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Chapter 2. Vector Analysis

2-1 Introduction [Text p.11]

Field “A ftn which describes a physical quantity in space”

Scalar Field (magnitude) : temperature, density, electric potential

Vector Field (magnitude and direction) : velocity, force
Electric field intensity E, Electric displacement D
Magnetic flux density B, Magnetic field intensity H

Representation : @ A A A -

2-2 Vector Addision and Subtraction [Text p.12]
,_01 + § = E + ,_02 . Commutative law

Z\ + (E + E) = (K + E) + E . Associative law

2-3 Products of Vectors [Text p.14]

2-3.1 Scalar (or dot, inner) product A

0

Field and Wave Electromagnetics 1



2-3.2 \Vector (or cross, outer) product A

AxBAA4,|ABsing|

én :unit vector perpendicularto A and B
formed according to right-hand rule

2-4 Orthogonal Coordinate Systems [Text p.20]

consider

U, (xy,2)=0, _

U, (x,y,2) = each represents a family of
: (% ¥,2) =0, surfaces in space

U, (X,¥,2) =05

Intersectionof U, , U, surfaces ——> curve U,
Intersection of
u,, U, surfaces — > curve U,

Intersection of U11 U2 surfacess ———> curve U3

curve
z U7

curve
U 2

é’u Three surfaces intersect at
2
one pt P(XO, Yo zo)

> Y
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a ,a 513 : Units vectors issuing from P target to U,, U,, U, curve
(or orthogonalto (,, 0,, (s surfaces)

When three surfaces intersect one another orthogonally

—>» orthogonal coordinate sys. éu X éuz = éu3

Let length elements dIi are related to  Coordinate variables Ui by

dl, = h; du;

Where h,: metric coefficient

Then, the Length element
1
dl ={(dL,)? + (dl,) + (dl,) ]
1
= [(hydu,)? + (h,du,)? + (hdu,)? |
Volume element

dv =h, h, h, du, du, du,

Cartesian Cylindrical Spherical

(X,y,17) (p.¢.7) (r.0.9)
h, 1 1 1
h, 1 P r
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2-4.1  Cartesian coord

(U, Uy, Uz) =(X, Y, 2)

- P(xvV,2)

h=1, h=1 h=1

dv =dxdydz

2-4.2  Cylindrical coord

(ul’ u,, Us) = (r, 9, Z)

dv = rdrd¢dz
y
X
2-4.3  Spherical coord
(u11 U, U3) = (R’ ‘9’¢)
Z
P h=1, h,=R, h,=Rsing

dv=R?sinddRdéd¢
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Invariance
Y Rotation of coordinate system
‘\P by an angle g about Z-axis
Y’ ol \/X' coordinates (X, y,z) and (X,Y,Z) of P
ol X = xcosf + ysin 6
4 9 ( y =—Xxsin @ + ycos &
X 7 =2
Symbolically P = RP
where P=(x,y,z), P=(x,y,2z) and

cos @ sind 0
R=|-sin@ cos@d O
0 0 1

Vectors [ P =Xi+yj+zK
I_5'=x'iA'+y']'+z'I2'

Q =ui +Vj+wk
[ 6'=u'f'+v']'+W'I2'

Scalar product of P and Q

P-Q =xu+ YV + ZW
56 =XU +yV +zwW
=(xcos @+ ysin @)(ucos b +vsin Q)

+ (=xsin @+ ycos #)(—usin & +vcos @) + zw
= xu(cos’ @ +sin?@) + yv(cos? @ +sin? @) + zw
. =F3

~P-Q are independent of coordinate sys

s invariant (A quantity that is independent of coordinate system)

Exa, (jj—p V, @(flux), v.p, areallinvariant
t
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2-5 Integrals Containing Vector Functions [Text p.37]

Line integral de 1= _[V (x,Y, z)[éxdx +a,dy + ézdz]

=4, IV (X,y,z)dx + éij (x,y,z)dy

+éZIV(x, y,z2)dz

Surface integral K -d g

o
S

\olume integral ) EdV

v

Closed line or surface § or §

Field and Wave Electromagnetics 6



2-6 Gradient of a Scalar Field [Text p.42]

grad vgvvgéndl V : del
- - n

where a : direction of maximum rate of increase

n

Directional derivative

Wo_dvn v oy,
dl dn dl  dn

dv =vv.d I
N+ N, M,
ol, al, al,
- (a Noia, Moia, 5—\’) (&, a1, + 4, dl, +4,dl,)
al, ol, oy )
"
dl
Thus
v=g, Mg Noyg N
vl el ™ol
W4, .Y v
! h16u1 2 h26U2 3 h36u3

gradiente 4 &

a. magnitude is the maximum rate of change with distance

b. direction is that of the maximum rate of change

c. it points towards larger values of ftn.

Field and Wave Electromagnetics /



2-7 Divergence of a Vector Field [Text p.46]

Fluxof A overasurface S

=[A

|
2
N
e
Jd
0x
Al
1>
A
o
02

. $AdS
div AA lim (net outward flux / vol)
=Av—>0 Ay
Z
N P(XO’yO’ZO)
I
I
5
Az
2.
4. fE ) —— Y
’ AX

X A JAdS= [H+H+H A5

for surface 7. . 2. 3 4. 5 6.

[

A-dS = K-(AyAz)ciX

= A, (X, +A— Yor Z,)AyAZ

{A (Xgy Vor Z,) + aAX} ﬂ+~-}AyAz
OX (x, yoz) 2

for surface 2,

A-dS=- A (X, Y, z)+%} (—A—I)+--- AyAz
OX ix yo2y 2
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]K §::%?5AxAyAz+ ------

!\)‘—-

1.

[ +I ]K-dgzaaiAxAyAz+ ------
3. 4
and
- = O0Az

+ A-dS = 2L AxAYAZ + -
-[ I] 0z y
5 6.
and
§>—A>-d§= 8Ax+8Ay+6Az AXAYAZ +------

OX oy 0z

and

V.A =divA= OAX +6Ay +8Az
OX oy 0z

For general orthogonal curvilinear coord

1
h,h, h,

V-A=

{a (hohs A) + (hhA) ug(hlths)}
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2-8 Divergence Theorem [Text p.50]

For an arbitrary vol.

w|

]:

[aN

N — N —
 (V-A)Av =2 fA-d

]

Divergence Theorem.

Nonzero divergence ——> source or sink of flow

V - A : measure of strength of flow source

Field and Wave Electromagnetics
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2-9 Curl of a vector field [Text p.54]

—_—

Circulationof A around contour C éfA-d |

_  —

(Ex) 2+ A=F (force)
Circulation of A = §Ed 1 = work

curl K:Vxﬂ

A lim i{énﬁ-dq
= AS>0 AS °

max

a,
é-n : normal direction of area
- right hand rule
dl
AS
y
N /P(Xo’yo’zo)
— VxA), = lim Adl
Ay |4. é 2. (VxA), e AxAyi{)
"AX _
> X _AXIAULOAxAleZ:”‘AdI
along contour 7. §A dl =A (X, Y, — Ay, Z,)AX
dl :AXé'X :|:A<(Xo’yo’zo)+% ]Xoly0120 (_gy)-'- ...... :|AX

Field and Wave Electromagnetics 1
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along contour 2.

— -~ T AX
dl :Ayéy jA'dI :Ay(xo"‘?’ Yo: Zo)AY

along contour 3.

:—Axé j

along contour 4.

dT =-Aya deT:{AyﬁAy-(‘AXM ...... }(—Ay)

y

Field and Wave Electromagnetics 12



oy oz 0z  OX ox oy
a, a, a,
| & o 9
OX oy 0z
A, A A

hléul hzéu2 h3é\‘u3

VAot o 0o 0
h, h, h, ou, ou, ou,
h1A1 h2 Az h3A3

VxA=0 —> A isaconservative field

Field and Wave Electromagnetics 13
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2-10 Stoke’s theorem [Text p.58]

From the definition of curl, i.e.

VX)_AIZ lim i|:énf’;'_6:d_li| For AS surrounded by C
C

For an arbitrary surface S, subdivide itinto many N

and add up all the differential areas

AS,
N . . -
& Alsimozl(vXA)j-Asj:ijA-ds
L 4\ i~V = s
C g _ N o -~
- am E RO fR a1
S J
I(VX_A}dg: ﬁKdT Stoke’s theorem
S C

Field and Wave Electromagnetics 14



2-11 Two Null Identities [Text p.61]

2-11.1 Identity |

V x (VV )= 0
pf. By Stoke’s theorem

[[vx(VV)l-da=§(¥V)-dT =fdv =0

w

conservative field

. dependsonlyonendpts a and b

Field and Wave Electromagnetics 15
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2-11.2 Identity Il

V°(VXK)=O

pf. By Divergence theorem

gv-(vX_A’)drzﬁ(vX_A')-dé

S

__[(Vx )da+j(V>< )da

V s, =§>A-d|+§>A-d|

S, =0

— if V.B=0 — B=VxA
/ N\

magnetic vector potential
flux density

Field and Wave Electromagnetics 16



Chap 3. Static Electric Fields

3-1 Introduction [Text p. 72]

Field : Spatial distribution of scalar and vector quantity

Electric field and magnetic field.
Electrostatics : Al 20l (Ct2t B0k Al

d= MotE2L =2
NEAD 2 H S AD| S A
Coulomb’s law (1785)
E _ 1 q1q2 CII, q2 . coulomb
2 = ; aRn (Newton)
4re R m

12

where & = 8 84 x 10‘”(F / m) Permittivity of

free space

4 d,

R

Force exerted on q , by q1

q,
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3-2 Fundamental Postulates of Electrostatics
INn Free Space [Text p. 74]

Electric field intensity

—_—

_ F
E=lm— (V/m)
q
Postulate 1. V - E = P p : charge density (C/m’)
E

Postulate 2. '}/ X E = ()

Integral form of two postulates

Postulate 1

1
VIV'EdVZg_JPdV:gg Q : total chargein V

0

&Edgzg : Gauss law
S go

Field and Wave Electromagnetics o




Postulate 2.

[VXxE-dS = | §JE-d 1 =0

since
JE-d1 =[E-dl +[E-dT =0
C, P, "E-d 1 =—[E-dI
CI% [+t ng [+ 2F
P C, =["E-d|
C, E et

—_—

line integral of [E isindependent of path

depends only on end points
conservation of energy

Electrostatic field : conservative field

Field and Wave Electromagnetics 3




3-3 Coulomb’s law [Text p.77]

Electric field due to point charge
applying Gauss law

 —

e $E-dS=§(E, 4,)-(4,dS)

R
/ — E_}dS

. :
\ ) = E_472R
. =q/¢
E=4E =1 _a V/m
47e R
(Ex 3-2) Electric field inside of a spherical shell

with a total charge Q

1. By Gauss law
2. Field at P due to S1 and 52

qE = Ps | 951 dS;

— =(
dreg rl2 r22

Field and Wave Electromagnetics 4




Solid angle

do = %
I

Tilted surface

dQ:d—Szcosa

I

Field and Wave Electromagnetics 5




3-3.1 Electric field due to a system of discrete charges
[Text p. 82]

Electric field : linear ftn of EéR
—>  Principle of superposition

— —1
1 «(R-R)

2. ;
dre A,

E(R) —

_>1

R - R.

Continuous distribution

EZ 1 féR P dv': Volume

2

dre v charge
_ 1 0
E = [d4 —ds’.

Are 3 "R : Surface

o | ja_Lidl’ :Line
4ze U "R

» Electric dipole : sys of charges consists of a pair of
equal and opposite charges
+ Cand — ( separated by a small
distance d << R

Field and Wave Electromaagnetics




Electric field at P

r_9 g,
E-_UY 2 _ 2
dre || df = df
R—d R+d
r_ 0O 50
2 _ 2
R (R2—§-6+d j
2 4
— d
NR_21+§Rd
¢ 2 R’
2= YHEHO=z, R+ g 5 T
2 (gl 3RA) R
— d 2 2 R°
R+
2 —_ —_
and E = q 1 —E+3Eﬁ
4re R’
ﬁ — qa . Electric dipole moment

‘E‘ o R”

Field and Wave Electromaagnetics




3-3.2 FElectric field due to a continuous distribution of
charge [Text p.84]

Electric field due to charge in differential volume dv' is

— 1 pdv’ . =
dE = P 7 AR and E=L éR%dV'
dres R g R

(Ex 3-4) Electric field due to an infinitely long, straight
line charge (0,)

(B 1)

field at P due to dZ’

= 1 dz’ A
dE = Pl 5 —cos 0 a,
472-80 r,
* ( é-z components cancel)

Field and Wave Electromagnetics 8




E = 5 cos @ ar
dreqg o= r'
00 I
- | dz'4,
drgy —® 3
(r? +2'%)2
, 7T T
let z =rtana (——<a <—)
2 2
2
oY 2 rsec” a de 4
= r
dreg - [r (1+tan 05)]3/2
7T
= IZ cosada &,
47zgor _r
2
__PI 4
2wl '

Field and Wave Electromagnetics 9




3-4 Gauss’s Law and Applications [Text p.87]

(Ex 3-5) Electric field due to an infinitely long, straight
line charge (©,) , Use Gauss’s law

(&& 2) use gauss law
r Since E s symmetric and has radial
C — component only

fE-dS =E 271l = A&

o

E=4 E =4 X
2re ¥

Field and Wave Electromagnetics 10




(Ex 3-5) Electric field due to an infinite planar charge (0 )

Infinite planar charge
—> Electric field is normal to surface

—

JE-dS=[+[+] E-dS

1.2. 35
1. oA
_. A =AE, +AE, +0="5
E 82 o
P T g _Ps
l ' 2,
E o/ E-al
2¢&,
Tg.uds E « r12
H&S E o L
r
Tgme E indep of distance

Field and Wave Electromagnetics 11




3-5 Electric potential [Text p.92]

since 'V x E = (0 for a static field,

E can be represented as

E=—W

where V : Electric potential

V, -V, =—[E-dT

Py

e (-)sign : E of H=4 2 WV I =0

Field and Wave Electromagnetics 19




« field line | equipotential line

Work needed to move a point charge { in an electric field E
Since force in 4 is F =qQE

B

P, —
W = — F-d |

P,

2
= ( Vv -d I
J P,
. P,
= ( dVv
J P,
= ( (V 2 V1 )
1. needed work = potential energy difference
2. = 1independent of path

Field and Wave Electromagnetics 13




3-5.1 Electric potential due to a charge distribution
[ Text p.94]

Electric potential due to a point charge

Ry q :
V _—LaR 4ﬂgOR2-aRdR

.
4 e (R

( Reference is taken at R = o0 for V =0 )

Electric potential due to many charges
— 1 n q

V (R) = > Ak

dre k=1

Field and Wave Electromaagnetics




potential due to a dipole

4 e
P-4,
4re R*
ERVENT D,
OR R 06
P

= . (2 cos 64, +sin 64,))

4re R

Field and Wave Electromagnetics 15




Electric dipole in an external field

—_

F=gE+(-q)E =0

= ToikE
A EqB —gqu-F—gX(—qE)
2 2
-q _~ o I
o =qdxE =PxE
o — —
Potential enerey U =| 7-d@
g — —  —
=| PxE-d@
- ["PEsing do

= — PE cos @
-_P-E

Field and Wave Electromagnetics 16




Quadrapole

gd * sin @ cos 8
2re I’

d \V —

qd® 3cos’ 6 -1

T2zer 2

Field and Wave Electromagnetics 17




Octopole

@

Distance factor for multipole

Configuration Electric potential Electric field
: -1 -2
Single charge I I

-2 -3
Dipole I I

-3 —4
Quadrapole I I

—4 -5
Octopole I I
2' — poles r~(+D r~(+2)
| : number of independent displacement

required to specify the configuration

Field and Wave Electromagnetics 18




Electric potential due to a continuous distribution of charge

V = : jpdv’
dre VR

3-6 Conductors In Static Electric Field
[Text p.100]

Individual atom atom 1n solid

Y

SP
SP
D

DDD
D DD

Energy

A Conduction band
2P <: Band gap
25 Valence band
IS _

+<— Atomic Separation

Field and Wave Electromagnetics 19




Conduction Insulator

Band Empty
Band gap

Valence .

Band Filled
Conduction Empty Semiconductor

Band = N donor

............ %g ----- acceptor

Valence Filled

Band
Conduction Partially Conductor

Band Filled

overlap

Valence

Band Filled
Eg [Diamond 5eV ] =cE

Si [.1eV o : conductivity

Field and Wave Electromagnetics 20




Charge inside of conductor

—_—
S =
—

- Equ

- E:O, 0 — surface

—_—

—  No tangential component of E on surface

af 9 Etan , charge will move)

—_—

> E 1s normal to surface

surface is an equipotential surface

2

E _Fs where O = surface

2 charge density

L mmm——-—

Field and Wave Electromagnetics o1




(Ex 3-11) »

For R >R
IE-dng-4nR2:g
S 80
PE—
4re R°
o p R Q
4dre R°  4rne R

For R <R<R
E=0
V=9

dre R,

Field and Wave Electromaagnetics
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E-—2
e R

V = Q +C
4re R

« R=R , V Q

- dre R,
Q +C = Q
de R dre R
. Q _0Q
4ze R 4rme R

Field and Wave Electromaagnetics
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3-7 Dielectrics in Static Electric Field [Text p.105]

Dielectrics : insulation

Molecules 1n dielectrics

1. Electronic Polarization

—_ —
- TS ~o ~ - e
, PO \
/ P y
| @ :  O—D
\‘\ / h \ !
% ’ \ s
SHE ~x .
. -
center of positive center of positive and
and negative charge negative charge does not
coincide coincide and induces dipole
moment
& A
(o I —
= 1

®
2 X eH
Field and Wave Electromagnetics o4




2. Ionic Polarization

24 X

= O

Ol=Z&

]

/AR
L

/AR
-/

/AR
L/

—

P

dole F0l=2

NaCl

3. Orientational Polarization

[ Polar molecular

Nonpolar molecular :

Field and Wave Electromaagnetics

. HCI
O,, H,

permanent dipole moment
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3-7.1 Equivalent charge distributions of polarized
dielectrics [Text p.106]

Polarization vector

B - lim = (C/m?)
AV—0 AV

volume density of electric dipole moment potential due
to a polarized dielectric

___ Potential due to ( ﬁ = EdV'
dg —
dV = P-4, dv’
_ de R
/ r P-4
V' Then = I
dre R2
0 | |
Since — — —

/

r -

v(l):V':l =R
R r —r’ ‘r_rr

Field and Wave Electromagnetics o6




V :I I EV’ L dv’
Vidre R

V' (fA)= IV - A+V'f-A

= — IV'-B—V'P dv’
4re R R

—

1 P 1 -V'-P
— {3 , - dS’ + J- , dv’
4re, *S" R 4re R
EAS d / 1 p CI '
PS S J‘ | P Vv
4 72'5 S’ 4 TE . V' R
Where Pps = = é.n :  polarization (bound) surface
charge density
Pp = — V.-P: polarization (bound) volume

charge density

Field and Wave Electromagnetics 57




3-8 Electric Flux Density and Dielectric
Constant [Text p.109]

Electric Field due to D in a dielectric

~ 1
V-E=— P =—(p+pp)

0] gO

Sinceppz—v-ﬁ , —
V-(50E+E):p

e —_—

D = &, E + E . Electric flux density

Electric displacement

Integral form

IVV-de:ﬁsf))-dng

For a linear, isotropic dielectric

—_—

P = gozeE

Z . - eclectric susceptibility

Field and Wave Electromagnetics o8




Where & =1+ y ¢ relative permittivity
dielectric displacement
& = &LE, : (absolute) permittvity

Field and Wave Electromaagnetics
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gr
= —1 —1
V.p=2r V.D=2r yo¥
&, &,
& —1
Py = P
&

Total charge density

~ p
pi=pi+p,=pi—V-P="7

&y

Field and Wave Electromagnetics 30




3-9 Boundary Condition for Electrostatic Fields
[Text p. 116]

—_

charge of E and [) across an interface between two media

Aw
4 A
Medium 1 b a

Medium 2 C d

for path abcda |,
[VXE-dS

JE-d 1

EAw—-E Aw =0

Elt — E2t

Field and Wave Electromagnetics 31




AS

— \ T

— I

~ -
V-D=p

Field and Wave Electromaagnetics
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3-10 Capacitance and Capacitors [Text p.121]

Conductor in a Static Electric Field

c_Q

— —~ . capacitance

(Ex 3-17) capacitance of a parallel-plate capacitor

y\ put charge +Q on upper and lower plate
area S 4 QQ
d E__Q.
& E=-—Y
ES
y —_
V, =—| E-d j—dy——d
0 0 &S ES
S
c-Q_,>
(Ex 3-18) Cylindrical capacitor
(Ex 3-19) Spherical capacitor
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3-10.1 Series and parallel connections of capacitors

[Text p.126]

a. Series connection

C, C, |C
|| |
—Q| |+Q—Q| |+Q |
V1 Vz V3
V=V 4V, +V e Q. Q. Qe
Cl C2 C3
1 | 1 1
— -|— -|— _|_ ......
C C, C, C,
b. Parallel connection
Cl
+Q1 ‘ —Ql Q:Q1+Q2+"'
C2
+Q, o - Q, =CV +C\V +C\V +--

C=C,+C,+C, +--

Field and Wave Electromagnetics 34




3-10.2  Capacitances in multi conductor sysem [Text p.129]

V1 — P11Q1 + P12Q2 T + PINQN
VN — NlQl + PN2Q2 o + PNN QN
@ Pij Coefficients of potential

Cii . Coefficients of capacitance

Cij (I * j) . Coefficients of induction

Field and Wave Electromagnetics 35




3-10.3 Electrostatic Shielding [Text p.132]

Reduction of capacitive coupling between conductors

@and @

T =<l

p) @ —> enclose @ by

@ : a ground conducting shell

Ql = (CIO + C12 T C13 )Vl - C12V2 — C13V3

with V. =0,
Vi=V,=0 When Q,=0 No field inside shell

C,; =0 — No change in Q, by change in V,
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3-11 Electrostatic Energy and Forces [Text p.133]

R12 Q2
Q,

R13 Q
3

Bring charge Q, from o0 to R,

against the field of charge Q,

Q

work required 1s W, =Q,V, =Q, 1 -
e, Ryy

Bring another charge Q3 from o0 to R,

_|_
4re R, 4ne R,

W3=Q3V3=Q3( Q Q, j
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Total potential energy

W :W1 —|—W2 +W3 + oo
(

Ql O_|_Q2_|_Q3_|_ ...... +QNJ

] 4-72.6.0 R12 Rl3 RIN
4
+ Q2 0+ Q3 R + QN _|_
dre. N R, R T
Q
+ —= 0
dre. ( )
2W:Ql O+Q2+Q3+ ------ +Q'\I
4re, R, Ry Rin
+ Q2 Ql + O + &4_ ...... + QN
4re, 21 23 Rin
_|_ oo
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3-11.1 Electrostatic energy in terms of field quantities
[Text p.137]

We:lijdv
2
:%j(V-E)VdV
Ly 45)- 5w ]
1 - = 1 .= =
=—$¢$VD-dS+—[D-Edv
2 2
Since V oc R",D oc R and areas S’ oc R?,

first term L{) VBdg « R and
2 Js!

—> () as R > o

W, = [D-Edv
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—_—

for a linear medium D =gk and

1. _, 1 D2
We:—ng dv or We:—j—dv
2 2¢ ¢
Electrostatic energy density
] — —
W =-D-E
2
I
or W, =—¢E
2
1 D*
oo W, =—— (J/m’)
2 ¢

Field and Wave Electromaagnetics
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3-11.2  Electrostatic forces [Text p.140]

A. Sg of bodies with fixed charges

[

I ( virtual displacement )

D i Const charge on each body

o virtual displacement of one body

mechanical work done by system.

dW =Fo-d 1

For an isolated system () = dW + dW .
(Conservation of energy) !

Thus Change in electrostatic energy

o —_—

Fo-dl =—dW, =—(VW,)-d I

and

B

Fo=-VW

e

Field and Wave Electromagnetics 41




B. Sg of bodies with fixed potentials
@ Fixed potentials for each of bodies
= virtual displacement of one body
Charge must be supplied to keep
The potential constant.
work done by the source | mechanical work done by system

dW, =XV, dQ, dw =Ev-dT

charge in electrostatic energy

dw =%zvdek

conservation of energy for an isolated sys

dW, =dW + dW,

s Fyv-d |l =dW, =VW,-d |
EV:VW

e
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Chap 4. Solution of Electrostatic Problems

4-2 Poisson’s and Laplace’s Equations
[Text p.152]

since VD:IO
sing D=gE=—&VV
V-(VV)=—p

for a homogeneous medium

Vz\/ :—g Poisson’s eq.
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V 2 =V .V Laplacian

) OX2 8y2 072 in cartesian coord.

1 a[ a} 1 92 92
r'o 0 r2 a¢2 522 in cylindrical coord.

:Li{Rz 0 ]-I_R 1 0 [sm@ 0 J

RZOR| OR) R24inp 00 00
D
R2sin20 0¢2 in spherical coord.

When p = () ( no free charge )

V 2\/ = () Laplace’s equation

Field and Wave Electromagnetics 2




4-3 Uniqueness of Electrostatic Solutions
[Text p.157]

uniqueness theorem :
A solution of Poisson’s eq (or Laplace’s eq) that
satisfies the given boundary condition is a unique

solution.

pf. Let V1 and V2 are two solutions of Poisson’s equation.

N —_P
v Vl_ &
) —_P
v V2_ &
Let V =V1 —V2
Then V2V =0

Field and Wave Electromagnetics 3




S/

Consider,
V-(VVV)dv=[VV -VV +VV2V |dv
={(VWV)-dS

as R —>» 00, surface integral —>» O
V Rl VV cR™2, S R2)

hence [V [2dv =0

and \VV\:O — V =const

Field and Wave Electromagnetics 4




4-4 Method of Images [Text p.159]
4-4.1 point charge and conducting planes [Text p.161]

y
Q (0,d,0)

i d = P(X,y,Z)
y o

_Q (Image charge)

Electric field intensity in Y > O region.

V2V =—Q 5(?-?’) where T = (0, d, 0)

E
V:O aty_)OO

Field and Wave Electromagnetics 5




Consider an image charge -Q at (O,—d ,O)

vo Q [1 1 }
MMOR+ R
_ Ny
where R_|_: x2_|_(y_d)2_|_22 2
: N
R =[x?+(y+d)?+22 2

Electric field intensity in Yy 2> 0 region

—_—

E=-VV
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Induced surface charge density

o=¢4E =50Ey (x,0,2)

. Q y—d B y+d
0 47&90 3 3
{x2+(y—d)2+22}2 {x2+(y+d)2+z2 2
i 1x,0,2
_ Qd 1 _ Qd 1
27 (X2+22+d2)3/2 27 (r2 er2)3/2
Total induced charge
00
d 27rdr —1
q:jads— Q IO 3 =-Qd 1
( 2+d2]2 {r2+d2J2
i 10
--Q

Force between Q and plane
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2ar  dro d

Y= ameq 2 +d2{ +d2]1/2

Total field by the whole plane

Ey = JdE
d rdr - Qd 1
2¢, 3 2z 3
(r2+d2j2 (r2+d2J2
=—Qd2180 rdr
4 3
"o [r2+d J
100
1
__Qd? 4
472'6'0 {r2+d2}2
10
_ —Q
16 7 5 d 2
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Total force
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(Ex) Line charge and parallel conducting cylinder

Image line charge =P | between O and p

potential by a line charge

——————
.- -~ p
~
~
N
) E

I/,, r \\\
’,' \“ 2 7Z-r g
: ./ | 0
“ Pe V :—jr E dr
. y r
0
T ’ e, e I

27E 0 rO
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Then potential on the cylinder surface

_ I §
Vo, = Pe |In ‘o 1n o
2 e 0 I rI
2 e 0 I

since it hold on the whole surface

B
A
at A, r|:a+d| ) I’=d+a
at B, ri:a—di . r=d-a
. a-—d.
a+dI . | d &
d + a d — a i_d

Field and Wave Electromagnetics




Induced charge distribution on cylinder surface

r:\/d2+R2—2dR cos &

2

2 2
rr= || & _ +R2—2-Ra cos O
d d
2
2 2
a +R2—2-Ra cos &
V (R,0) 1L ; ;
) — = n
27750 d2+R2—2dRc086’

Field and Wave Electromagnetics
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a2
2R—-2—cosf
~ I g 2R—2d cos#
E(a,0)=— r 5 5 5
Arre 2 2 [d +R —2dRc0s9j
0 a 2 Ra
—| +R -2-—cos
d d
Ra2 ,
2——sin@
T2 2dRsin@
1 g d —
2 2 2
dre R 2 2 d”+R™ —2dRcost
0 a 2 Ra
—| 4R -2—cos¥/
d d
2 2
d— a—a—cosﬁ —a+dcosd
AL d
o L
47?50 d-+a“—-2dacost
2 .3 |
i dz°a ' —dasinﬁ]
20
T 2 2
a d“+a“—2dacost

Field and Wave Electromagnetics
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__ a 7
27e g d? +a%-2dacos®

d2—a2

o=+egEf(a,0)=——!

27 5 d2+a—2dacosH

Total induced charge / length

2 .2
. p (d=—-a”)
02 cadg=—_1 g

J-2ir
o 2 2
27 d +a —-2dacosd

_pl(dz_az). 27
272- d2_a2
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4-4.2 Line charge and parallel conducting
cylinder [Text p.162]

- Potential by a line charge

7 §
o/0| 0

Field and Wave Electromagnetics
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Potential by a pair of line charges P | & P |

P(X, y)

I
V(x,y)=——-InL
27250 r2
r
Equipotential surface - const C
I
2

1. when C =1 : equipotential surface

— midplane

Field and Wave Electromagnetics 16




2. for an arbitrary C,

1
r = (x—d)2+y2 2

since

1
1
.= (x+d) ry2 )2
1
n (x—dj2+y2 2
, (x+dj2+y2
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[02—1]x2+2dx c2+1]+[c?-1ld2+ C2—1]y2:0
2 2
2 2
X+C2+1d +y2 = C2+1d ~d?2
c” -1 c” -1
2 2
c2 41 —[02—1J
— 2
2 :
o
_ 402 d2
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(Ex) Long cylinder ( P | charge / length )
near a conducting plane

—> Image charges : two line charges

(Ex)  Capacitance between two long, parallel,
circular conducting wires of radius a

Field and Wave Electromagnetics 19




Two equipotential surfaces are generated by

'0| and _IO| separated by D_2d|:d_d|

0
V2= | n 2
27z50 d
-p
V. = l |n 2
1 272'6‘0 d
,OI 2
Capacitance C:V —V :1 d/a
1 2 1’1( j

Field and Wave Electromagnetics 20




. 2
SINCEC d:D_dI:D_a—

d
d='DivVD2_4a2
2
. 7E o
2
1nD+JDJ_1
2a 2a
_ 7E o
cosh_l[DJ
Da

Field and Wave Electromagnetics
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4-4-3 Point charge and conducting sphere

(grounded)
p(r,o)
a I r
A foeed B . Q
(J

V(r,0)=__ Q ,

Adae | r I.
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on the surface

Field and Wave Electromagnetics

23



_ |Q 0 Q . 1 .a-l-diQ
' ard d-a a-d a+d
NS
Q- dq- 2, _ ag

a+d d(a<d) d

(d-a)(a+d;)=(a—d;)(a+d)

_ad a2 +dd; ~ad; =a’ ~ad; +ad—dd.

ddi:az
2

di:a_
d
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Induced surface charge density

o=¢qEr(r=a)=-¢, _(r_a)

B 1 © Q
(90'
4”‘90 or _\/r2 +d2-2rd cosd

—2r-ac059
d

Field and Wave Electromagnetics
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-Q  —(r—dcos) | d

A 3 3

[r2+d2—2rdcos<9j2 ) a2 2 a2 2
r~+ —2r-—cost

2 3
—a+d COSQ—FS a—a:jcosé’Jd
_—Q

A 3
{az +d2 —2ad cos 9}2

2

-Q ‘a+i1
A 3
(az +d 2 —2ad cos 0J2

0 a2_d2
47a 3
(a2+d2—2ad cosé’j2
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Total induced charge

and
=jada=jaa2sin 6d od ¢

Qa?[az—dzj

J'ﬂ 2rsin éd @

0 3

a2 +d2-2ad COSHJZ

s S
) 1

a2 +d 2 —2ad cos 6’}2

e

17T
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__Q@*-d?)

1

1

2d

:_Q(az—dz) 1

a2+d2+2ad

1

2d

:_Q(a2 —d 2) —-2a

2d d2_a2

a

d

Field and Wave Electromagnetics

a+d_d—a

:
2

1
a2+d2—2adj2

=—Q — equal to image charge

28




Force between sphere and charge

Qf-90

d—

a
d
a”
d

2

o
J@

Field and Wave Electromagnetics
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(problem 1)
point charge and insulated conducting sphere

a2
Image charge at dl =_ QI - —
d

—> Q and Qi will make the surface

An equipotential surface
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—> Surface will have a charge of

Qi :_%Q

a
—> need to add Q,:EQ to the

surface to make surface neutral

— Q' Will distribute evenly on the

surface

—> equivalent to Q' at the center
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(problem 2) ’
pt charge (Q) charged (Q ) conducting sphere

Q , Image charge Qi :—gQ at  d. _a- ,
d

|
Q”:Q’_Qi at the center

(problem 3)
pt charge near a conducting sphere at fixed potentialv

Q , Image charge

2
Qi:_gQ atdi=—a?,

Q’:47u90Va at the center
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4-5 Boundary Value Problems in Cartesian

Coordinates [Text p.174]

Egs  —V2V =0

B.C. 1. V is given on boundary
Dirichlet coordinate
2. ﬂ is given on boundary
on
:  Neumann coordinate
ov .
3. V and 6—n 1s given on boundary

Cauchy coordinate

—> over specification

V is given over some boundaries

oV

an 1s given over remaining boundaries
n

Mixed boundary-value problems
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Laplace eq in Cartesian coord

2 2 2
0 N 0 0

+ V(X,y,2)=0
8x2 8y2 822

assume V (X, Y,Z)= X (X)Y (Y)Z(2)

separation of variables

2 2 2
I d X+ld_Y+id_Z:()
Xdx? Ydy? Zdz?

2 2 2
1dZy 1%y 1d” 0 o
X dx? Ydy?  Zdz?

42

— X +ky2X =0
2

dx
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Possible solution

Ky =0 X =Ax+B
Ky =K X = Asin kX + B cos kx
Ky = JK X = Asinh X+ Bcosh X

Similar eqs for Y and /

42

— Y +ky2Y =0

dy

42

— 7 +k,2Z =0
2

dz

with kX2+ky2+k22=O
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4-6 Boundary Value Problems in Cylindrical
Coordinates [Text p.183]

- Laplace’s equation in cylindrical coordinate

2 2
+1 0 V+—8 V =0

V
r2 a¢2 822

lﬁ[rﬁ
ror\ or

assume \/ (r,¢, Z) = R(r)CD(¢)Z (Z)

2 2
lld{rd +1 1 d CD+ld—Z:O
Rrdr{ dr

R
2O g2 Zdz?

1 .
S X0
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Z eq : let Z =h2
! Z 4z2
2x . 1 d{rd R |[+h2r2=-
Rdr{ dr
2
® eq 1 d (5+n2:0
CDd¢
2
Req : 9~ R+L19dRiin2
dr2 rdr
: Bessel eq

Field and Wave Electromagnetics
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general sol :

R(r)=CpJdpn(hr)+ DNy (hr)

Jn(hr) :  Bessel ftn of first kind of

nth order with argument hr

Nn(hr) . Bessel ftn of second kind of

nth order with argument hr
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4-7 Boundary-Value Problems
In Spherical Coordinates [Text p.188]

1@(2@j 1 a(. aj
=== — |+ sin 6 —
r< or or rsin @ 06 00

2
T 2°12 aZ]V:O
rsin“ @ o¢

V(R,0,9)=R(r)0(0)P(¢)

sin2gl d [er ,Siné d [sined(a]
R dr dr ® dé dé
2
+1d2®:0
CDd¢
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2c1>+m2c1>=
d ¢
Im ¢
(D:< . >
—1im ¢

with M=Integer

(D must be single valued

1d[r2d ]—F 1 d [sin&’d@J

R dr dr ®sind do dé
m2
-— -0
sin < &
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let ld[rz d J nz
R dr dr

y
2d” R+2riR n2R =0
dr 2 dr

with _ k —(k—l—l)
R Akr +Bkr
k(k—=1)+2k-n2=k2+k-n2=0

k(k+1)=n2

(k+1)(k+2)-2(k+1)-n2 =k2 +k—n2
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d

sind d@&

|

sing 9 @
4o

_I_

with X=C0S &,

a
dx

1-x2)-9 ¢

_|_

dx

[(1+1)—

[(1+1)—

Field and Wave Electromagnetics

5

m

ﬁnzﬁ_

5 -

m

1—X

. generalized Legendre equation

C

G

42



I le (cos @) : Associated Legendre fin

H& . 1. for given m, le forms an
orthogonal set in the index |
on —]<Xx<]1, 1.€.

2 (I+m)'
21+1(1- m)'

j | (x)Pm(x)dx =

2P M (x)=(- )M L=M pm )
(I+m)'

Ref : “Modern Analysis”
by E.Whittaker and G.Watson

Cambridge University
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for m=( : (azimuthal symmetric sol)

V(r,0,9)=R(r)0(0)

Re : R(H=Arl+Brm(+D
d

O

(1—x2)§'@ F11+1)® =0
X

: Legendre eq.
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Sol : ®:X0!-2 q.X

_(a+ (a+ j+1)—|(|+1)a

d . :
It2 (a+j+D)a+j+2) )
with  if g #0, a(a—-1)=0

it a #0, a(a+1)=0

1
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1 d

: Rodrigues’ formula

P, (X) =1

I:)1 (X) — X Legendre polynomial
_ 12

Pz(x) = 5(3x 1)

1
P3(x)=5(5x3—3x)
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2. PI forms a complete, orthogonal set of

ftns on —]<Xx<]

25’

1
f—1 P/(¥)P) (x)dx = SIETAL

Field and Wave Electromagnetics
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Example 4-7 Potential inside of an infinitely long,
hollow enclosure [Text p. 181]

bT V =0

0 V =0 a
Since it is infinitely long along z-direction

Vixy.0) =V xy
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et V(X,y)=X(X)Y(y)
2 2
52+ @2 V (X, y)=0
OX= oYy
| d2 B ld2 L2
2)(—— 2Y=k
X dx Y dy

Y = Asin Ky + Bcos ky

B.C. V =0 for y:O — B =0
V=0 for Y=b — sinkb=0

k:ﬂﬂ' . n=1, 2, 3,

b
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X eq : d2
dx

X =C sinh kx+ D cosh kx

Xk2xo

B.C. V — O for X — a.
0=Csinh ka+ D cosh ka
D__ sinh ka C
cosh ka

sinh ka
cosh ka

- C  nhk(x-a)
cosh ka

X =C|sinh kx — cosh kx
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Thus

Vi (X,Yy)=Cpsinh nb”(x—a)sin ”b”y
for n=I, 2,3, .-
o0
n=1
o0
>

Cp, sinh [—””a]sin””y

b b

n=1
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since

jbsinn”y sin M7y dy

O b b

1¢b[  n—m n+m
=_—|_|cos 71y —COS ny [dy
)0l o

b

b . n-m D n+m .
2[(n—m)x b (N+m)x b 0
- (2 wm=n

;2 T

.0 otherwise
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IbV sinm—ﬂydy

o0 O b
:Ibsmm_y > Cnsmh[ nz Jsm)/dy
0 b n=1 b b
b mrz : mz . |b
VO[—cosy} =Cmsinh[ a}
m b "o b )2
b
x>
— V —
Cm b., mrx_ © ,M =0da
—~sinh — "~ a
2 b
_ 4VO
mﬂsinhmbﬂa
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V(X,Y)
sinh "7 @@—x)

00
=—4VO ) b 7 sinn_ﬂy
T n=135...mMsinh —~—a b

o b
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Example 4-6

V=V,

> X

B.C.: D V(x,y,2)=V(,Y)

@V(0,y)=V,
V(e,y) =0
®V(x,0=0
V(x, b) =0
2
Sol =+ 97y 1k X =0
dx
d 2
vl k,"'Y =0
y
with k. +k, =0
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Then X (x) = Ae™™
Y (y) =Bsinky
and V_(x,y)=C e sinky
at y=b, V (x,y)=0=C e “sinkb
sinkb=0, kb=nrx

k:%?, n=123 |

Sk Nz

V(X,y)= ZCe b sm?y

at x=0,

V(0,y) =V, ZC sinTy

ZC 151n—y31nT ydy =V j sm—ydy
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e~ 2 J0 b b
_ —1b
> C sin (n-m) sin (n+m)
:Z n b b
—~ 2 (n—m)ﬂ (n+m)ﬂ
i b b 1o
C, If n=m
= < 2
0 If n=xm
- b
m (
AHS: | T, Y VD it s odd
V, =y Mz
mr
Y ) 0 If m IS even
4V, . .
f n iIs odd
c =lnn | |
0 If n IS even

= 4V, -“Ix . nrx
V(X Y) = Z —2e P sin—VY
n=1.3,5 N7T b
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Example

Infinitely long, conducting circular tube of radius b

V =V,
b
V =-V,
B.C.
Vo= for O<d<rm
0]
V<b,¢>={
Vo= for 7z<¢<2z

Infinitely long —— V(r,¢,Z)=V(ra¢)
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d2
dg
— O =Asmmng+Bcosng

1 mustbe an integer for single valued sol

2 2
req ; d—R-I-liR—n—R:O

drz rdr 2
R=CrlN+Dr—N
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1) Inside

D=0 V must be finite everywhere

B=0 B.C. requires V (r,¢)
1S an odd ftn of ¢

Q0
V(r,g) = X A rfsinng

n=1

00
Vo= Z A,bMsinng

n=1
T, . A, b™ cosme [*
VAosinmodg=_—M" 7 =-V

4\/
An: On for odd n

nzH
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J‘(;Tsin Mma@sin Ng dg

= ;Ig[cos( m—n)¢—cos(m+ n)¢}d Y,

1 sin(m—n)¢r
2 m-—n 0
7T

=25
5 ‘m,n

4\/0 © 1(r 4 .
V(r,p)=—*Y ) {} sin N ¢
7 n=odd nlb

for <D
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Example 4-9 [Text p.185]
V =V,

> X

- Infinitely long, thin, conducting circular tube split in
two halves

- Potential distribution inside and outside

-V, for O<p<r

V5 for T<P<2r
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Infinitely long cylinder

\ (r>¢> Z) =V (r>¢) = Zvn(ra¢)

Vi (r,¢)=r"(A,sin ng+Bp, cos ng)

+r=N(A, 'sin ng+ By, cos ng)

a) inside (r <b)

V must be finite inside of tube

— A, =0=B, for all n

V'  must be anodd fin of ¢ — Bn =0
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V(r,g)=ZV,(r,¢)=ZA rMsinng

B.C. at r:b
V(b,4)=Vy=ZA,b"sinng
for O<g<nx

—COS m¢rZ _ 2V,

T
V smmodo=V U

— XA bN J(;Zsin N sin mgd 4

=>A,b" j(;z ;[cos( Nn—m)g—cos(n+ m)¢}d¢

_yApn.l sin(n—m)¢_sin(n+m)¢r
=YAbN.~
2l n-m n+m o
= A bMmZ%
m 2
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( ﬂ'bom for odd m
Ay = m

\ 0 for even m

4\/0 X 1(r 4 :
V(r,p)=—Y X [] sin N ¢

b) outside (I >D)

\/ must be finite outside of tube
V must be odd ftn of ¢

— B, =0 for all n
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V(r,g)==V,(r,§)== A, r~Nsinng

B.C. at r:b
V(b,#)=% Ayb~Nsinng
- Vg for o<¢<nx
) L =V, for 7<¢<2r
4b"V
( 0 for  odd n
Ah': | nrx
-0 for even n

AV 4
V(r.g)=—0 ¥ lm sin ng
7T n=o0dd ntr
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Example 4-10 conducting sphere in a uniform
electric field EO —E 047 [Text p.190]

Boundary condition :

( V(b,0)=0

V(r,0)=—EgZ=—Egrcost

for r >>D
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Sol

O(Anr” +Br~ (M Dyp_ (cos 6)

V(r,0)=
n

I M8

Apply B.C. for r=b,

o0
0= % (AbN+B b~ ("*tD)p (cos o)

n=0

5 1
0= % (AybN+B b~ (N+D)

n=0

.El Pry (cos 8)Pp(cos 8)d (cos 0)

2
2m+1

= (ApbM+ B b~ (M+1) S

Bn __ Anb2n+1
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Since V must be finite for | — 00 .

An —=(0 for all ] except N :1
A=

Th — E. b3 and all oth !
us Bl_Eob and all other Bn are Zzero

V(r,0)=(-Eqr+ Eob3r_2)P1(cos 0)

3
— 1—{b} Eorcosé’
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Electric field

.

Er:—ﬂ—Eo 1+2E cos &
or r

E -_10V_ g 1—['0J3 sin 0

0 r oo 0 r

Induced Surface Charge Density

o=¢&q Ep(r=0)=3¢45Eycos @
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Chap 5. Steady Electric Current

5-1 Introduction [Text p.198]

Types of electric current caused by motion of free
Charges

1. Conduction current:
Drift motion of conduction electron or ion

2. Electrolytic current :
Migration of positive and negative ions

3. Convection current
Movement of positive or negative charged particles
In vacuum or rarefied ionized gas

plasma
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5-2 Current Density and Ohm’s law
[Text p.199]

Movement of charge carriers

g . Charge
N : Noof charge carriers/ vol
u : Velocity
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charge passing through AS in At
AQ=(N qU At)-(4,AS)

current AI — AQ —

= N qU-a,AS
=J-AS
where
T: NC]U . convection current density
= pﬁ
0= Nq . charge density
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Example 5-1 Child - Langmuir's space
limited current [Text p.200]

0l =N o

cathode

Parallel conducting plate diode

Electron emission from cathode with
zero velocity
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Force on electron

Fy:mduz—eE =edl

dt dy

Electric field (potential) between electrode

_vey =F
€0
_de, :pzlm
dy 80 6'0 u
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Eq. 1. becomes

d dy du du_d[l 2}

m—u=m =mu_—=_—"|=-mu
dt dt dy dy dyl2

Integration of both side results

1Y
Emu2 = eV}y
2 Do 0
1 .92 |
Emu =eV <« conservation of energy
KE +PE = const
1
u=|2ev |2
m
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2. results

5 1
dy 2 EqU  £olM
2‘y _l_ E_y
l[dv} _J [Ze} 2|9y 2
2| dy o EqlM
_1 _O
121
av _ 43[”‘}2 v 4
dy £q 28
2 2 1 1
d, d V_dl{d\/} vy 2dvV_di,, 2
dy gy2 dy|2[dy dy dy
2 11
av :ﬂ[ﬂ}2v2
dy £y \2€
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Child - Langmuir’'s
space limited current
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Movement of electron in a solid

Atom

o O O

Eqg. of motion without collision

F-mdU__¢E
dt

 ——

U = UO — — E t —> acceleration
m
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Eqg. of motion with collision

E=m9U__eE_muv
dt

V  : collision freq

In a steady state

where /je :i . mobility
MV m2v.s)

Field and Wave Electromaagnetics
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current density

J=NqU =(-Ne)(xE)
:_IOGIUGE:GE . Ohm’s law

where O = —pelue . conductivity A/V m
Yo, =1/ o . resistivity E S/m ]

If there are more than one kind of charge

carriers (electron, ion, hole)

J=x N;o; U7 (A/m2)
and

O == pPallpT ph,uh for semiconductor
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Homogeneous Conductor

with a constant cross section

- |
: V

12

J = oE Holds inside of Conductor

Since total current

|=[J-dS=Js - J:é

Field and Wave Electromaagnetics
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(Q) . resistance

Field and Wave Electromaagnetics
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5-3 Electromotive force and
Kirchhoff’s Voltage law [Text p.205]

static electric field —— conservative field

—_—

{;CE-d | = §> 2J.dlI=0

O

. steady current can’t be maintained in the same
direction ina closed circuit by an electrostatic field

In order to have a steady current we need
a source of nonconservative field

~ Battery (chemical energy)
Generator (mechanical energy)
—< Thermo couple (Thermal energy)

Photovoltaic cell (light energy)
- etc.
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Electromotive force of source
V =3£ (E+E.)-d |

o d .
j} E . electrostatic field
= RI E

Internal field
by source

or

ZVi:ZRklk

Kirchhoff’'s voltage law
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5-4 Equation of Continuity and
Kirchhoff’s Current Law [Text p.208]

Conservation of charge
Net current across surface S

I_{DS 8 = dt

_ __[9p
tjvp dv = VEdV

e J-dS=[ V-Jdv
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A -J =O Equation of continuity
ot

or

> | - = O Kirchhoff’'s current law
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Relaxation time of charges in conductor.

When initial charge density Ais given at t=0,
it relaxes according to the following eq.

O H__v.3
5P = V-J

From ohm’s law

Field and Wave Electromaagnetics
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Sol:
o

p(t) = pee *

When t = i(relaxation time),
o

p=p.e = p,x0.368

With

£=¢g =8.85x1072(f /m),

o =5.8x10"(s/m)

t =1.52x107"(s)

L’ Very short!!

Field and Wave Electromaagnetics
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5-5 Power Dissipation and
Joule’s Law [Text p.210]

—_

Work AW done by an electron field E
in moving a charge (] a distance (|

AW =qE-d [
power L
p= lim AW_ jim 9Edl_qE.q

At—>0 At At—>0 At

e ——

U : drift velocity
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Total power delivered to all charge carriers
dp:Zpi
—E-(Z N q; Tj)dv
E-Jdv

Total electric power converted into heat

P :j E.Jdv Joule’s law
V
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For a conductor with a constant cross section

P:j EJ dldS

=jL Edl fs JdS

=V
=Rl 2

Field and Wave Electromaagnetics
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5-6 Boundary Conditions for
Current Density [Text p.211]

For a steady current density J

Without non-conservative energy source

conservation of charge

4;5 J.dS=0

V.-J=0

1n 2N

Field and Wave Electromaagnetics
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Electrostatic field iIs conservative field

VxE =Vx i
o

O
Y1t _ oy
91 9

Field and Wave Electromaagnetics
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Example 5-4 [Text p.214]

9 d)
V ] Area S
82, 0'2 2

a) current density between plates
By Kirchhoff’'s voltage law

d d
V:£R1+R2J' ) 1s+ 23 !
91> 99
J:':d Vd (A/m2)
> N,
%1 92
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b) Electric field intensity in both dielectrics

V:E1d1+E2d2
In=Jdon 2 95 =955,
V

E, = 72
02d1+01d2

E2— le
02d1+01d2
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c) Surface charge density on plates and

Interface
E O

081:51E1— dl 2 . V

T591791%

E O

_ _ 2 1

Ogp= 5=
21 12
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for the surface charge density at interface

J, =] — o,BE, =o,E

1n 2N 1 1n 2 2N
_<
Dy =P =0si = B 45, =0
%1
- .o.=|—-¢ +e¢.——=—E
S| 1 25 | In
2
o o o V
=l—g 24¢_|E, =|-¢ +¢ 1} 2
2
{ to, 2/ | 1 20,]0,d+0d,
—0_ &£ +0.€
_ 21 12y
o d +o.d
21 12
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-7 Resistance Calculation [Text p.215]

capacitance between two conductors

C—Q— fsf))dg B ﬁggdg

V _jLE.dT —ILE-dI

Lossy dielectric —— current flows
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Resistance between conductors

R

_V_—jLE-dT_—ILE-dT
_I—_ {gdg _j;SGE-dg

Thus

Y

RC =

Field and Wave Electromaagnetics
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Chap 6. Static Magnetic Fields

6-2 Fundamental Postulates of
Magnetostatics In Free Space [Text p.226]

—

) V-B=0
i) ngzij

Ampere’s circuital law

where
Ho =47x10~7 (H/m)

permeability of free space
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) Implies
I V-Bdv :§>S§-d S=0

Meaning

No magnetic charge
No magnetic flow source
Magnetic flux line close on themselves

—— conservation of magnetic flux
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i) Implies
Ing-d§=§> g-dT:yol

Ex 6-1 Infinitely long, straight conductor,

radius b, uniform current I

o [Text p.228]
~
L h >
B
~_
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Magnetic flux density : ¢—direction, constant

Inside

L 2
[ B-dT=B-27r=py- "1
2
T
— O
=a,- | .
? 2102 —

Outside < T| >

§ B-dl=B-2ar=yqyl |__

5 Ho!
O 2ar

Field and Wave Electromaagnetics 4
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Ex 6-2 Toroidal coil with an air core

N turn, current I

Cylindrical Symmetry —> B¢ only

—_—

§B-d|:2m8¢=yol\n

yONI
27

é¢ foor b—a<r<b+a

and B=0 for r<pb-—a
r>b+a
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Ex 6-3 Infinitely long Solenoid
1 turn, current | [Textp. 230]

———————————— e R
oo@ooooooieo

OO O0O00O00000O0

No field outside
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6-3 Vector Magnetic Potential [Textp.232]

V 0 —— B=VxA

B
A

Vector Magnetic Potential

Coulomb gauge

—_—

V-A=0

Then since
VxB=Vx(VxA)
=V(V-A)-VZA
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and with Coulomb gauge

—Vzﬂzyoj

Vector Poisson’s eq

Field and Wave Electromaagnetics




Since the solution of VZV :—ﬁ IS
E
0]
1 der

4re, V' R

V =

The sol of Vector Poisson’s eq iIs

—~ My J

A="0( “dv' (Wb/m)
472,'-“V R

Magnetic flux
@zjsg-dgszVxK-dg
=§ Adl  (Wb)
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6-4 Biot - Savart Law and Applications
[Text p.234]

Magnetic field due to a line current
Jdvi' — Idl
and

— My J ., Hol ©
A 4% Rdv 4cy)z §C'ra

.
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. Biot-Savart Law

I_,’ —
. dg_ﬂﬂl d XaR

Ar RZ

Field and Wave Electromaagnetics
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uniform current ——> hollow current

Inside EZO
5o Mg
Outside B luo
¢ 27t
EXx 6-4 [Text p.236]
Hol ¢ dl
Arr R
luol L dz A
="0 a
Arr Ll— \/22+r2 :
g
ﬂo In\/L2+r +Lé1
2 2 , ¢
\/L +r=—L
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dlxﬁ:ézdzx(ré —zéz]:é rdz

R ¢
= Ul oL rdz -
B="0" j a

4 I-L 3, ¢
2,,2)2
L R
272T\/L2+r2
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6-4 The Magnetic Dipole [Text p.239]

Ex 6-7 [Textp.239]

Magnetic flux density due to a circular loop
of radius p carrying current |

Z T
I |3191

X
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_ | 1
AJO@ ﬂ
A R1

dT:L—béXsin¢+béy cos¢jd¢

1
R2+b2—2Rbcost2

R, =

Rbcosy

=(Rsin eéy + Rcos@éz]-[bcowéx +bsin ¢éyj
=RbsIingsin ¢
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A:_§ —ba, singdg
A 1

R2+b2—2Rbsianin¢J2

P L o singdg
=a Zb"-_ziZ i

R2+b2—2Rbsinesin¢]2

~ Holb 7 —cosada
¢ 2 JO 1
[R2+b2+2Rbsinﬁcosa]2
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R2+b

2Rbsing da

1 2

3 ”olb 7 2Rbsiné
¢ 27 1

(R2+b2+2Rbsinecosa]2

[R2+b2+2Rbsin6’cosaJ—

41D 1 (.2 2 T R2y?
A¢ 0 Jb _ (R +b“ +2Rbsinfcosa |2 - —|de
2r 2RbsInG 2Rbsin & ( )2

Ib '
5 “o J‘ [ L \/(R2+b2+2Rbsin9j[l— , 4§bs'”9 sinZZ]
¢ 27 J0 | 2Rbsing R™+b" +2Rbsiné 2

2Rbsin¢9\/

R2+b2 dOt
ARDbsing 2 a}

R2+b2+2Rbsin6? 1- sin“ =~

RZ1b2+2Rbsing  2)|

a:¢+% sin¢=sin(a—%):—cosa

cosa =cos2-L=1-2sin2 <
2 2
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u~1b

JR2 +b2+2Rbsm9J‘ \/1_k25in2ﬂdﬂ

2Rbsing

A¢ﬁ

RZ +b?
R2+b2+2Rbﬁn9J

2Rbsin€\/

G2

sin ,B
(%:,6’, da = 2d) |

_ 2 HlD 1
? T 9RbsineVR2 +b2 1 2Rbsing

RZ b2 |K -

R2+b2+2Rbsin9JE]
where

E— z \/1—k23in26’ do Complete Elliptic Integral
_joz of 2nd kind

1
K =
jOZ \/1 k25|n 0

Field and Wave Electromaagnetics 18

d@ Complete Elliptic Integral
of 1st Kkind




_ ;-
[2—k2] _2F

_ 2 Hglb 1
? 7 JR2ib2i2Rbsing| K2
. 2(R% +b?)
R™+b™ _ R2+b2+2Rbﬂn9
2Rbsing 4RbsIng

R2+b2+2Rbﬂn9

2 R2 +b2 +2Rbsing |- 4Rbsing

_ R2 +b? +2Rbsing _(2-k?)K

k2 k2
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RZ+b%+2Rbsing _ 1 2

2Rbsiné 2Rbsing k2
R2+b2+2Rbﬁn9

4RbsIng

R2 +b2 +2Rbsing
(R<<b,R>>b m’9<<ﬂj

for small k2:

2
K=Z1+k.+9k4

2 4 64
2
2 4 04
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and

(2-k2)K —2E
2

T

2

{2—k2

2 2
1+k +9k2 —2-771—k —3k4
4 64 2 4 64

|12

12

2 4 2
2—k _k —2+k +9k4+3k4
_. 2 4 2 32 32
k2
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Then for R>>D,

,_A:E luolb 1 7Zk2

) x \/R2+b2+2RbSin6’ 16
L a Holb g 4Rbsing

¢ = 16 3
R2+b2+2Rbsin6’ 2

A yolbzsiné’
P 4R2

112
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ér Rég rsiné’é¢
and 21 R 80 o0
. . R<siné
B=VxA Ar RAH Rsin0A¢
= 1 0 0 .
B= Rsind Ag\+Ra RsING A
R%sing R59( /) 0 GR[ ¢ﬂ
2 2
. Ib< . R Ib- .
-1 a 0 | Ho sin 9 |—Ra 0 | o sin% g
RZsing| Ro0| 4R O oR| 4R
,uolbz N A~ .
= Ea .2C0S0+a smé’]
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with the definition of

m=I ﬂbzéz =S é‘Z : magnetic dipole

moment
A= Ho mxa
imr? R
and
— m . . . ]
B—ﬂO [a .2C0S0+4a smé’J
47zR3 R 6
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6-6  Magnetization and Equivalent
Current Density [Text p.243]

elementary atomic model

©

spinning electron

spinning nucleus ——> magnetic moment
orbiting electron

—
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Magnetization vector

n
>

M= lim k=1
Av—>0 AV

—

m

. magnetic dipole moment
of an atom

vector magnetic potential due to d M in dV'

—_—

1 M xa
dA="0

R dv’
47R%
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dv’

j dv’+ §>
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J‘ dev+ﬂo§ JdeS
{ IV' V'xEdV'z—ffS, Exd§, }

where

jm:me

. Equivalent volume current density

Ims=M x4,

. Equivalent surface current density
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Ex 6-8 Magnetic flux density due to a
uniformly magnetized circular cylinder

[ Text p.246]

I\/I:éZI\/IO, sz o, zol L

- Jms=M xa,
AN

1 \D on the side

L For e Jms =M xa,

;c\y

Y A A
:(azl\/lojxar

X
=I\/I0a

Y
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Flux density due to
a circular loop on the axis

R
dl =bd¢'a
. 7%
| R=4,z-40b

Mg I27zbzd¢a +b d¢ a
47 40 3
22+b2 /2

—3 :uol b2272' _ luolbz é

o 3
2 b2 /2 222 +b?

V4
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Z— L
Z’=L, a=tan™’
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Scalar magnetic potential and equivalent

magnetization charge density

 ——

In a current - free region ] —() and

—_—

VxB =0

—_

where Vm . Scalar magnetic potential

Then

(2Bl
Vm2_vm1__jl I
0
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Fictitious magnetic charge

1. P
Vi = —de' — (¥
m 47[j R

Field of small bar magnet
= magnetic dipole

M=0yd=a, IS
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In terms of magnetization vector

Field and Wave Electromaagnetics
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Equivalent magnetization
surface charge density

Pms=M -a

Equivalent magnetization
volume charge density

Field and Wave Electromaagnetics
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Ex 6.9 Cylindrical bar magnet [Text p.247]

e

M =Mg4, ,

B at a distant point ?

Equivalent magnetization charge density

+0pm Pm=

E) £ms :m'én

/\ﬁi |\/|O top
— —MO bottom

0 side
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at a distant point, equivalent charge appears
as point charges

O :I\/Io-izbz and

|\/|_|_ :|\/|07zb2.|_ . total dipole moment
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Then

B=— HoVVim

U M_ o
_-0 3T aR20036'+a sing
AnR Q
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6-7 Magnetic Field Intensity and
Relative Permeability [Text p. 249]

« Application of magnetic field to magnetic
material

e Magnetic dipole In an external magnetic field

B Torque T —THix B
Potential energy
m U=—m-B

—> alignment of r_ﬁ with §
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Then with magnetic material, the Ampere’s
circuital law becomes

:ﬂo[j-ijJ
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Then

VxH=J
Where
H=5 _™ (A/m) magnetic field intensity
Ho
j . free volume current density

For a linear, isotropic medium

 —  ——

M=ynH

Where ¥m : magnetic susceptibility
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= HoHy H
where Ly =1+ Xm= H
Ho

. relative permeability

Field and Wave Electromaagnetics
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6-8 Magnetic circults [Text p. 251]

Transformer, Generator, Motor,
Magnetic recording devices

V.-B=0

Vm . magnetomotive force [mmfj

Field and Wave Electromaagnetics
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—— —_—

Ex 610 Bf, Hf, Hg
[Text p.252]

V.B=0 —» ®@,=®

f g
—> Bf=Bg=B.4&
Neglecting f ¢
fringe field
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;[zmo—lg]+£|g=N|
Bf =4 N
¢yo[27zro—lg]+ylg
Hf-a Ho!
%O[zﬂro—lg}wlg
Hg=4a AN
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The flux

®=B_S- NI
(2ﬂro—|g}/ﬂs+|g/ﬂos
_ Vm ~ mmf
Rf + Rg Reluctance
V
> | ="
R
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Electric circuit

Magnetic circuit

current I

emf \V/

resistance R
O

conductivity

electric field g
intensity

magnetic flux @

mmf Vi,
reluctance R
permeability  u

magnetic field &
intensity

20 . =0
|

2N.l1.=2R ®

] ]

kK
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6-9 Behavior of Magnetic Materials
[Text p.257]

- Diamagnetic : ¥y <0

SEEE

F 7 Paramagnetic : ypy >0

e

~ Ferromagnetic : x>0
(large)

e Diamagnetism

Orbiting electron

Faraday’s induction law + Lenz’s law
Universal law

Small, nonpermanent
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e Paramagnetism

Spinning electron

Magnetic alignment + thermal derangement
Temp dependent  (curie temp)

e Ferromagnetism

alignment of magnetized domain

domain : 5 um ~ Fmm 23],
1015 ~ 1016 %)%} =3}

alignment of spinning electron
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O $ O ¢ : Ferromagnetic

) @ O) @ . antiferromagnetic
¢ d) ¢ d) . Ferrimagnetic

<+ Ferrite
1. Magnetic spinel

XO. Fe203 [ . Fe, Co, Ni, Mn, Mg)

Small eddy current loss due to low
conductivity

RF or microwave component
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2. Magnetic - oxide garnet

[YIG, YBFe5012}

Yttrium - iron - garnet

Microwave component

% Hysteresis loop

BA Br . residual or remanent
B flux density
[ He : coercive field intensity
H .
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6-10 Boundary conditions for
magnetic materials [Text p.262]
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6-11 Inductances and Inductors [Text p.266]

Magnetic flux through C, due to | in <

1275 By9S;

:Hzl

L12 . Mutual inductance
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chllelll |-11 - Self inductance

Field and Wave Electromaagnetics

N N | E
_2§ Hoq'1 ¢ dip|
| JC




NN ] de

kel T

Neumann formula

=Ly
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6-12 Magnetic energy [Textp.277]

Ll - self - inductance

Current il: 0 o Il

time varying current —> induced emf

| dt
Required work
lej 1, dt= ledtldt

—L _" L di, = 2

_;I 1(1)1 . Stored magnetic energy

Field and Wave Electromaagnetics 56




System of N loops carrying current
L, I, -- |n

Field and Wave Electromaagnetics
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for a continuous distribution of current

q)kzjsk §.d§'k =[x AdT

" k

1
Wm_2% | D,

—> ;I Jda’J A-dlk:’

1o = =4,
=2jv, A-Jdv
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In terms of field quantities

AJ=A[VxH

—V. [ HxA +ﬁ-[V>:Aj

and \/ :lj,ﬂ-jdv' 0
2V /
_1r H-Bdv'+ | [HxAJ-dS
2 2
L[ H-Bav
2 Jv
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6-13 Magnetic forces and Torques
[Text p.281]

6-13-1 Hall effect [Text p.282]

e

Uniform magnetic field B=Boéz

—

Uniform current ] :JOéy =Nqu
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Force

 —

F = qU><§ —> X — direction

 positive charge \
U :.Yy—dr F : X—dir

negative charge
U:-y—dr F:x-—dir

\

accumulation of charge
—> electric field : Hall field

E 5 +ixB=0
Eh ——{ixB
:—[uoéy}x[Boézj

=—Uq BOéX positive charge (hole)
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d
Vnz—jO EthZ—UOBOd © Hall voltage

Hall coefficient

*  charge carrier ¥ 3% )
charge carrier ] HX

SECE ,
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6-13-2 Forces and Torques on
current - carrying conductors [Text p.283]

dl

N charge carrier

dFm =[—eU><§JNSdI

-—NeS‘U‘deﬁ

—1dlxB
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I_fm:|§ dI xB

SR

F 21_|1§C d11xB 21

u |2><aR
_ 0 2 21
I1§>c dI1>< §> R2
21
dl1x/dlox4
_Ho ! [ "R 21J
A I1|2E‘;C §C 2
4 1°72 R21

current carrying loop in a magnetic field

—

T =mMxB
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6-13-3  Forces and Torques In terms
of stored magnetic energy [Text p.289]

System of circuits with constant flux linkage
no emf — no supplied energy

Mechanical work done by sys
= decrease In stored magnetic energy

—

F -dl =—dWp, =—(VW,)-d|

)
E(D =—VW,y
(TCDJZ :_(’;Wm
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System of circuits with constant current

work done by source

= mechanical work done by sys
+ change in stored magnetic energy

dWS =dW + dWm

since dszidWS o dw=dw,

—

FdT=dWp,

oW
[TI Jz B a¢m
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Force and Torque between
rigid current — carrying circuits

2 2
m——Lll +2L2I +L12

=1V
oL

_ 12
[lez I1|2 0
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Ex 6—15 Inductance of Solenoid

FIGURE 6-4
A current-carrying long solenoid
(Example 6-3).

n turn/length, cross-sectional area S
magnetic flux density B = g,nl

® = [B-ds =4,nlS

flux linkage / unit length is

A =n® = u,n°1S

Inductance / unit length

L = 4,n°S(H /m)



Ex 6—16 Inductance of coaxial transmission line

Ei
+
f Sofiata ey
e e FIGURE 6-24
T - LRSI b Two views of a coaxial transmission line
(Example 6-16).

B for i) 0<r<a
VXé:ﬂJ

r2

27ZI’B=,u0|¥




Consider an annular ring in the Inner conductor.
between r and r +dr.
The current in the annular ring is linked by the flux

do’ = [" B,dr+[ B,dr

s ja rerr’u‘)IJ'b ar

2

2 ra 27w ‘a2 r
dr = ﬂolz(az—rz)Jrﬂollnb
4 ra 27T a



since the current in the annular ring is

. 2mrdr - 2rdr
| = A - 52
the flux linkage for the annular ring is
dn =29 4o

a
and total flux linkage / unit length
A= dA

:Iazg{ ﬂolz (a2—r2)+ﬂ—ollnE dr
°0a‘| 4ra 2

T a
= ﬂ0|2 (1+In9j
277a° \ 4 a

and inductance / unit length is

A} l+InE
| 27\4 a




Chap 7.
Time-varying Fields and Maxwell’s Eqg.

7.1 Introduction

Electrostatic Phenomena
V-D = Yo, D = ¢E g I permittivity
VxE=0

vV« - T B — 1 H M1 permeability



Time-varying E & B

Modification of curl eq

— > complete egs for time-varying
phenomena

—— Maxwell’s eq



7.2 Faraday’s law of Electrical induction

Postulate

VxE =-=>2""_



7.2.1 Stationary circuit
In a time-varying Magnetic Field

d d 0B

V = - —— —— dS = —

dt S o0t dt

where

V = f) E -d | - emf induced in circuit
O = J‘ B .d § : magnetic flux
S

”sign : Lenz’s law



7.2.2 Transformers

Transformer : AC device which can transform

\oltage, current, impedance

[ [
1 2
>1—5 <€
») C
C »)
@ (- 'JNl NzL » R
c - = >
») C

Reluctance of magnetic core

R = I

uS

a) ldeal transformer :

N1|1:N2|2 —




Faraday’s law

v
y =N d@ vy - N _ d@

1 1ogt 2- "2 g 7

Effective load seen by source connected to
primary winding

N1V2 N 2
Vv
(R.) _ 1 _ 2 _ 1 R
17 eff i N N L
1 N2 i2 2
1
22 gyoz,
2
N
(Zder =1 | %L
2




b) Real transformer —— finite «

—— non-vanishing r
1 . .
d = — | N — N
=1 )

using this in Faraday’'s law

vlz Nlddt;q)
:Nli{é[Nﬂl_szjl
:Nfzml_Nlde
R dt R dt
by iy




v2 = N 5 —dt
L di 1 di )
12 gt 2 gt
N 2
where L = 1 _ HS N2 . self-inductance
1 R | 1
_ M .
L 7 = I—N 22 . self-inductance
S
L - 2 N, N .
12 | 12 . mutual inductance
In genual, —
g L12 L1 L 5
=k

Lo =k Lty

k(coefficient of coupling) <1



Real transformer :

1. Leakage flux

2. Non-infinite inductance

3. Nonzero winding resistance

4. Hysteresis and eddy-current loss

5. Nonlinear nature of ferromagnetic core



Eddy Current
B (t)

dB

dt

Ole &H

=
1. High g4, low o material
2. Lamination

H2 I ALl Power loss
1. Hysteresis loss
2. Eddy current loss

Field and Wave
: 14
Electromagnetics

induced emf



7.2.3 Moving conductor in a static
magnetic field

B » U l
F =quxB
+

Induced electric field

. E .

E = 1 = B

ind  q

Induced emf
V = 35 U x B -dl - Motional emf

Force on the charge
In conductor

or flux cutting emf



Ex 7.3 Faraday Disk generator
( Homopolar generator)

Rotating metal disk in a magnetic field

e

=3E>LT><ET.d|

Field and Wave
Electromagnetics

16



7.2.4 Moving circuit in a time-varying
magnetic field

Charge ¢ moving with vV~ in E & B field

—_— —_—

ko= q(E + I BJ . Lorentz force

force
Force measured by an observer

In moving frame .
— Electric field E =E+UxB
Electric field seen by an observer

h?-d 1 = f E - [ fux B -d T

_ jsaa_?.d S+ fTx B d

—_—



v

:[éyBosin a)tJ-(hW an)
:BOhW sin wtcos «

do
dt

V = :—BOhW @w COS w1l cCcos «

2. Motional emf

V '=% Ux B -d |

N

W N .
=[an2—a) Jx(ayBOSIn cot]-th

= hW a)Bosin wtsin «

Field and Wave

Electromagnetics 18

v



V =V +V '

total
= BoghW @ (-cos wtcos a +sin otsin a)
= -BgygSw cos( ot+a)

if a =0 for t=20 a = ol and

Vtotal = -BgSw cos 2wt

Field and Wave
Electromagnetics



7-3 Maxwell’s equation

Static field Time - varying field

V-D=p (gauss's law) V-D=p @

V-B=0 V.-B=0 @

Vi E#:Oq VxE (Faraday's law) @
VxH =] (Ampere's circuital Iaw)\vx . ]{7:' @

Charge conservation law

a—'O+V-J7:O ®
ot

when we use eq @ , and take divergence
V- (VxH)=0=V-]j
eq @ and® are not consistant



But if we add %—t to RHS of eq @, i.e

V- (VxH)=0=V-]+V- (%?j V- +—(V D)=V j+§

—

%—?: Displacement current density

Maxwell's eq

—

V-D=p (Gauss's law)
V-B=0

VxE = —%—? (Faraday's law)

—

—

VxH = J7+aa—ltD (Ampere's law)




Something is missing from Ampare's circuital law
VXH:T
consider a capacitor charging as shown in following figure.

Hawving been charged with the right-thand Pplate positive,
ithe capacitor is being discharged through the resistor.
There is a magnetic field B around the wires. The
iNntegral of curl! B, owver the surface < which pPassas

through the wire, has the value ,Uo

for surface S.
“.Vxl:l-d§=§l:l-dr:|
S C



consider another surface S’ in the following figure.
(§' also spanns contour C)

FIGURE 9.2

The white arrows show the current fiow in the
conductors. The surface S, which like S has the curve
C for its edge, has no current passing through it.

since S’ spanns contour C,
VxH-ds=§H-dl =0
S’ C

what 1S missing ?



FIGURE 9.3

The electric field at a particular
instan!, The magnitude of E is
decreasing everywhere as time
goes on.

FIGURE 9.4

The conduction current (white
arrows) and the displacement
current (black arrows),

Electric field conduction current (white arrow)
displacement current (black arrow)



7-4 Potential functions

—

since V-B=0,|B=VxA (*)|> eq® (Faraday's law)

Vxéz—@:—ﬁ(VX/&)Z—VX%
ot ot ot
VX[E+6A]=O
ot
E+A_ gy
ot
which results in Ez—VV—Z—? (**)

(wave equations)
using (*), (**) in Ampere's eq with B=uH, D=cE
- - D



~ - a 8A
Vx(VxA) =g +pue—|-VV -—
(VxA) =4 ﬂeat( 8t)

. S oV 02 A
V(V-A)-V?A=1j—-V| ue— |- pue
(V-A) H (ﬂ atj HeE—
821& - e aV
ViA- e =~ +V|V-A+pe—
He—7="H ( HE 8tj
oV
with V-A+yeazo (Lorentz gauge)
. 0% A .
ViA—- e =—
He 0 H

using (**) in Gauss's eq with D=cE

V-D=p

—VW—%(V-A):E VA — e

= ot




/-5 Electromagnetic Boundary Conditions

from V-B=0

Bln — BZn

FIGURE 3-23
An interface between two media.

oB

from VxE=——

OB

ot

'vxéu§:§éuf=

0

——.d§=-—|B-ds

ot

ot

with Ah >0, RHS—0

Elt = E2t




FIGURE 6-19
Closed path about the interface of two media for
determining the boundary condition of H,.

from VxH = T+@
ot

[vxH -d§=ﬁ.d§+j§-d§—>o with Ah — 0

Hlt - H2t — jsn

or én2><(|:i1_|:i2): js




/-6 Wave eq and Thei solutions

7-6—1 Sol of wave eq for potentials

o2 e
sol for a point charge at the origin at t.
for r>0, the eq we need to solve Is

VAV — e =
SPe

In spherical coord

T N ey T
R° OR OR R°sIn@ 06 00 ) R°sIn@° 0¢



for a spherically symmetric solution iV:O:(a—v
06 o0¢

the wave eq becomes
1 o [Rz 3 v) oV

— =0
R OR OR ot’

with  V(R, t)=£U(R, )

U o
R. M

=0



sol: UR, t)=f(t—R ye)+g(t+j/JE)

not physically acceptable solution

1
AU E
since for a static point change p(t)Av' at origin gives

-

and V(R, t):%f(t—R/u) where u=

_ R
V(R, t)= I P (t )dv Retarded scalar potential
A eV

similarly

_ R
AR, t)_ ad L J(t )dv Retarded vector potential



/—6—-2 Source —free wave eq

Source free — p, | zero
then Maxwell's eqs reduce to

—

V-E=0 @
V-B=0 @
- oH
VxE=—u—-7-
,Uat ©
Vxl:lzea—E @
ot

(Linear, isotropic, homogeneous, nonconducting medium)



Vx®:

2
Vx(VxE)=V(V-E)- VZE——,uanH——,uea—E
ot ot?
(V-E=0)
2
viE- 9 E_g ==
u® ot VU E
Vx@:
2 @ 82 3
Vx(VxH)=V(V-H)-V?H =e —VxE=—e u—H
ot ot’
(V-H =0)
2
vzﬁ—ia—H 0

u’ ot?



/—7 Time—Harmonic Fields

< Review of phasor >

voltage e(t)=Ecosat = Re[(Ee j")e"a’t]z Re[Esej”t]
current  i(t) = I cos(wt + ¢) = Re[(lej¢)ej“’t]= Re[lsej‘”t]
where

o) A serial RLC circuit with applied voltage e(t)

with 9 _ Re[ja)lsej”t] jldt_ Re( X e“"t]
dt jo
for LI Ricl pm e(t)
dt
we have I_S = E,
Clw
E

S

"R+ jlol- 1)




/—=7-2 Time—Harmonic Electromagnetics

Sinusoidal time dependence

V(x,Vy,z,t) = Reb/ (X, Y, z)ej”t]

A(X,Y,z,t) = Re[A(x, Y, z)ej"’t]

where V(x,V,z), A(x,y,z): Potential function phasor

Solution of wave eq for scalar and vector potential V and A
VZV—,uea—ZZV=—£ @

ot e
2

VZA—,uea—A:—,uT

ot’
for phasor V(x,y,z) and A(X,Y,2)
VA +o’ueV =-F

e same notation!
VZA+ 0’ € A= —1

K=aw\u E%: wave number



Sol of eq@ has been found as

V (R, 1) = jp Dav=—1 pe jp . dv’
Arr e Arr e R
= RelV (R)e’ ]
_LoppleRn

V(R)_47zej R v
similarly
A R H Te_ij dv’

( )_471-[ R Y
when kR—UR—%R 27zR<<1

e " <1 and

V(R) = L jp(r )dv’—> static solution
Adre’ R



7/—-7-3 Source—free fields in simple media

p=0, j=0, 6=0

from

we obtain eq for phasor for E(F,t) and H(F,t) as
V2E +k’E =0

[VZH +k?H =0

(Homogeneous vector Helmholtz's eq)



Wavelength Frequency

Application

Photon Energy

A (m) f (Hz) and Classification __ ey
- 1074
107154 [ (GeV)+- 10°
| o 7-rays i
1024 [ I (MeV)+- 106
e | C -
R 1074 108 gy s :
-9 = 5
(nm) 10 B Ultraviolet J (SR
T} 105 (PHz) p— Visible Tight =
(um) 10764 T 1
1 Infrared B
T 102 (THz |
(mm) 1073 . [ ( : o e (meéV)+ 1073
—2 EHF (30-300 GHz) Radar
(cm) 107+ Radar, satellite
10_1 8l SHF (3‘30 GHZ) comm!u;?calilon
- 10° (GHz) UHF (300-3000 MHz) Radar, TV, navigation
(m) 14 TV, FM, police, mobile
10 - VHF (30’300 MHZ) rad,io, ai; ?rafﬁc)cllmtr]ol
o] HE (3-30MHey Gl =i
demy 10 10° (MHz)  MF (300-3000 kHz) A meriine rdo
ol LF (30-300 kHz)  pivexen
105~_ VLF (3-30 kHz) Navigation, sonar
" 10° (kHz)  ULF (300-3000 H
(Mm) 105 ) ( 2
107- —60 (Hz) SLF (30-300 Hz)
= -30 H
] ELF (3-30 Hz)
-1 (Hz)
FIGURE 7-9

Spectrum of electromagnetic waves.




HAE 1. (SZAED)

1. An electric field is given as F= g+t Gypx (v/m).
Find the work needed to move a point charge ¥} from 1 (2, 1) to £2 (8, 2) (unit :m)
a) Along the parabola *= 2r® (5)
b) Along the straight line joining the two points. (5)

—+

c) Isthis £ a conservative field? (5)

W [PEedi = —I (8,y+4,x) e (4,dx+4,dy) = J' (ydx + xdy)
q Pl
—Q[y-4ydy+2y’dy = -Q[ 6y*dy =-14Q
b) & He AZsts Hol 42 y=%X+§:>X=6y—4
2 2
W =-Q[ y-6dy +(6y —4)dy =—Q[ (12y - 4)dy =-14Q
o =0l g0l gue gtol Axm, VxE=TY IX K Y _gg pizge

ox oy ox oy

Z conservative fieldo|C}.

2. Answer to the following questions

a) Find the electric field on the axis of a circular disk of radius b which carries a uniform
surface charge density #: lying on x-y plane. (10)

b) A dielectric cylinder (radius b, height L) has a polarization F=rpt (P is a constant)
with its center at the origin and standing along z-axis.
Find the surface and volume bound-charge density. (10)
Find the electric field on the z-axis at (0, 0, z) (10)

1

a) Surface charge distribution V =

Zeds' £ o| g5t
s R

ds = r'dr'd¢', R=+/2°+r? 0|22 electric potential potential2



E=—VV=—ézﬂ
0z
~ P z
a,—|1- , z2>0
280[ 1/(22+b2)}
Yo, z
-a, —|1+ , 2<0
2«90{ 1/(z2+b2)}

b) Surface bound charge density = ppq = Ped
Pes s = Pz.-4,=P
Pps_opa = Pz.-(-a,)=-P
Pes o = Pz-(-4,)=0

Volume bound charge density = p,

HM7|¥E2 STt ofsiHEZ 12{5tH
i)z > 2/L
1
z——L z+—-L
P - |1- 2

i) -2/L < z < 2/L



- p z—%L P z+1L
E=—— |1+ a, -——|1- a
2¢, 2 2¢, 2
b2+(z—L) b2+(z+Lj
p Z—EL z+1L
280 1 2 2 | ¢?
b2+(z—2Lj b2+(z+LJ
i) z < -2/L
z—lL z+—L
E-o— |14 2 4+ |1 2 3
280 1 2 280 2
b2+(z—2Lj b2+(z+LJ
z+1L z—lL
P 2 + 2 a
2¢ 2 2 | Z
°l b7+ z+1L b? + z—lL
2 2

3. A spherical capacitor consists of an inner conducting sphere of radius #: and an outer
conductor with a spherical inner wall of radius #ll . Assume the inner and outer
conductor carries charge +Q and —Q respectively.

a) Find the electric field between the inner and outer conductors. (5)
b) Find the capacitance. (10)
c) Find the electric energy stored in the space between the inner and outer conductors.

(5)

I§Od§:ﬂ
S &
Eol SAOM Li7te wet 4 2 AN 37|2 Jtx|22

r

9_ Eeds=E{ 4 e4,ds=E§ ds=Edz’
& S S

R =

b)& ConductorZto| Mk} V :—IR EOdr:—I:'4 Q 5 odr:%(%_%l
0 o drrer e\ R, R,




c)Electric energy

2 2 2
WEZEQV:EC\/ZZQ—:Q—L i_i :Q_ i_i
2 2 2C 2 4ze\ R, R, 8ze R, R,

4. A positive point charge Q is at the center of a spherical dielectric shell of an inner radius
R; and outer radius #0. The dielectric constant of the shell is €-.
a) Find the electric field E-:(3), potential V(3), displacement 5(2) and polarization vector
F@3)for R <R<R,.
b) Find the surface bound-charge density on the inner(2) and outer(2) surfaces of

dielectric shell. Also find the volume bound-charge density inside of dielectric shell.

(@)



S S r r
__Q _Q
E= 2. 2
47R%e  4mR%g,é,
E- 9 4
4R
V=—"E-R-[ E-dR=—[" Q_ -0 I S | P N
» o = Are R Rodrreye, R 4re, e )R, &R

p-B-sf--Q as- 2 a9 (1_i]a

b) inner surface bound-charge density

D 1

outer surface bound-charge density

. 1
pPS|R:Ro - P.aR‘R:RO - P|R:R0i - 2 [l__J

Volume bound-charge density
=~ 1 0 (4
pp=-VeP= _FG_R(R PRZ)

I
o

5. Answer to the following questions.
a) Find the electric potential at a distance r from an infinite, straight line charge of
density #1. (5)

b) An infinite, straight line charge of density #1 is placed inside of a parallel, conducting,
P(r.



circular, hollow cylinder of radius a.

The distance between the line charge and axis of cylinder is d (d<a).
0 @

Find the electric potential at P(* ) inside of cylinder.  (13) gl

a) HIX|Z0| ro|1 =0|7} LR 7|58 7IHst Gauss's lawE X E5H

fEeds =] ["E rdgdz =2arLE,

2uLE, = Pk E =—2

& - 27 g,
r r I
V=- Erdr:—L Lar=f ph
fo 2me, o r 2rg, I

b) MO A{2] Electric potentialg F&}™

2re, ¢ 2me, N, 2mg, I

r r r
Vv, Pjpo_ P jplo_ Pl

hi
=constant
r

Real line charge is inside of cylinder

\4

OMPiQ} OPMO| Zt2 X|X0| PiZ =
AM = OR =07M or Lizgzizconstant
PM OM OP r a D
2
D=2
d
2\2 2
24l & Zorl & |coso
r d d
I Jr2 +d?—2rdcosd
22 2
\/r2+{2] —Zr{iI Jcose
v=Lnio A,
27, T 275, Jr? +d? —2rd cosé
2\2 2
r2+(aj —Zr(a]cose
pl In d d

Az, r’+d?-2rdcosé



—

boundary conditions @ V(0,y) =V, V(2,0)=0, V(z,b)=0, Viey)="1,
WS o] 45 Viey)=X(z)Y(y).

2 2
o°Vv oV
> T3 =0
ox oy
2 2
L8X2:_LBY g
X ox Y8y2

7}7ke] wsrol vhate] E,
X(z)= Asinh(kx)+ Beosh(kx)
Y(y) = Csin(ky) + Dcos (k:y)

boundary conditionsE superposition 2 o] A At}
V,(0,9)= V), V,(2,0)=0, V,(z,b)=0, V,(a,y)=0 ———=————=——= (1)

Vb(07y):0a Vb(l',o):(), Vb(x,b):(), Vb(aay): V2 ____________ (2)

224 3 WA boundary conditionsE tgste] =W

Y(0)=0°4 D=0, Y(b) = 00l A k:%.
X(a)=094 X(a)= Asinh(ka)+ Bcosh(ka)=0 ,
_ Asinh(ka) ol
B== cosh(ka) 122,
X(2) = Alsinh (ke)— %cosmx)) _ ﬁ@(mgh(kmsmh (k) — sinh (ka)cosh (k)

= Lsinh (k(x—a))

cosh(ka)
. nmw . AC
r12:31K sinh(— x*a))sm( b Y), K, = 4cosh(ka)
V.(0,y)= 1V, olB= V, ( EKsmh b7ra )sin(%:y): v,
n=1
Knsinh(_mm / V,sin( n T dy= {4 Vi/nt  n zs odd
b b 0 n s even
4V,
K,=——————, nis odd .
nmsinh (222
b
i nm . nmw
ade2z Vv, (z,y) Z* o sinh(—— b (x*a))sm(Ty), nis odd ————-— (3)
=1 nasinh( )

b



n2 742 5 WA boundary conditions®] Fzo A EW,

Y(y)el 212 sdsiez k:%_
X(0)=0 oA B=0, 21822 X(z)= Asinh(kz)
= ELnsinh(%x)sin(%y).
n=1
boundary condition V,(a,y) ZLnSlnh ; )Sm(”T7T )=V,
n=1
L sinh( mra /' VQSln {4 Vy/nm  n ?s odd
b 0 n is even
4V,
L, = — n is odd
nrsinh (Lot )
b
_ S AV, . nmwr, . (NT .
Vy(z,y)= )] sinh( )sin(—y) nis odd ————-- (4)
=1 . nmwa b b
nmsinh ( 5 )

aeEg (3) F @) B ZWA Viey) =V, (z,y)+ V,(z,y)

. nmw
o 481nh(7y) n
V(ac,y)z Z (— V1s1nh( (w—a))-I— VQSinh(—Ww)) n is odd
= . Ta b b
" mrsmh(T)
2. (a)
o dudy o oodwo
F=ma= me= mdy it dy (1)
o av av-
F=—c¢E=—c¢(— dy) dy (2)
(1) 2 (2)°llA
mud—u—eﬂ S mudu=edV & lmu226V S u= 2e V.
dy dy 2 m
J=—pu, V’V=="L" o], @A y WU AAsE R,
€o
2 1
TV Ly 2 g 2V s gam,
dy € Y 2e dy
2
o avdv_ d ﬂy)
dy dy* dy dy
1
2J |m 5dV
BARE:| e 22V
ol € \ 2e dy



1
e 24 F Auspn, (L= [y
dy € \ 2e

(432 initial condition®l €& 0o] Ft})

1 1
av_, | J ifm 3 Ao [ oam
T . 5 VY e v fdv=2 . 5 dy
v, -1 d 1 3 !
1 i/ m 4 7 i/ m
_ J m o  Aya_ e m
0 vV AV /02 o VoW g Vo =2y s,

(b) conductivity o(y) =0, +
D

dR= 1 pdy ©1eE

So (y

_ d 1 B d 1
"= /0 So(y) = /0 S(o, + (0, —0y)y/d) dy
oyt (oy—0oy)y/d=A4 = A3k

_ 11 _d _ . d oy
"= S o, A 09— 0y dA= S(UQ_Ul)ln(Ul)
1D
J _é_ Vo _&5(02_01) 1 B Vyloy—0;) 1
0§ SR S d In(oy/0y) d In(oy/0,)

a. at the top plate.
e €o V0(02_01)

Ptop — €0E(d) = 600'_2: W

b. at the bottom plate.
B €0 Vo <Uz - U1>

Prottom — EOE(O) - 600'_1:_ m

11D



B Vyloy—0y) 1

el A d d In (02/01) ol==
—— J — Voloy—oy) 1 1 —
W= Sy ™" T d Talogley) oly) ™
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