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* 3D points:
Homogeneous representation Inhomogeneous representation
X=(X,,X,,X;,X,) inP’
X X X () XX X ps
o (=, =2, 22D, X, #0 . XX,
X, X, X,

* Projective transform in p*:

X'=H, X

4x4

v Collinear
v" Lines are mapped to lines
v' 15 (4x4-1) DOF
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Planes
* 3D planes:
Transformation
nX+n,Y+n,Z+m, =0 X'—HX
Xzﬁpyzﬁ,zzi TIZ'ZH-Tﬂ:
X, X, X,

X, +n,X,+1, X, +m,X,=0

0 1'X=0

T
mT= (72'1,7Z2,7Z'3,7Z4) : homogeneous plane

X= (XlngngsXOT : homogeneous 3D point
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* Euclidean representation:

=( )T~ 1 |
n=|(n,,n,,T,) :plane norma

=(x,v,2)
=1

:’]‘[4

o M

+ Duality:  points <> planes
lines <> lines
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» Three points on a plane satisfies

X X’
X! |n=0 [) misthe null space of |x7
X; X!

* Or, using the coplanarity constraint;

VXonm __X1 (X1)1 (XZ)I (X3)1_
X, (1), (x,), (%),

det[X X, X,X,;]=0 ) det ), (), @)l
_X4 (X1)4 (X2)4 (X3\4_

|:> X1D234 _X2D134 + X3D124 _TX4D123 =0
= (D,34,~D)34» Dypys—D,

134°>°7124> 123
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Example 3.1. Suppose the three points defining the plane are

o (1) o= () = ()

where X = (X,Y,2)T. Then

Y1 Y2 Y3 Yi—Ys Ya2—Ys Y3
Doy = |2, 2o Z3 Zy—23 Zo—123 73 |= ((Xl —X3) x (X — X3)>1
1 1 1 0 0 1

and similarly for the other components, giving
(il — i3) X (Xg = Xg) )
™= ~T,~ ~ .
—X; (X1 % X2)
This is the familiar result from Euclidean vector geometry where, for example, the
plane normal is computed as (X; — X3) X (X2 — X3). A
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* Three planes meets at a point:

T T
TCl 71;1

n; X=0 ) X is the null space of n;

T T
T, T,

* A plane can be represented by its span:

X =Mx
M4x3 = [X1X2X3] M: 3dim null-space of
TM=0
. T P _ b C d
1fn=(a,b,c,d) then M = andp_(——,——,__
3x3 a a a
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 The line joining A and B is the span of the row space of W.

. (4dof) T
)\ — W= |:1]:T :| AA+ n B

N

(i) The span of W' is the pencil of points AA + B on the line.
(ii) The span of the 2-dimensional right null-space of W is the pencil of planes
with the line as axis.

* The intersecting line of two planes P and Q is the span of the
row space of W*. {

T

P
QT} AMP+u'Q

*

W =

(i) The span of W*' is the pencil of planes NP + 4/Q with the line as axis.
(i) The span of the 2-dimensional null-space of W* is the pencil of points on the
line.
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WW =wWw7 =0,,

Example 3.2. The X-axis is represented as

0001 «_ |0 010
w{lOOO] w‘[0100]
where the points A and B are here the origin and ideal point in the X-direction, and the
planes P and Q are the XY- and XZ-planes respectively. A
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* A plane © by a point X and a line W:

W
M= XT Mn=0

If the dim MM) = 2, then X is on W

* A point X by a line W and a planer :

M{W;} MX =0

If the dim MM) =2, then W is on Tt
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* The line joining two points can be represented by the
Pliicker matrix

l,=4B,~BA, L=AB'-BA'

1) L is a 4x4 skew-symmetric homogeneous matrix
i1) L has rank 2 LW*T =0,,

iii) 4 DOF

iv) generalization of 1=XxxYy

v) L is independent of choice A and B

vi) Transformation L'= HLH"

Ex) X-axis 0 1 00 0 —1
0 0 00 0 O
L= [t 0 0 0- o0 o0 1=
0 0 00 0 O
1 0 1 00 O
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Dual Pliicker matrix: L' =PQ" - QP

« Transformation: L'=H'L'H"

* * *

« Correspondence: [, il il il il il =0, 1, byl 0L

e Join and Incidence

7 =L"X :plane through point and line
L'X=0 :pointon line

X=Ln : intersection point of plane and line
Lx=0 :linein plane

[Lsza- . .]n =0 : coplanar lines
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Lines - Pliicker line coordinates representation projective 3D Geometry 13

« Pliicker line coordinates: £ =[l,,,/,,.,,Lr 000 0,] € P°
* From det L =0 Lol + 15l +1,0; =0 < LKL=0

0 l,
l
!

’ Klein quadric constraint ‘

W

1

EN
I
(=)

[112 113 ll4 123 142 134 ]

2

/
4
l

w

S

S = O O O O
S O = O O O
S O O~ O O
S o o o =

S O O O O

34

detl, B,A,B]: Lol +hsliy + hlos + sl + Ll T 1yl
=LKL =\C | L)
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e Results:

1) Pliicker internal constraint:
(cl£)=0

i1) two lines intersect or coplanar:
(c12)=det|4,B.4.8]=0 4 points

(L| ﬁ) = det[P, Q,ls, Q]= 0 4 planes
(L|ﬁ)= (PTAXQTB)— (QTAXPTB): 0 2 planes and 2 points
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* Quadric: X'QX=0 .

1) Qs a4x4 symmetric matrix

ii) 9 DOF

iii) in general 9 points define quadric
iv) det Q=0 <> degenerate quadric

v) pole—polar w=QX
vi) (plane N quadric)=conic C= M'QM =n:X=Mx

vii) transformation Q'=H'TQH'1

* Dual quadric: #'Q'm=0

i) relation to quadric Q" =Q"' (non-degenerate)

ii) transformation Q'*:HQ*HT
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T T
= — =H DH
© Q=UDU Scale normalization of DQ

* D represents Q up to projective equivalence.
* Signature: o(Q)=0c(D) Independent of H

Rank Sign. Diagonal Equation Realization
4 4 (1,1,1,1) X2+ Y2+ Z241=0 No real points
2 (1,1,1,-1) X2+ Y2+ 72=1 Sphere
0 (1,1,-1,-1) X2+ Y2=72+] Hyperboloid (1S)
3 3 (1,1,1,0) X2+ Y2+ 72=0 Single point
1 (1,1,-1,0) X2+ Y2= 72 Cone
2 2 (1,1,0,0) X2+Y=0 Single line
0 (1,-1,0,0) X2=Y? Two planes
1 1 (1,0,0,0) X2=0 Single plane
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sphere ellipsoid paraboloid

*  Ruled quadrics: contains straight lines hyperboloid

of two sheets

hyperboloids
of one sheet

two planes
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Twisted cubics Projective 3D Geometry 18
¢ AconicinII®* (x 1 a,, +a,0+a,0°

x, |[=Al 0 |=|a,+a,0+a,0°
X, 0’ ay, +a,0+ a0’

* A twisted cubic in TT3

X, 1 a, +a,0+a.0" +a,0’
% A 4 _|antant+ a0’ +a,,0°
X, 0’ ay, +ay,0+a,0" +a,,0°
X, 0’ a, +a,0+a, 0 +a,0’

. t
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The hierarchy of transformations Projective 3D Geometry 19

Group Matrix Distortion Invariant properties
Projective (At Intersection and tangency
15dof _VT v

- Parallellism of planes,
Affine At Volume ratios, centroids,
12dof o' 1 The plane at infinity 1.
Similarity SRt The absolute conic Qu
7dof T

0" 1
Euclidean R t

Volume

=
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« The plane at infinity: |7, =(0,0,0,1)"
+ Contains directions (points) D= (x,,X,,X,,0)”

* two planes are parallel <> line of intersection in 7,
* line // line (or plane) < point of intersection in 7

* | The plane at infinity 7 is a fixed plane under a projective
transformation H iff H is an affinity

0
AT 00
~At 1[0

1
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The absolute conic Projective 3D Geometry 21

+ the absolute conic €2 is defined on 7, s.t.

X+ X+ X
X

4

}20 <—> (X19X2’X3)I(X1’X2’X3)T

+ Thus, a conic with |C =15,

¢ | The absolute conic 2, is a fixed conic under the projective
transformation H iff H is a similarity

1) S 1s only fixed as a set
i1) Circle intersect 2., in two points
ii1) Spheres intersect JT, in $2.,
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* Once Q, is identified in projective 3-space, angles and
relative lengths can be measured.

°

Euclidean: /(de )(de ) d,, d, : directions of two lines
L VAN (Intersection points of lines on 7,.)
d'Q.d

Projective: cos @ = ( L= 2)

\/(ledelxd;dez) ’ Invariant to projective transform

* d'Q,d,=0 <= orthogonal (conjugacy)

I #a normal
// \ // \\
VAN VAN
TN\ a /-7 -\ plane
/\ A AN

Mo T Mo
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The absolute dual quadric
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* The Absolute dual quadric:

L]
Q.=

0
0

|

* | The absolute dual quadric Q" is a fixed quadric under the
projective transformation H iff H is a similarity

i) 8DOF

i1) plane at infinity 7_ is the null-vector of Q.,

iii) Angles between m; and m, :

T *
nl Qoon2

cosf =

\/(“IQZonl X’T;Q:o“z)
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