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Points, Planes, Lines and Quadrics in 3D

• 3D points:

• Projective transform in     :

Collinear
Lines are mapped to lines
15 (4x4-1) DOF
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Planes

• 3D planes:

0ππππ 4321 =+++ ZYX
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XX' H=
ππ' -TH=

Transformation

0Xπ =T

TXXXX ),,,( 4321=X : homogeneous 3D point
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• Euclidean representation:

• Duality: 

0~. =+ dXn

( )T321 π,π,π=n

( )TZYX ,,~ =X

4π=d

n/d

points ↔ planes
lines ↔ lines

: plane normal

14 =X
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Determination of a plane by Points

• Three points  on a plane satisfies

• Or, using the coplanarity constraint;
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Determination of a plane Points
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Points from Planes

• Three planes meets at a point:

• A plane can be represented by its span:
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Lines – Null-space and span representation

• The line joining A and B is the span of the row space of W.

• The intersecting line of two planes P and Q is the span of the 
row space of W*.
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Lines – Null-space and span representation

•
2 2

T T∗ ∗
×= =W W WW 0
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Points, Lines and Planes

• A plane     by a point X and a line W:

• A point X by a line W and a plane    :
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Lines - Plücker matrix representation

• The line joining two points can be represented by the 
Plücker matrix 

jijiij ABBAl −= TT BAABL −=

i) L is a 4x4 skew-symmetric homogeneous matrix
ii) L has rank 2
iii) 4 DOF
iv) generalization of
v) L is independent of choice A and B
vi) Transformation
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Dual Plücker Matrix

• Dual Plücker matrix:

• Transformation:

• Correspondence:

• Join and Incidence   

1' −∗−∗ = HLHL T

TT QPPQL −=*

*
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34344223141312 :::::::::: llllllllllll =

XLπ *=
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0* =XL

: plane through point and line

: point on line

: intersection point of plane and line

: line in plane0=Lπ

[ ] 0,, 21 =πLL K : coplanar lines
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Lines - Plücker line coordinates representation

• Plücker line coordinates:
• From det L =0

[ ]T,l,l,l,l,ll 344223141312=L 5P∈
0231442133412 =++ llllll

Klein quadric constraint
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Lines - Plücker line coordinates representation

• Results:

( ) [ ] 0ˆˆdetˆ == B,AA,B,|LL

( ) [ ] 0ˆˆdetˆ == Q,PP,Q,|LL

( ) ( )( ) ( )( ) 0ˆ =−= BPAQBQAP| TTTTLL

( ) 0=LL|

i) Plücker internal constraint:

ii) two lines intersect or coplanar:

4 points

4 planes

2 planes and 2 points
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Quadrics and dual quadrics

• Quadric: 

• Dual quadric: 

i) Q is a 4x4 symmetric matrix
ii) 9 DOF
iii) in general 9 points define quadric
iv) det Q=0 ↔ degenerate quadric
v) pole – polar 
vi) (plane ∩ quadric)=conic
vii) transformation
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Classification of quadrics

•
• D represents Q up to projective equivalence.
• Signature:  

UDUQ ~T= DHHQ T=
Scale normalization of D

)()( DQ σσ = Independent of H

Single planeX2=0(1,0,0,0)11

Two planesX2= Y2(1,-1,0,0)0

Single lineX2+ Y2= 0(1,1,0,0)22

Cone X2+ Y2= Z2(1,1,-1,0)1

Single pointX2+ Y2+ Z2=0(1,1,1,0)33

Hyperboloid (1S)X2+ Y2= Z2+1(1,1,-1,-1)0

SphereX2+ Y2+ Z2=1(1,1,1,-1)2

No real pointsX2+ Y2+ Z2+1=0(1,1,1,1)44

RealizationEquationDiagonalSign.Rank 
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Classification of quadrics
•

•

•

Nun-ruled quadrics: projectively equivalent to sphere:

Ruled quadrics: contains straight lines

hyperboloids 
of one sheet

hyperboloid 
of two sheets

paraboloidsphere ellipsoid

Degenerate ruled quadrics:

cone two planes
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Twisted cubics

• A conic in Π2:

• A twisted cubic inΠ3:
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The hierarchy of transformations
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⎦
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⎢
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⎡
vTv
tAProjective

15dof

Affine
12dof

Similarity
7dof

Euclidean
6dof

Intersection and tangency

Parallellism of planes,
Volume ratios, centroids,
The plane at infinity π∞

The absolute conic Ω∞

Volume
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The plane at infinity

• The plane at infinity:
• Contains directions (points)
• two planes are parallel ⇔ line of intersection in 
• line // line (or plane) ⇔ point of intersection in 

• The plane at infinity       is a fixed plane under a projective 
transformation H iff H is an affinity
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The absolute conic

• the absolute conic Ω∞ is defined on π∞ s.t.

• Thus, a conic with  C = I3x3

• The absolute conic Ω∞ is a fixed conic under the projective 
transformation H iff H is a similarity

0
4

2
3

2
2

2
1 =

⎭
⎬
⎫++

X
XXX ( ) ( )T321321 ,,I,, XXXXXX

i) Ω∞ is only fixed as a set
ii) Circle intersect Ω∞ in two points
iii) Spheres intersect π∞ in Ω∞
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Metric properties

• Once       is identified in projective 3-space, angles and 
relative lengths can be measured. 

• orthogonal (conjugacy) 

∞Ω

Invariant to projective transform

d1, d2 : directions of two lines

(Intersection points of lines on π∞)

021 =Ω∞dd T

( )
( )( )2211

21cos
dddd

dd
TT

T

=θ

( )
( )( )2211

21cos
dddd

dd

∞∞

∞

ΩΩ

Ω
=

TT

T

θ

Euclidean:

Projective:

plane

normal
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The absolute dual quadric

• The Absolute dual quadric:

• The absolute dual quadric Q*
∞ is a fixed quadric under the 

projective transformation H iff H is a similarity
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=∞ 00

0I*
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i) 8 DOF
ii) plane at infinity      is the null-vector of Q∞

iii) Angles between       and        :
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