Examples Relating System Behavior to the System Function

As the previous subsections illustrate, many properties of discrete-time LTI systems can
be directly related to the system function and its characteristics. In this section, we give
several additional examples to show how z-transform properties can be used in analyzing
systems.

Example 10.26

Suppose that we are given the following information about an LTI system:

J#/i\f A’”f /A. QJ 1. If the input to the system is x;[n] = (1/6)" u[n], then the output is
1 n 1 n

Aot ;M-'——ya:!m wln) = { (5) i 10(§) }u[n},

ro inidia
where a is a real number.

J‘-!J# a * =0 2.If xy[n] = (—1)", then the output is y,[n] = }(f 1)". As we now show, from
these two pieces of information, we can determine the system function H(z) for this

“( system, including the value of the number a, and can also immediately deduce a number

of other properties of the system.
The z-transforms of the signals specified in the first piece of information are

do
71 = 5T Ay xreq
K= o

V
Y(z) = Hcz) X&)
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i 1
Xi(z) = P e |z| > I3 (10.107)
1- 62
10
Y\(2) —
= AL G
. : (10.108)
(a+10)—(5+§)z-' e
1-na-1z1n 977

From eq. (10.96), it follows that the algebralc expression for the system function is

Yir) _ [a+10)—(5+ Hz7'[1 - tz7]

H(z) =
= Xi(z) (1 - —z“)(l - —z D)

(10.109)

2" DU"’Z‘*‘-- H gurthermore we know that the response to x;[n] = (—1)" must equal (—1)" multiplied
Tama £ETL l -2 by the system function H(z) evaluated at z = — 1. Thus from the second piece of infor-

J/Jl}!ﬂ mation given, we see that
7 [(a +.10)+5+3 ][]
~ =H(-1) = 10.110
i (=D OE) ( )

Solving eq. (10.110), we find that a = —9, so that
(1- 2z—1)(1 ~izg 1)

H(z7) =
@ Ay

(10.111)

or

) (10.112)
or, finally,

H(z) = —2—3 (10.113)
& = =HRAare

Also, from the convolution property, we know that the ROC of ¥, (z) must include
g at least the intersections of the ROCs of X;(z) and H(z). Examining the three possible
X 4 ROC:s for H(z) (namely, |z| < 1/3,1/3 < |z| < 1/2, and |2| > 1/2), we find that the only

N&;w choice that is consistent with the ROCs of X;(z) and ¥,(z) is |z| > 1/2.
A'FJ Since the ROC for the system includes the unit circle, we know that the system
’\;; u® is stable. Furthermore, from eq. (10.113) with H(z) viewed as a ratio of polynomials in
LY z, the order of the numerator does not exceed that of the denominator, and thus we can
[r conclude that the LTI system is causal. Also, using eqgs. (10.112) and (10.106), we can
write the difference equation that, together with the condition of initial rest, characterizes

K the system:

;\'[n - 1]+ é_v{n = 2] = x[n] - E1[;»1— 1]+ l x[n — 2].

y[n] - 6

- '"
Example 10.27 B

Consider a stable and causal system with impulse response A[n] and rational system
function H(z). Suppose it is known that H(z) contains a pole at z = 1/2 and a zero
somewhere on the unit circle. The precise number and locations of all of the other poles
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