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Representation  : L,,,, AAAA
~

hAjAiA hji
ˆˆˆ ++=

방향의성분i Unit vector

2-2  Vector Addision and Subtraction [Text p.12]

ABBA +=+ :   Commutative law

CBACBA ++=++ )()( :   Associative law

2-3.1 Scalar  (or  dot,   inner)  product

θcosABBA Δ⋅
θ

B

A

ABBA ⋅=⋅

CABACBA ⋅+⋅=+⋅ )(

:   Commutative law

:   Distributive law

Chapter 2.  Vector Analysis

Scalar Field (magnitude) : temperature,  density, electric potential

Vector Field (magnitude and direction) : velocity, force 

Electric  field intensity E, Electric displacement D

Magnetic flux density B, Magnetic field intensity H

Field “A ftn which describes a physical quantity in space” 

L,,,, AAAA

A

2-1  Introduction [Text p.11]

2-3  Products of Vectors [Text p.14]
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2-3.2 Vector   (or cross, outer) product

2-4 Orthogonal Coordinate Systems [Text p.20]

θsinˆ ABaBA nΔ×

:   unit vector perpendicular to 

33

22

11

),,(
),,(
),,(

gzyxU
gzyxU
gzyxU

=
=
=

each represents a family of 
surfaces in space

Intersection of

Intersection of

Intersection of

),,( ooo zyxP

nâ A Band

formed according to right-hand rule

B

A

nâ

consider

surfaces

surfaces

surfaces

curve

curve

curve

32 , UU

13 , UU

21 , UU

1U

2U

3U

Three surfaces intersect at
one pt  

x

z

y
1U

3U

2U
P

3
ˆua

2
ˆua

1
ˆuacurve

curve

curve
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321 ,, uuuP321
ˆ,ˆ,ˆ uuu aaa curve:  Units vectors issuing from target  to

( or  orthogonal to  321 ,, qqq surfaces )

When three surfaces intersect one another orthogonally

orthogonal coordinate sys.
321

ˆˆˆ uuu aaa =×

,0ˆˆ
21
=⋅ uu aa L,0ˆˆ

32
=⋅ uu aa

1ˆˆ
11
=⋅ uu aa

Then, the Length element

[ ]
[ ]212

33
2

22
2

11

2
1

2
3

2
2

2
1

)()()(

)()()(

duhduhduh

dldldldl

++=

++=

Volume element

321321 dududuhhhdv =

Let length elements             are related to Coordinate variables           byild

iii duhdl =

Where             :   metric coefficientih

iu

Cartesian Cylindrical Spherical

1h

2h

3h

1

1

1

1 1

1

ρ r

θsinr

),,( zyx ),,( zφρ ),,( φθr
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2-4.1 Cartesian coord

),,(),,( 321 zyxuuu =

1,1,1 321 === hhh

dzdydxdv =

),,( zyxP

x

y

z

2-4.2 Cylindrical  coord

),,(),,( 321 zruuu φ=

1,,1 321 === hrhh

φ

r

z

z

x

y

• P

φθθ dddRRdv sin2=

2-4.3 Spherical  coord

),,(),,( 321 φθRuuu =

θsin,,1 321 RhRhh ===P

x

y

z

R
θ

φ

•

dzrdrddv φ=
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Invariance

Symbolically RPP ='

where

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
−=

==

100
0
0

θθ
θθ

cossin
sincos

),,(),,,( ''''

R

zyxPzyxP

Vectors

and

''''''' ˆˆˆ

ˆˆˆ

kzjyixP

kzjyixP

++=

++=

''''''' ˆˆˆ

ˆˆˆ

kwjviuQ

kwjviuQ

++=

++=

Scalar product of        and             

QP

zwyvxu
zwvuyx

vuyx
wzvyuxQP

zwyvxuQP

⋅=

++++=

++−+−+
++=

++=⋅

++=⋅

)sin(cos)sin(cos
)cossin)(cossin(

)sincos)(sincos(

2222

''''''''

θθθθ

θθθθ
θθθθ

P Q

QP ⋅∴ are independent of coordinate sys

: invariant  (A quantity that is independent of coordinate system)

,),(,,, Pflux
dt

pdQP ⋅∇∇× Φ are all invariant

zz
yxy

yxx

=

+−=

+=

'

'

'

cossin
sincos

θθ

θθ

Rotation of coordinate system
by an angle       about  Z-axis
coordinates                 and                     of   

θ
),,( zyx ),,( ''' zyx P

X

'X

Y

'Y

θ

P
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2-5 Integrals Containing Vector Functions [Text p.37]

Line  integral    [ ]

∫

∫∫

∫∫

+

+=

++=

c
z

c
y

c
x

c
zyx

c

dzzyxVa

dyzyxVadxzyxVa

dzadyadxazyxVlVd

),,(ˆ

),,(ˆ),,(ˆ

ˆˆˆ),,(

Surface integral    SdA
s

⋅∫
Volume integral     dvF

v
∫

Closed line or surface     ∫
c

or ∫
s

(Ex)      zEA ˆ=

1.

2.

1: 222 =++ zyxS 로 주어진 반구

122 =+= yxS 로 주어진 원판

SdA
s

⋅∫find x

y

z
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2-6 Gradient  of  a Scalar Field [Text p.42]

Thus     

321
321

ˆˆˆ
l
Va

l
Va

l
VaV uuu ∂

∂
+

∂
∂

+
∂
∂

=∇

gradient의성질

a.  magnitude is the maximum rate of change with distance

b.  direction is that of the maximum rate of change

c.  it points towards larger values  of ftn.

grad
dn
dVaVV nˆΔ∇Δ ∇ :  del    

( )321
321

3
3

2
2

1
1

321321
ˆˆˆˆˆˆ dladladla

l
Va

l
Va

l
Va

dl
l
Vdl

l
Vdl

l
V

ldVdV

uuuuuu ++⋅⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

=

∂
∂

+
∂
∂

+
∂
∂

=

⋅∇=

where nâ :  direction  of  maximum rate of increase  

Directional   derivative

lln aVaa
dn
dV

dl
dn

dn
dV

dl
dV ˆˆˆ ⋅∇=⋅==

ld

332211
321

ˆˆˆ
uh

Va
uh

Va
uh

VaV uuu ∂
∂

+
∂
∂

+
∂
∂

=∇
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2-7 Divergence of a Vector Field [Text p.46]

v

SdA
Adiv

v Δ

⋅
Δ ∫

→Δ 0
lim

),,( ooo zyxP

x

y

z

•

yΔ
xΔ

zΔ

1.

(net outward flux / vol)

zyx
x

AxzyxA

zyzyxxA

qzyASdA

ooo zyx
ooox

ooox

x

ΔΔ
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+
Δ

⎥⎦
⎤

∂
∂

+=

ΔΔ
Δ

+=

ΔΔ⋅=⋅

L
2

),,(

),,
2

(

ˆ)(

),,(

for surface     

for surface     

zyl
x

AxzyxASdA
ooo zyx

ooox ΔΔ
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+
Δ

−⎥⎦
⎤

∂
∂

+−=⋅ L)
2

(),,(
),,(

Flux of              over a surface  A S

SdA
s

⋅=Φ ∫ 미소면적 성분, 수직방향

2.

1.

2.

3.4.

5.

6.

[ ] SdASdA ⋅+++++=⋅ ∫ ∫ ∫ ∫ ∫ ∫∫
1. 2. 3. 4. 5. 6.
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[ ] LL+ΔΔΔ
∂
∂

=⋅+∫ ∫ zyx
x

AxSdA

같은방법으로,

[ ] LL+ΔΔΔ
∂
∂

=⋅+∫ ∫ zyx
y

AySdA

and

[ ] LL+ΔΔΔ
∂
∂

=⋅+∫ ∫ zyx
z

AzSdA

and

LL+ΔΔΔ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

=⋅∫ zyx
z

Az
y

Ay
x

AxSdA

and

z
Az

y
Ay

x
AxAdivA

∂
∂

+
∂
∂

+
∂
∂

=≡⋅∇

For general orthogonal curvilinear coord

⎥
⎦

⎤
⎢
⎣

⎡
∂
∂

+
∂
∂

+
∂
∂

=⋅∇ )()()(1
321

3
213

2
132

1321

Ahh
u

Ahh
u

Ahh
uhhh

A

1. 2.

3. 4.

5. 6.
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SdAvA
js

N

jjj

N

j
⋅Σ=Δ⋅∇Σ ∫== 11

)(

SdAdvA
sv

⋅=⋅∇ ∫∫

Nonzero  divergence                            source or sink of flow

For an arbitrary  vol.

Divergence   Theorem.

A⋅∇ :   measure of strength of flow source

2-8 Divergence Theorem [Text p.50]
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2-9 Curl  of  a  vector  field [Text p.54]

(Ex)    만일

Circulation of              around     contourA ldAc
C

⋅Δ ∫
FA = (force)

Circulation  of  =⋅= ∫ ldFA
C

work

curl

max
0

ˆ1lim ⎥
⎦

⎤
⎢
⎣

⎡
⋅

Δ
Δ

×∇=

∫→Δ
ldAa

S

AA

C
nS

nâ

ld
SΔ

nâ :   normal  direction of area
right hand rule

ldA
yx

ldA
yx

A

yx

yxz

⋅
ΔΔ

=

⋅
ΔΔ

=×∇

∫

∫

→ΔΔ

→ΔΔ

1lim

1lim)(

0

0

along contour

xaxld ˆΔ=

yΔ

xΔ
x

y

•

),,( ooo zyxP

1. 2.

3.

4.

1. 2. 3. 4.

] xy
y
AzyxA

xzyyxAldA

ooo zyx
x

ooox

ooox

Δ⎥
⎦

⎤
⎢
⎣

⎡
+

Δ−
⋅

∂
∂

+=

Δ
Δ

−=⋅∫

LL
2

)(),,(

),
2

,(

,,

1.
1.
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along contour 2.

yayld ˆΔ=

yx
x

AyzyxA

yzyxxAldA

oooy

oooy

Δ⎥⎦
⎤

⎢⎣
⎡ +

Δ
⋅

∂
∂

+=

Δ
Δ

+=⋅∫

LL
2

),,(

),,
2

(

along contour 3.

xaxld ˆΔ−=

2.

)(
2

xy
y

AxAldA x Δ−⎥
⎦

⎤
⎢
⎣

⎡
+

Δ
⋅

∂
∂

+=⋅∫ LL

3.

along contour 4.

)(
2

)( yx
x

AyAldA y Δ−⎥⎦
⎤

⎢⎣
⎡ +

Δ−
⋅

∂
∂

+=⋅∫ LLyayld ˆΔ−=
4.

yx
x

A
yx

y
AldA yx ΔΔ

∂

∂
+ΔΔ

∂
∂

−=⋅∴ ∫

y
A

x
A

A xy
z ∂

∂
−

∂

∂
=×∇ )(
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같은방법으로,

z
zy

y
zx

x
yz a

y
A

x
A

a
x

A
z

Aa
z

A
y
AA ˆˆˆ ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∂
∂

−
∂
∂

+⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

−
∂
∂

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

−
∂
∂

=×∇

In general  orthogonal curvilinear coord  system

0=×∇ A

zyx

zyx

AAA

zyx

aaa

∂
∂

∂
∂

∂
∂

=

ˆˆˆ

332211

321

321

321

321
ˆˆˆ

1

AhAhAh

uuu

ahahah

hhh
A

uuu

∂
∂

∂
∂

∂
∂

=×∇

A is a conservative field



Field and Wave Electromagnetics 14

2-10  Stoke’s   theorem [Text p.58]

From the definition of curl,      i.e.

⎥
⎦

⎤
⎢
⎣

⎡
⋅

Δ
=×∇ ∫→Δ

C
nS

ldAa
S

A ˆ1lim
0

For         surrounded   by  SΔ

ldAaSA
C

n ⋅=Δ⋅×∇ ∫ˆ)(

C

For an arbitrary surface     ,    subdivide it into many  NS
and add up all the differential areas

SdASjA
s

j

N

jS j

⋅×∇=Δ⋅×∇Σ ∫=→Δ
)(lim

10

ldAldA
cc

N

jS
j

j

⋅=⋅Σ= ∫∫=→Δ
)(lim

10

ldASdA
CS

⋅=⋅×∇ ∫∫ )(∴ Stoke’s   theorem

C

jSΔ

S
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2-11  Two Null Identities [Text p.61]

( ) 0=∇×∇ V

2-11.1 Identity I

pf.    By Stoke’s  theorem

( )[ ] ( ) 0==⋅∇=⋅∇×∇ ∫∫∫ dVldVadV
s

VEE ∇−==×∇← ,0If

ldEldE
b

a

⋅→=⋅ ∫∫ 0

:  depends only on end pts  a  and  b

conservative field

a

b•

•

1.

2.
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2-11.2 Identity II

( ) 0=×∇⋅∇ A

pf.    By Divergence  theorem

( ) ( )
( ) ( )

0
21

21

=

⋅+⋅=

⋅×∇+⋅×∇=

⋅×∇=×∇⋅∇

∫∫

∫∫

∫∫

ldAldA

adAadA

adAdA

cc

SS

sv

τ

1C
2C

2S

1S

V

← If ABB ×∇=→=⋅∇ 0
magnetic
flux density

vector potential
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Chap 3.    Static Electric Fields

Field :  Spatial distribution of scalar and vector quantity
Electric field and magnetic field.

3-1    Introduction [Text p. 72]

Electrostatics :  시간에 따라 변하지 않는 전하분포 혹은
전장과 관계된 전기 현상

12
ˆ

4
1

2

12

21
12

R

o

a
R
qqF

πε
=

Coulomb’s law (1785)

(Newton) 21
, qq

12
R

:    coulomb

:    m

where )/(1084.8 12 mF
o

−×=ε Permittivity  of
free space

Force exerted  on               by2
q

1
q

1
q

2
q

12
ˆ

R
a

•
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Electric  field  intensity

3-2    Fundamental  Postulates  of  Electrostatics
in Free Space [Text p. 74]

Integral  form  of  two  postulates 

)/(lim
0

mV
q
FE

q→
=

Postulate  1.

Postulate  2.
o

E
ε
ρ

=⋅∇ ρ :   charge  density )/( 3mC

0=×∇ E

Postulate  1

∫∫ ==⋅∇
V

o
V

o

QdvdvE
ε

ρ
ε
1

Q :    total  charge in  V

o
S

QSdE
ε

=⋅∫ :  Gauss  law
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since

0
21

=⋅+⋅=⋅ ∫∫∫ ldEldEldE
CC

Postulate  2.

ldE

ldEldE

P

P

P

P

P

P

⋅=

⋅−=⋅

∫

∫∫

2

1

1

2

2

1

0=⋅=⋅×∇ ∫∫ ldESdE
CS

•

•
1P

2P1C

2C

을 따라
1

C
2

C

2C

line  integral  of             is independent of path

depends  only  on  end points

conservation  of  energy

Electrostatic field   :    conservative  field

E

를 따라

를 따라
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3-3    Coulomb’s law [Text p.77]

Electric  field  due  to  point  charge
applying  Gauss law

(Ex 3-2)           Electric  field  inside  of  a  spherical  shell  
with  a  total  charge  Q

o

R

S
R

RR
S

R
S

q
RE

dSE

dSaaESdE

ε
π

/
4

)ˆ()ˆ(

2

=
=

=

⋅=⋅

∫

∫∫

•q

R

mVa
R

qEaE
R

o

RR
/ˆ

4
ˆ

2πε
==

•

2S

P
1S

1. By    Gauss  law
2. Field  at            due  to            and  P 1

S 2
S

0
4 2

2

2
2

1

1 =⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−=

r
dS

r
dSdE

o

s
πε
ρ
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rdS
Solid  angle

2r
dSd =Ω

Tilted  surface

αcos
2r

dSd =Ω

α
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3-3.1 Electric  field  due  to  a  system of  discrete charges
[Text p. 82]

( )
k

k

kn

k

o

R q
RR
RRE 31

1

1
)(

4
1

−

−
Σ=
=πε

Principle  of  superposition 

Electric  field    :    linear  ftn  of Ra
R
q ˆ

• •

•

• •

•

•R

2R

1R
1q

2q

0

Continuous  distribution

vd
R

aE
v

R

o

′= ∫
′ 2
ˆ

4
1 ρ
πε

sd
R

aE S

S
R

o

′= ∫
′ 2
ˆ

4
1 ρ
πε

ld
R

aE l

L
R

o

′= ∫
′ 2
ˆ

4
1 ρ
πε

: Volume  
charge

: Surface

: Line 

• Electric  dipole   : sys  of  charges  consists  of  a  pair of  
equal  and  opposite  charges

q+ q−and separated   by  a  small  
distance Rd <<



Field and Wave Electromagnetics 7

Electric  field  at P

같은 방법으로,

Z
P

R

−R

+R
θ

q+

q−

0

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ⋅
+

−

⎟
⎠
⎞

⎜
⎝
⎛ +⋅−

−
=

−

−

23

2
3

2

2

3

2
312~

4

2

2

2

R
dR

R

dR

ddRR

dR

dR

dR

3

23 /
2
31

2
2

2 R
R

dRdR
dR

dR
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ⋅
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+=

+

+

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ⋅
+−= R

R
dRd

R
qE

o

23
31

4πε
and

dqP = :  Electric  dipole  moment

3−∝ RE

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

+

+
−

−

−
= 33

2

2

2

2
4 dR

dR

dR

dRqE
o

πε
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R
o

a
R

vdEd ˆ
4

1
2
′

=
ρ

πε

3-3.2 Electric  field  due  to  a  continuous distribution  of
charge [Text p.84]

Electric  field  due  to  charge  in  differential  volume        is vd ′

and vd
R

aE
V

R
o

′= ∫
′

2ˆ
4

1 ρ
πε

(Ex 3-4) Electric  field  due  to an  infinitely  long,  straight  
line charge )(

l
ρ

(방법 1)

r
l

o
a

r
zdEd ˆcos

4
1

2 θρ
πε ′

′
=

field  at           due  to  P zd ′

(           components  cancel)zâ

• P
r

r ′

θ
z ′

zd ′
z

0
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r
o

l

r
o

l

r
o

l

r
o

l

l

o

a
r

ad
r

ad
r

rr

rzLet

azd

zr

r

ra
r

zdE

ˆ
2

ˆcos
4

ˆ
)]tan1([

sec
4

)
22

(tan

ˆ

)(
4

ˆcos
4

1

2

2

2

2
2322

2

2
3

22

2

πε
ρ

αα
πε
ρ

α
α
α

πε
ρ

παπα

πε
ρ

θρ
πε

π

π

π

π

=

=

+
=

≤≤−=′

′

′+

=

′

′
=

∫

∫

∫

∫

−

−

∞

∞−

∞

∞−
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3-4 Gauss’s Law and Applications [Text p.87]

(Ex 3-5) Electric  field  due  to an  infinitely  long,  straight  
line charge             , Use Gauss’s law)(

l
ρ

r
aEaE

LrLESdE

o

l
rrr

o

l
r

πε
ρ
ε
ρπ

2
ˆˆ

2

==

==⋅∫

(방법 2)  use  gauss  law

r Since           is  symmetric  and  has  radial  
component  only

E
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)( Sρ(Ex 3-5)    Electric  field  due  to  an  infinite  planar  charge

Infinite  planar  charge
Electric  field  is  normal  to  surface

1.

3.

2.

A
E

E

S
ρ

o

S
z

o

S
z

o

S
zz

aE

E

AAEAE

SdESdE

ε
ρ

ε
ρ

ε
ρ

2
ˆ

2

0

=

=

=++=

⋅++=⋅ ∫ ∫∫∫
1. 2. 3.

2
1
r

E ∝

r
E 1
∝

E indep  of  distance

조명 : 백열등

형광등

조명패널
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3-5  Electric  potential [Text p.92]

0=×∇ Esince for  a  static  field, 

E can  be  represented  as 

VE ∇−= where V : Electric  potential

ldEVV
P

P
⋅−=− ∫

2

1
12

• ( - ) sign   :         에 거슬러 갈 때 가 증가VE

EV 증가
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• field  line        equipotential  line  ⊥

Work needed to move a point charge       in an electric field    q E

Since   force   in            is  qEF =q

( )12

2

1

2

1

2

1

2

1

VVq

dVq

ldVq

ldEq

ldFW

P

P

P

P

P

P

P

P

−=

=

⋅∇=

⋅−=

⋅−=

∫

∫

∫

∫

1. needed  work   =   potential energy  difference
2. =    independent of  path
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3-5.1   Electric potential  due  to  a  charge  distribution
[Text p.94]

R
q

dRa
R

qaV

o

R
o

R

R

πε

πε

4

ˆ
4

ˆ 2

=

⋅−= ∫∞

Electric  potential  due  to  a  point charge

k

k
n

k
o RR

qRV
−

Σ=
=14

1)(
πε

Electric  potential  due  to  many  charges

( Reference  is  taken  at                    for                  )∞=R 0=V
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potential  due  to  a  dipole

P

R

−R

+R

θq+

q−
0

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=

−+ RR
qV

o

11
4πε

⎟
⎠
⎞

⎜
⎝
⎛ +−

⎟
⎠
⎞

⎜
⎝
⎛ ++

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⋅⋅−+=

−−
−

−

−
−
+

LL

LL

θ

θ

θ

cos
2
11~

cos
2
11~

cos
2

2
4

11

1

2
1

2
21

R
dRR

R
dR

dRdRR

2

2

4
ˆ

cos
4

R
aP

R
dqV

o

r

o

πε

θ
πε

⋅
=

=

( )θ

θ

θθ
πε

θ

aa
R

P

a
R

a
R

VE

r
o

r

ˆsinˆcos2
4

ˆ1ˆ

3 +=

⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

+
∂
∂

−=∇−=
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Electric dipole  in an  external  field 

0)( =−+= EqEqF

EPEdq

EqdEqd

Fr

×=×=

−×−+×=

×=

)(
22

τ

Potential  energy 

EP

PE

dPE

dEP

dU

⋅−=

−=

=

⋅×=

⋅=

∫

∫

∫

θ

θθ

θ

θτ

θ

θ

θ

cos

sin

•

E q

q−
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Quadrapole 

3

2

2
cossin

r
qdV

oπε
θθ

=

Linear  Quadrapole

2
1cos3

2

2

3

2 −
=

θ
πε r
qdV

o

q+

q−

d

d

q+

q+

q2−

θ r
2
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Distance  factor  for  multipole

Octopole

Configuration Electric  potential  Electric  field 

Single  charge

Dipole

Quadrapole

Octopole

:    number  of  independent  displacement 
required  to  specify  the  configuration   

1−r
2−r
3−r
4−r

2−r
3−r
4−r
5−r

polesl −2 )1( +− lr )2( +− lr

l
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3-6  Conductors  in  Static  Electric  Field
[Text p.100]

Electric potential due to a continuous distribution of charge

vd
R

V
V

o

′= ∫
′

ρ
πε4
1

Energy

P2

S2

S1

Atomic  Separation 

Conduction  band
Band gap
Valence  band

Individual  atom atom  in  solid
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Conduction 
Band Empty

Band gap

Filled
Valence

Band 

overlap

Insulator

Semiconductor

Conductor

Eg Diamond

Si
eV5

eV1.1
Ej σ=

σ :   conductivity

Partially
Filled

Filled

Conduction 
Band 

Valence
Band 

Empty

Filled

Eg
donor

acceptor

Conduction 
Band 

Valence
Band 
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Charge  inside  of  conductor 

E

EqF =

q surface,0=E

No  tangential  component  of           on  surface  E
(if              ,  charge  will  move)   tanE∃

E is  normal  to  surface
surface  is  an  equipotential  surface

o

S
n

SSESdE
ε
ρ Δ

=Δ=⋅∫

o

S
nE

ε
ρ

= where Sρ =   surface
charge  density
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(Ex 3-11)

Q
oRiR

For
o

RR >

o
S

QRESdE
ε

π =⋅=⋅∫ 24

R
Q

R
QdRV

r
R

QE

o

R

o

o

πεπε

πε

44

ˆ
4

2

2

=−=

=

∫∞

For
oi RRR <<

oo R
QV

E

πε4

0

=

=
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For
iRR <

C
R

QV

r
R

QE

o

o

+=

=

πε

πε

4

ˆ
4 2

at
oo

i R
QVRR

πε4
, == requires

iooo

ooio

R
Q

R
QC

R
QC

R
Q

πεπε

πεπε

44

44

−=

=+
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3-7  Dielectrics  in  Static  Electric  Field [Text p.105]

Dielectrics  :  insulation

Molecules  in  dielectrics

1.  Electronic  Polarization 

center  of  positive
and  negative  charge
coincide  

0=E 0≠E

center  of  positive and  
negative  charge  does not
coincide  and   induces  dipole
moment

E

P
0=E

전자

밀도

•
원자핵

P
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2.  Ionic Polarization

이온결합 결정 정이온 부이온 역방향으로 이동

E

NaCl

P

3.  Orientational  Polarization

Polar  molecular      :                permanent  dipole  moment

Nonpolar  molecular  :
22 , HO

HCl

E

μ

μ E 방향으로 정렬

열운동에 의한 교란

kT
E

3

2μμ =><
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3-7.1  Equivalent  charge  distributions of polarized 
dielectrics [Text p.106]

Polarization  vector

)/(lim 2

0
mC

v
PP k

v Δ
Σ

=
→Δ

:     volume  density  of  electric  dipole  moment  potential  due
to a  polarized  dielectric

Potential  due  to  vdPPd ′=

vd
R
aPdV
o

R ′⋅
=

24
ˆ

πε

Then  vd
R
aPV V

o

R ′⋅
= ∫ ′ 24

ˆ
πε

Since
rrR ′−

=
11

2
11

rr

a
rrR

R

′−
=

′−
∇′=⎟

⎠
⎞

⎜
⎝
⎛∇′

R
Pd

r′
r

Ra

0

1V
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Where

vd
R

Sd
R

vd
R

PSd
R
aP

vd
R

P
R
P

AfAfAf

vd
R

PV

V
P

o
S

PS

o

V
o

S
n

o

o

V
o

′+′=

′⋅∇ ′−
+′

′⋅
=

′
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡ ⋅∇ ′
−⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
⋅∇ ′=

⋅∇ ′+⋅∇ ′=⋅∇ ′

′⎟
⎠
⎞

⎜
⎝
⎛∇ ′⋅=

∫∫

∫∫

∫

∫

′′

′′

′

ρ
πε

ρ
πε

πεπε

πε

πε

4
1

4
1

4
1ˆ

4
1

4
1

)(

1
4

1

nPS aP ˆ⋅=ρ

PP ⋅∇−=ρ

:     polarization  (bound)  surface

charge  density

:     polarization  (bound)  volume

charge  density
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Since 

( )P
o

total
o

E ρρ
ε

ρ
ε

+==⋅∇
11

3-8 Electric  Flux  Density  and  Dielectric 
Constant [Text p.109]

,P
P

⋅∇−=ρ
ρε =+⋅∇ )( PEo

ρ=⋅∇ D

PED o += ε :    Electric  flux  density
Electric  displacement 

Integral  form

QSdDdvD
SV

=⋅=⋅∇ ∫∫
For  a  linear,  isotropic  dielectric

EP
eo

χε=

e
χ :    electric  susceptibility

ρElectric  Field  due  to        in  a dielectric
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Then

E

E

ED

ro

eo

ε

εε

χε

=

=

+= )1(

Where
er

χε += 1 :    relative  permittivity 
dielectric displacement

roεεε = :    (absolute)  permittvity
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Total  charge  density

f
and

b
σσ

DEDP
r

r
o ε

εε 1−
=−=

f
r

r

r

r DP ρ
ε

ε
ε

ε 11 −
=⋅∇

−
=⋅∇

f
r

r
b ρ

ε
ερ 1−

=−

r

f
fbft P

ε
ρ

ρρρρ =⋅∇−=+=
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3-9  Boundary Condition for Electrostatic Fields
[Text p. 116]

0
21

=Δ−Δ=
⋅=

⋅×∇

∫

∫

ωω
tt

EE
ldE

SdE

for  path  ,abcda

tt EE 21 =

E Dcharge of and across an interface between two media

Medium 2 

ωΔ

b a

c d

Medium 1 
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SΔ

ρ=⋅∇ D

SdDdvD
S

⋅=⋅∇ ∫∫
( )

( )
S

SDDa

SaDaD

s

n

nn

Δ=
Δ−⋅=

Δ⋅+⋅=

ρ
212

1221

ˆ

ˆˆ

Snn DD ρ=− 21
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3-10 Capacitance and Capacitors [Text p.121]

(Ex 3-17)   capacitance  of  a  parallel-plate  capacitor

V
QC = :    capacitance

y

d

area

ε

put  charge               on  upper  and lower plate   Q±

y
S

QE ˆ
ε

−=

d
S

V
QC

d
S

Qdy
S

QldEV
dy

ε

εε

==

==⋅−= ∫∫

12

0012

(Ex    3-18)             Cylindrical   capacitor

(Ex    3-19)             Spherical   capacitor

Conductor in a Static Electric Field

S Q+

Q−
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3-10.1  Series  and  parallel  connections  of capacitors
[Text p.126]

a.  Series  connection

1C 2C 3C

Q− Q+ Q− Q+

1V 2V 3V

LLLL +++=++=
321

321 C
Q

C
Q

C
QVVVV

LL+++=
321

1111
CCCC

b. Parallel  connection

1C

2C

3C

1Q+ 1Q−

2Q+ 2Q−

L

L

L

+++=

+++=

++=

321

321

21

CCCC

VCVCVC

QQQ
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3-10.2     Capacitances  in  multi conductor  sysem [Text p.129]

1
2

3

M

M

LL NN QPQPQPV 12121111 +++=

NNNNNN QPQPQPV +++= LL2211

:   Coefficients   of  potential
ijP

M

M

LL NNVCVCVCQ 12121111 +++=

NNNNNN VCVCVCQ +++= LL2211

iiC :   Coefficients   of  capacitance

)( jiCij ≠ :   Coefficients   of  induction
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3-10.3  Electrostatic  Shielding [Text p.132]

( ) 31321211312101 VCVCVCCCQ −−++=

1

Reduction  of  capacitive  coupling  between  conductors

and 3

enclose by  
a  ground  conducting shell

1

With   ,0
2
=V

021 == VV When 01 =Q No  field  inside  shell

013 =C No  change  in           by  change  in  1Q
3V

1
32
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3-11 Electrostatic Energy  and  Forces [Text p.133]

•

•

•

1Q
2Q

3Q

12R

13R

12

1
2222 4 R

QQVQW
oπε

==

Bring  charge            from          to              

against  the  field  of  charge               

work  required  is   

∞2Q 12R

1Q

Bring  another  charge             from            to    3
Q ∞ 13R

M

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+==

12

2

13

1
3333 44 R

Q
R

QQVQW
oo πεπε
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Total  potential  energy

( )0
4

0
4

0
4

223

32

113

3

12

21

321

o

N

N

N

o

N

N

o

Q
R
Q

R
QQ

R
Q

R
Q

R
QQ

WWWW

πε

πε

πε

+

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++++

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++++=

+++=

LL

LL

LL

L

LL

LL

+

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+++++

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++++=

N

N

o

N

N

o

R
Q

R
Q

R
QQ

R
Q

R
Q

R
QQW

123

3

21

12

113

3

12

21

0
4

0
4

2

πε

πε

NNVQVQVQ +++= LL2211

k

N

k
kVQW ∑

=

=
12

1
∫V Vdvρ

2
1

+ ....
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3-11.1  Electrostatic energy in terms of field quantities
[Text p.137]

( )

( )[ ]

dvEDSdDV

dvVDDV

VdvD

VdvW

S

e

⋅+⋅=

∇⋅−⋅∇=

⋅∇=

=

∫∫

∫

∫

∫

2
1

2
1
2
1
2
1
2
1

1

ρ

Since 21 , −− ∝∝ RDRV and  areas  ,2RS ∝′

first  term  1
12

1 −∝⋅∫ RSdDV
S

and 

0 as ∞→R

dvEDWe ⋅= ∫2
1
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for  a   linear  medium   ED ε= and

dvEWe ∫= 2

2
1 ε or dvDWe ∫=

ε

2

2
1

Electrostatic  energy  density   

EDW
e

⋅=
2
1

or

or

2

2
1 EWe ε=

)/(
2
1 3

2

mJDWe ε
=
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3-11.2     Electrostatic  forces [Text p.140]

For  an  isolated  system

A.   Sg  of  bodies  with  fixed  charges

Const  charge  on  each  body

virtual  displacement  of  one  body

mechanical  work  done  by  system.

ld ( virtual  displacement )

ldFdW Q ⋅=

edWdW +=0

Change  in  electrostatic  energyThus 

ldWdWldF eeQ ⋅∇−=−=⋅ )(
and 

eQ WF ∇−=

(Conservation of energy)
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kkS dQVdW Σ=

B.   Sg  of  bodies  with  fixed  potentials

Fixed  potentials  for  each  of  bodies  

virtual  displacement  of  one  body

Charge  must  be  supplied  to  keep  

The potential  constant.

ldFdW V ⋅=

eV WF ∇=

mechanical   work done  by  system

charge  in  electrostatic  energy

kke dQVdW Σ=
2
1

conservation  of energy  for  an  isolated  sys 

es dWdWdW +=

Thus   ldWdWldF eeV ⋅∇==⋅

work  done  by  the  source |
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Chap 4. Solution of Electrostatic Problems  

since ρ=⋅∇ D

for  a  homogeneous  medium

4-2  Poisson’s and  Laplace’s Equations 
[Text p.152]

using VED ∇−== εε
ρε −=∇⋅∇ )( V

Poisson’s eq.ε
ρ−=∇ V2

Chap 4. Solution of Electrostatic Problems  
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∇⋅∇≡∇2 Laplacian 

2
2

2sin2
1

sin
sin2
12

2
1

2
2

2
2

2
11

2
2

2
2

2
2

φθ

θθθθ

φ

∂
∂+

∂
∂

∂
∂+∂

∂
∂
∂=

∂
∂+

∂
∂+∂

∂
∂
∂=

∂
∂+

∂
∂+

∂
∂=

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

R

RRRRR

zrrrrr

zyx in  cartesian  coord.

in  cylindrical coord.

in  spherical  coord.

When 0=ρ (  no  free  charge  ) 

02 =∇ V Laplace’s equation
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uniqueness  theorem : 

A solution of Poisson’s eq (or  Laplace’s eq) that 

satisfies the given boundary condition is a unique 

solution.

4-3 Uniqueness  of  Electrostatic Solutions
[Text p.157]

ε
ρ−=∇ 1

2V

pf. Let      and      are two solutions of Poisson’s equation.1V 2V

ε
ρ−=∇ 2

2V

Let

02 =∇ VThen 

21 VVV −=
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as

Consider,

SdVs V

dvVVVVdvVV

⋅∫ ∇=

∫ ∇+∇⋅∇=∫ ∇⋅∇
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

)(

2)( ττ

∞→R ,     surface   integral 0→

)2,2,1( RSRVRV →−∝∇−∝

hence

and constVV =→=∇ 0

τ

S

02 =∫ ∇ dvV
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4-4    Method  of  Images [Text p.159]

4-4.1  point charge and conducting planes [Text p.161]

ε

δ ⎟
⎠
⎞⎜

⎝
⎛ ′−

−=∇
rrQ

V2 where 

d

)0,,0( dQ
+R

−R
),,( zyxP

Q− (Image  charge)

x

y

Electric  field  intensity  in                   region.0>y

)0,,0( dr =′

B.C. 0=V 0=y

0=V ∞→y
at

at
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where

Q−Consider  an  image  charge

2
1

22)(2
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡ +−+=+ zdyxR

at )0,,0( d−

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
−

+
=

RRo
QV 11

4πε

2
1

22)(2
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡ +++=− zdyxR

VE ∇−=

Electric  field  intensity  in 0≥y region
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Total  induced  charge

Induced  surface  charge  density

zx
zdyx

dy

zdyx

dy

o

Q
o

zxyEonEo

,0,
2
3

22)(22
3

22)(2
4

),0,(

⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡ +++

+−

+−+

−⋅=

==

πε
ε

εεσ

Q−=

∞

+

−−=∫
∞

+

−=∫=

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

0
2
1

22

1
0

2
3

22

2
2

dr

Qd

dr

rdrQddsq π
π

σ

Force  between        and  planeQ

2/3222/3222 )(
1

2)(
1

2 dr
Qd

dzx
Qd

+
−=

++
−=

ππ
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Total  field  by  the  whole  plane

field  by  a  charged  ring
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Total  force

2)2(4

2
216

2

do

Q
do

Q
yQEF

πεπε
−=−==

•

•

d

d

Q

Q−



Field and Wave Electromagnetics 10

(Ex) Line  charge  and parallel conducting cylinder

• lρ
•

•0 d

a ir
r

p

Image  line  charge  :              between         andlρ− 0 p

potential  by  a  line  charge

eρ

r
•

or
r

o
e

drEV
or

lE

r
or

ln
2

2

πε
ρ

επ

ρ

−=

∫−=

=

lρ−
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Then  potential  on  the  cylinder  surface

r
r

o
e

r
r

r
r

o
eV

i

i

oo
M

ln
2

lnln
2

πε
ρ
πε
ρ

=

−=
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

since  it  hold  on  the  whole  surface

at

0

id
•A• • •

B

,A
,Bat

adrii dar +=+= ,

adrii dar −=−= ,

ad
ida

ad
ida

−

−
=

+
+

d
adi

2

=
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Induced  charge  distribution  on  cylinder  surface 

θcos222 dRRdr −+=

r

•

d
a2
• •

lρ−

d
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⎜
⎜
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⎟
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⎜
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⎜
⎜
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⎜
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r
daad

a
a

d

o
l ˆ

cos222

2

2 θπε

ρ
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−
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⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
⎟
⎠
⎞⎜

⎝
⎛
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ρ
θεσ
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4-4.2 Line charge and parallel conducting 
cylinder [Text p.162] 

- Potential by a line charge

• lρ

or
r

o
l

rdEV

r
ro

lE

r

or

ln
2

ˆ
2

πε

ρ

πε

ρ

−=

⋅−=

=

∫
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Potential  by  a  pair  of  line  charges           &lρ lρ−

••
lρlρ− 0d d

2r

1r

),( yxP

2

1ln
2

),(
r

r

o
lyxV

πε

ρ
−=

Equipotential  surface Cconst
r

r
=

2

1

1. when                   equipotential  surface,1=C
midplane
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(Ex)      Long  cylinder  (         charge  /  length )
near  a conducting  plane

Image  charges    :    two  line  charges

lρ

(Ex)      Capacitance  between  two  long,  parallel,
circular  conducting  wires  of  radius  a

• ••l
ρlρ−

idd

a

2 D 1

•
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lρ
Two  equipotential  surfaces  are  generated  by

and

d
a

o
lV ln

22 πε

ρ
=

lρ− separated  by iddidD −=−2

d
a

o
lV ln

21 πε

ρ−
=

Capacitance
⎟
⎠
⎞⎜

⎝
⎛

=
−

=
ad

o
VV
lc

/ln
21

περ

• ••l
ρlρ−

idd

a

2 D 1

•
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4-4-3 Point charge and conducting sphere
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(grounded)
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on  the  surface

,Aat
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Q

+
+
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=0 1.
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from 1, 2
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Induced  surface  charge  density
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Total  induced  charge
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Force  between  sphere  and  charge
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(problem 1)  
point charge and insulated conducting  sphere

•
Q ′

•
iQ

•
Q

Image  charge  at  Q
d
a

iQ
d

a
id −== ,

2

andQ iQ will  make  the  surface

An  equipotential  surface
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Q ′

Q
d
a

iQ −=

Surface  will  have  a  charge  of 

need  to  add  Q
d
aQ =′ to  the

surface  to  make  surface  neutral

Will  distribute  evenly  on  the

surface

equivalent  to           at  the  center  Q ′

•
Q ′

•
iQ

•
Q
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(problem 2)    
pt  charge             charged

Q
d
a

iQ −=,Q

)(Q )(Q ′ conducting  sphere

Image  charge  at  ,
2

d
a

id =

iQQQ −′=′′ at   the  center 

(problem 3)     
pt  charge  near  a  conducting sphere  at  fixed  potential

Q
d
a

iQ −=

,Q Image  charge  

at  ,
2

d
a

id −=

VaQ 04πε=′ at   the  center 

V
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4-5  Boundary Value  Problems in Cartesian  
Coordinates [Text p.174]

02 =∇− VEqs

B.C. 1. is  given  on  boundary   
:    Dirichlet  coordinate
V

2.
n
V
∂
∂ is  given  on  boundary

:    Neumann  coordinate

n
V
∂
∂

3. V and  is  given  on  boundary

:    Cauchy  coordinate

over  specification

Mixed  boundary-value  problems

V

n
V
∂
∂

is  given  over  some  boundaries

is  given  over  remaining  boundaries
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Laplace  eq  in  Cartesian  coord
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assume ( ) )()()(,, zZyYxXzyxV =
:    separation   of   variables
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d
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Possible   solution

xBxAXjkxk

kxBkxAXkxk

BAxXxk

coshsinh

cossin

0

+==

+==

+==

02
2
2

=+ YykY
dy
d

Similar  eqs  for          and Y Z

02
2
2

=+ ZzkZ
dz
d

with 0222 =++ zkykxk
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4-6 Boundary Value Problems in Cylindrical  
Coordinates [Text p.183]

- Laplace’s  equation in  cylindrical  coordinate

assume

02
2

2
2

2
11 =

∂

∂+
∂

∂+
∂
∂

∂
∂

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
V

z
V

r
V

r
r

rr φ

)()()(),,( zZrRzrV φφ Φ=

02
21

2
21

2
111:)(1 =+Φ
Φ

+
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
Z

dz
d

Zd
d

r
R

dr
dr

dr
d

rR
X

V φ
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2
2
21: hZ

dz
d

Z
leteqZ =

2
2

2122:2 n
d
drhR

dr
dr

dr
d

R
rr =Φ

Φ
−=+×

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

φ

02
2

21: =+Φ
Φ

Φ n
d
deq
φ

02
221

2
2

: =−++
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛

R
r
nhR

dr
d

r
R

dr
deqR

:  Bessel   eq
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)()()( hrnNnDhrnJnCrR +=
general  sol  : 

)(hrnJ :    Bessel   ftn   of  first  kind  of  

nth  order  with  argument  hr

)(hrnN :    Bessel   ftn   of  second  kind  of  

nth  order  with  argument  hr
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4-7 Boundary-Value Problems
in Spherical Coordinates [Text p.188]

0

[

2

]
sin
1

sin
sin
11

2

2

22

2
2

2

=

−=

∇−

∂
∂

+

⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

∂
∂

+⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

∂
∂

V

V

r

rr
r

rr

φθ

θ
θ

θθ

)()()(),,( φθφθ ΦΘ= rRRV

02
21

sinsin212sin

=Φ
Φ

+

Θ
Θ

+
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

φ

θ
θ

θ
θθ

d
d

d
d

d
dR

dr
dr

dr
d

R
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02
2

2
=Φ+Φ m

d
d
φ

⎪
⎪
⎭

⎪⎪
⎬

⎫

⎪
⎪
⎩

⎪⎪
⎨

⎧

−
=Φ

φ

φ

ime

ime

with    m=integer

ΦQ must  be   single  valued

02sin

2

sin
sin
121

=−

Θ
Θ

+
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

θ

θ
θ

θθ

m

d
d

d
dR

dr
dr

dr
d

R
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let 221 nR
dr
dr

dr
d

R
=

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

0222
2

2 =−+ RnR
dr
drR

dr
dr

with )1( +−+= krkBkrkAR

02222)1( =−+=−+− nkknkkk

2)1( nkk =+

222)1(2)2)(1( nkknkkk −+=−+−++
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with

02sin

2
)1(sin

sin
1 =Θ−++Θ

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

θθ
θ

θθ
mll

d
d

d
d

,cosθ=x

021

2
)1()21( =Θ

−
−++Θ−−

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

x
mll

dx
dx

dx
d

:   generalized  Legendre  equation  
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Sol   : )(cosθm
lP :    Associated  Legendre  ftn

성질 :   1. for  given                     forms  an 

2.

,m m
lP

orthogonal set  in  the  index l
on ,11 <<− x i.e.

llml
ml

l
dxxm

lPxm
lP ′−

+
+

=′−∫ δ
)!(
)!(

12
2)()(1

1

)(
)!(
)!()1()( xm

lP
ml
mlmxm

lP
+
−−=−

M
Ref  :   “Modern   Analysis”  

by  E.Whittaker  and  G.Watson

Cambridge  University
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for ,0=m (azimuthal  symmetric  sol)

)()(),,( θφθ Θ= rRrV

R eq   : )1()( +−+= lrlBlrlArR

eq   : 0)1()21( =Θ++Θ−
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
ll

dx
dx

dx
d

:   Legendre  eq.
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Sol   : 

with 0)1(,0 =−≠ ααoa

jx
ja

j
x

∞

=
Σ=

0
α

ja
jj

lljj
ja

)2)(1(
)1()1)((

2 ++++
+−+++=+ αα

αα

if

if 0)1(,01 =+≠ ααa
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성질 :   1. lx
ldx

ld
ll

xlP )12(
!2

1)( −=

:   Rodrigues’  formula

M

)335(
2
1)(3

)123(
2
1)(2

)(1

1)(

xxxP

xxP

xxP

xoP

−=

−=

=

=

Legendre  polynomial
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2. lP

M

forms  a complete,   orthogonal  set  of

ftns      on 11 ≤≤− x

lll
dxxlPxlP ′+

=′∫− δ
12

2)()(
1
1
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Example 4-7

Since  it  is  infinitely  long  along    z-direction

Potential  inside  of  an  infinitely  long, 
hollow  enclosure [Text p. 181]

),(),,( yxzyx VV =

0=V

0=V

0VV =

0=V0 a

b
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let )()(),( yYxXyxV =

0),(2
2

2
2

=
∂

∂+
∂

∂
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛

yxV
yx

eq   :

2
2
21

2
21 kY

dy
d

Y
X

dx
d

X
≡−=

Y 02
2
2

=+ YkY
dy
d

kyBkyAY cossin +=

B.C. 0=V for 0=y 0=B
0=V for by = 0sin =kb

L,3,2,1, == n
b
nk π
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eq   :X 02
2
2

=− XkX
dx
d

kxDkxCX coshsinh +=

B.C. 0=V for ax =
kaDkaC coshsinh0 +=

C
ka
kaD

cosh
sinh−=

)(sinh
cosh

cosh
cosh
sinhsinh

axk
ka

C

kx
ka
kakxCX

−=

−=
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
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y
b

nax
b

n
nCyxnV ππ sin)(sinh),( −=

Thus 

B.C. ),0(
1

ynV
n

oV
∞

=
Σ=

for L,3,2,1=n

y
b

na
b

n
nC

n
ππ sinsinh

1 ⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
−

∞

=
Σ=
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∫
b
o dyy

b
my

b
n ππ sinsin

since

2
b=

dyb
o y

b
mny

b
mn

∫ ⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡ +−−= ππ coscos
2
1

b

o
y

b
mn

mn
by

b
mn

mn
b

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡ +
+

−−
−

= π
π

π
π

sin
)(

sin
)(2

1

for nm =

0 otherwise
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∫
b
o dyy

b
m

oV πsin

oV
a

b
mb

m
b

mC
π

π
sinh

2

)2(

−

−−
=

ydy
b

na
b

n
nC

n
b
o y

b
m πππ sinsinh

1
sin

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
−

∞

=
Σ= ∫

2
sinh

0
cos ba

b
m

mC
b

y
b

m
m
b

oV
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
−=− ππ

π

oddm =,

a
b

mm
oV

ππ sinh

4
−=
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∞
Σ=

= L5,3,1

4

),(

n
oV

yxV

π

( )
y

b
n

a
b

nm

xa
b

n
π

π

π

sin
sinh

sinh −
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Example 4-6

V=0

V=0
V=V0

y

x
0

B.C. :  ① V(x, y, z) = V(x, y)  
② V(0, y) = V0

V(∞, y) = 0
③ V(x, 0) = 0  

V(x, b) =0 

Sol   : 

0

0

0

22

2
2

2

2
2

2

=+

=+

=+

yx

y

x

kkwith

YkY
dy
d

XkX
dx
d
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L,3,2,1,

,0sin

sin0),(,

sin),(

sin)(

)(

==

==

===

=

=

=

−

−

−

n
b

nk

nkbkb

kbeCyxVbyat

kyeCyxVand

kyByY

AexXThen

kx
nn

kx
nn

kx

π

π

dyy
b

mVdyy
b

my
b

nC

y
b

nCVyV

xat

y
b

neCyxV

b

n

b

n

n
n

x
b

n

n

∫∑ ∫

∑

∑

=

==

=

=

∞

=

∞

=

−

00
1

0

1
0

sinsinsin

sin),0(

,0

sin),(

πππ

π

ππ
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⎪
⎩

⎪
⎨

⎧

≠

=
=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

+

+

−
−

−

=

⎥⎦
⎤

⎢⎣
⎡ +

−
−

∑

∑ ∫

∞

=

∞

=

mnif

mnifbC
b

mn

y
b

mn

b
mn

y
b

mn
C

dyy
b

mny
b

mnC

n

b

n

n

n

b
n

0

2

)(

)(sin

)(

)(sin

2

)(cos)(cos
2

0

1

1
0

π

π

π

π

ππ

⎪
⎩

⎪
⎨

⎧
=

⎪
⎩

⎪
⎨

⎧
=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡ −

evenisnif

oddisnif
n
V

C

evenismif

oddismif
m

bV

b
m

y
b

m

V

n

b

0

4

0

2cos

0

0

0

0

π

ππ

π

LHS:

RHS:

∑
∞

=

−
=∴

5,3,1

0 sin4),(
n

x
b

n

y
b

ne
n
VyxV π
π

π
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Example

=),( φbV

oVV =

b

oVV −=

Infinitely long, conducting circular  tube of   radius b

B.C.
πφ <<= 0foroV

πφπ 2<<=− foroV

Infinitely   long ),(),,( φφ rVzrV =
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Φ eq   : 02
2

2
=Φ+Φ n

d
d
φ

φφ nBnA cossin +=Φ
must be an integer for single valued soln

r eq   : 02
21

2
2

=−+ R
r
nR

dr
d

r
R

dr
d

nrDnrCR −+=
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i)   Inside

0=D must  be  finite  everywhereVQ

0=B ..CBQ requires ),( φrV
is  an odd  ftn  of φ

φφ nnrnA
n

rV sin
1

),(
∞

=
Σ=

φnnbnA
n

oV sin
1

∞

=
Σ=

πφφπ

2
sin

0

mbmA
dmoV =∫

πφ
0

cos
⎥
⎥

⎦

⎤
−=

m
m

oV

nbn
oV

nA
π
4

= for   odd n
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φφφπ dnm sinsin
0∫

φφφπ dnmnm ⎥⎦
⎤

⎢⎣
⎡ +−−= ∫ )cos()cos(

2
1

0
πφ
0

)sin(
2
1

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

−
−=
nm
nm

nm,2
δπ=

φ
π

φ n
n

b
r

noddn
oV

rV sin14
),(

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛∞

=
Σ=

for br <
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Example  4-9  [Text p.185]

- Infinitely  long,  thin,  conducting  circular tube  split  in  
two  halves 

- Potential   distribution  inside  and  outside

b
φ

oVV =

x

oVV −=

=V
πφ<<0foroV

πφπ 2<<− foroV
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Infinitely  long  cylinder  

),(),(),,( φφφ rnVrVzrV Σ==

)cos'sin'(

)cossin(),(

φφ

φφφ

nnBnnAnr

nnBnnAnrrnV

+−+

+=

a)   inside )( br <

V must  be  finite  inside  of  tube  

nallfornBnA '0' ==

V must  be  an odd  ftn  of  φ 0=nB
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φφφ nnrnArnVrV sin),(),( Σ=Σ=

m
oV

m
m

oVdmoV
2

0
cossin0 =−=

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

∫
πφφφπ

πφ
φφ

<<
Σ==

0
sin),(

for
nnbnAoVbV

B.C.   at br =

φφφπ dmnnbnA sinsin0∫Σ=

φφφπ dmnmnnbnA ⎥⎦
⎤

⎢⎣
⎡ +−−Σ= ∫ )cos()cos(

2
1

0
πφφ
0

)sin()sin(
2
1

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

+
+−

−
−⋅Σ=

mn
mn

mn
mnnbnA

2
πmbmA=
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b)   outside )( br >

V must  be  finite  outside  of  tube  

nBnA == 0
V must  be  odd  ftn  of  φ

0' =nB

=mA
moddformbm

oV
π
4

mevenfor0

φ
π

φ n
n

b
r

noddn
oV

rV sin14
),(

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛∞

=
Σ=

nallfor
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φφφ nnrnArnVrV sin'),(),( −Σ=Σ=

B.C.      at br =

φφ nnbnAbV sin'),( −Σ=

=
πφ <<oforoV

πφπ 2<<− foroV

='nA
noddfor

n
oVnb

π
4

nevenfor0

φ
π

φ n
n

r
b

noddn
oV

rV sin14
),(

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛∞

=
Σ=
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Example  4-10 conducting  sphere  in  a  uniform 

electric  field                                  [Text p.190]

Boundary  condition  :

zaoEoE ˆ=

b

oE
ẑ

brfor >>

0),( =θbV

θθ cos),( roEZoErV −=−=
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Sol    

)(cos))1((
0

),( θθ nPnrnBnrnA
n

rV +−+
∞

=
Σ=

)(cos))1((
0

0 θnPnbnBnbnA
n

+−+
∞

=
Σ=

))1((
0

0 +−+
∞

=
Σ= nbnBnbnA

n

)(cos)(cos)(cos1
1 θθθ dnPmP∫⋅ −

nmm
mbmBmbmA ,12

2))1(( δ
+

+−+=

12 +−= nbnAnB

Apply B.C. for  r=b,
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oEA −=1

Since          must  be  finite  for V ,∞→r

0=nA for  all          except  n 1=n

Thus   3
1 boEB = and  all  other 'nB are  zero   

)(cos1)23(),( θθ PrboEroErV −+−=

θcos
3

1 roE
r
b

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
−−=
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Electric  field

θcos
3

21
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
+=

∂
∂−=

r
b

oE
r
V

rE

Induced  Surface  Charge  Density

θ
θθ sin

3
11

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
−−=

∂
∂−=

r
b

oEV
r

E

θεεσ cos3)( oEobrrEo ===
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Chap 5. Steady   Electric  Current

Types  of  electric  current  caused  by  motion of  free  

Charges  :

1. Conduction  current :    
Drift  motion  of conduction  electron  or  ion

2. Electrolytic  current :    
Migration  of positive  and negative  ions

3. Convection  current  :    
Movement  of positive  or  negative  charged  particles
in  vacuum  or  rarefied  ionized gas

plasma

5-1 Introduction [Text p.198]
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5-2    Current  Density  and  Ohm’s  law
[Text p.199]

Movement  of  charge  carriers 

nâ

u
SΔ

:q Charge

:N No of  charge  carriers / vol

:u Velocity
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charge  passing  through              inSΔ

where

current

tΔ

)ˆ()( SnatuqNQ Δ⋅Δ=Δ

SJ

SnauqN
t
QI

ˆ

ˆ

Δ⋅=

Δ⋅=
Δ
Δ=Δ

uNqJ = :   convection  current  density

uρ=

Nq=ρ :   charge  density
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Example 5-1   Child  - Langmuir’s  space
limited current [Text p.200]

Parallel  conducting  plate  diode  

y

d
oV

0

Electron   emission  from  cathode  with  
zero  velocity

anode

cathode
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Force  on  electron

Electric  field (potential)  between  electrode

o
V

ε
ρ=∇− 2

dy
dVeeE

dt
dumyF =−== 1.

2.
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
−==−

u
J

oo
V

dy
d

εε
ρ 1

2
2
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Eq.

Integration  of  both  side  results

y
eV

y
mu

00
2

2
1

⎥
⎥
⎦

⎤
⎥
⎥

⎦

⎤
=

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
=== 2

2
1 mu

dy
d

dy
dumu

dy
du

dt
dymu

dt
dm

eVmu =2
2
1

1. becomes

2
1

2
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
= eV

m
u

conservation  of  energy

=+PEKE const
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y

V
m
e

o

J
y

dy
dV

0

2
1

22
1

2

0

2

2
1

⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛ −
=
ε

2
1

21
2
2 −

−=−=−
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
eV

mo

J
u
J

o
V

dy
d

εε

4
12

1

2
1

2
4 V

e
m

o

J
dy
dV

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
=
ε

2. results

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

2

2
1

2
2

dy
dV

dy
dV

dy
dV

dy
d

⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

=
−

2
1

22
1

V
dy
d

dy
dVV

2
1

2
1

2
4

2
V

e
m

o

J
dy
dV

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=
ε
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d
e

m

o

J
oV

2
1

2
1

2
44

3

3
4

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
=
ε

2
3

2
29

4
oV

m
e

d
oJ

ε
=

′

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

=
− 4

3

3
44

1
VdVV

Child  - Langmuir’s  
space limited current
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Movement  of  electron  in  a  solid

Atom

e

E

Eq. of  motion without collision

Ee
dt
udmF −==

tE
m
e

ouu −= acceleration
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Eq. of  motion  with  collision

νumEe
dt
udmF −−==

where

ν :   collision  freq

in  a  steady state

νumEe −−=0
EeE

m
eu μ
ν

−≡−=

ν
μ

m
e

e = :  mobility 

)/2( SVm ⋅



Field and Wave Electromagnetics 11

current  density

EEee

EeNeuNqJ
σμρ

μ
=−=

−== ))((

If  there  are  more  than  one  kind  of  charge

:   Ohm’s   law

where eeμρσ −=

)2/( mAiuiqiNJ Σ=
and

σρ /1=
:   conductivity

:   resistivity ⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛ ⋅
mS
mVA

/
/

carriers   (electron , ion,  hole)

hhee μρμρσ +−= for  semiconductor
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Homogeneous Conductor 

with a constant cross section

E
r

12V

l

EJ σ= Holds inside of Conductor

Since  total current

S
IJJSSdJI =→=⋅= ∫

rr
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and

where

:    resistance

l

V
E

S
IJ 12⋅=== σσ

ElV =12

)(Ω=
S
lR
σ

RII
S
lV ==
σ12
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5-3    Electromotive  force  and  
Kirchhoff’s  Voltage  law [Text p.205]

:  steady  current  can’t be  maintained  in  the  same  
direction  in a  closed  circuit  by  an  electrostatic  field

static  electric  field               conservative  field

01 =⋅=⋅ ∫∫ ldJldEc σ

In  order  to  have  a  steady  current  we  need
a  source  of  nonconservative field

Battery    (chemical  energy)
Generator (mechanical energy)
Thermo couple    (Thermal  energy)
Photovoltaic  cell    (light  energy)
etc.
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Electromotive  force  of  source

or

:    electrostatic  field

kIkRiV Σ=Σ

ldiEEV ⋅+= ∫ )(

ldJ ⋅= ∫ σ
1

RI=
E

iE :    Internal  field
by  source

:    Kirchhoff’s  voltage  law
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5-4     Equation  of  Continuity  and
Kirchhoff’s   Current  Law [Text p.208]

since

dv
tvdvvdt

d
dt
dQSdJsI

∂
∂−=−=

−=⋅=

∫∫

∫
ρρ

Conservation  of  charge 
Net  current  across  surface  S

S

V

dvJvSdJs ⋅∇=⋅ ∫∫
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or

for  steady  current,

Equation  of  continuity

0=⋅∫ SdJs

Kirchhoff’s  current  law

0=⋅∇+∂
∂ Jt
ρ

0=∂
∂

t
ρ

0=⋅∇ J

0=Σ jI
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Relaxation time of charges in conductor.

When initial charge density     is given at t=0, 
it relaxes according to the following eq.

From ohm’s law

Then 

Jt ⋅∇−=∂
∂ ρ

0ρ

EJ
r

σ=

ε
ρσ

σ

σρ

−=
⋅∇−=

⋅∇−=⋅∇−=∂
∂

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

E

EJt r

r
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Sol: 

When

With 

t
et ε

σ

ρρ
−

= 0)(

),( timerelaxationt
σ
ε

=

368.00
1

0 ×== − ρρρ e

)/(108.5

),/(1085.8
7

12
0

ms

mf

×=

×=≅ −

σ

εε

)(1052.1 19 st −×=

Very short!!
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5-5     Power  Dissipation  and
Joule’s  Law [Text p.210]

power

Work           done  by  an  electron  field
in  moving  a  charge          a  distance      

WΔ E
q dl

ldEqW ⋅=Δ

uEq
t

ldEq
tt

W
t

P ⋅=
Δ
⋅

→Δ
=

Δ
Δ

→Δ
=

0
lim

0
lim

u :   drift  velocity
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Total  power  delivered  to  all  charge  carriers

dviuiqiNE
ipdp

)(Σ⋅=

Σ=

dvJE ⋅=

Total  electric  power  converted  into  heat

dvJEvP ⋅= ∫ Joule’s  law
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For  a  conductor  with  a  constant  cross  section

dldSEJP ∫=
JdSSEdlL ∫∫=

VI=

2RI=
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5-6     Boundary  Conditions  for 
Current  Density  [Text p.211]

conservation  of   charge

For  a  steady  current  density       J

0=⋅∫ SdJS

Without non-conservative  energy  source

0=⋅∇ J

nJnJ 21 =
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oldJc =⋅∫ σ
1

Electrostatic  field  is  conservative field

0=×∇=×∇
⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

σ
JE

2

2

1

1
σσ

t
J

t
J

=
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Example 5-4 [Text p.214]

V
1,1 σε

2,2 σε

1d

2d
Area S

a)   current  density  between  plates
By  Kirchhoff’s   voltage   law

IRRV ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ +=
21

I
S

d

S

d

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

+=

2

2

1

1
σσ

)2/(

2

2

1

1
mA

dd
V

S
IJ

σσ
+

==
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b)   Electric  field  intensity  in  both  dielectrics

2211 dEdEV +=

221121 EEnJnJ σσ =→=

2112

2
1 dd

V
E

σσ

σ

+
=

2112

1
2 dd

V
E

σσ

σ

+
=
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c)   Surface  charge  density  on  plates  and
interface 

V
dd

ES
2112

21
111 σσ

σε
εσ

+
==

V
dd

ES
2112

12
222 σσ

σε
εσ

+
−=−=
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for  the  surface  charge  density  at  interface

nEnEnJnJ 221121 σσ =→=

sinEnEsinDnD σεεσ =−→=− 112212

nEsi 1
2

1
21

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

+−=
σ

σ
εεσ

nE22
1

2
1

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

+−= ε
σ

σ
ε

2112

2

2

1
21 dd

V

σσ

σ

σ

σ
εε

+
+−=

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

V
dd

2112

2112
σσ

εσεσ

+

+−
=



Field and Wave Electromagnetics 29

5-7     Resistance  Calculation [Text p.215]

Lossy  dielectric                   current  flows  

capacitance  between  two  conductors

∫
∫

∫
∫

⋅−

⋅
=

⋅−

⋅
==

L ldE

SdE

L ldE
s SdD

V
QC

ε



Field and Wave Electromagnetics 30

Thus

Resistance  between  conductors

∫
∫

∫
∫

⋅

⋅−
=

⋅

⋅−
==

s SdE
L ldE

s SdJ
L ldE

I
VR

σ

σ
ε=RC
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Chap 6. Static   Magnetic  Fields

6-2    Fundamental  Postulates of  
Magnetostatics in  Free  Space [Text p.226]

i) 0=⋅∇ B
ii) JoB μ=×∇

:   Ampere’s  circuital  law

where

)/(7104 mHo −×= πμ
:   permeability  of  free  space
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i)     Implies

0=⋅=⋅∇ ∫∫ SdBsdvB

Meaning  :     

No  magnetic  charge

No  magnetic  flow  source

Magnetic  flux  line  close  on themselves

conservation of magnetic  flux
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ii)   Implies

IoldBSdB μ=⋅=⋅×∇ ∫∫

Ex  6-1    Infinitely  long,  straight conductor,

radius  b,  uniform  current  I

I
B

[Text p.228]



Field and Wave Electromagnetics 4

Magnetic  flux  density :      - direction ,  constantφ

Inside

I
b
r

orBldB 2
2

2
π
πμπ ⋅=⋅=⋅∫

I
b

roaB 22
ˆ

π

μ
φ ⋅=

Outside

IorBldB μπ =⋅=⋅∫ 2

r
IoaB

π
μ

φ 2
ˆ ⋅=

I
B
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Ex 6-2      Toroidal  coil  with  an  air  core    

Iturn ,   current

abrab +<<−

only

NIoBrldB μφπ ==⋅∫ 2

φπ
μ

a
r
NIoB ˆ

2
=

N

Cylindrical  Symmetry

for

and

φB

0=B for abr −<
abr +>
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Ex 6-3      Infinitely  long  Solenoid 

Iturn ,   currentn

No  field  outside  

nLIoBL μ=
nIoB μ=

[Text p. 230]
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6-3  Vector  Magnetic  Potential [Text p.232]

0=⋅∇ B
:   Vector  Magnetic  Potential

AB ×∇=

A

Coulomb  gauge 

0=⋅∇ A

Then   since 

Jo

AA
AB

μ=
∇−⋅∇∇=

×∇×∇=×∇
2)(

)(
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and  with  Coulomb gauge

JoA μ=∇− 2

Vector  Poisson’s  eq 



Field and Wave Electromagnetics 9

The  sol  of  Vector  Poisson’s  eq  is 

SdAsSdBs ⋅×∇=⋅=Φ ∫∫
Magnetic  flux

)/(
4

mWbvd
R
J

v
oA ′′= ∫π

μ

)(WbldA⋅= ∫

o
V

ε
ρ−=∇2 isSince  the  solution  of   

vd
Rv

o
V ′′= ∫

ρ
πε4
1
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6-4  Biot - Savart  Law  and  Applications

R
ld

c
Iovd

R
JoA

r
′

′=′= ∫∫ π
μ

π
μ

44

Magnetic  field  due  to  a  line  current 

and

lIdvdJ
r
′→′

[Text p.234]
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Then

ld
R

RaIo

ld
R

Io

R
ld

c
Io

R
ld

c
IoAB

′×
−

=

′×∇=

′×∇′=

′
′×∇=×∇=

⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

∫

∫

∫

∫

2
ˆ

4

1
4

4

4

π
μ
π

μ

π
μ

π
μ

or
24 R

RaldIoBd
×′

=
π

μ

: Biot-Savart Law
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za
LrL

LrLIo

za
rz

dzIo

R
ldIoA

L
L

ˆ
22

22
ln

4

ˆ
224

4

−+

++=

+
=

=

∫

∫

−

π
μ

π
μ

π
μ

uniform  current

0=B

hollow  current

Inside

Outside
r
IoaB

π
μ

φ 2
ˆ ⋅=

Ex 6-4  [Text p.236]

R
l2

r
I

i)
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and

222
ˆ

ˆ

rLr

ILoa

zA
r

aB

+
=

∂
∂−=

π

μ
φ

φ

ii)   since

zaZRarR ˆˆ −=

rdzazazRardzzaRld φ̂ˆˆˆ =−×=× ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

φ
π

μ

φπ
μ

a
rLr

ILo

a

zr

rdzIoB L
L

ˆ
222

ˆ
2

3
224

+
=

+

=

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
∫−

R
l2

r
I
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Magnetic  flux  density  due  to  a  circular  loop
of  radius        carrying   currentb I

Ex 6-7  [Text p.239]

1R

R

θ
ψ

φ
y

x

)
2

,,( πθRP
z

6-4  The  Magnetic  Dipole [Text p.239]
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1
4 R

ldIoA ∫=
π

μ

φφφ dyabxabld ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ +−= cosˆsinˆ

2
1

cos222
1 ⎟⎟

⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
−+= ψRbbRR

φθ

φφθθ

ψ

sinsin

ˆsinˆcosˆcosˆsin

cos

Rb
yabxabzaRyaR

Rb

=

+⋅+= ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
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2
1

sinsin222

sinˆ
4

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
−+

−
= ∫

φθ

φφ
π

μ

RbbR

dxabIoA

2
1

sinsin222

sin2
4

ˆ 2

2
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
−+

⋅= ∫−
φθ

φφ
π

μ
φ

π

π

RbbR

db
Ioa

2
1

cossin222

cos
02

ˆ

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
++

−= ∫
αθ

ααπ

π
μ

φ
RbbR

dIboa
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α

αθ

θ
αθ

θ
π

μ
φ

π
d

RbbR

Rb
bRRbbR

RbIboa

2
1

cossin222

sin2

22
cossin222

sin2
1

2
ˆ

0

⎟
⎟

⎠

⎞
⎜
⎜

⎝

⎛

⎟
⎟
⎠

⎞

⎜
⎜
⎝

⎛

++

+−++
−= ∫

( )
α

π

μ
φ

θ
αθ

θ

π
d

Iboa
Rb

bRRbbR
Rb

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +
−++∫−=

2
1

sin2

22
2
1

cossin222
sin2
1

02
ˆ

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

⎢
⎢
⎣

⎡

++
−++∫−=

2
2sin

sin222
sin41sin222

sin2
1

02
ˆ α

θ

θθ
θ

π

π

μ
φ RbbR

RbRbbR
Rb

Iboa

α
α

θ
θθθ

d

RbbR
RbRbbRRb

bR

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

++
−++

+−

2
2sin

sin222
sin41sin222sin2

22

2
sin21

2
2coscos

cos)
2

sin(sin
2

2 ααα

απαφπφα

−=⋅=

−=−=+=
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ββ
π

μ
φ

π

θ
θ dk

Iboa
Rb

RbbR 2sin21ˆ 2
0sin2

sin222
−−= ∫

⎢
⎢
⎢
⎢

⎣

⎡
++

⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
−++

+− ∫ β

β
π

θθ 2sin21
2

0sin222sin2

22

k

d

RbbRRb

bR

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
++−+⋅

++
=

ERbbRKbR

RbbRRb

Iboa

θ

θθπ
μ

φ

sin22222

sin222sin2

1ˆ

where

θθ
π

dkE 2sin2120
−=∫

Complete  Elliptic Integral
of  2nd  kind

θ
θ

π
d

k
K

2sin21

1
20

−
=∫ Complete  Elliptic Integral

of  1st  kind

)2,
2

( βαβα dd ==
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⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
−−

++
= 2

2
222

sin222
1ˆ

k

Ek

RbbR

Iboa
θπ

μ
φ

2
)22(

2
sin222

sin4sin2222

sin222
sin4

sin222
)22(2

sin2

22

k
Kk

k
RbbR

RbRbbR

RbbR
Rb

RbbR
bR

Rb
bR

−=++

−++

=

++

++

+

=+

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

θ

θθ

θ
θ

θ
θ
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2
2

sin222
sin2
1

sin2
sin222

k
RbbR

RbRb
RbbR =

++

=++

θ
θθ

θ

for  small
θ

θ
sin222

sin42
RbbR

Rbk
++

=

⎟
⎠
⎞⎜

⎝
⎛ <<>><< πθorbRbR ,

⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛

⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛

−−=

++=

4
64
3

4

2
1

2

,4
64
9

4

2
1

2

kkE

kkK

π

π
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2

4
64
3

4

2
1

2
22

64
9

4

2
1

2
22

2
2)22(

k

kkkkk

k
EKk

⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛

⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
−−⋅−++−

≅

−−

ππ

and

16

2

2

4
32
34

32
9

2

2
2

4

4

2

2
2

2

k

k

kkkkk

π

π

=

+++−−−
⋅=
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,bR>>Then  for  

16

2

sin222
1ˆ~ k

RbbR

IboaA π

θπ
μ

φ ⋅
++

=

2
3

sin222

sin4
16

ˆ

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
++

=

θ

θπ
π

μ
φ

RbbR

RbIboa&

24

sin2
ˆ

R

Iboa
θμ

φ≅
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AB ×∇=

and

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
⎟
⎠
⎞⎜

⎝
⎛

∂
∂−⋅+

∂
∂=

φ
θ

θ
φθ

θθ
AR

R
aRARRa

R
B sinˆsinˆ

sin2
1

φ
θ

θ

φθ

φ
θ

θ

θ
ARRAAr

R

araRra

R
sin

ˆsinˆˆ

sin2
1 ∂∂∂

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

∂
∂−

∂
∂= θ

μ
θ

θ
μ

θθ
2sin

4

2
ˆ2sin

4

2
ˆ

sin2
1

R
Ibo

R
aR

R
Ibo

Ra
R

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ +⋅= θ
θ

θ
μ

sinˆcos2ˆ
34

2
aRa

R

Ibo
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zaISzabIm ˆˆ2 =⋅⋅= π

with  the  definition  of

:  magnetic  dipole  
moment

Ram
R
oA ˆ

24
×=

π

μ

and

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ +⋅= θ
θ

θ
π

μ
sinˆcos2ˆ

34
aRa

R

moB
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6-6      Magnetization  and  Equivalent  
Current  Density [Text p.243]

elementary  atomic  model 

spinning  electron
spinning  nucleus
orbiting  electron

magnetic  moment 

e
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v
k

m
n

k
v

M
Δ
=
Σ

→Δ
= 1

0
lim

Magnetization  vector

k
m

vd
R

RaMoAd ′
×

= 24

ˆ

π

μ

:   magnetic  dipole  moment  
of  an  atom

vector  magnetic  potential  due  to                 in    Md vd ′
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vd
R

RaMo

AdA

′
×

=

=

∫

∫

2
ˆ

4π
μ

and

vd
R

Mo ′∇′×=
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

∫
1

4π
μ

vdM
RR

Mo ′×∇′+×∇′−=
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

∫
1

4π
μ

sd
R

naM
s

ovd
R

Mo
v

′
′×

′+′×∇′= ∫∫ ′
ˆ

44 π
μ

π
μ
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where

MmJ ×∇=

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛ ′
×′−=′×∇′′ ∫∫ SdFsvdFvQ

sd
R
msJ

s
ovd

R
mJo

v
′′+′= ∫∫ ′ π

μ
π
μ

44

:   Equivalent  volume  current density

naMmsJ ˆ×=
:   Equivalent  surface  current density
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Ex  6-8     Magnetic  flux  density  due  to  a
uniformly  magnetized  circular  cylinder

,ˆ oMzaM = 반경

naMmsJ ˆ×=

길이,b L

on  the  side

φaoM

raoMza

naMmsJ

ˆ

ˆˆ

ˆ

=

×=

×=

⎟
⎠
⎞

⎜
⎝
⎛

z

y

x

b

L

[Text p.246]
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Flux  density  due  to  
a  circular loop  on  the  axis

φφ abdld ˆ′=

brazzaR ˆˆ −=

R

•
I

2
3

224
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
+

×
′

= ∫
bz

RldIo
l

B
π

μ

2
3

22

ˆ2ˆ2
04

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
+

′+′
= ∫

bz

zadbradzbIo φφπ
π

μ

za

bz

Ibo

bz

bIoza ˆ
2

3
222

2

2
3

22

22

4
ˆ

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
+

=

+

=
μπ

π
μ
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Then

2
3

22
02

2
ˆ

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
⎟
⎠
⎞⎜

⎝
⎛ +′−

′= ∫
bzz

zdLboMozaB
μ

b
Lz

b
zb

boMoza

−−

−
−=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
1tan

1tan
sin2

1
2

2
ˆ α
μ

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

⎟
⎠
⎞⎜

⎝
⎛ −+

−−
+

=
22222

ˆ
Lzb

Lz

zb

zoMoza
μ

b
LzLz

b
zz

bzz

−
==′

==′

=′−

−

−

1

1

tan,

tan,0

tan

α

α

α

b
z
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Scalar  magnetic  potential  and  equivalent

0=J

magnetization  charge  density 

In  a  current  - free  region and

0=×∇ B

mVoB ∇−=→ μ

where mV :  Scalar  magnetic  potential

Then

o

ldB
mVmV

μ
⋅−=− ∫

2
112

(*)
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Fictitious  magnetic  charge

(*)

ISnadmqm ˆ==

vd
R
mmV ′= ∫

ρ
π4
1

Field  of  small  bar  magnet  
=  magnetic  dipole

24

ˆ

R
Ram

mV
π

⋅
=
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In  terms  of  magnetization  vector

24

ˆ

R
R

aM
mdV

π

⋅
=

vd
R

RaM
mV ′

⋅
= ∫ 2

ˆ

4
1
π

vd
R
M

v

sd
R

naM
s

′⋅∇′−′

+′
′⋅

′=

∫

∫

π

π

4
1

ˆ
4
1
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Equivalent  magnetization 
surface charge  density

naMms ˆ⋅=ρ

Equivalent  magnetization  
volume charge  density

Mm ⋅∇−=ρ
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Ex  6. 9     Cylindrical  bar  magnet [Text p.247]

B at  a  distant  point ?

0=mρ

naMms ˆ⋅=ρ

,ˆzaoMM =

Equivalent  magnetization  charge  density

mq−

mq+

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

⎨

⎧

−=

side

bottomoM

topoM

0
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at  a  distant  point,  equivalent  charge  appears
as  point  charges

2boMmq π⋅=

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

−
−

+
=

RR
boM

mV 11
4

2

π
π

and

2
cos

4

2
~

R
LboM θ

π
π

⋅−

24

cos

R
T

M

π

θ
=

LboMTM ⋅= 2π :   total  dipole  moment

mq−

mq+

),,( zyxP

+R

−R
R

θ

Fig. 6-12
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Then

mVoB ∇−= μ

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
+= θθ

π

μ
sinˆcos2ˆ

34 Q
aRa

R
TMo
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6-7      Magnetic  Field  Intensity  and 
Relative  Permeability [Text p. 249]

• Application  of  magnetic  field  to  magnetic  
material   
• Magnetic  dipole  in  an  external  magnetic  field

B

m

Torque BmT ×=
Potential  energy

BmU ⋅−=

alignment  of           with   m B
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Then  with  magnetic  material,  the  Ampere’s
circuital  law  becomes   

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

×∇+=

+=

=×∇

MJo

mJJo

totalJoB

μ

μ

μ

JM
o

B =−×∇
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛

μ
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Then

JH =×∇

Where  

⎟
⎠
⎞⎜

⎝
⎛−= mAM

o

BH /
μ

magnetic  field  intensity

J :     free  volume  current  density

For  a  linear ,   isotropic  medium

HmM χ=

Where  mχ :     magnetic  susceptibility 
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Then

H

Hro

HmoB

μ

μμ

χμ

=

=

+= ⎟
⎠
⎞

⎜
⎝
⎛1

where

o
mr μ

μχμ =+=1

:  relative  permeability 
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6-8      Magnetic  circuits [Text p. 251]

Transformer ,   Generator ,    Motor , 
Magnetic  recording  devices   

0=⋅∇ B

JH =×∇

mVNIldH ==⋅∫
mV :   magnetomotive  force     ⎟

⎠
⎞⎜

⎝
⎛mmf
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φafBgBfB

gfB

ˆ

0

==→

Φ=Φ→=⋅∇

NIldHcJH =⋅→=×∇ ∫
NIglgHflfH =+

Neglecting
fringe  field     

since 

o

f
B

o

gB
gHf

B

fH
μμμ

=== ,

Ex  6-10
[Text p.252]     

gHfHfB ,,
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NIgl
o

gB
glor

f
B

=+− ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

μ
π

μ
2

glgloro

NIoafB
μπμ

μμ
φ +−

=
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛2
ˆ

glgloro

NIoafH
μπμ

μ
φ +−

=
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛2
ˆ

glgloro

NIagH
μπμ

μ
φ +−

=
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛2
ˆ
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The  flux

Soglsglor
NISfB

μμπ +−
==Φ

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛2

Reluctance ⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

+
≡ mmf

gR
f

R
mV

R
VI =↔
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Φ

Electric  circuit Magnetic  circuit

current
emf
resistance

conductivity

electric  field
intensity

magnetic  flux
mmf
reluctance
permeability
magnetic  field

intensity

mV

mR
μ

HE

σ

I
V
R

0=ΦΣ j

kkRjIjN ΦΣ=Σ
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6-9   Behavior  of  Magnetic  Materials
[Text p.257]

자성체의 분류

0<mχ

(large)     

• Diamagnetism     

Diamagnetic     :

Paramagnetic    :

Ferromagnetic  :   

0>mχ
0>mχ

Orbiting   electron   
Faraday’s  induction  law  +  Lenz’s  law   
Universal  law   
Small,   nonpermanent    
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• Paramagnetism

Spinning  electron
Magnetic  alignment  +  thermal  derangement
Temp   dependent       (curie  temp)   

• Ferromagnetism 

alignment  of  magnetized  domain 
domain   :    수 수 크기 ,~mμ mm

1610~1510 원자 포함

alignment  of spinning  electron
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Ferrite

32OFeXO⋅

:  Ferromagnetic

:  antiferromagnetic

:  Ferrimagnetic

1. Magnetic  spinel 

⎟
⎠
⎞⎜

⎝
⎛ MgMnNiCoFeX ,,,,:

Small  eddy  current  loss  due  to  low  
conductivity                                            

RF or microwave component 
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2. Magnetic - oxide  garnet  

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

1253
, OFeYYIG

Yttrium - iron - garnet

Microwave  component

Hysteresis  loop
B

rB

HcH

rB :  residual  or  remanent
flux  density

cH :  coercive  field  intensity
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6-10      Boundary  conditions  for
magnetic   materials [Text p.262]

0=⋅∇ B

nBnB 21 =

JH =×∇

snJtHtH =− 21
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6-11  Inductances  and  Inductors [Text p.266]

1C
1I 2C

Magnetic  flux  through          due  to         in 2C 1I 1C

212
12 SdBS ⋅=Φ ∫

112IL=

12L :   Mutual  inductance 
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11111 IL=Φ 11L :   Self  inductance 

2121

2
12 SdBSI

N
L ⋅= ∫

2121

2 SdASI

N
⋅×∇=
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

∫

2121

2 ldACI

N
⋅= ∫

21
14

11
21

2 ld
R
ld

C
INo

CI

N
⋅=
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛

∫∫ π

μ
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R
ldld

CC
NNo 21

214
21 ⋅= ∫∫π

μ

21L=

Neumann  formula
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6-12      Magnetic  energy [Text p.277]

1L

1i

time  varying  current               induced  emf

dt

di
Lv 1
11=

2
12

1
111

1
1

1111

1
0

LIdiiL

dti
dt

di
LdtivW

I ==

=⋅=

∫

∫∫

112
1 Φ= I :   Stored  magnetic  energy 

:   self  - inductance

Current         :
10 I→

Required  work
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kIjIjkL
kj

mW ∑=
,2

1

System  of  N  loops  carrying  current

nIII L,2,1

or kkI
k

mW Φ∑=
2
1

since jIjkL
j

k ∑=Φ
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for  a  continuous   distribution  of  current

k
ldA

k
Ck

SdB
k

Sk
′

⋅=′⋅=Φ ∫∫

kkI
k

mW Φ∑=
2
1

′
⋅′→ ∫∫ k

ldAaJd
2
1

vdJAv ′⋅′= ∫2
1
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In  terms  of  field  quantities

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ ×∇⋅=⋅ HAJA

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ ×∇⋅+×⋅∇= AHAH

BHAH ⋅+×⋅∇= ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

and vdJAvmW ′⋅′= ∫2
1

′

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ ⋅×+′⋅′= ∫∫ SdAHvdBHv 2
1

2
1

0

vdBHv ′⋅′= ∫2
1

and BHmW ⋅=
2
1 :   magnetic  energy  density
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6-13   Magnetic  forces  and  Torques
[Text p.281]

Uniform  magnetic  field

6-13-1    Hall  effect [Text p.282]

zaoBB ˆ=
z

y
x

yaoJJ ˆ=

d

b

zaoBB ˆ=

Uniform  current uNqyaoJJ == ˆ
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Force

−→×= xBuqF

accumulation  of  charge

0=×+ Bu
h

E

direction

−yu :
positive   charge

dir−xF :
negative   charge

−− yu : −xF :

electric  field  :    Hall  field

Bu
h

E ×−=

⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ ×−= zaoByaou ˆˆ

xaoBou ˆ−= positive  charge (hole)

dir

dir

dir
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doBoudxhEd
nV −=−= ∫0 :   Hall  voltage

*    charge  carrier 의 종류

charge  carrier 의 밀도

자장의 세기

측정

NqoNquB
oBou

zByJ
h

E 1== :   Hall  coefficient
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6-13-2  Forces  and  Torques  on
current - carrying  conductors [Text p.283]

NSdlBuemFd ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ ×−=

dl

S
N charge  carrier

BlduNeS ×−=

BldI ×=
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BldImF ×= ∫

1I 2I

211
1

121 BldcIF ×= ∫

2
21

21
ˆ2

24
21

1
1 R

Rald

c
IoldcI

×

×= ∫∫ π

μ

2
21

21
ˆ21

21
214 R

Raldld

ccIIo ⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
××

= ∫∫π
μ

BmT ×=

current  carrying  loop  in  a  magnetic  field 
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6-13-3      Forces  and  Torques  in  terms
of  stored  magnetic  energy [Text p.289]

dlmWmdWldF ⋅∇−=−=⋅
Φ

)(

System  of  circuits  with  constant  flux  linkage  
no  emf             no  supplied  energy

Mechanical  work  done  by  sys
=   decrease  in  stored  magnetic  energy

mWF ∇−=
Φ

mW
z

T
φ∂
∂−=

Φ ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
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mdWdWsdW +=

System  of  circuits  with  constant  current  

mdWldIF =⋅

φ∂
∂

=⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ mW
zIT

work  done  by  source   
=   mechanical  work  done  by  sys

+   change  in  stored  magnetic  energy  

since mdWdWsdWmdW == ,
2
1

mWIF ∇+=
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2112
2
222

12
112

1 IILILILmW ++=

Force  and  Torque  between 
rigid  current – carrying  circuits

1221 LIIIF ∇=

φ∂

∂
=⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛ 12
21

L
II

zIT



Ex 6-15 Inductance of Solenoid
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∫
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Ex 6-16 Inductance of coaxial transmission line
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Chap 7. 

Time-varying  Fields  and Maxwell’s Eq.

7.1    Introduction 

ρ=⋅∇ D

0=×∇ E

:   permittivity

Magnetostatic

:   permeability

Electrostatic Phenomena 

ED ε= ε

0=⋅∇ B

jH =×∇ HB μ= μ
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Time-varying BE & DH &

Modification of curl eq

complete  eqs  for  time-varying 
phenomena

Maxwell’s eq
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7.2    Faraday’s law of Electrical induction

Sds t
BldESdEs ⋅

∂
∂−=⋅=⋅×∇ ∫∫∫

Postulate   : 

t
BE

∂
∂−=×∇
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where

ldEV ⋅= ∫

SdsB ⋅=Φ ∫

:  emf  induced in circuit

:  magnetic  flux  

⎟
⎠
⎞⎜

⎝
⎛ V

⎟
⎠
⎞⎜

⎝
⎛ Wb

“ - ” sign  : Lenz’s law

7.2.1    Stationary circuit
in a time-varying Magnetic Field

dt
dV Φ−= SdsBdt

ddSs t
B ⋅=⋅

∂
∂

∫∫
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7.2.2    Transformers

Transformer   :   AC device  which  can  transform
Voltage,   current,  impedance

kkRjIjN Φ∑=∑

Φ=−+ ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ RiNiN
2211

Reluctance  of  magnetic core

S
lR

μ
=

a)  Ideal  transformer : ∞→μ

1

2

2

1
2211 N

N

i

i
iNiN =→=

1i 2i

1N 2N R
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Faraday’s  law

2

1

2

1
22,11 N

N

v

v

dt
dNv

dt
dNv =→Φ=Φ=

같은 방법으로,

LZ
N

N
effZ

2

2

1)1(
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

=

Effective  load  seen by  source  connected  to
primary  winding  

LR
N

N

i
N

N

v
N

N

i

v
effR

2

2

1

2
1

2

2
2

1

1

1)1(
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

===
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b)  Real  transformer              finite                  
non-vanishing

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡ −=Φ
2211

1 iNiN
R

dt

di
L

dt

di
L

i
dt
d

R

NN

dt

di

R

N

iNiN
Rdt

dN

dt
dNv

2
12

1
1

2
211

2
1

2211
1

1

11

−=

−=

−=

Φ=

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

using  this  in  Faraday’s   law

μ

R
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dt

di
L

dt

di
L

dt
dNv

2
2

1
12

22

−=

Φ=

where 2
1

2
1

1 N
l
S

R

N
L μ== :  self-inductance

2
22 N

l
SL μ= :  self-inductance

2112 NN
l
SL μ= :  mutual  inductance

In  genual,

,
2112

2112
LLkL

LLL

=

=

1coupling)oft coefficien( <k
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Real  transformer   :

1. Leakage  flux
2. Non-infinite   inductance
3. Nonzero  winding  resistance
4. Hysteresis  and  eddy-current  loss
5. Nonlinear  nature  of  ferromagnetic  core
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dt
dB

줄이는 방법

induced   emf
Ej σ=

2EEjlossW σ=⋅=

2. Lamination

1. High       ,   low          material           μ σ

변압기에서의 Power  loss

1. Hysteresis   loss
2. Eddy  current  loss

)( tB
r

j
r

Eddy   Current
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7.2.3    Moving  conductor  in  a  static  
magnetic  field

Force  on  the  charge  
in  conductor

BuqF ×=

Induced   electric  field

Bu
q
F

ind
E ×==

Induced   emf

dlBuV ⋅×= ∫ :  Motional  emf
or  flux cutting emf

+++

−−−

F
r

urB
r
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Ex  7.3    Faraday  Disk  generator
( Homopolar  generator )

Rotating  metal  disk  in  a  magnetic  field

2
2
1

0

ˆˆˆ

boB

drrboB

drrazoBar

ldBuoV

ω

ω

φ
ω

−=

=

⋅×=

⋅×=

∫

∫

∫

⎟
⎠
⎞

⎜
⎝
⎛

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

B
r

V
b

w
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7.2.4    Moving  circuit  in  a  time-varying
magnetic  field

Charge  q   moving  with          in                 field

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ ×+= BuEqF :   Lorentz  force

ldBucldEcldEc ⋅×+⋅=⋅ ∫∫∫
′

v BE &

force

Force  measured  by  an  observer
in  moving  frame

Electric  field   BuEE ×+=
′

Electric  field  seen  by  an  observer

ldBucSd
t
B

s ⋅×+⋅
∂
∂−= ∫∫
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1.

2. Motional  emf

αω

ω

cossin

ˆsinˆ

thWoB

nahWtoBya

SdB

=

⋅=

⋅=Φ

⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∫

αωω coscos thWoB
dt

dV −=Φ−=

αωω

ωω

sinsin

2sinˆ
2

ˆ

toBhW

htoByaW
na

ldBuV

=

×⋅×=

⋅×=′

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

∫

Ex 7.4

B
r

nar

ẑ

ŷ
α
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if

)cos(

)sinsincoscos(

αωω

αωαωω

+−=

+−=

′+=

tSoB

tthWoB

VVtotalV

0=α for 0=t , tωα = and

tSoBtotalV ωω 2cos−=
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7-6  Wave    eq   and   Thei   solutions

7-6-1   Sol   of  wave  eq   for   potentials
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7-6-2  Source –free  wave    eq
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전자장 1. (중간시험1)  
 

1. An electric field is given as  (v/m).  

Find the work needed to move a point charge  from (2, 1) to (8, 2) (unit :m) 

a) Along the parabola   (5) 
b) Along the straight line joining the two points. (5) 

c) Is this  a conservative field? (5) 
      ----------------------------------------------------------------------- 
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c) 경로에 상관없이 일정한 값이 가지고, 0=
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을 만족하므

로 conservative field이다. 

 

 

 

2. Answer to the following questions 

a) Find the electric field on the axis of a circular disk of radius b which carries a uniform 

surface charge density  lying on x-y plane.  (10) 

b) A dielectric cylinder (radius b, height L) has a polarization  (P is a constant) 

with its center at the origin and standing along z-axis. 

Find the surface and volume bound-charge density.  (10) 

Find the electric field on the z-axis at (0, 0, z)  (10) 

a) Surface charge distribution ∫=
'

'

04
1

S
s ds

R
V υ

πε
를 이용하면 

   2'2'''' , rzRddrrds +== φ 이므로 electric potential potential은 



      

[ ]

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

<
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+
+−

>
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+
−

=

∂
∂

−=−∇=

−+=
+

= ∫ ∫

0,
)(

1
2

ˆ

0,
)(

1
2

ˆ

ˆ

2)(4

22
0

22
0

22

0

2

0 0

''

2'2

'

0

z
bz

za

z
bz

za

z
VaVE

zbzddr
rz

rV

s
z

s
z

z

sbs

ε
ρ

ε
ρ

ε
ρ

φ
πε
ρ π

r
 

 

 

b) Surface bound charge density = nPS aP ˆ•=
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Volume bound charge density = Pρ  
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    전기장은 윗면과 아랫면을 고려하면, 
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     ii) -2/L < z < 2/L 
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     iii) z < -2/L 
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3. A spherical capacitor consists of an inner conducting sphere of radius  and an outer 

conductor with a spherical inner wall of radius . Assume the inner and outer 

conductor carries charge +Q and –Q respectively. 

a) Find the electric field between the inner and outer conductors.  (5) 

b) Find the capacitance. (10) 
c) Find the electric energy stored in the space between the inner and outer conductors. 

(5) 
      ----------------------------------------------------------------------- 

a) Conduction sphere 사이에 Gaussian surface를 잡으면  
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c)Electric energy  
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4. A positive point charge Q is at the center of a spherical dielectric shell of an inner radius 

 and outer radius . The dielectric constant of the shell is . 

a) Find the electric field (3), potential V(3), displacement (2) and polarization vector 

(3) for . 0RRRi <<

b) Find the surface bound-charge density on the inner(2) and outer(2) surfaces of 

dielectric shell. Also find the volume bound-charge density inside of dielectric shell. 
(2) 

        --------------------------------------------------------------------- 

 

      a) 에서 Gaussian 곡면을 잡으면 0RRRi << E
r

는 구면에 수직인 방향이고 같은 크기를 
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 b) inner surface bound-charge density 
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outer surface bound-charge density 
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    Volume bound-charge density 
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5. Answer to the following questions. 

a) Find the electric potential at a distance r from an infinite, straight line charge of 

density .  (5) 

b) An infinite, straight line charge of density  is placed inside of a parallel, conducting, 

•
P(r,



circular, hollow cylinder of radius a. 

The distance between the line charge and axis of cylinder is d (d<a). 

Find the electric potential at P(  inside of cylinder.  (13) 
 

 

a) 반지름이 r이고 높이가 L인 원기둥을 가정하고 Gauss’s law를 적용하면 
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b) M에서의 Electric potential을 구하면  
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전자장 중간고사 차 답안지1 2

1.

boundary conditions :               

변수분리법을 이용하면   .



 



 

 





 

 



 

   

각각의 변수에 대하여 풀면,

  

    

를 으로 나누어서 계산한다boundary conditions superposition .

            ------------(1)

            ------------(2)

우선 첫 번째 를 대입하여 풀면boundary conditions

  에서   ,   에서   

.

  에서      ,

 


이므로,
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마찬가지로 두 번째 의 조건에서 풀면boundary conditions ,

의 조건은 동일하므로   

.

   에서    그러므로,   
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그러므로 과 를 통해서(3) (4)   
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2. (a)
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---------------------(2)

과 에서(1) (2)
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이고 현재 방향만 생각하므로, y ,




 

 




 



양변에 

를 곱하면,

우변 : 




 



 

좌변 : 

 




 








를 소거 후 적분하면, 

  

 








상수항은 에 의해 이 된다( initial condition 0 .)
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(b) conductivity    

   
 이다.
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II)

  


 


 




   
 




   
 



a. at the top plate.

     


 

    

b. at the bottom plate.

     


 

    

III)



에서II)  
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그러므로 총 전하           

3. (a)

미소 구간  에 전류  가 흐를 때 발생하는 자기장

  



 ×

전류가 원형 코일 안을 흐르므로 축 방향만 남고 다른 축 성분은x

서로 상쇄되어 없어진다.

  



 
 



 

 

 










 

  


 

   
 




magnetic moment     

(b)

두 코일의I)  를 합친다.

에서 왼쪽 코일은midpoint    오른쪽 코일은,   를 넣고 식에 대입(a)

각각 돼 있으므로 배N turns N .
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II)



오른쪽코일의 변위를 이라고 하면x 0

두 코일의 자기장의 합



    

 


   
 








  

  

   


   







  

    

 


 

   

 


그러므로 에서 값을 구하면midpoint 


    

4.
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을 대입하면
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II)

∇∙   에서 양변을 적분하면
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 ∙      그러므로   
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normal:   

tangential: 


 































2006 12104 장승규 64.49 21. 86.24

학번 이름 이론(75) 실험(25) 총점(100)

2007-11638 고휘석 71.31 22.75 94.06

2007-11821 조경훈 71.64 20.88 92.52

2007-11691 박동진 71.02 21.46 92.48

2007-11847 한용수 69.68 21.83 91.51

2007-11830 차영택 68.86 22.50 91.36

2007-11815 정서빈 68.69 22.54 91.23

2007-11784 이재면 69.52 21.42 90.94

2007-11644 길태호 70.91 19.83 90.74

2007-11650 김동수 67.87 22.08 89.95

2007-11837 최윤주 69.11 19.96 89.07

2007-11732 안병용 67.61 21.42 89.03

2007-11648 김동권 65.62 23.25 88.87

2007-11693 박민수 68.67 20.00 88.67

2007-11753 유의상 65.65 22.42 88.07

2007-11721 송기윤 65.69 21.08 86.77

2007-11727 신상민 65.40 21.21 86.61

2006-11747 문영식 64.96 21.29 86.25

2006-12104 장승규 64.49 21.7575 86.24

2007-11808 전기연 63.63 22.25 85.88

2007-11660 김영휴 65.51 20.33 85.84

2007-11776 이영문 61.90 22.50 84.40

2005-11891 최형우 63.10 21.21 84.31

2007-11641 권보준 63.01 21.00 84.01

2007-11726 신보경 61.52 22.08 83.60

2007-11800 이태재 63.10 20.50 83.60

2007-11728 신성욱 62.29 21.25 83.54

2007-11662 김우열 62.53 20.92 83.45

2007-11803 이홍민 62.32 21.00 83.32

2007-11689 박경환 63.21 19.54 82.75

2007-11653 김병헌 61.01 21.71 82.72

2007-11853 홍상현 62.41 19.25 81.66

2007-11705 박희천 58.95 22.67 81.62

2007-11678 김한별 62.58 18.50 81.08

2007-11711 변성호 58.11 22.50 80.61

2007-11674 김채빈 61.68 18.63 80.31

2007-11825 조승훈 60.18 19.67 79.85

2007-11824 조성룡 58.84 20.83 79.67

2007-11670 김준석 60.96 18.29 79.25

2007-11765 이동훈 57.46 20.92 78.38

2005-11876 지균철 56.04 22.04 78.08

2007-11746 오형석 56.57 21.33 77.90



2007-11669 김종호 57.76 20.04 77.80

2004-12017 우경재 57.05 20.67 77.72

2005-11695 김경헌 56.78 20.83 77.61

2007-11791 이준행 58.04 19.54 77.58

2005-11718 김윤수 56.07 20.96 77.03

2007-11756 윤용호 54.75 22.25 77.00

2005-11905 황영석 55.20 21.67 76.87

2007-11664 김윤직 55.20 21.67 76.87

2006-11728 김지수 57.83 18.42 76.25

2007-11685 노관우 55.57 20.38 75.95

2004-11943 김판석 56.91 18.96 75.87

2007-11817 정은지 53.81 22.17 75.98

2006-11768 배우람 54.03 21.25 75.28

2002-11851 김태호 52.49 22.25 74.74

2007-11716 선영석 53.78 20.25 74.03

2007-11659 김영찬 53.09 20.92 74.01

2007-11723 송승근 52.94 20.96 73.90

2007-11690 박기태 53.53 20.08 73.61

2005-11874 조창민 53.99 19.54 73.53

2001-12355 윤서영 51.27 22.17 73.44

2007-11849 한정민 52.49 20.83 73.32

2004-12027 윤종순 52.87 20.38 73.25

2006-11804 유승용 51.90 20.92 72.82

2000-14223 류준환 54.97 17.75 72.72

2005-11724 김정기 53.12 19.38 72.50

2003-11954 김의현 50.80 20.96 71.76

2005-11758 박민우 49.85 21.71 71.56

2007-11789 이주형 50.13 21.42 71.55

2005-11715 김승용 48.68 22.17 70.85

2007-11672 김지윤 49.27 21.42 70.69

2004-11934 김진규 48.15 22.21 70.36

2007-11658 김수지 48.41 20.58 68.99

2006-11829 이재국 48.04 20.63 68.67

2007-11725 신다영 49.82 18.75 68.57

2007-11729 신인모 47.75 20.67 68.42

2004-12096 주민수 46.86 20.96 67.82

2007-11677 김태훈 45.05 22.33 67.38

2004-11975 박진홍 48.44 18.88 67.32

2007-11840 최혁준 47.56 19.75 67.31

2003-12036 안정호 50.24 15.88 66.12

2007-11818 정재웅 44.45 21.46 65.91

2005-11819 이광희 46.81 18.71 65.52

2007-11763 이동영 43.96 21.54 65.50



2003 12038 안혁 32 15 16 48 15

2004-12063 이중현 45.68 19.50 65.18

2004-12125 한승호 43.62 20.38 64.00

2007-11642 권용원 42.40 21.17 63.57

2007-11844 한상범 46.77 16.63 63.40

2007-11735 안준영 42.64 19.50 62.14

2006-11868 조완기 41.26 19.92 61.18

2007-11704 박홍종 43.08 17.67 60.75

2007-11846 한아름 40.17 19.75 59.92

2003-12035 안석기 40.65 18.46 59.11

2007-11734 안보영 39.36 19.50 58.86

2002-11709 김근하 38.30 20.54 58.84

2007-11812 정동석 41.36 16.96 58.32

2004-12055 이우영 36.53 21.21 57.74

2002-11651 강수민 38.71 17.79 56.50

2005-11908 황인환 35.66 19.71 55.37

2007-11810 정다원 34.96 19.21 54.17

2005-11868 정상훈 34.42 19.46 53.88

2003-12042 염장헌 33.91 16.54 50.45

2007-11845 한승주 29.74 20.17 49.91

2003 12038- 안혁 32 15. 16 48 15.

2005-11865 정민철 28.40 17.83 46.23

2002-11749 김상범 22.34 21.25 43.59
2004-11918 김영현 19.17 18.63 37.80

2006-15630 유장현 29.45 4.46 33.91

2005-11878 채경훈 8.26 14.71 22.97

2001-12268 김우준 4.40 9.04 13.44
98420-175 윤동현 Drop
99420-028 윤여진 Drop
2000-12342 오재교 Drop

2004-11992 송인욱 Drop

2005-11771 박태준 Drop
2006-11836 이하윤 Drop
2007-11715 서유민 Drop
2007-11767 이민재 Drop
2007-11806 임정우 Drop
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