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1. Discrete-time signals and systems

® Discrete - time signals: sequences

420.461: Digital Signal Processing

Discrete-time signals are represented as sequences of numbers

A sequence is a function whose domain is the set of integers

Define the n" number in the sequence by x[n], a set of numbers xcan be represented

by
x:{x[n]},—oo<n<oo

Note that {[n]JA

x[n]=x,(nT)
A o
discrete-time signal —* analog signal

where T denote the sampling period.

x[0]

x[1]
x[2]

sa A1 .n

A delayed or shifted version of x[n]:

y[n)=x[n-n,]

where ™o is an integer
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An unit sample sequence is defined by

sy o8

n=0

which is also referred to as a discrete-time impulse or simply as an impulse

— An arbitrary sequence can be represented as a sum of weighted and delayed

impulses

o0

x[n]=">" x[klg[n—K]

k=—o0

Ex) X[n]=m;5[n+3]+ms[n-1]+m,5[m-4]

— The unit step sequence is defined by

m,
m., ‘
l 4
3-2-1 0 1 2 3 ‘ 5 6
m4

n<o0

TS

:,u[n]:5[n]+5[n_1]+...:§5[n_k]

= 6[n]=u[n]-u[n-1]
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X[n] be an exponential sequence given by
x[n]=Aa"u[n]
— Forcomplex a=laje’ and A=|Ale”,
x[n]=|Ale”|o "
=|Ala|'[ cos(w,n+ @)+ jsin(wn+¢)]
— Complex exponential sequence (‘a‘ =1)
x[n]=|Alcos(wn +¢)+ j|Alsin(w,n +¢)
where o, is called the frequency of the complex sinusoid and ¢ is called the phase
— Since  x[n]= Ae! @) = pglomglzm = pglenn,
complex exponential sequences with frequencies (a)o + 27z'k) , Where k is an integer,
are indistinguishable from one another
— A sinusoidal sequence can be represented by x[n] = Acos(o,n+ @), Vn
— Since X[n]=Acos| (@, +27k)n+¢ | = Acos(wyn + @),

we consider o in a frequency interval of length 2,

<o, <r o 0<w,<2r.
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— A sequence is called periodic with an integer period of N, if
x[x]=x[n+N], ¥n
— In order for a sinusoidal sequence to be
A cos(@n+¢)=A cos[ wy(n+N)+4 ]
it requires for w,N = 27K.

— A sinusoidal sequence is not necessarily periodic with a period of o and may not
0

be periodic at all, depending on the value of o,

Ex a)ozéﬂ':N:%B:Gk
T

®,=1 = N =27k = Nointeger N
® High and low frequency concept: A continuous time sinusoidal signal X[n]= Acos(Q.t +¢)
oscillates more rapidly as Q, increases. However, x[n] = Acos(a)on +¢) oscillates

more rapidly as @, increases from 0 toward .

But, as @, increases from z to 27, the oscillation becomes slower due to symmetry
with respectto .

Ex: A COS(%n—i—géj: A Cos(%ﬂ-n_,_gé)
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® Discrete-time systems

x[n] y[n]

— 5 1 —> yn=T{Xn]}

— ldeal delay system
y[n]=x[n—n,], n,isapositiveinteger

— Moving averager
N-1

y[n] :%{x[nh X[n-1]+...+x[n-N+1]} zﬁgx[n_ K]
— Memoryless system
A system is referred to as memoryless if the output y[n] depends only on the input x[n]
Ex:y[n]=x*[n], W¥n
— Linear system : principle of superposition

T{ax [n]+bx [n]} =aT {x[n]} +bT {x [n]}

Ex: accumulator h
y[n]=> x[k]
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— Time-invariant system (TIS): A time shift or delay of the input sequence results in a
corresponding shift in the output sequence
Y[n]=T{x[n-n,]} = y[n-n,]=y,[n]
Ex: y[n]=x*[n] — TIS
y[n]= > x[k]> TIS
y[n] :kxz[oﬁ/ln] :compressor
Y, =X [Mn]=x[Mn-n_]
y[n—ny]=x[m(n—ny)|#y,[n] - notTIS
— Causality: A system is causal if the output sequence at n=pn_depends only on the
input sequences for n<n, Vvn,
Ex: y[n]=x[n+1]-x[n]= non causal
y[n]=x[n]-x[n-1]= causal
— Stability: A system is stable in the BIBO sense iff every bounded input sequence

produces a bounded output sequence
x[n]|<B, <wo=|y[n]]<B <o, ¥n

TUEDNTIE A

— n+l1 n>0
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® Linear time-invariant systems

— Let nn] be the response of the system to the input s[n-k] ,ie., h [n]=T{s[n-k]}
y[n]=T{x[n]}
1| 3 dkoln- K} = 3 < foln- ]

k=—0 k=—0

— Time invariance implies
s[n]—>h[n] = §[n-k] = h[n-k]=h[n]

— Discrete-time convolution

y[n]= 3 x[kh{n—K] A x[n]n[n]

k=—o0

— Tocompute h[n—k], firstreflect h[k] about the origin to obtain h[-k]and then shift

the originto k =n

h{k] k] h[6—K]

| s - |
0 1 2 -1 0 0 1 2 3 4 5
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ex h[n]=u[n]-u[n-N]

1, 0<nsN-1
~ 10, otherwise
x[n]=a"u[n] TS
n<0; y[n]=0 \ITITH\
n 1_an+1
<O0<N-1 =Y a“=
n y[n] I(:Oa A
n an—N+1 an+1
n>N-1 y[n|= ak =
[] K=n-N+1 1-a
[ 1-a" >
— Nl(l_aJ n—(N—l) n 0 k
L 1
—
y[n] 4
5 >N

420.461: Digital Signal Processing copyright@Yong-Hwan Lee



, Seoul National University 1. Discrete time signals and systems

School of Electrical Engineering

® Properties of LTI system

~ Commutative  y[n]«h[n]=h[n]x[n]
= y[n]= i X[kjh[n—k]

- 3 x[n-kh[K]
«[n] (h,[n]+h,[n]) = x[n] +h,[n] x[n] b, [n]

— Cascaded connection

M, h, v[n] y[n]

e

Letting h[n] A h[n]*h,[n], we have
v[n]=x[n]xh[n]
y[n]=v[n]*h,[n]

—x{n]<h[n]+h,[n]
=x[n]*h[n]
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— A Linear system is stable iff the impulse response is absolutely summable, i,e.,
sS4 Y (k)<
Proof o
Sufficient condition: .
y{n)=| 2 n{kx{n-K]
If x[n] is bounded, i.e., |x[n]|< B

then, |y[n]< BZ In[k]

skio‘h[k]Hx[n—k]‘

X

S hik]<e = |y[n]<e

=—00

Necessary condition:
Show thatif S=co | abounded input can cause an unbounded output.

Consider a bounded sequence given by

m, h[n]=0 o

x[n]=1 |h{-n] =y[0]= 3 x[-kh[k]= %:s =0

0 , h[n]=0 k=‘°° o
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Ex h[n]=a"u[n]
- 1
=35=Ya ' =——
nzzc;| | 1_|a|
la|<1=S <o

|a| >1= S =00 = unstable

xn]

—»| Accumulator

y[n]

n[n]=u[n]«(sn] -5[n-1)
=u[n]-u[n-1]
sn]

Note: The property of convolution can be used to analyze the time-invariant system

x[n] one sample y[n] Backward

delay = E difference

s[n-1] s[n+1]-4[n]
h[n]=6[n-1]*(S5[n+1]-5[n])
=5[n]-6[n-1]
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® Linear constant coefficients difference equations
— An N order linear const. difference eq. is represented by
N M
> a,y[n-k]=> bx[n-k]
k=0 k=0

When the right side term is equal to zero, it is called the homogeneous difference eqn.

Ex: Accumulattar - x[n] y[n]
y[n]= k;O n]+k§x[k [n]+y[n-1] 4’{ >
= y[n]-y[n-1]=x[n] D <J
y[n-1]

Ex: Moving average

A[n]=~=(u[n]-u[n-M])

Z
AN

x[n—k] X[n] [1

= y[n]= q

15
M §

h[n]zﬁ(ﬂn]—é[n—l\/l])*u[n]

Il
o

y[n]- y[n-1]=--(x[n]-x[n-M])
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Ex

y[n]=ay[n—-1]+x[n]

Consider x[n]=K&[n] and y[-1]=c « auxiliary cond.

For n>Q0;

= y[0]=ac+K
y[1]=ay[0]+0=a’c+aK
y[n]=a""-c+a"K,n>0=y[n]=a"" -c+Ka"u[n]

For n<-1,
y[-2)=a[y[-)-x[-1]]=a"c

y[-3]=a"-a’c=a"c

y[n]=a""-c, n<-1
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® Frequency-domain representation of DTS
x[n]=e}"
= y[n]= 3. [kk
k=—c0

o0

_ ejwn Z h[kk_jwk

k=—o0
Let H(e”)A i h[k]e "
k=—o0
=Hg(e")+ jH(e")

=[H () (")

y[n]=H(e*)e*"

eigen-value J L» eigen-function of the system
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Ex: Ideal delay y[n]=x[n—n,]
For x[n]=e",

y[n]=e"l" =g imeln = H (el) = m

Since h[n]=6[n—n,] for an ideal delay system,
H (ejw) = i 5[” — nok_ja)n = e‘j“)no — ‘H (eja))

Arg{H (ej”)} = —on,
— For x[n]=> ae"",
k

=1

the output of the system is
y[n]=Y aH(e" )e"" principle of superposition
k
Ex:  x[n]=Acos(am,n+¢) =§(e"¢ej“’°” +e Ve i)
A jao 6 A joon —jwy \ o= JP q— JON
:>y[n]:E[H(eJ Je ek + H (e Je e i |

If h[n] isreal, H(e‘j”):H*(e—iw):‘H(ejw)e—je

= y[n]= A‘H (ej“’)

cos(wyn+ ¢ +0), where Q:arg[H (e )]
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Ex: Delay ‘H(e‘*"") =1  O=-m,n,

= y[n]= Acos(a)o(n —ny)+ ¢)

— Discrete-time LTI — periodicity of 27
—H ej(a)+2kﬂ') _ = h n —j(@+2kz)n
("77)= ik
=3 h[n " = H[ el
2 h[nf =[]
= H (e”) is periodic with a period of 27
Ex: Ideal frequency selective filters (LPF)

AH(e")

; ; » 0
—T—Wy—7 Wy T 2w, 2r 27+,
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1
- <ns<M
Fx h[n]={ M, +M,+1 ' ’
0 otherwise
: 1 My
=H(e)z=—-——— Jen
( ) M1+M2+lnzMl
1 e+j(uMl . e—j!U(Mz+1)

M, +M, 41 1-e”

—jo(My+1-M;) 12 _ jo(M+M,+1)/2

e e _e—j(u(M1+M2+l)/2

M, M, +1 1-e

, sina)(M1+M2+l)

efja)(M2—M1)

M, +M, 1 sin?
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® Representation of sequences by Fourier transform
— A stable sequence can be represented by a Fourier integral of the form

1

x[n]:g :”X(e"“’)e"“’”da) —--(A)
where x (giv) - Zw:x[n]e"“’” .- (®)

N=-o0

X (")

= Xq (&) + jX,(e") «rectangular cord. form

_ o)

e

<« polar cord. form

Since X (ej“’) is periodic with period 27, itis of the form of Fourier series for the

continuous-variable periodic function X (ej“’) :

— Note that Eqg (A) is the inverse of Eg. (B)

x[n] :Zirﬁx (e’ )e" :%r (i x[m]e‘i“’”jei“’”da)

- -
72- N=—00

= Zw: x[m Ly ej“’(”‘m)da):x[n]

27 J2x
( L]z o= =5[n—m]]
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— f x[n] is absolutely summable (i.e., stable sequence), X(ej”) exists.

J-[ 32 o
Z\X Jle < > x[n] <0

N=—o0

‘X(ej“’

— Furthermore, x[n] can be showen to converge uniformly to a continuous function of @-
= Any stable sequence (or system) have a finite and continuous frequency response:
(Sufficient condition for existence of H (e!”))

— A finite-length sequence is absolutely summable

EX: x[n]=a"u[n]

X ()= Z a"u[n]e " = i a'e "

N=—0c0 N=—o0
=———, |f ‘ae*"“":\akl
1-ae”’
— If a sequence is not absolutely summable, but square summable ; i.e
= 2
> X[n][ <o
N=—o0
it can be represented by a Fourier transform with mean-square convergence, i.e.,
2

lim [~ x(ej”)— i x[n]e | do=0

M —
—wd -7 M
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Ex: Ideal LPF
H (ej"’)— 1 ‘a)‘<a)c
- o a)c<‘a)‘<7z
1 e jony _SiNzoN
= hLP(n)_ZﬂJ‘_%e dco_—7m , Vn

= non causal and not absolutely summable
HLp(ej“’) is discéntinuous at o=,
But IS mean-square summable
Ex: x[n] =1, ¥n: neither gbsolutely nor square summable
= X (e*)=3 275 (e + 2kx)
kgoo

Since X (e")=3" 275 (-, + 2kr)

k=—0

= x[n]:%j”ﬂzw(w_wo)eiwndw

=" = When o, =0, x[n]=1

‘X(ej”)‘ is not finite for all &
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— Theory of generalized functions

ZOO: ellomel - i 2706 (@ — @y + 2k )

k=—o0

= x[n]=> 2" = X ()= iZZﬂa §(w—a, +2kr)

n]
—X;[-n]

— Conjugate symmetric sequence: X [ ] [
— Conjugate anti-symmetric sequence: X, [n]=
= x[n]=x,[n]+x,[n]

x.[n] :_(X[”]+ X*[—”]) even sequence :x,[n]=x,[-n]

odd sequence: x,[n]=—x,[-n]
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— Notethat X,(e")=X"(e) and X,(e*)=-X"(e)

Re{x[n]} < X, (e Re {x[n]} <> X (e*)=X"(e")
jim{x[n]} & X, (&)
X,[n] <> Xg(e*)

EX: X(ej‘”):l_jejw la| <1
wf o 1 o
X (") =g = X (e")
_ 1 _
XR(er):1+a2—2acosw(1_acosw):XR(er)

X, (e")=-X,(e")
O, (e)=tan™ 1:?;2:’; =0y (e
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® Fourier transform theorems
=X (e")
x[n { (e“")}
> X(e”)

— Linearity: axl[n]+bx[ ]<—>axl(ejw)+bxz(ejw)

— Delay: x[n—n,] <—>X(e"") ~lomy
eron (el(w wo)n)
—  Time reversal: X|-n]«— (e jw)

it X[n] isreal, x[-n]«F>X"(e)
— Differentiation:

(] X (e)

— Parseval’s theorem:

= Sl =[x

e“”
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: , Seoul National University 1. Discrete time signals and systems

School of Electrical Engineering

— Convolution:
x[n]«F— X (ej“’), h[n]«F—H (ej“’)

= y[n]= > x[k]h[n-k]=x[n]* h[n]@Y(ej”)z X (ej“’)H (ej‘”)

k=—0

y[n]:x[n]h[n]@Y(e"“):zi [ X (e¥)H () de
P
periodic convolution

= Multiplication of two sequences is equivalent to periodic convolution of

corresponding Fourier Transforms.

B y[n]-Zy[n-1]=x[n] - 3x[n-1]

1 _jo 1 o
1-~e 1 ~e
:>5[n]——5[n—1]:h[n]——h[n—l] = H(e““): 4 - __4
1_1e_lw 1_1e—]w 1_1e—ja}
2 2 2
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® Discrete-time Random Signals

— Consider an LTI system with impulse response h[n]

Z h[n—k]x[K]

When x[n] is a WSS dlsérete time random process,

ue[n] AE{X[n]}, s [n] AE{y[n]}

— If stationary, #y [n]=
u[n)=E{ 3 ln-K]x{]
= Y hln-KJE{x[k]j= 32 n[K]E {X[n-K]
=t 3 h[K]

= pyH (ejo)
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— Autocorrelation of y[n]

é,, [n.n+m]=E{y[n]y[n+m]}

~€{ 3 S hIK0{n-Kxn-1+ ]}

22" [KI[1E{X[n—K]x[m+m-1];
Zklzll [kIh[1]g.[m+k—-1]=¢,[m]
Let I-k Ai. Then,

d,,[m]= Z¢Xx[m i] =Z h[k]h[i+k]

i=—00

Autocorrelation sequence of h[n]: ¢,[i] A i h[k]h[i+k] [H (e")
k=—a0

= ¢, [m]= Z¢h [m—i] ‘

i=—o0

Lo (oF) =, (c)o, <ew>:\H<eiw>2®m<ejw>

where @ (e“") ( )H e“" ‘H e“”

Note: E{y*[n]}=4,,(0)= | @, (¢ )dw=if’;H(e"”>2

27

CI)XX(ej‘”)da)Z 0
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2. Periodic Sampling of Continuous-time Signals

® Impulse sampling: ideal continuous-to—discrete (C/D) converter

X (t) (1)

> > Xx[n]=x(nT), —co<n<w

s(t)=>_8(t-nT)

fiJ is the sampling period and f; is called the sampling frequency

where T (:

Xs (1) =X (t) i 5(t—nT) < shifting property of theimpulse function

N=-—00

_Z (nT)o(t—nT)

n=
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— Fourier transform of Xs(t)

0

X (f)=F{x(t)} :Jéxc(nT)d(t —nT)e > "dt

— ixc(n-r)e—jZﬁfnT

K(1)=X(1)+F] 3 a(e-m)|
1 o0
==X, *25(f——] Q.=27x1T =2rf,
li f_ﬂj < periodic function
T & T
X.(f)
/:\ | /_\ -W W < f <2W
—f, W 0o W f -W f
= Aliasing
X (f
>
-W W
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07 TT+r7

= - 1. nr
t) = gl2rfnt. = ~sinc—
p(t) nprn P, =sine—
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® Nyquist Sampling Theorem
— If  x(t) is strictly band limited, i.e., X (f)=0 for |f|>W
and the sampling frequency is chosen such that f, :%: 2W,

then

Since 1
X (f)=—X_(T), [fISW,
c( ) 2”” S( ) ‘ ‘

if the sample values x_ (nT ) are specified for all time, Xc( f ) IS uniquely determined
by using the Fourier series.

= X(t) is uniquely determined by x (nT), n=0,+1,%2,---,
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® Reconstruction of a band limited signal from its samples: Interpolation formula
= [0 X (f)el"df

0 _-ﬂ )
" ﬁz x[n]e Wizrtiys
1 ew
Yrme
- sinz(t—nT)/T
= 2 X0l z(t-nT)/T
2 sinzt/T

ano [n]h(t—nT); h(t)= T

= A band-limited signal of finite energy can be completely recovered by its samples

ejZﬂf(t—nT)df

Il
[M]s

taken at a rate of 2W/sec

— |deal reconstruction filter

H(f)4
h(t):smzzt/T
at/T
> f
1 1
2T 2T
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® Poisson sum formula

A periodic signal X (t) with period T is represented by the Fourier series,

—~ i 1
— Z XneJZHfsnt; fs — =
N=—o0

T
T
2

_ 13 —j2zfn
where xn_?j;xs(t)el ‘dt

0

Ex: Z5(t—nT):%Zej2”fsm ( xn=% jw(r)eﬂ”fsmdt:TiJ
2

N=—o0 N=—0o0

x(t)=> 8(t-nT) y(t)
> h(t) >

y(t)=h(t)= _ch(t—nT)z D h(t—nT)

y(t)=h(t>*fiie””fsm}
-7 2 [n

h )eJZan ZH nf e]27zfnt

N=—o0 N=-—o0

= ih t—nT :iz H (nf,)e!*"5"

n— Ti=

8
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® Discrete-time processing of continuous-time signals

Xc—(t)> C/D X[n] y[n] D/C yr—(t)>
| discrete - time |
T system T
x[n]:xc(nT):>X(ej‘”):%kixc($—2Tij;
0 sinM
ye(t)= X y[n] ,,(t_I,T) :
.

=Y, (Q)=H,(Q)Y (")

/ joT T
low pass TY (7)), |Q|<_I_

reconstruction 0
filter
— The freg-domain representation is easier than the time-domain representation

., otherwise

420.461: Digital Signal Processing copyright@Yong-Hwan Lee



Seoul National University 2. Periodic sampling of continuous-time signals

School of Electrical Engineering

® LTI discrete-time systems

Y(e")=H{e")x(e")

:>Yr(jQ):Hr(Q)H(eJQT)X(ejQT); w=QT
=H,( (e‘QT) ZX(Q—%j

H(e*T )X, (Q), |o<Z
— (e ) C( ) | |<T
0 , otherwise
— If XC(Q) Is band limited and the sampling rate is larger than the Nyquist rate,
Y, (Q)=Hy (Q) X, (Q)
the effective frequency response is

- r
()= 1) 10T

0 , otherwise

420.461: Digital Signal Processing copyright@Yong-Hwan Lee



2. Periodic sampling of continuous-time signals

Seoul National University

5 e School of Electrical Engineering
® Example of signal reconstruction X2
/1\
— XAy Oy «»
Cad

1 A C L) — N (= LT
Fy 2w
1 1
2o Oy
a

= )
N AT~
|
R Sp— 4+ —e o KRy T
e T (Zar — LR, T
<
i Y((?j“")
T
o
. . 2 e

— 2
) )
2 2aa €Or
I al
KOr
copyright@Yong-Hwan Lee
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Seoul National University
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Ex: Ideal LPF
1, |QT| <,

H, (Q)=
() {0, otherwise

\H. ()l

Ex: Ideal band-limited differentiator

Q

d .
Ve(t) =% (1) = H, (@) = j©
. T
= H, ()= P<T ;
0 , otherwise o
H(e)= 1 fol<r
' cos NAA/
zZNncoszn —sinzn , n=0 . | !
= h[n] = T =3 nT 2m - ™ 2m
4 0 y n:O LH(el)
- 3

420.461: Digital Signal Processing copyright@Yong-Hwan Lee
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School of Electrical Engineering

— Impulse invariance
H (ejw): H{?j: H(Q); |o|<x
= When h[n]=Th,(nT), the discrete-time system is said to be an impulse-invariance

version of the continuous-time system.

"o H (e"“’):Tlg:o Hc($_2Tij<: X,(@)=X(e")

= H (ej“’):TiHc($j, o] < 7

EX: h (t) = Ae¥u(t) = H_(s) =

= X(e’m)

w=QT

h[n]=Th,(nT)=Ae*"u[n]

AT - AT w
H(z)=——— or H(e)=————#H | —
@ 1-e¥'z (") 1-eve {Tj

" h.(t) is not strictly band - limited

0

The resulting discrete-time frequency response is aliased

420.461: Digital Signal Processing copyright@Yong-Hwan Lee
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® Continuous-time processing of discrete-time signals

x[n] X, (t) Y. (t) y[n]

—>» DI/C

T T

ginﬂ(t_m-) !
- s -,
T
Sin7z(t—nT)
1.(0)= Sy @)X (@) fol<T
T

420.461: Digital Signal Processing copyright@Yong-Hwan Lee
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School of Electrical Engineering

Ex: Non-integer delay H(eiw):e—im, ‘a)‘<7z'

If Aisaninteger, y[n]=x[n-A] = h[n]=5[n-A4]
If Aisnotaninteger, Hc(f):e—JZﬂfAT

Y. (t)=x(t—AT)
= y[n]=x,(nT —AT)

Sinﬂ(t—AT—kT)‘
:kz_wx[k] 7(t—AT —KT)
T t=nT
& sinz(n—k—A) _sinz(n-A)
_Z;)x[k] Z(n—k—4) = h[n]_—ﬂ(n—A)
e.g., A:%;

/)//t/"\a\\ Y (t)=x, (t —TEJ

420.461: Digital Signal Processing copyright@Yong-Hwan Lee
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— Ex: Moving average with non-integer delay y[n] — w[n _M}
H(el®) 2
r-r-——------ - - -----—-—--—-“— \F"—7W—&W -/ il
|
L , 0<n<M I |
h[n]={M +1 1 sine + 1)) o o |
0, otherwise [ | M+1  sin(w/2) wn] |y [1]
|
[ I

sin o(M +1)

. oM T | T
'y 'y Y s

H (o)=L L m W ‘ I W

= When M=5, g I S SR S—
for X[n] = cos(0.257zn) g
— y[n] =0.308cos[ 0.257(n—2.5)]| T |
) AT T 'AARY ATy r 1Ty
N I N I S B RN

-3 0 5 10 15 20

420.461: Digital Signal Processing copyright@Yong-Hwan Lee
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® Changing the sampling rate

Decimation by M (sampli

ng rate compressor)

—0, 0, 0
(a)
X[n] \L Xd [n] = X[ﬂ'\ﬂ] X,(j) = X(e/2T)
i ' /;#\ /\
(n]=x(0T) = x,[n] Ax[M]=x (MT) S
: 1 & @ 27k ®
X (ei*) == X | Z =20
)52
1
Let T'=MT. Then’ /__l_\ _l,—, —w w-=ﬁ,?‘L /21—\ w=QT
‘» 1 & o 27K ©
)R
(M=2)
1 xc(ﬂ_%] =l=i+kM
MT =00 MT MT - . 2 —ar
11 -2 27k _ @ | B
= — —_ X -
DERC ]
:iMlx{ejwl\jni] (M=2) TI
M= ' L o 5

420.461: Digital Signal Processing
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Decimation by M (cont.)
= To avoid aliasing, a LPF is

required before down-sampling

x[n
—> LPF

hy [n]

Example: When M=3:

Lowpass filter

—| Gain=1 —> M —

x[n] Cutoff = w/M X|[n] X,[n] =X[nM]
Sampling Sampling Sampling
period T period T

period T'=MT

420.461: Digital Signal Processing

2. Periodic sampling of continuous-time signals

X.(j)
1
0y 0, QO
(a)
Xl(,f‘”]
1

‘2 2
(<)
H (el
1
L 1 L |
=2 -7 T _ T T 2w w =0T
— w.=—
M M
(d)
| | Xler) = H (e x(e i)
?
2 T ks w_ T 2w w=0T
3 M 3
()
1 ‘fdt"jwj
MT (M =3)
| ‘ | |
2w ] 2=

w w= 0T
copyright@Yong-Hwan

Lee



Seoul National University 2. Periodic sampling of continuous-time signals
School of Electrical Engineering

— Interpolation by L (sampling rate expander)

H,(e') 4
X[n] [ x[n] -
L i s ‘
h[n] 27 -z x & x or
K[n)=x.(nT); T'=t St

; X(ej“’)
X|—1], n=0,xL,£2L,...
Xe[n]: |:L:| f ' 1 7'2_/2'\; w=QT
T

. — —7T
0 , otherwise 2

) X, (e")
S N NN

w [ » 3r/L -7/L 0 =x/L 3z/L
(o) = 2 E xlkloln-k]e

k=—o0 —o0

X; (")

Z k]e = (ej“’L) /\ - . - /\:a)zﬂT'

- _27[ I_77:/L zlL 272'

420.461: Digital Signal Processing copyright@Yong-Hwan Lee
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2. Periodic sampling of continuous-time signals

School of Electrical Engineering

— DI/C conversion

. 7tNn
SN~ {1 n=0

h[n]= n

L

k

In practice, we use an approximate LPF.

— Linear interpolation

h[n] = 1—@, <L
0, otherwise
xé[n]:zk:xe[k]hé[n—k]
:Zm:x[m]h/[n—mL]

2

. oL
SIn——
2

1
Hrz(eja)):_

Ll .
SlnE

420.461: Digital Signal Processing

0 n==L,

1= x[k]n[n-k]= [C

1 Niinln]

4/5
3/5 L=5

[ Zfi 1/5
t ..

i

— Hi(ej“’)

27 Az

5 5

a1l

> X X X ¢

oy

copyright@Yong-Hwan Lee
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School of Electrical Engineering

_ L
— Changing the sampling rate by a non-integer ratio R= M

X[n] x.[n] x[n] X4 [N]

T L T L
L L

—> TL IM —

420.461: Digital Signal Processing copyright@Yong-Hwan Lee
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2. Periodic sampling of continuous-time signals

School of Electrical Engineering

. . . . L
— Changing the sampling rate by a non-integer ratio R=— (cont.)
X () M
/1\
— O O, «
a)
X (eF)
1
g
/\/\‘/\
—2 T — T T 2 w = 2T
(b))
Xe(ej“"')
A (I = 2)
ra
\A/\/\A/\/

I

w = 2T T

wr = L2 TL

—2a

420.461: Digital Signal Processing
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Seoul National University 2. Periodic sampling of continuous-time signals

School of Electrical Engineering

® Multirate signal processing

— Interchange the filtering and the down sampling process

X, [n] y[n] x[n] X, [] y[n]

—>X[n] IM

420.461: Digital Signal Processing copyright@Yong-Hwan Lee
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% School of Electrical Engineering

® Multirate signal processing

— Interchange the filtering and the down sampling process

x[n] - X, [n]

— Interchange the filtering and the interpolation process

Alfnw}e - *[”]-—ww .

(o)X, ()= X e (e
X,(e”)=X(e") = Y(e‘”)_H(eJ“’L)Xb(eJ”)_x(erL)H(erL)

420.461: Digital Signal Processing copyright@Yong-Hwan Lee
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School of Electrical Engineering

— Poly phase implementation of interpolation filters

= Note that only every L' sample of u[n] is nonzero

= Consider decomposition of an impulse response h[n]by
h[n+k], n=mL, m=0,+1+2, -
h [n]=

0 , otherwise
= By successively delaying these subsequences, we can reconstruct h[n] by
L-1
QG ) o G o B ) n[n]=2_h,[n-k]
. e.[n]=h[nL+k]=h[nL]
TIRESY oy il B e
Y
z ]
h{n+2 & 1N
.l+]=¢L2=TL > 772

L » TL oz MY

I >
hn+M-1]
420.461: Digital Signal Processing
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2. Periodic sampling of continuous-time signals

School of Electrical Engineering

h[n] & [n]

e

VA Z’l
Vh[n+1] -el[n] T i
¢ =
Z| e[| J
h[n+M—lT L
x[n] ——> Eo(z)
j—
—> E,(2)

420.461: Digital Signal Processing

TL

TL

x[n’
> EO(ZL)
71
; y[n]
V:_> El(z )
|
771
—»EM_l(zL)
—»’—» y[n]
+i
t
|

L
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School of Electrical Engineering

® Digital processing of analog signals

x©Of Ant- | (1) x[n| 20| | niceratotima | §/0 Compensated | y(t)
—> aliasing 2 AID > Digaee e [ » D/A |—> reconstructure F—>
: system :
filter filter
o - A
— Quantization error: —5< g[n]=x[n]-X[n]< 5

x[n]

—_— Q

— Assuming that the error sequence d[n] is uncorrelated with x[n] and it is uniformly

A A
distributed over [—E,E},
A 2
5 1 A
2_ 12 2 —

ol = Zdg==

‘ I—ﬁ AN
, 2—2kx2
— For a (K+1)- bit quantizer with full-scale value X,,, 04 = 12 .

2
SQNR =10 log 2% =6.02K +10.8 20log 2
o Oy
= SONR is increases approximately 6dB for each bit added to the quantizer.

420.461: Digital Signal Processing copyright@Yong-Hwan Lee
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Transform analysis of L.T.l. systems

® Frequency response of LTI systems

X[n] y[n]
 — h[n] —

y[n]=> x[k]h[n-k]<Y(z)=H(z)X(z)

=Y ()= H(ej‘”)x(ej‘”):‘H(ei”’)X(ej”’)
0 AN eigenfunction x[n]=e"

j( ArgH (ej’” )+ArgX (ej"’ ))

e

complex gain (or eigenvalue)

— ldeal frequency-selective filters

()|

= H,,(e")=1-H,(e*): ideal high-pass filter
= hy[n]=38[n]-h,[n]

1, ‘a)‘ <,

0, otherwise o, <|w|<x

sino N
s[n]- =

< not computationally realizable

Yong-Hwan Lee
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School of Electrical Engineering

— ldealdelay h,[n]=5[n-n,]
= () = [l Jo] <z

— Low-pass filter with linear phase (or delay)

)|

h In :sina)c(n—nd)
] z(n-ny)

— Group delay: A measure of the nonlinearity of the phase
__d jo
| (o) _—%Arg(H (e ))

Example Arg(H (ej“’)) ~ —gh, — N,

g Jond ,‘a)‘ <w,

0 ,a)cﬁ‘a)‘Sﬂ

<« Regardless of ng, itis stillnoncausal

For aninput x[n]=s[n]cosw,n,
y[n]=s[n-n, ]cos(a)o(n -n, )—¢0)

= The time delay of the envelope s[n]of narrowband signal centered at @, is

given by the negative of the slope of the phase at @,,.

Yong-Hwan Lee
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® Linear constant coefficient difference equation

N M

Y ay[n-k]=> bx[n-Kk]

k=0 k=0

N M

=Y a2z (z)=>_bzX(z2)
k=0 k=0
Y(z) ibkz—k It does not uniquely specify
=H(z) A X(2) = K0 < theimpulse response of an
D.az LTIsystem
k=0
M
b, [ J(1-c.z )
— kgl = zeros: z=c,; poles:z=d,
aOH(l—dkz‘l)
k=1
Example ,
1+z7*t 1,772
H(z): 1( i )3 = 1+122 +3Z :Y(Z) = zeros: z=-1,-1, poles: 2:1,—E
(1—2‘1j(1+z‘1j 1411 3,2 X(2) 2 4
2 4 4 8

= y[n]+ 5 yn-1-2y[n-2]=x[n]+ 2x(n-1] + x[n-2]

Yong-Hwan Lee
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School of Electrical Engineering

— Causal system
h [n] is a right-sided sequence
= The region of convergence of H _(z) should be outside the outermost pole
— Stable system: absolutely summable
_Z h[n] << Z‘h[n]z*”
= The ROC of H(z) includes the unit circle

— Example 5
y[n]=Zy[n=1]+y[n-2]=x(n]

1 1 O

= H(z)= = 1 2
S 2 1 _ 2
1—52 +Z (1—22 lj(l—Zz 1)

<o for [z]=1

To be causal, ROC = |z| > 2

1
To be stable, ROC = §< z|< 2

— In order for an LTI system to be both stable and causal, the ROC must be outside the
outermost pole and include the unit circle, i.e., all poles inside the unit circle

— Depending upon the choice of ROC, the same difference equation results in a different

impulse response

Yong-Hwan Lee
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School of Electrical Engineering

— Inverse system
1

H (2)
G(z) £ H(2)H;(z)=1 = g[n]=h(n)*h[n]=5[n]
= To hold this equation, the ROC of Hi(z) and H(z) must overlap

= Let H(z) be H,(z)=

= |f H(2) is causal, the ROC is |Z| > mkax|dk|

= The ROC of H,(z) should overlap with ‘Z‘ > mﬁax‘d'“

Example 1:
-1
H(z):l_g'gz_l with ROC:  [2]>0.9
1-0.9z7" .
= H‘(Z)zl—o = ROC: |z|>0.5 (to be overlapped with |z|>0.9)
= h[n]=0.5"u[n]-0.9-0.5""u[n-1]
Example 2: 1,
(2)=2"92 withROC: [2]>0.9
1-0.9z
—2+1.8277"
H. __eT40es
= H(2) 1-2z7"

ForanROC |z|<2; hy[n]=2-2"u[-n—-1]-(1-8)-2""'u[-n]= stable & noncausal
ForanROC |z|>2; h,[n]=-2-2"u[n]+1-8-2""u[n—1]= unstable & causal

Digital Signal Processing Yong-Hwan Lee
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= If H(z) is causal with zeros at C¢, H;(2) will be causal iff the Roc of H. (2)is
2| > m9x|ck|

= If H,(2)is stable, the RoC of H, (z) must include the unit circle, m§X|Ck| <1

= H(z) and its inverse are stable and causal iff both poles and zeros of H(z) are
inside the limit circle. = minimum-phase system

— Impulse response of for rational system functions

H(z)= ZBz +Z > N

ke 1— d
l—> FIR term l—> IR term

= If causal,
h[n]:’\ngfé[n—thiAkdlfu[n], M >N L e
M-N N
= y[n]= Z Bx[n—¢]+ > Adu[n]*x[n] ?/\
(=0 k=1 X . -
= Example: A first-order IIR filter
y[n]-ay[n-1]=x[n] = H(z)= _iz_l; ROC: [2]>]a]

For stability, |a|<1 = h[n]=a"u[n]

Yong-Hwan Lee
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= FIR system

M
H(z)=) bz™
k=0
M b,, 0<n<M
:h[n]—Zbké[n—k]_{o’ otherwise

k=0

=y[n]= :A;bkx[n—k]

Example

a", 0<n<M
h[n]= . _
0 , otherwise M=7

- 1— aM +1Z—(|v| +1)

= H(z)zia”z‘n

n=0 1_a271
27k
Zeros: z,=ae M1 k=0,12,...M

M

= y[n]=> a*x[n-k]

k=0

or y[n]-ay[n-1]=x[n]-a""x[n-M —1]

Yong-Hwan Lee
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k=0 k=1
M
[Ip-ce™ M ie\(1 e
:>‘H(e"“’ :% kN:l‘ K ‘ ‘H(eiw)zz(ﬁf lkNl(l ce ) (1-cre)
° lk:ﬂl—de"“" % H(l—dke-i”)(1—d;eiw)

— Gain (or attenuation)

Gain = 20log,, H (e')

% + 20& log,, ‘1— cke""‘" —~ 20%‘ log,, ‘1— dke_jw‘(dB)
k=1 k=1

0

=20log,,

— Phase response

Arg(H (ej“’)) = Arg [%) + iArg (l—cke‘j”) —~ iArg (1— dke‘j”); —r<Arg(x)<z
0 k=1 k=1

— Group delay

1£Arg (1-ce )+ klegArg (1-de)

grd(H(e"“’)):—M d d

Yong-Hwan Lee
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® Frequency response of a single pole or zero

Single zero

H(z)=1-az" = H(ej”):(l—ae‘j“’); a=re’

[ (2 forete (1o ) re )
=1+r°-2rcos(w—6)
- L rsin(@-w

:>Arg(H(eJ )):tan 11—rco(S(¢9—20)

r’ —rcos(6 - o)

A =
/'\?3 1+r®-2rcos(0-w) T 0=05r
N ———0=z
Z-a
H(z)=-"2%
H()=E g
el —rel| |y .
\ :‘ (e ) e 4 &
Arg(H(e”))=¢— ¢ =¢ -0

®

Y

0 °~,
\I
-2
—4H

-10

w 3 27

Radian frequency (w) 2

(©)

Yong-Hwan Lee
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10

— Example: Real single zero
H(z)=1-az" 3 0
= H(e")=(1-ae); a=re” '

If =z, a=-r

. ) 2
:>‘H (e") :‘1+ re““"
=1+r>-2rcosw
, L, rsinw
=N Arg(H (e“")):tan ! 2 | . |
1+rcosw 25 r pa e 2
d Radianﬁe(::ency[w)
:grd(H(e‘”)):—[Arg(H(e“”)ﬂ .
dw 0 :——-—-w:m-n..\‘i.?,ﬁ"“‘”'_
r’+rcosw s | e
e 5 §' 4~ —e—er =05
1+r°+2rcosm S Il les i
—8 r=1 "
-10 p. po g 2
2 2

Radian frequency (w})
(<)

Yong-Hwan Lee
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— Second-order IIR system
1 1
H = . . =
(2) (1-re¥z*)(1-re’z") 1-2rcosfz+r’z?

< y[n]-2rcos@y[n—1]+r’y[n—2]=x[n]
r"sin(n+1)0
B sind u[n] A

= h[n]

H (e V3] 1

R

Arg(H(er))_ t -1 I‘Sln(ﬁ—a)) _ 1 I’Sln(49+a))
1-rcos(6-w) 1-rcos(0+w

2

|
k.8
2

Radian frequency (@)
(a)

I

|
o il - 3m 2w
2 Radian frequency ()
(b)
10
r=09,x/4
1
™ L 3mr 2
Radian frequency {w)
@ 1

T 1-09V22 1408122
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— Third-order IIR system

H(2)= 0.05634(1+2*)(1-1.01662 " +2°*) -
(1-0.6832")(1-1.44612 " +0.79572°) °7*

=z7,=-1, gt 110376 (59.45°) . | | I

= 7, =0.683, 0.892¢"1°°%" (35.85") L R A

| 1
k. 3w 2

Radian frequency (w)

XQ
1
c-b-
[STEN
\

- 3 2m

Iy

Radian frequency (w)

Yong-Hwan Lee
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® Relationship between magnitude and phase
No
— In general, magnitude information (_——>
No

In cases of rational system functions, there is some constraint between magnitude and

hase ) _ _
i () =H(em)He ()= (2w 2]

phase information

==
—
[HEN
I
(]
=
N
iR
~—~—

o

0

H(z)=£“ —; H*ilj_()ll;(lck*z)

I =z
—
[N
|
(@R
=
N
LN
N—

=~

1

The square of the magnitude frequency response is the evaluation of z-transform on

the unit circle « (1
c () & H(n (=]

Z

— Question: Can we know of H(z) from C(z) ?

H(z): pole d,; zero c,

_ _1 ) conjugate reciprocal pairs
H(ij pole (d:)l;zero (c;‘)l 19 procatp
Z

Yong-Hwan Lee
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— If H(z) is assumed to be causal & stable, all its poles are in the unit circle

= Poles of H(z) can be identified uniquely

Example System with the same C(z)

e
= INCARN
cmiom( as
./

Yong-Hwan Lee
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® All pass system

— A stable system function of the form
-1 *

Z —a
Hap(z): 1—azt

has a frequency-response magnitude independent of @.

. i _ gt 1_g'el® » .
H, (€ ):i—ae‘?“’ =1_:;jwe’ = [H,, (e)|=1
Arg(Hap(ej‘”)):—a)—Ztan11_rii:0(5a()a:?)9)

— In general, the transfer function of an all-pass system is given by

M, -1 d ( —ek*)(z_l—ek).
Ak1 dkzllk_[(l o) (imer’) A>0, |d <1, [g]<1

— All-pass system can be used for compensating group delay distortion.

— Causal all-pass system has positive group delay (but not continuous phase) property

Yong-Hwan Lee
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— Example 2

H(5) 2 2 F0.9 T
(Z)_ — 1 g o

170.9z
-1
-2 1 [l 1
(] aw W 3w 2w
2 Radian frequency (w)

4

Z, =0.9

p
—4 1 1 1
L] - - 3 2ar
2 . 2
Radian frequency (w)
20
i
il
15 il
1!
5 il
E 10 h
a it
1!
'R
5 [
o\
7 \
- ALY
0 L — L e 1
o ar " 3w 2w
2 2

Radian frequency (o)
Yong-Hwan Lee



Seoul National University

School of Electrical Engineering

— Example
A
0.8
d
O € '3
_4 -75 05
3

-

-2

=2

-4

12

L-]

Samples
&

w

1 1
T T 3r 2m
2 . 2
Radian frequency (w)
| 1 1
0 w mw im 2
2 . 2
Radian frequency {(w)
1 1 1
o - L 3 20
2 2

Radian frequency {w)
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®  Minimum-phase system

— It has its poles and zeros all inside the unit circle.
— Any minimum-phase systemH (z) is causal and stable.

— H™(z) is a causal, stable, and min-phase system
— Cascade of both systems will not introduce any delay
H(z)H"(z)=1-¢"
— Energy concentration
= For an arbitrary stable and causal system F (ej“’), let G(ej“’) be the min-phase

function s.t., ‘G(ej“’) :‘F(e"“’), Y .

= Then, for any sequence x[n] and K,
Z( [n]g[n]), >Z( J« f[n]),

= The signal energy is transported with the smallest possible delay using a

minimum-phase system

Example If x[n]=45[n], Zg [k]= Zf [k]

Yong-Hwan Lee
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The min-phase function has its energy maximally concentrated near the time origin.
proof

Let H(ejw) é F(ela’)

, Yo be stable, causal and all pass

H(e”) /=1
gl ,-ﬂ, AR LU
min-phase all-pass

phase shifter

Y(ej“’)2

eJ‘” e‘“’)

The energy of Y[n]

@p

EygE{yZ[nl}%OJ

EZé :_J. wo

Assume y[n ] vanlshesfor n<0 and n<K, ie, E

2

do, w,=

da)E

=0
But z[n] IS not necessarily zero for n> K '
K
E,=E, 2 z° [n] o
n=0
— H(z) cannotbe uniquely determined from G(z) , because cascading all-pass filters

does not affect the magnitude of the frequency response.
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— Any rational rational transfer function can be expressed as
H(z)=Hu (2)H, (2)
= Assumethat H(z) has all zeros and poles inside the unit circle except one

* I

H(z)=H,(z)(z"-¢")

zero outside the unit circle at 7 = i ‘c‘ <1
C

-1 *
Z —C

=H,(2)-A-cz") —
1(”) ( e
minimum phase —

all pass

where H,(z) is minimum phase

* H,;,(z)has poles and zeros of H(z) inside the unit circle plus zeros that are

conjugate reciprocals of the zeros of H (Z) outside the unit circle

H,, (z) contains all the zeros of H(z) outside the unit circle

= Example
1
1 1+ =zt z7'+=
H(z2)= 122 =3.-3 3
1+ =z7"1 1+ =zt 1+ =z
I___2__l 1

Yong-Hwan Lee
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The amplitude characteristics of a minimum-phase filter is fully determined by the

phase characteristics and vice versa = We can compute G(e')from ‘G(e"“’)

Since G(z) has its poles and zeros inside the unit circle, InG(ej“’) is analytic for |z| >1

= InG(ej‘”) has a causal and well behaved inverse Fourier transform, i.e.,
InG(eja)):ig[n]e—jwn _x (ejw)+ j¢G(ejw)
n=0

where X (ej”): In‘G(ej“’)

_ ig [n]cosna; ¢, (™) :—ig [n]sinne

We can see that X (e"’) and ¢:(e") form a Hilbert transform pair.

Since X (ej“’) is the logarithm of a real-valued symmetric function of frequency, it
is real and symmetric = x[n]=x[-n], Vn

:X(ej”):x[0]+2§x[n]cosna}
= g[0]=x[0] and g[n]=2x[n], n>1

Thus we can compute 4.(e*) o

Yong-Hwan Lee
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— Frequency-response compensation

 if Hy(2) isa min-phase system, perfect compensation is generally possible

] s[n

—| K@) | K@ —

Ha(2)=Huia (2)H (2)

Let H (z)=

= The frequency response magnitude is exactly compensated with some delay

Example
H(z)=(1-0.9e"%"2*)(1-0.9e %"z *)(1-1.25"**" 2 *)(1-1.25¢ 1**"z )

(1 1.25e1%877 -1)(1 1.25¢ 10877 -1)

= Hy(2)= (1-0.80°%2")(1-0.8¢ 1%z ")

H.in(2) = 1252(1 0.9e1%677- )(1 0.9g 10675 )
(1 0.8e%%7z" )(1 0.8e- 1087, 1)
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H(2)

| ]

- 37

wily |-

Radian frequency (@)

[¥]

Radi;
o

-2

-4

15.0

15

wia -
5
wfg -

Radian frequency (w)

i

1

m
Radian frequency (w)

e
ng -

Hmin(z)

g

L

Radian frequency (w)

2

-4

=

SEN S

m

Radian frequency ()

w|F
ta
EY

15.0

15

Samples
=
T

-15.0
0

SIEN =

m

Radian frequency (w)

3 27

15

Hap(z)

m

Radian frequency (w)

wlg -

2

le’_

SIEN

‘Radian frequency o)

2

M|§’ -

™

g -

Radian frequency (w)
()

2n

|y
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= |n general, min-energy delay property ‘h [O]‘ < ‘hmin [O]‘
H (2)= H o (2); 5
1

1!
: . 1-az
limH_, (z)=1lim=— H(z)

-1
la|<1
— az

Z—> z>o 7 - — Q4
= h,, [o]:_ih[o] — h[0o]=-ah,, [0]  |a|<1

= [n[0] < h, [0]

— Maximum phase system is a stable system whose poles and zeros are all outside the

unit circle M

[1(z-cy)
H (Z)= o
[ (z-d\)

K1

cy|>1,]d[>1

stable = Roc: |z|< smallest d,
= all poles contribute to h [ n | with terms of the form — (d, )n u[-n-1]

= anti causal!
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= Note that FIR max-phase sequence can be made causal by introducing a finite

delay 1

H s (2) = oo [OTT (- [T -

1-c.z
= Hmin(Z)Hap(Z)

— Property of min-phase systems

= minimum phase-lag

arg [H (ej"’)] _ arg|:Hmin (eiw)] +arg[Hap (eiw)]

negative for 0 <@ <7

= minimum group-delay

= minimum energy delay property

n[0] < |, [0]

Yong-Hwan Lee
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Structure for discrete-time systems

® Characterization of an LTI system can be represented by difference equation, impulse

response or system function

b, +bz™
S l-az?
= Impulseresponse: h[n]=ba"u[n]+ba" u[n-1]

Example: H(z) . |z|>]4]

= Infinite duration impulse response
= Not possible toimplement the system by discrete time convolution
= The output can be calculated by a recursive computation algorithm
y[n]=ay[n-1]+bx[n]+bx[n-1]
® For description of systems for implementation, use the block diagram and/or signal flow

graph method

420.461: Digital Signal Processing copyright@Yong-Hwan Lee
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x[n] y[n]=ax[n]
(] y[n]=x[n-1]
—» z' —>

Example Y[n]=ay[n-1]+a,y[n-2]+bx|n]

\

x[n] b o yn]

A
AS

y[n-1]

-1

A D

420.461: Digital Signal Processing copyright@Yong-Hwan Lee
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= y[l=2ayln-k]+ 2bx(n—k]

Hl(z) Hz(z)
x[n] bo
> @@ o
v A A
\ 4
zt 77
bl a'l
x[n-1] > =<> ()4 < ] y[n-1]
A 4 A A
7t z*
b, a
Ay 2
[ ]v 1\9 \Aj v
A A
Put e
x[n -M +1] Y \A\J ly[n_ N +1]
\ 4
2t 771
_ b a

420.461: Digital Signal Processing
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— By interchanging the cascaded blocks,

x[n] ~N _ a)[n] b

Y

AL
V
QD
'S
L
S
||
>
|
[
.
| |
'»—\U
Ao
»i
)
\ &

z z =il
a z
ol-2] | = 2 .
‘.V v b,
A
1 ay_; bN—l
(Ne <« A
L/~ . . QU ay_;
2! 2t b D ) 4 b'Nf1
ay o|n-N N 2t
Joln-N] L0 .

oy

< direct form Il or canonic direct form >

420.461: Digital Signal Processing copyright@Yong-Hwan Lee



Seoul National University 4. Structure for discrete-time systems

School of Electrical Engineering

® Signal flow graph representation

nodej branch[j.k]

w;[n]

j o [n]

node k

Example

x[n] 'a)l[n] \E/a’z[n]' y[n]

.[n]=x[n]+aw,[n]+ba,[n]

o

w,[n]=ca,[n]

y[n]=dx[n]+ew,[n]

420.461: Digital Signal Processing copyright@Yong-Hwan Lee
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Example
An] >’ > oln] >—>’—>bo y[n]
v
w[n-1]
< >
a b,

[n]=x[n]+ao[n-1]

[] wo[n]+bw[n-1]

( )+aW (z)z" = X (2)
W (z)+bW (z)z7 =Y (2)

Y(z) _ X(2)

( )

b+blz Cltazt
L H(2) Y(z) b,+bz™
X(z) lvaz?

420.461: Digital Signal Processing

(1+az)w(z)

(b0 + blz‘l)W (2)
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® Basic structures for IR systems

— Direct form |
1+22+ 27
H(z)= 1 2
1-0.75z2"+0.125z2
x[n] 1 y[n]
(o} > c: > O © > O o]
2ty vz
2 0.75
o—p—0 o—-€—0
77! z*!
Y A 4
1
o——— o——
0125
— Direct form Il
o [ ]) »0 > O > o > 0
X|[n n
yz! A y[ ]
2
¢ < > )
0.75 a
v Z
< ' g
-0125
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— Cascade form

(2] A k_ll (1- gkz‘l)]j(l— hz*)(1-hz™)
k_ll (1—ckz‘1)]j(1— d.z*)(1-d;z?)

< R \{m+hﬁ
T (ded) Al S

(1+z7)(1+27)
1-0.5z7)(1-0.252")

Example H(z):(

X[n] Ul

> > "
< O >

025 05

Y
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— Parallel form

v B(l-ez7)
H(2)=302 B0 20,47
N:N1+2N2 L, & e0k+e1k271
M>N, N, =M-N S1-az'-a,z’

420.461: Digital Signal Processing copyright@Yong-Hwan Lee
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E | 14277 +77
TP H(2)= 1-0.752"+0.125z""

—7+8z"
+
1-0.752"+0.125z2"
18 25

+ J—
1-05z" 1-0.25z"

420.461: Digital Signal Processing copyright@Yong-Hwan Lee
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® Transposed forms

— Signal flow graph methods provide procedures for transforming graphs into different forms

— Transposition of a flow graph (flow graph reversal) is obtained by reversing the directions

of all branches, while keeping the branch transnittances and reversing the roles of the

input and output

Example H(z):l_laz_1 0] .
> »—o
771
a
Transposed form i[s
y[n] x[n]
771
a
o] N oo
Z—l
a

420.461: Digital Signal Processing
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Example Transposed form of a second-order structure

x{n] [n] b y[n]
o—>—o—>—o > > o
A %Zl
L& R o[n]=ao[n-1]+am[n-2]+x[n]
71 y[n]=be[n]+bo[n-1]+bw[n-2]
a2 b2
«—o—>
y[n] X[n]
1% < © < O < % < O
bO
Y Az—l Y
q > O < )
a, b,
Az—l
—o0—<
a, b,
&b
X[n] by  Vo[n] y[n]
[, > \ > \ > o—> O
\ 4 A \ 4
b, Z° q
q > O < )
b, 177 a,
. —
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® Basic network structure for FIR systems
— Direct form

Causal FIR systems y[n]=2bx[n—k]=h[n]=

k=0

b, 0<n<M
0, otherwise

. Transversal filter or
x[n] 7 Z

1 1

> o » : “ tappeddelay line
h[o] M yh2] }h[M]
o> —> >

S——>——oy[n]

In the transposed form,

y[n] 7L 7L
h[0] h[1] h[2] x[n]
: 4 ]

ul {h[M] h[M 1] Ah[M-2] h[0]

1%
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— Cascade form

k=0 k=1
x[n] by, by, By, y[n]
o p—0 »>—O0—p—O0—>—0 > o —P—0 > o
Ity A 'y A 7ty A
o—>—0 o—p—0 o—p—0
B, b, b,
71y zy zy
| S o—— o—>—
b, b,, by,
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— Structure for linear phase FIR systems
= Causal linear phase FIR systems

h[M -n]=h[n] or h[M —n]=-h[n] for 0<n<M

= y[n]= 2 n[k]x[n K]

hfz:h[k]x[n_khh{%Hn—%}+ > h[k]x[n-k]

k=M /2+1

M

=

:%lh[k]x[n—k]+h{%}x{n—%}+ 2Zh[M —k]x[n-M +k]

k=0

k=0

When h[M —n]=h[n] (type -1system),

yn]
420.461: Digital Signal Processing copyright@Yong-Hwan Lee
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= Symmetry condition

= zeros of H(z) occur mirror image pairs

HN*l | ol

N
N
NN|,_\<>

1
Z1

If h[n] isreal, zeros of H(z)occurin complex conjugate pairs.

H(z)=h[0](1+z*)(1+az* +z*)(1+bz ™ + 2%)(1+cz  +dz* +cz® + 2°*)

2

z+1
by

1

where a:zz+i, b=2Re{z,}, c=—2Re{zl+l}, d=2+
ZZ Zl
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Filter Design Techniques

® Design procedure
— Specify the desired frequency Response

— Approximate the specifications

— Realize the filter H(ej“’):Heﬁ(gj, ‘a)‘<7z'

1H g ()
1+ 31
1-8;
I
| |
| |
Passband : Transition : Stopband
|
I
1 |
Q, T 0
T
|
|
|
: Stopband
|
|
|
I\“h-.____.a""""'-.__ -1
g T @
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® Design of discrete-time IIR filters from continuous-time filters

— Filter design by impulse invariance
h[n]=T,h,(nT,)

x.(7) x{n] y[n] ¥a(7)
hn] » D/C[—>
o
H(ej“’):iHc(T2+§_—ﬂk} T2©2ﬂf(=9)

= The discrete-time filter specifications are transformed to continuous-time filter

specifications by H(e"“’):HCLTﬁ}, w| <z, if H(f)=0, \f\zi

2T

d d

= Design a suitable continuous-time filter H _(s)

» Transform to the desired discrete-time filter H (z)

420.461: Digital Signal Processing copyright@Yong-Hwan Lee
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N
o t>0
" For H (s)=Y A , h(t)= ;Ae
1S3, 0 t>0

N
k=

By sampling h,(t),
h[n]=T,h.[nT,]=>T,Ae*u[n] = Y T,A (¢ ) u[n]

= Apoleat s=s, inthe s-plane is transformed to a pole at z =e*"in the z-plane.

= 1t H.(S) is stable, the real part of s <0

e Sde

= <1

= pole is inside the unit circle

— H(2)is also stable

Although the poles in the s-plane are mapped in the z-plane in a simple manner,

the zeros are not.
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— Butterworth (BW) filter

= The magnitude response of a BW filter is

2 1
‘Hc(f)‘ :ﬁ
1+(]

fC

where § isthe 3dB frequency

<H(s)H(-s)=

| H.(jQ)]

$m s-plane
f/
QA
X X N
/ SN
y e
\ / e
i (2k+N-1) \ /
= polesare {s =Qe " 'k=0,1,2,---,2N -1 \. /
\ ;
Ko | X
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Example Design a continuous-time Butterworth (BW) filter s.t.
0.89125<|H (f) <1 0<f<0.1

1-5,

1

H,(f)|<017783  0.15<f< :

Let T,=1 sothat #=Q >

= The magnitude response of a BW filter is

1 1

@y

@

H.(f) =——— <H(s)H(-s)= _ 5, =0.10875
1+ (fj 1+ (Sj 5, =0.17783
" 2rt, o, =027
where f_isthe 3dB frequency 0, =037
By solving
2N 2
(o1 (1 e .
1t ) "losorzs = N=58858=N=6 X X,
= { 0.7032
015" ( . jz f =0.11216 ¢ ‘
1+ —| = ,| ;
f 0.17783 8 i
. /x'l
—-0.182+ j0.679 e S
jﬁ(2k+N—1) ] 0.1
s, =2rxfe = polesare | —0.497 + j0.497 :

~0.679+ j0.182

c

= f =0.111918

420.461: Digital Signal Processing
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20

0

=20

H, ()= 0.12093
*7 (s?+0.3645+0.4945)(s* +0.99455 + 0.4945) - (s* +1.35855 + 0.4945)
_ A N A,
(s+0.182+j0.679) (s+0.182— j0.679)
N A, N A,
(s+0.497+ j0.497) (s+0.497 - j0.497)
A N A

+ X X
(s+0.679+ j0.182) (s+0.679— j0.182)

=H(z)= A + A

(1_ e—0.182e—j0.6792—1) (1_ e0.182e+j0.6792—1) +

z, =@ %1% = 0.8336(0.7782 - j0.6280)

1

= 0.6487 - j0.5235 = |z, = 0.69489

(Z): 0.2871-0.4466z
1-1.2974z" +0.6949z°°

N —2.1428+1.1455z™"
1-1.0691z7" +0.3699z"°

N 1.8557 - 0.63032z*
1-0.9972z" +0.2570z°°

= This method is useful only for band-limited filters

420.461: Digital Signal Processing
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Radian frequency (@)

L
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— Bilinear transformation

-1
* To avoid aliasing, we employ the bilinear transform s :3(1_ Z j

/\ Td 1+Zil

f—% 2721: e - Y
< } > w
0 — -7 T
-1
H(z)=H,| | 5
T,\1+z
2 1_2—1 1+ES
S=— — |=>Z= - &=s=0+ j2rf
T, \1+z7 T
d 1—?‘15

1+G;-d+ £,

1—"2Td—j7szd

=|z|<1, if o<0
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= The j2rf axis of the s-plane maps onto the unit circle of the z-plane

For s=j2rf,
1"‘ 1+ = fTy = |z|=1 :>ejw21+ j-ﬂ'de
— 7 1T, — jr fT,
or _p o
=3 e (=o+j2rf) Im A
T\ 1+e7
2e“'“’/2jsin(a)j K\)
_2 2 \j -
Ta pg-iz/e cos(a)j
2
_jl@n?
- d 2 AD
T
=o=0 and sztang [0[’ Q Titan%} """""""""""""""
VA d q \
or a)=2tan‘1(TdZQj \ > or 2f )
........... T ...
= 2tan‘1(Q;-d
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c
A
1"
C <« (
= A
a— )
C!)p @ V4 )]
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Example Bilinear transformation of a BW filter
0.89125<|H (e*)[<1, 0<w<027
H(e”)<017783,  03r<w<x
0<w<02r= 0<Q sitan% ~0.6498; T, =1

d

0Lr<w= Titan% <0 =1.01905<0

c

2N 2
‘HC(Q)‘Z:;M:>1+(O'(;498J :(0891125j =1.2589
1+(Qj '

2N 2
1+(1'01905] :( L j =31.6220

Q, 0.17783
2 2
{Ko 171783j _1} / Kl 891125j _1}}
— N = ' ' - 20729 5.30267
1.01905 0.3909
2log
0.6498

=>N=6=Q_ =0.76622
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0.76622-¢ 2,=0.7401 + j0.1983 -
+i3 \\‘\‘ 6 '_1"7’ s-plane
— Polesare |0.76622-e 2" =0.5418 + j0.5418 Vo
ijiﬂ' /’;<—F-_ - >é\
0.76622-¢ 2 =0.1983 + j0.7401 <7V %
/ \ /
VS o
f</ TN
. i 1
0.20238 '. | Ghe
=H.(s)=7 : X x
(s®+0.39965 +0.5871)(s* +1.08365 + 0.5871) \ )
><\ X
x 1 Sx—poxT
(s* +1.48025+0.5871)
6
0.0007378(1+ 2
=H(z)= ( )

(1-1.26862 " +0.7051z % )(1-1.01067 * +0.35832 )

1
X
(1—0.9044z—l + 0.21552‘2)
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20

0

=20

=40

dB

-60

-80

~100 1 | |

0 0.27 0.4 0.6
Radian frequency (w)

0.87

1.0

0.8

0.6

Amplitude

0.4

0.2

I
0 027 0.4 0.6
Radian frequency (&)

12

0.87
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= The magnitude of N-th order Butterworth filter can be represented by

. 2
‘H(e’“’) = L 5 tan%:_QCZTDcQ:TEtang
tan 2 ‘
1+ 2
tan 2=
2

= Note that this BW filter is maximally flat, ‘H(ej“’c)
of 2m.

:%, and periodic with a period

= Maximally flat < The first (2N-1) derivatives of are zero at @ =0

= |tis not easy to directly find the poles and zeros in the z-plane from ‘H (e"‘")2

since the magnitude-squared function should be factorized into H (z)H (z—l) to

determine H(z).
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® Design of type-I Chebyshev filters

1 1
2
‘H (Q)‘ - 5 1-¢
1+ Ve ——
QC
—
— V,(x) is the N-th order Chebyshev polynomial defined by Q, Q

V, (x)=cos(Ncos™x)

= cos(cos‘1 X) =X

V, (x
V,(x)=cos(2cos *x)=2x* -1

V3(x)=2x(x2 —1)— X = 4x* — 3X

Vi (X) = 2xVy (X) =V, 4 (X)
= 0<x<1=0<V(x) <1

x>1=>cos™x isimaginary = V, (x) ~ hyperbolic cosine

= V,(x) increases monotonically
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— Property of V,(x)

= {V,(x)} formsan orthogonal setover —1<x<1

. 0, M =N
1

—V (X)) V,, (X)dx=<7/2, M=N=0
Lvl‘xz 0 7. M=N=0

Foreach N, V,(1)=

Foreven N, V,

Vy () =V, (—x)
* ForoddN, V. (-1)=-1 V,(0)=0
Vy (X) ==V (—x)

The zeros of {V,(X)
Vi (%)

The range of {V, (x
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Q 1 1
= For 0< =<1, 1<[H(Q)] < 1-¢
Q. 1+¢
£>1, IH(Q)| decreases monotonically
Q, —
. . . 1 Q, Q,
= Ripple factor: ¢?> = ripple amplitude 5=1- _
1+
= Since Vi (1) =1 ‘
i - 1
H(ela)pT) _ — H e]a)T —
‘ 1+ ¢ ‘ ( )‘ 1+ &%V, [ktan(a)T/Z)]

= Rule: choose ¢, N and Q,
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— Consider the first zeros of 1+ &V, (X)=0

* Letting  cosr=cos(u+ jv)=X=>CcoS " X=r
V,, (%) =cos(N cos ™ x)=cosNr
= c0S Nu cosh Nv — jsin Nusinh Nv
=tjle
— cosNucoshNv=0 & sinNusinh Nv=i%
:u:(ZM +l)7z'/2N,M =0,12,---,2N -1

v=isinh‘11
N & \

\\/” -
= The poles of the Chebyshev filter lie on an ellipse in the s-plane
2 2
Q :
O+ _1 s=o+jQ /
sinh“v  cosh“v /

o, =(sinhv)cosd = aQ, cosd |

Q, =(coshv)sing =hQy sind \\
T 1( L 2 —
a=_|a®-a ), b="jat+a ™, a=¢ +Jl+e”
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» Design of Type Il Chebyshev Filters

1

lelal]

— The error is distributed over the entire frequency band = Equal ripple in all band

1

» Elliptic filter

‘HC (Q)‘Z B Q = min order of the filter
1+ 82U§| [Qj

U, (Q) : Chebyshev rational function
of degree N

Q
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® Example
— Filter specifications

= Passband

O.99£‘H (e™)

<1.01; ‘a)‘ <04r

= Stopband

H(e")

<0.00;;, 0.6r<|w|<z

" This implies that 6, =0.01, 6,=0.001, @,=0.47 and o, =0.67
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Butterworth filter with N=14
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— Poles and zeros of the designed filters

Im z-plane

Fm z-plane
- Unit .
y Unit circle X
circle
% / © X
l4th-order i
zero % X
N x ( |
X Qe Jf
. ‘.( ;l QRe
» X
Ed
y X
® X
$m Z-plane Fm z-plane
—Tx .
- Unit Eighth-order Unit
X circle 7610 « circle
Pl
|‘" X "‘. |
i P ')
H X | Re 1 Re
X
X
X
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® Design of FIR filters by windowing

— FIR filter design directly approximates the desired frequency response of the discrete-

time system
— When the desired frequency response is

H,(e")= Zh [n]e’™;  h,[n]= j H,(e”)dw

consider the design of a causal FIR filter that approxmates the ideal response
— The truncation of the desired impulse response results in the Gibbs phenomenon

— Rectangular Windowing

h[n]:{h"[n]’ O=n=M )=, [n]e, [n]

0 , otherwise

where @, [n]is the windowing function given by

[n] 1, 0<n<M
a) =
' 0, otherwise

= H(e")= [ H,(")a (e4")do

Note that H (e') is a smeared version of H,(e")
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— Effect of windowing

H, (i) 4 .
a(e") W,(e“”)
0 o @
4
AoAYAAN
/
J
T
0
4 Jo,(e¥)
W. (ej“’) — ie‘j“’” eak side lobe
n=
1_ e—ja)(M+1)
= —jo A 'K 2 .
1-e o2 design paramters
o(M +1) AW, = 27
SI oM M+1
= e_JT
sin—
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® Common windowing functions

— Bartlett (triangular) [ o M
—, 0<n<—
M 2
w, [n]= Z—EL M cnem
M 2
0, otherwise
— Hanning
27N
0.5/1-cos—— |,0<n<M
W, [n]= M
0 , otherwise
— Hamming
27N
0.54-0.46co0s——,0<n<M
Wham [n] = M
0 , otherwise
— Blackman
0.42 - 0.5C05(27mj + 0.08cos4in
w, [n]= M M

0
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Trade off between the main lobe width and the peak of the side lobe

Peak side lobe Main-lobe Peak approx.
width error
Rectangular -13 Az (M +1) -21
Bartlett -25 8z /M -25
Hanning -31 87 /M —44
Hamming -41 87 IM —-53
Blackman —-57 1271 M —74
0
~ 0F
3
LY
5 401
8 _60
<
“ 8o
100 l | | |
0 027 047 0.6 087 T
Radian frequency ()

Rectangular window
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— Kaiser window

Io ﬂ 1_|:n—0!:|
a
w[n]=1 0<n<M, a=M
IO(,B) 2
0 ,otherwise

where L(") is the zeroth-order modified Bessel function of the first kind defined by
1 = o 2 V4
I,(x)=— e‘xs'”“’dez‘/—cos x—= | (for large x
0( ) 27['[_” X ( 4) ( g )
= As =0 — rectangular window case

= |f the window is tapered more (i.e., £ is increased), the main lobe width becomes

wider and the peak of the side lobe becomes lower

12 0
/')"‘ﬁ'-.
09 Vs // \\\. -25
< NN
g 7 o \
T /' // v\ —_— =0
2 06 g VN 250 —-—p=3
=} ‘/ // \\ \ e B -6
< b // \\ '\
03 / \ : 75
// // \ \ 75 '!
// Yy "
=7 ‘ J ; = 100 !
0 5 10 15 2 TR 027 047 0.67 087 =
Samples

Radian frequency (w)
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= |ncreasing M while holding /S constant
results in the main lobe width decreased
but does not affect the peak of the side

lobe.

dB
b

= Given ¢ is fixed, , Is defined to be
the highest frequency such that

H(e”)>1-05
027 047 0.6m 0.87 T

and o, to be the lowest frequency such that Radian frequency ()
‘H (e”)<o

= Then S can be empirically determined by

-100
0

0.1102(A-8.7), A>50
[ =10.5842( A-21)"" +0.07886( A-21) 21<A<50
0 , A<?21

_ A-8 |
2.285Am"
where Ao =0, -0, A=-20logs
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— Comparison of commonly used windows

Peak Transition

Peak Approximation  Equivalent Width

Side-Lobe  Approximate Error, Kaiser of Equivalent

Type of Amplitude Width of 20logyy 6 Window, Kaiser
Window (Relative) Main Lobe (dB) B Window
Rectangular —13 Ar/(M+1) —21 0 1.81n/M
Bartlett —25 8m/M —25 1.33 237w /M
Hanning —31 87/ M —44 3.86 50ln/M
Hamming —41 8m/M —53 4.86 6.27t/M
Blackman —57 12z/M —74 7.04 9197 /M

420.461: Digital Signal Processing
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Design example

+
w,=04r, o,=06r= 0, = i 5 @ 057

Av=0w,-wv, =027
5,=0.0L &, =0.001= & =0.001
= A=-20logo =60dB
— $=0.1102( A—8.7) =5.65326
A-8 608
T 2285Am 2.285x0.27

=36.219= M =37; Type-Il FIR

= h[n]:h:,[n]-a)[n]

1

l, 5.65326(1—(”1812'5j J
—.sin0.57(n-18.5) ' 0<n<M

7(n—-18.5) l,(5.65326)
0, otherwise
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® Linear system with generalized linear phase
— For casual system, zero phase is not achievable
= Phase distortion exists
= Linear phase results in a simple time shift
— System with linear phase

= |deal delay
Hid(ej‘”):e‘j“’“, ‘a)‘<7z
= ‘Hid(ej”) =1

Arg[Hid (ej“’)]:—aa)

grd [Hid (ej‘“)] :—iaa) =a

ow

sinz(n-a)

r(n-a)

From the inverse Fourier transform, h,[n]= —0<N< oo

For an input x[n],

y[n]=x[n]*

sm;r(n @)

z(n-a)

-3 [k]sm;znn - k a;z)

420.461: Digital Signal Processing copyright@Yong-Hwan Lee




Seoul National University 5. Filter design techniques

School of Electrical Engineering
In particular, if @=ny, hy[n]=5[n-n,]
= y[n]=x[n]*hy[n]=x[n-ny]
= |deal LPF with linear phase

e, o] < o, _sina (n—-a)

=M=

ng(ej”’): 0, wc<‘a)‘ﬁ7z

= If a=n,, theimpulse response is symmetric about n=«, i.e.,
n,[2a=n]=h,[n]

420.461: Digital Signal Processing copyright@Yong-Hwan Lee
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_  Generalized linear phase
(6= Aot
- Ae)oos (- o)+ A )sin( )= () =1 H(e")]
H(e')= Zh[n]e Jo :_;_Q{Arg[H(ejw)]}

=

- Z h[n]cosewn— j i h[n]sine&n

sin(f-wa) > h[n]sinen

tan (/- war) = cos(f—wa) > h[n]cos@n

= > h[n]sin[ @(n-a)+B]=0, Vo

This is satisfied when g =0or 7, 2« isan integer, and h[2a —n]=h|[n]
Alternatively, if f=z/2 or 37/2, Y h[n]cos| @(n—a)]|=0

= 2a =M =an integer and h[2a —n]=-h[n]

= This is a necessary condition for h[n] to have a constant group delay

= There are other systems having linear phase characteristics without this

symmetry condition
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— Causal generalized linear phase systems
= If causal, ih[n]sin[a)(n —a)+f]=0, Vo
= Causal FIRn:ystems of length (M+1) have generalized linear phase, if
h[n]=h[2a—n] or h[n]=-h[2a —n]

I B h[M —n], 0<n<M
- 0 , otherwise

joM

then H(e")=A(e")e ?
where A (e’ )isareal, even periodic function of

= |f
—h{M — 0<n<M
A[n] - [ n], n -
0 . otherwise

_JjoM joM+x
then H(e*)=jA(e*)e ? =A(e”)e 2

where A, (e )is areal, odd periodic function of @

420.461: Digital Signal Processing copyright@Yong-Hwan Lee
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= Type | FIR linear phase systems
h[n]=h[M =n] 0<n<M

where M is an ever mteger
(e‘“’) Zh [n]e " = Zh[n e J“’“+h[ } i

-1

wM

M
M
2

n

S

M

| M M e jo(M-n
h[n]e ’“’”+h[7}e 2 4+ > h[M —n]e ™™
n=0

Il
MN

o

n=
M

[SRN

2 . (M- M —ja)M
:Zh[n](e"”’”+e‘“’( ”))+h[7}e 2
n=0
%*1 M M M % oM
:22h[n]cos{n—7}a)+h{7}e_m2=Za[k]cosa)k-e_12
n=0 k=0
where
a[O]:h{M}, a[k]:Zh[M—k}, (12, M
2 2 2
.oM
=H(e”)=Ae")e 2
where

420.461: Digital Signal Processing copyright@Yong-Hwan Lee
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Exam ple 5.00
SIS e
1, 0<n<4 .
h[n]= . E
0, otherwise B0
=
. bw 125 [~
j ~ jon -j2
:H(e’w):Ze o =—¢€ J2w 0 ' ‘ ‘
. 0 K T 37 2
n=0 SIn— 2 Radian frequency (w) 2
(a)
4
2
g 0
o
o
4 | | |
0 ko T 37 2
2 . 2
Radian frequency (w)
(b)
4
3
EE
1=
0 | l |
0 T T 3T 2
2
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= Type Il linear phase systems 60
h[n]=h[M —n], 0<n<M asf
£
where M is an odd integer T
M 1.5
:H(e‘”):Zh[n]e‘J“’” o) , |
=0 g L 3w 2
nM 11 2 Radian frequency (w) 2
& M+l 1| -t
=22h —k}cos{w(k——ﬂe 2 4
k=1 |
Unit Im z —plane
circle g 0
O
?ﬁ/} L
O o 0! O
S e L . = e
2 Radian frequency (w) 2
o
4
Example T
P 1, 0<n<5 .
h [n] = ] g2t
0, otherwise 3
1 —
sin3ew _-ico
= e 0 1 1 1
0 w T 3w 2m
2 Radian frequency (w) 2

—H (ej“’) o
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= Type Il FIR linear- phase systems
h[n]=-h[M —n], 0<n<M

where M is an even integer

M
.oN

_ 2 _jov
= H (e‘“’)= jZZh[%—k]sina)k-e "2
k=1
Example

h[n]=6[n]-6[n-2]

H(e)=1-e7 = j2sinew-e

420.461: Digital Signal Processing
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= Type IV FIR linear- phase systems s
h[n]=-h[M —n], 0<n<M 2l
where IS an odd integer gm—
M +1
& [M+1 . 1] - o8
= H(e‘”): JZZ h[ —k]sm{a)(k——ﬂ-e E . . .
k=1 2 oﬂ' - a 3w 2
?  Radian frequency (@)  °
Example 30
h[n]=6[n]-&[n-1] g -
. . . 3 o
= H(e!”)=1+(e")=1-e
(e)=1+(e")
N B =
= j2sin—-e 2 30! L L o o
- > Radien froquency (@)
2.0
1.5+
gl.ﬂ—
0.5
0 1 1 1
0 - L 3w 2w
2 Radian frequency (w) 2
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Location of zeros for FIR linear-phase systems
: o)
Unit Im z-plane

H(Z)=§:h[n]2_n circle
= |f {h[n]} are symmetric, " \
H(z):ih[m_n]z—n:kiMh[k]zk—M:z—MH(z—l) ) o

n=0

= If z,=re” isazeroof H(z)then
H(zo):zO’MH(zo’l):O

That is, z;t=re’ is also a zero of H (z)

= When h[n] is real and 2, isazeroof H(z), z;=re™ will also be a zero of H(z),

: 1
and so will (Zo) _
Therefore, when h[n] is real, there will be four conjugate reciprocal zeros of the

f
o (1-rez)(1-re zt)(1-re 2 ) (1-r "2 V2 )

unless _1.

copyright@Yong-Hwan Lee
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« If {h[n]} are anti-symmetric, we have

H(z):—nﬁ;h[M n]z :_ij h[K]Z“M =2 "H (27)

In particular, when =1 H(1)=-H (1) and if z=-1, H(-1)=(-1)""H(-1).
Thus, H (Z) must have a zero at z=1.

It also must have azeroat 7=—-1< o= whenM Iis even.

I_Jmt Im z-plane Unit ¢ Im olane Umt Sm
circle circle <-plé circle z-plane
O
O
O @)
O O e
OO0 O
J J PR
o Re . o Re o e
© o
O
O
type -1l type -l type -1V
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® Relation of FIR linear-phase systems to minimum-phase systems
— Any FIR linear-phase system can be represented by
H (Z) = Huin (Z)HmaX(Z)HUC(Z)
where H,, (z)=H..(z*)z™, M, =no.of zerosof H,, (z)
and H,(z)hasonly M, zeros on the unit circle.

— The orderof M is 2M,+M,
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Example: Decomposition of a linear-phase system
H i (2) =1.25%(1-0.9¢""27*)(1-0.9e °*" 7 *)(1-0.8¢"*"2 *)(1- 0.8e %"z *)

= H,, (2)=(0.9)"(1-1.1111)°*"7")(1-1.1111e °*"z*)(1-1.25¢)**" 2 *)(1-1.25¢ **"z ")

= The overall system H (z)=H . (2)Hp (2) has linear nhase
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— Causal and linear phase FIR filter

W[n]:{w[(':/' L OSmEM (o)< w (e)e "
t even function of ®
= The impulse response of a desired filter is also symmetric; h,[n]=h,[M —n]
H,(e")=H,(e")e
= The overall response
H (o)== [H, (e" )W (") do

1 i _j@ i(0-0) —i@
= -[H.(e")e Tw (e )e " * do

Ly (" )W (e"(“"g))e_ngﬂdé?
2r°  ° )

~Afe)e
where Ae(e"“’):zij_” H.(e” )W, (e"")de
I

= The resulting response has generalized linear phase and its magnitude is also an

even real function.
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Example Linear-phase lowpass filter

oM

H,(e")= et |o<o, =h[n]=—["e Ze"dw
0 , a)c<‘a)‘ﬁﬂ
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— Filter design by Kaiser method

= High-pass filter

o) el
G

Design example:

= hhp [n] =

If w,=0.357, ®,=05z and 6,=5,=6=0.021

— A=33.56
= f=0.5842( A-21)"* +0.07886( A-21)
=2.5974
_ 339078 373 M =24
2.285x0.157
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Amplitude

Seoul National University

5. Filter design techniques

School of Electrical Engineering

= High-pass filter example

A=33.56
B =2.5974
M =24 =type | FIR

Actual error=0.0213>0.021

0.8

0.6 -

04—

0 2 30

Sample number (n)
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dB
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0.04

0.02

-0.02

-0.04
0

027 04 0.67 0.87 T
Radian frequency (o)

(b)

N n A n

o
AURIAAS

027 0.4 0.67 0.87 7
Radian frequency (w)
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= High-pass Kaiser high-pass filter example with M=25 (type-II)

Use of a type-Il Kaiser HPF

may not be appropriate

04—

Amplitude

420.461

10 20
Sample number (n)

: Digital Signal Processing

30

Amplitude

—60

-80

-100

1.0

0.8

0.6

0.4

I | I |
0 027 04w 0.6 0.87 T
Radian frequency (o)
(b)
S
I I I
0 027 0.4 0.67 0.87 T

Radian frequency (w)
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—  FIR filter with generalized response

(@)

11\ - M
N=4 . sine, | -~
k

0 O
U
-
3.
I
©
o
N
7~ N\
>
I
|
N—

where G, =0
= h[n]=h,[n]e[n]

— Differentiator

Hd(ejw)=ja)e 2 —gm<w<rm
=h [n]zco{ﬂ(n—'\;)}_Sin{ﬂ(n—'\gﬂ
d M M 2
e Ay

In the case of using a symmetric window of size M +1, h[n]=h,[n]-@[n] resultsin
h[M —n]=-h[n]
Kaiser formulae were developed for frequency response with simple magnitude

discontinuities, but still works on differentiator
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School of Electrical Engineering
= Kaiser window design of a differentiator

The amplitude error: E(w)=w—A(e"); 0<w<rx

where A (ej“’) is the amplitude of the filter H(z) andhas zerosat z =+1

By not imposing constraint H(z) to have a zero at z=-1, it is possible to design a
filter having better approximation to the desired response, while using a less

number of filter taps.

4 4
M=10 =
Al Sl M6
]

: :
E" 2F g‘ =

1 1

0 | | | | 0 | | 1 |

0 027 04 0.6m 0.87 " 0 027 0.4m 0.6 0.8 m
Radian frequency (w) Radian frequency (w)
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= Example: Impulse response of Kaiser-windowed differentiatore

]

Amplitude
=
-
[re—
L
S——
-

Sample number (n)

0 '

Amplitude

iy | | |
0 1 2 3 4

Sample number (#)

h
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® Optimum approximation of FIR filters
— Design a filter that best approximates the desired response for a given M

— Rectangular window provides the best-mean squared approximation:

h[n]:{hd[”], 0<n<M

o 0 , otherwise
minimizes

2= L[ |H, () - H (") do

:E .

= > [en]

5

Ae(ejw)

e[n] 2 hs[n]-h[n]; 0<n<M A —

hs[n]; otherwisw 1-4 )

|

= Do not permit individual control errors in |

|

. |

different bands 8y |
-8, - Wp Wy ™
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® Consider the design of a type-I FIR filter with zero phase, i.e., N, [n] =h, [—n]

— Corresponding frequency response

A(e")= Zh en = ZZh Jcos(a@n)

n=-L
is a real, even and periodic function of @

= A causal system can be obtained by delaying it by L samples
h[n]£h,[n-L]=h[2L-n]
— From a polynomial approximation
coson =T, (cosw); T,(x)=cos(ncos
A(ejw) can be represented as an L-th degree trigonometric polynomial

A(ej“’):iakcos"a):P( X) Zax
k=0

— Define an error function by

E() =W (o) H, () —H (")

where W () is a weighting function
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— Example
- <w<
A(el) . 1, 0<
‘ H,(e")= i
L+8, , O SO
1
-8, |
|
| i; O<w<o, o)
| W (a)) =1K , K= 5.
| 2
8,1 | 1, O, <O
—82 | wp Wy w w
Maximum weighted absolute approximation error
Agle™)
1+31 |S 5 = 52
1-8,F
E(w)
8
8 —
: N E RVAN
w, wsv N— 7T o \/wp w‘f/ v T @
5. I _§ | |
2
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— Minimax or Chevyshev criterion

min (max\E(a))\)

{he[n];Osn<L weF
F :{a):OSa)Sa)p, @, SCOS?Z’}
* Find a set of impulse response that minimizes ¢

— Alternative theorem:

= | et denote a closed subset comprising the disjoint union of closed subsets of real

axis x. Then

IS an m-th order polynomial
= For desired function D, (X) and positive function W,(X) which are continuous
on F, ,and weighted error defined by
Ep (X) =W, ()| Dy ()= P(x)]
a necessary and sufficient condition that  be a unique r-th order polynomial
minimizing || = max E.(x) isthat E,(x)hasatleast I'+2 alternations
Atleast I'+2 values X in Fs suchthat X <X, <---<X_, and
E.(x)=-E,(x,)=%|E[, i=12r+2
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Py(x)

— Example: Consider 5-th order polynomials PJ. (x) that

approximate unity for —1< x <-0.1and zero for

0.1<x<1

Assume that W, (x) =1 for these two regions

The optimum 5-th order polynomial has at least 7

alternations of the error in the region in F;

" Pl(x) has 3 alternationsin  _1<x<-0.1 and
2 alternations in 0.1<x<1
= PB,(x) also has 5 alternations; 3in —1<Xx<-0.1 | HANEZAN
and 2in 0.1<y<1 B 010 {l-l__\_/________\-\l x
= P,(X) has8alternationsin —1<x<-0.1 and Py(x)
0.1<x<1 = optimum polynomial NI
o
| N /!
1 01000\~ ] \ X
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®  Optimum type-I lowpass filters

Consider polynomial (X) defined by

L
(cosw) =Y a, (cosw)"
k=0

Assume that
D, (cosw) = {

L
0;

Cos @, <cosw<l

—1<cosw < cosw,

1/K: COS®, <cosw<l

o |

0; —1<cosw < cosw,

1+6
1-8,

&2

-8,

A(,(ej“')

E, (cosw) =W, (cosw)| D, (cosw)—P(cosw) |

sz{a):OSa)Sa)p, a)sﬁa)ﬁﬂ}

Equi-ripple approximation

= A set of coefficients {a, | is designed to make E,(cosw) have atleast (L+2)

alternations on Fp

420.461: Digital Signal Processing
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®  Optimum type-I lowpass filters (cont.) P(x)
— Redraw A(e‘”) in terms of X=COS®
1 + 81 —
1 -8,
1 ] |
I |
_ L
Ae((lm") I I
I |
R e —— I I
1-8, I |
5, L
.
[N~ N1 A4 1
-1 NS NS \ cosw, 1 X=Ccosw
_32 COS g
Wp(x)
8 l
K[ —
TN
w]? wj' | | | |
l | | |
L =7 -1 cosw; cosw, 1 x=cosw
Ep(x)

‘SE

N JaN (WA
-1/ NS VAL

631 cosw; cosw, 1

I
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®  Optimum type-I lowpass filters (cont.)

— Max. possible number of alternations of the error

is (L +3) since an L-th degree polynomial can N N

have at most (L —1) points with zero slope

0 : S R 2 -
—P(cosw)=-sinw) ka, (cosm)" SNZA
ow k=0
L-1 ‘
=—sinw) (k+1)a,,(cosw) e
k=0 AN S N S NG
= Haszerosat @w=0, w=7x and roots of ®)
Allel?)
(L -1) -th order polynomial ~
— Alternations always occurat w=w, and o=,
— The filter will be equi-ripple except possibly at N |
e NN
wo=0o0r wo=x o
A (el=)
N /N /
o oaN__S N_ 7
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® Parks-McClellan algorithm

— The alternation theorem indicates that the optimum filter Ae(ej“’) will satisfies
W (@) Hy(e™ )= A(e")|=(-1)"8; i=124+L+2
= Hy(e)=A (") +(-1)"5/W (m)
A(e")= Zh[ " =h,[0] ZZh[ Jcos(@n) Za cos* @ = Zax

— Hd( ) can be rewritten as

— 1 -
] )X e X
Hd(ejwl) W(i)l) _ao—
; 2 L -
o) |14 g [
jo o : n 5
'Hd(e] )' 1 x X2 XL (_1)L2 o
] L+2 “L+2 L+2 W (C()L+2 ) |

— Solutionfor a, and ¢ can be found by means of polynomial interpolation
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® Parks-McClellan algorithm (cont.)

— For a given set of extremal frequencies, the P-M algorithm determines
L+2 )

Zkad(erk) L+2 1

5 — k=l I , b =

L+2 b, (_1)k 1 k E[ X, — X

éW (a)k) ik

— Forgiven 3 and ¢, the error function has magnitude +6 at L+ 2 frequencies

— &(ej”) hasvalues 1+ Ko  for 0<w<w, and +0 for o, <w<r

— An L-th order trigonometric polynimial A\;(ejw) can be obtained by interpolating E(a)i)

" ~ X — X
A (e ):P(cosa)):tj—dkk

2

kle_Xk
_ 1 k+15 L+1 1
X=CO0Sw, Ck:Hd(e’“’k)—%, dk:HX _x :bk(xk_XL+2)
Kk i=1l Nk i
i=k
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® Parks-McClellan algorithm (cont.)

Initial guess of
(L + 2) extremal frequencies

-

Calculate the optimum
& on extremal set

!

Interpelate through (L + 1)
points to obtain A (e )

b

Calculate error E{a)
and find local maxima
where |[E{w)l =&

More than Retain (L +2)

@ (L+2) largest
extrema? extrema
Mo
Example: L =7 I
Changed Check whether the

extremal points changed

L Unchanged

Best approximation
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® Characteristics of optimum FIR filters

— Size of the filter tap

—10log(6,6,)—13
M =
2.324(w, - w,)

0.14 |

012

.10

(.08

(.06

0.0 —

Passband or stopband ripple

.02

(1.0 | | |
0.0 0.2 04 06 0.8

Passband cutoff (@)
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® Filter design examples by Parks-McClellan algorithm

(LR

04—

Amplitude
o
Fa
I

Sample mumber (7))
fa)

—60—

— B0 -

—100 ] ] ]

=]
=
i
|

Oy O G
Radian frequency (w)
=]

0015

D&y

0010

0.005

p——
-t

Amplitude
o

=L |
—oons—§ | P |

—0.010 l'u" \J b

—0.015 ! ! !
(] 02 Odsr O Gy

Radian frequency ()
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Amplitude
o
k2
I

Amplitude

5,=10%; 5,=10"

w,=0.4r; o,=0.67

0.5

-

Sample number (7)

(a)

L0

04 O 0.5y o
Radian frequency {a)
(b

1
i
0,005 —ll

T

PN ™

— oS — |

— 0Ll
i

O [LRT OBy T
Radian frequency ()
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® Filter design example (cont.)

— Compensation of zero-order holder

Discrete-time DA F.econstruction
— filter | converter - ”ﬂ]ter ——
x[n] H(ely | y[nl|  Hyoy | yoal | H(jo) vel)
T
wl?2
. —,, Ufw<w
o) = Jsin(w/2) i
H,(e™)=
0; O, <O

5,=10% 8,=10% w, =0.4r; o, =0.67

M=28=L=14

420.461: Digital Signal Processing
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Amplitude

0
ey
02—
i L] I & - l l - & T L I -
—n2 1 ]
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i
20
—40
—60 |-
_80
_100 ] ] ] ]
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® Optimum bandpass filter design

0; 0<w<0.37
Hy(e”)=4L  0357<w<03r
0, 077<w<r
1 0<w<0.3r
W(e") =11 0.357 <w<0.37
0.2, 077<w<rx

M=74=L=37

— Local extrema may occur in the transition
regions
— The approximation need not be equi-ripple

in the approximation regions

420.461: Digital Signal Processing
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Radian frequency fw)
|:b]
| f | ﬂ N
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7 .Jl I”| 'lu' ||~|I II.III ||| '-.,'I I,| |,' Il
| | | I || u u i
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Radian frequency fw)
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® Optimum approximation of FIR filters
— Design a filter that best approximates the desired response for a given M

— Rectangular window provides the best-mean squared approximation:

h[n]:{hd[”], 0<n<M

L 0 , otherwise
minimizes

2= L[ |H, () - H (") do

:E .

= > [en]

5

Ae(ejw)

e[n] 2 hs[n]-h[n]; 0<n<M A —

hs[n]; otherwisw 1-4 )

|

= Do not permit individual control errors in |

|

. |

different bands 8y |
-8, - Wp Wy ™
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® Consider the design of a type-I FIR filter with zero phase, i.e., he [n] = he [—n]

— Corresponding frequency response

A(e")= Zh en = ZZh Jcos(a@n)

n=-L
Is a real, even and periodic function of @

= A causal system can be obtained by delaying it by L samples
h[n]£h,[n-L]=h[2L-n]
— From a polynomial approximation
coson =T, (cosw); T,(x)=cos(ncos x|
A(ejw) can be represented as an L-th degree trigonometric polynomial

A(ej“’):iakcos"a):P( X) Zax
k=0

— Define an error function by

E() =W (o) H, (") —H (")

where W () is a weighting function
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— Example
- <w<
A(el) . 1, 0<
‘ H,(e")= i
L+8, , O SO
1
-8, |
|
|
| i; O<w<o, o)
| W (a)) =1K , K= 5.
| 2
8,1 | 1, O, <O
—82 | wp Wy w w
Maximum weighted absolute approximation error
Agle™)
1+31 |S 5 = 52
1-8,F
E(w)
8
8 —
: N E RVAN
w, wsv N— 7T o \/wp w‘f/ v T @
5. I _§ | |
2
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— Minimax or Chevyshev criterion

min (max\E(a))\)

{he[n];Osn<L weF
F :{a):OSa)Sa)p, @, SCOS?Z’}
* Find a set of impulse response that minimizes ¢

— Alternative theorem:

= | et denote a closed subset comprising the disjoint union of closed subsets of real

axis X. Then

is an m-th order polynomial
= For desired function D, (X) and positive function W,(X) which are continuous
on F, ,and weighted error defined by
Ep (X) =W, ()| Dy ()= P(x)]
a necessary and sufficient condition that  be a unique r-th order polynomial
minimizing || = max E.(x) isthat E,(x)hasatleast I'+2 alternations
Atleast I'+2 values X in Fs suchthat X <X, <---<X_, and
E.(x)=-E,(x,)=%|E[, i=12r+2
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Py(x)

— Example: Consider 5-th order polynomials PJ. (x) that

approximate unity for —1< x <-0.1and zero for

0.1<x<1

Assume that W, (x) =1 for these two regions

The optimum 5-th order polynomial has at least 7

alternations of the error in the region in F;

" Pl(x) has 3 alternationsin  _1<x<-0.1 and
2 alternations in 0.1<x<1
= PB,(x) also has 5 alternations; 3in —1<X<-0.1 | HANEZAN
and 2in 0.1<y<1 B 010 {l-l__\_/________\-\l x
= P,(X) has 8 alternationsin —1<X<-0.1 and Py(x)
0.1<x<1 = optimum polynomial NI
o
| N /!
1 01000\~ ] \ X
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®  Optimum type-I lowpass filters

Consider polynomial (X) defined by

L
(cosw) =Y a, (cosw)"
k=0

Assume that
D, (cosw) = {

L
0;

Cos @, <cosw<l

—1<cosw < cosw,

1/K: COS®, <cosw<l

o |

0; —1<cosw < cosw,

1+6
1-8,

&2

-8,

A(,(ej“')

E, (cosw) =W, (cosw)| D, (cosw)—P(cosw) |

sz{a):OSa)Sa)p, a)sﬁa)ﬁﬂ}

Equi-ripple approximation

= A set of coefficients {a, | is designed to make E,(cosw) have atleast (L+2)

alternations on Fp
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®  Optimum type-I lowpass filters (cont.) P(x)
— Redraw A(e‘”) in terms of X=COS®
1 +81 —
1 -8,
1 ] |
I |
_ L
Ae((lm") I I
I |
R e —— I I
1-8, I |
5, L
.
[N~ N1 A4 1
-1 NS NS \ cosw, 1 X=Ccosw
_32 COS g
Wp(x)

8 l
K[ —
TN
w]? wj' | | | |
l | | |

=7 -1 cosw; cosw, 1 x=cosw
Ep(x)

‘SE

N JaN (WA
-1/ NS VAL

631 cosw; cosw, 1

I
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®  Optimum type-I lowpass filters (cont.)

— Max. possible number of alternations of the error

is (L+3) since an L-th degree polynomial can N N

have at most (L —1) points with zero slope

0 : S N 2 -
—P(cosw)=-sinw) ka, (cosm)" SNZA
ow k=0
L-1 ‘
=—sinw) (k+1)a,,(cosw) e
k=0 AN S N S NG
= Haszerosat @w=0, w=7x and roots of ®)
Allel?)
(L -1) -th order polynomial ~
— Alternations always occurat w=w, and o=,
— The filter will be equi-ripple except possibly at NN |
AN A
wo=0o0r wo=x o
A (el=)
\ SN
o oaN__S N_ 7

420.461: Digital Signal Processing copyright@Yong-Hwan Lee



P¥% ¥ Seoul National University 5. Filter design techniques
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® Parks-McClellan algorithm

— The alternation theorem indicates that the optimum filter Ae(ej“’) will satisfies
W (@) Hy(e™ )= A(e")|=(-1)"8; i=124+L+2
= Hy(e)=A (") +(-1)"5/W (m)
A(e")= Zh[ " =h,[0] ZZh[ Jcos(@n) Za cos* @ = Zax

— Hd( ) can be rewritten as

— 1 -
] )X e X
Hd(ejwl) W(i)l) _ao—
; 2 L -
o) |14 g [
jo o : n 5
'Hd(e] )' 1 x X2 XL (_1)L2 o
] L+2 “L+2 L+2 W (C()L+2 ) |

— Solutionfor @, and ¢ can be found by means of polynomial interpolation
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® Parks-McClellan algorithm (cont.)

— For a given set of extremal frequencies, the P-M algorithm determines
L+2 )

Zkad(erk) L+2 1

5 — k=l I , b =

L+2 b, (_1)k 1 k E[ X, — X

éW (a)k) ik

— Forgiven a3 and ¢, the error function has magnitude +6 at L+ 2 frequencies

— &(ej”) has values 1+ Ko  for 0<w<w, and +0 for o, <w<r

— An L-th order trigonometric polynimial A\;(ejw) can be obtained by interpolating E(a)i)

" ~ X — X
A (e ):P(cosa)):tj—dkk

2

kle_Xk
_ 1 k+15 L+1 1
X=CO0Sw, Ck:Hd(e’“’k)—%, dk:HX _x :bk(xk_XL+2)
Kk i=1l Nk i
i=k
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® Parks-McClellan algorithm (cont.)

Initial guess of
(L + 2) extremal frequencies

-

Calculate the optimum
& on extremal set

!

Interpelate through (L + 1)
points to obtain A (e )

b

Calculate error E{a)
and find local maxima
where |[E{w)l =&

More than Retain (L +2)

@ (L+2) largest
extrema? extrema
Mo
Example: L =7 I
Changed Check whether the

extremal points changed

L Unchanged

Best approximation
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School of Electrical Engineering

® Characteristics of optimum FIR filters

— Size of the filter tap

—10log(6,6,)—13
M =
2.324(w, - w,)

0.14 |

012

.10

(.08

(.06

0.0 —

Passband or stopband ripple

.02

(1.0 | | |
0.0 0.2 04 06 0.8

Passband cutoff (@)
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5. Filter design techniques

School of Electrical Engineering

® Filter design examples by Parks-McClellan algorithm

(LR

04—

Amplitude
o
Fa
I

Sample mumber (7))
fa)

—60—

— B0 -

—100 ] ] ]

=]
=
i
|

Oy O G
Radian frequency (w)
=]

0015

D&y

0010

0.005

p——
-t

Amplitude
o

=L |
—oons—§ | P |

—0.010 l'u" \J b

—0.015 ! ! !
(] 02 Odsr O Gy

Radian frequency ()
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OEr

Amplitude
o
k2
I

Amplitude

5,=10%; 5,=10"

w,=0.4r; o,=0.67

0.5

-

Sample number (7)

(a)

L0

04 O 0.5y o
Radian frequency {a)
(b

1
i
0,005 —ll

T

PN ™

— oS — |

— 0Ll
i

O [LRT OBy T
Radian frequency ()
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5. Filter design techniques

School of Electrical Engineering

® Filter design example (cont.)

— Compensation of zero-order holder

Discrete-time DA F.econstruction
— filter | converter - ”ﬂ]ter ——
x[n] H(ely | y[nl|  Hyoy | yoal | H(jo) vel)
T
wl?2
. —,, Ufw<w
o) = Jsin(w/2) i
H,(e™)=
0; O, <O

5,=10% 8,=10% w, =0.4r; o, =0.67

M=28=L=14

420.461: Digital Signal Processing

Amplitude

Amplitude

0
ey
02—
i L] I & - l l - & T L I -
—n2 1 ]
1] 10 20 il
Sample number (1)
{a)
20
i
20
—40
—60 |-
_80
_100 ] ] ] ]
0 0.2 04 i 0.8 -
Radian frequency {a)
=1}
L10
o | | | |
1] 02 O Mg 0.5 -

Radian frequency (e
copyright@Yong-Hwan Lee



Seoul National University

5. Filter design techniques

School of Electrical Engineering

® Optimum bandpass filter design

0; 0<w<0.3r7
Hy(e”)=4L  0357<w<03r
0; O077<w<rm
1 0<w<0.3r
0.357 <w<0.37r
0.2, 07/7<w<nrx

M=74=L=37

— Local extrema may occur in the transition
regions, which may not be acceptable
— The approximation need not be equi-ripple

in the approximation regions

420.461: Digital Signal Processing

Amplitude

Amplitude

04

-2

-0

— 60

Q060

QU040

Q020

=

—0u020

—0040

=060

| | |
0 20 40 0 20
Sample number (1)
(al
f §
- | I
|"'I AT ” |"'|
"|‘I||"|I"||"'|I"'| ‘r “w ] |
|
0 l:l.2w 04 I:lt'u— D.-ST
Radian frequency fw)
|:b]
| f | ﬂ N
. .:'Inll'll |'| |I||I’I|I I l”l”,
I| I.,n'I |||I 'L,II I'.JI I|.|II lll Il..-'l ||I I'II
| | | I || u u i

04 O 0.8
Radian frequency fw)
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Seoul National University 6. Discrete Fourier transform

School of Electrical Engineering

Discrete Fourier transform

® Discrete Fourier series representation of periodic sequences

— Let )?[n] be a periodic sequence with period N such that x[n] = >~<[n + mN] for any

integer m

Example A periodic complex exponential
.27kn
e [n]= e’ N =g [n+mN]; kisaninterger

Note that e, [n]=e¢,,,, [n] for any integer ¢
— A set of N periodic complex exponentials {ek [n]} k=0,12,..N -1, defines all the

frequency components

l N-1 J.27rkn
= g[n]==Y X[k "
Nk:O
B N-1 _J.27rmn
X[k]=> X[n]e " N
n=0
— Fourier series representation
1N—1~ j27rkn
[n]==Y X[k "
N i
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Seoul National University 6. Discrete Fourier transform

School of Electrical Engineering

N-1 71-@ N-Lq N1 J-27rkn 71-@
DA =YY K[k e
n=0 n=0 N k=0

1 1 N-1 J_er(k—r)n
[kl->e ©
=0 Nk=0
N g2k p =N
Since iZeJ N=dT _
N 0, otherwise

N-1 27rrn

S snfe’* =[]

= The Fourier series coeff|C|ent can be obtained by

=z

[l
>

=~

B N-1 _j@
X[k]=> %X[n]e "™
n=0
N-1 _j27r(k+N)n N-1 B 27rkn ) .
X[k+N]=>%[nle " N =»%[n]e M e =X][K]
n-0 n-0

= The Fourier series coefficients is a periodic sequence
— Discrete Fourier series (DFS)

= Define by x[n]«>=— X[K]

27

K[n]wy;  w,=e N

X [k oty

k=0

=
LN

Analysis equation: X [k]

N —

._‘

Synthesis equation: %[n]=
420.461: Digital Signal Processing
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4 . b : Seoul National University 6. Discrete Fourier transform

School of Electrical Engineering

Example Periodic pulse train
- 1, n=mM

[n)= 3 oln-mn]- {7

= 0, otherwise
Since X[n]=6[n], 0<n<N-1

N-1
X[k]=> 8[n]w" =1
n=0
1oy 1 14 2
X - X k —kn = — —kn =— N
= x[n] N > X [k]wy, N kZ_;WN N I(_Oe

Example Duality in DFS

Let the DFS coefficient be a periodic impulse train

V[k]=NY &[k-rN]

N-1 T
= §[n]= kz(; NS[kwy" =w’ =1, vn

V[k]=N&[n] < §[n]= X[n]
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Seoul National University 6. Discrete Fourier transform

School of Electrical Engineering

Example  Periodic rectangular pulse train

x[n]
X [k VWO : Jigkn_l_ngk_Sinﬂ-Zk e
[ ] nZ(; 10 —nz_(; _1—W1|8_sin”ke
10

| X[k]|

%5 . .
l AL 1L, LT.T,T.] .
-1012 3 910 15 20 P

= Any periodic sequence can be represented as a sum of complex exponential
sequences
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School of Electrical Engineering

® Properties of DFS

— Linearity ~ 3
ax, [n]+bx,[n]«="—>aX [k]+bX [k]

— Shift of a sequence

v -n/ DFS
_ Duality KW «———> X[k -/
N-1 N-1
R[N]== > X [k = NX[-n]= 3" X [K]W,
N i k=0
N-1
= NX[-k]=>_ X[n]w"
k=0

If X[n]«2=—>X[k], X[n]«2=—NK[K]
— Symmetry properties
X'[n] <25 X*[k]
X [-n]«2Es X [K]
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#X.  School of Electrical Engineering

= If X[n] isreal, X[k]:X [ k]

OB
— Periodic convolution
N-1 N—l~ _
%[n]=2 % [m]% [n—m]=> %,[m]%[n-m]
m=0 m=0
5 N-1/N-1 3 )
k=3 S xmn-m
n=0 \_m=0
N—l~ N—1~ )
=> %[m]> %, [n—m]w
m=0 n=0
N-1 ‘ ~
= X, [K]Y & [mWm = X, [K] X, [K]
m=0
N-1 ~ _
= ¥ %, [m]%,[n - m]«2E X, [K] X, [K]
m=0

= Duality 1 Nt
% [n]%,[n]«==o 52 Xo[m] X, [k —m]

m=0
= Difference between aperiodic convolution and periodic convolution

The sumisoveraninterval 0<m< N -1

X,[n-m]=%,[-(m-n)]
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Seoul National University

6. Discrete Fourier transform

School of Electrical Engineering

— Properties of DFS

Periodic Sequence (Period N)

DFS Coefficients (Period N)

[-2

Sl

N

6.

9.

x[n]
Xq|n]. X2|n]
axi|n| + bxz[n]
X{n]
X[n — m]
Wy x[n]
N-1
E X1[m]x2[n — m| (periodic convolution)

m=0
4[] [n]

X*[n]

420.461: Digital Signal Processing

X[k] periodic with period N

X1[k], X»|k] periodic with period N
a X1[k] + bX>[k]

Nx[—k]

WM X k]

X[k —£]

X1[k] X>[k]

N-1
1 . -
— X [€)| Xolk— ¢ riodic convoluti
N E 1[£] X2[k — €] (periodic convolution)
£=0
X[ k]
(continued )
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6. Discrete Fourier transform

School of Electrical Engineering

— Properties of DFS (cont.)

Periodic Sequence (Period N)

DFS Coefficients (Period N)

10.  *[—n]

11. Re{x[n]}

12.  jTm{x|n]}

13. %[n] = 2(X[n] + X *[—n])
4. %[n] = 3(%[n] — ¥ *[-n])

Properties 15-17 apply only when x|[n] 1s real.

15. Symmetry properties for ¥[n] real.

16. X.|n] = %(f[n] + X[—n])

17. Xo[n] = %(f[n] — X[—n])

X*[k]
X[k = S(X[K]+ X*[—k])
Xo[k] = 3(X[K] = X*[—k])

Re{ X[k]}

j Tm{X[k]}

X[k] = X*[—k]
Re{ X [k]} = Re{X[—k]}

Q Im{X[K]} = —Tm{X[-k]}
| X[K]l = [ X[—A]]
IX[k] = —<IX[—k]
Re{ X [k]}
j Tm{X][k])

420.461: Digital Signal Processing
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Seoul National University 6. Discrete Fourier transform

School of Electrical Engineering

® Fourier transform (F.T.) of periodic signals

— A sequence should be absolutely summable to guarantee the uniform convergence of

its Fourier transform
— Periodic signals are not absolutely summable

— The F.T. of a periodic signal can be interpreted as an impulse train in the frequency

domain with impulse values proportional to the DFS coefficients for the sequence

— If )~([n] is periodic with period N, the Fourier transform of )~([n] is defined by
= 2T <A o 2k
X X(e)=— X|k|o| 0 ———
x[n] < (e ) N kzz_oo [k] (a) N j

= Although the F.T. of a periodic sequence does not converge in the normal sense,

the introduction of impulses enables to use the F. T.

= Note: X (e j”) has a necessary periodicity with period 27
N X (e"")e“"”d L Jzn ’ ZEZX [k]o (a)—z—”kje‘””da) O<e<2x/N

27 90-¢ 2790

_1 i 2” ‘S 277k i“nd o
N &~
1 - JWkn -
420.461: Digital Signal Processing = N Z X [k]e = X n copyright@Yong-Hwan Lee
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#X.  School of Electrical Engineering

Example: Fourier transform of a periodic impulse train

p[n]= Zd[n—mN]: P[k]=1Vk

~ Ble”)= Z&[a)—%}
— For a finite-length sequence x[n], (/'.e.,x[ ] 01_“0r n<0 and n> N)

x[n]=x[n]* p[n]

= i id[é—mN]x[n—f]: D> x[n-mN]

M=—00 {=—o0 m=—o0
X (e2)=X (e")P(e™)
N2 & 277k
X () Yo _%j
— N

= X[k]=X(e") .. =X eijﬁk] > x [n]e

w=——-k
N n=0
Thus, X [k] Is obtained by sampling the Fourier transform of a finite sequence X [n]
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Example: Relationship between the DFS coefficients and the FT of one period

1; 0<n<4 jo - — jon S|n(50)/2) -j2w
_ Xx(e')=> e = — e
«[n] {O; otherwise (") nzz(:) sin(w/2)
| X (el)l, 1 X[K]!

-

J

0 10 ) 0k

TJ'— Tr_

-
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6. Discrete Fourier transform

Seoul National University
School of Electrical Engineering

® Sampling the Fourier transform
— Since X (ej“’) is periodic with period 27, X [k] Is also periodic in k with period N.

[ B L
zﬂkzx(e ’ J:ZX[“]Q "
N n=0

— Since )Z[k]:X(ej”) )

o0 .27zm .Zin
-5 S e}
N 0| m=—o0
- 3 HmpL e
ix[m]25[n m—(N]

=§;Ox[n—€N]

The samples of the F.T. of X[n] can be thought of as DFS coefficients of a periodic
sequence i[n] obtained through periodic replication of x[n]
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School of Electrical Engineering

— A periodic sequence X k] can be interpreted as equally spaced samples of the
Fourier transform of one period of X[n]

(] %[n], 0<n<N-1
N 0 , otherwise

N-1

X(e*) =X x[nJe " = &[n]e "

n=0

=z
LN

>
Il
o

: : 2
. <= Sampling of the Fourier transform at a rate of il
027K 0]
N

= X [k]= X(ej“’)

Example ([ {1, 0<n<4

0, otherwise
sin5—a) -
X(ejw)zie—jwn _ 2 a-izo X~[k]= S_'n(kﬂ'/z) o 14Kz /10
"0 sinaz) sin(kz/10)

| X (e, | XTk]l
5

0 ™ 2w In Y
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School of Electrical Engineering

® Fourier representation of finite-duration sequences: Discrete Fourier transform (DFT)

x[n], 0<n<N-1 E2
X|nj= X|nj= > x|n—=/N|=x|((n
[n] { 0 , otherwise < X[n] f;o [ J [(( ))N] e
where x[((n))déx[(n modulo N)| M
— X[n] can be visualized as warping the finite sequence around the cylinder

— Since the Fourier series coefficients X [k]of X[n]is also a periodic sequence with
a period of N, the DFT of X [n] can be obtained by

X[k]—{x[k]’ osks_N—l
0 ., otherwise

X[k]:x[((k))N]@X[k]:mix[k_mN]

. B N1 N-1
- Since  xik]=Y x[n]W* and X[n]=-= ZX[k]WN‘”k,
n=0 k=0
N-1
Wnk <n<N-1 X Wnk <n<N-1
X [k]= kzox o=n and x[n]= NZ - O=n=
0 ., otherwise 0 ., otherwise

X[n] <27 X [k]
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School of Electrical Engineering

— Example
NI 27 q_aizk (N, k=0+N 42N, -
X[k]=Ye " :16—.27rk:{0 therwi
s 1- e— N , otnherwise
1
N=5: ‘ x[n]
— o900 *——0—0—0—0—90—0—0—0-
0 4
1
0 5 10
X [k] X [k]
5 5

/ \\“/lX(e‘wﬂ b
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School of Electrical Engineering

— Example: N=10

x[n]

ML

0 4
1
X[ n] l ‘
0 4 10
> r 3.24 3.24
X[K] |
1.24 1 1.24
—o—o * T . 1 ° T * —o—
0 10
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School of Electrical Engineering

® Properties of the DFS
— Linearity
x[n]«2T= X [k] = ax[n]+ Bx,[n]«>—aX [k]+ BX,[K]
N, N, N >max| N, N, | with zero padding
— Circular shift
x[n]=x[n-m]«2T— X (" )e "
= Let x[n]«>"— X [k]=X [k]ejz'“”km

= Since x,[n]=0 outside 0<n<N-1 x[n] cannot be obtained by simply time shifting

x[n]

otherwise

. 27km

:x[((n—m))N}LX[k]e N 0<n<N —1: circular shift
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6. Discrete Fourier transform

School of Electrical Engineering

— Example: circular shift

x[r]

"‘Ir“]lh

(a)

xX|[n]

Al

(“]lh

(b)

1]

n

X [n] =X[n+ 2]

420.461: Digital Signal Processing

Illr“

(c)

n

L”I“II

xi[n] = -I'F] [7].0=n=N -1
0, otherwise

N n
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School of Electrical Engineering

— Duality

Let  x[n]=X[n]= x[n]«==— X,[k] = Nx[ K]
Xl[k]:{NX[k], 0<k<N-1

0, otherwise
CINX[((-k)), ], 0<k<N-1
0, otherwise

= X[nJ«2T5N x| ((-k)), ], 0<ks<N-1
— Symmetry

DFT of x[n]=DFS coefficients of X[n]= x[((n))d
= X' [n]«2T> X[ ((-k)), ], 0<n<N-1
C[((-m), Jeomx [

420.461: Digital Signal Processing
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x,[n]=%[n], 0<n<N-1

:%{x[((n))N]+x*[((n))N]}
—>{nl+x[N-n]} < ((-n), =(N=n): (), =m: O=n=N-1

X e X, [K] = {X [k]+ X [K]} = Re{X K]}
Similarly,
x,[n]=%[n], 0<n<N-1
= %, [n]«2T— jIm{X [k]}
— N-point Circular convolution
x3[n]::z_;>”<1[m]>~<2[n—m], 0<n<N-1

=S x[((m), ]x[((n-m)), ]

m=0
-1

—le[m]X [((h=m)), ]

=0

A x[n] (N)%,[n]
::Z_:,)Xi(( ))N] Z[m]

=x[n] ()% [n]
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School of Electrical Engineering

Example
. xz[m]
——= ] I T *—or—o—+
0 N m
X [n]=6[n-1] 1 x[m]

0 N m

B[((O-m)yl.0=m=N-1

OrIHN

H[((A-m)yl,0sm=N-1

m

0 N m

x3[n] = x;[n] @ x3[n]
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6. Discrete Fourier transform

School of Electrical Engineering

Example: N-point circular convolution

][] [L 0=NSL-L
SIN=%AN=0 otherwise
= N=L:

K[k, K-Sw; |

N, k=0
0, otherwise
N? k=0

= X, [k]=X,[k]X,[k] :{0, otherwise

= x[n]=N, 0<n<N-1

= N =2 L: Linear convolution ?

x.[n] ®X2[n]<D—FS)X1[k] X,[K]

<:>x1[n]x2[n]<D—F5>X3[k]:Iiljz_;xl[é]xz

X, [K] @, [K]

420.461: Digital Signal Processing

e
e

N

—0—&

x3[n] = x4 [n] @ x;[n]

[((k=0)), ]

illi

N n
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School of Electrical Engineering

Example: N(=2L)-point circular convolution

s}, e
I
0 L N i
I
0 L N =

x3[n] = x;[n] () x,[n]

_,_H,JTIIIL]I[IIL,

N n

x[n] ()% [n]e>— X, [K] X, [K]

K[ e X, [k]= - S X, (%[ (k- )), ]

(=0

XK@ X.[K]
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School of Electrical Engineering

— NA(L+ p-1)-point circular convolution with zero padding

[ S o

X,(e)=X, (") X,(e") = X;[k]=X;(e*)

2k O0<k<N-1
N

=X,(e") X (e")]

= X, [K] X, [K]

27k
N

= X5, [N] = Xl[”]@ X,[n]
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School of Electrical Engineering
— The circular convolution of two finite-length sequences can be equivalent to linear

convolution of the two sequences.

{sz[n—mN], 0<n<N-1
Xsp[n]: "

0, otherwise

— Calculation of the output of an LTI using the DFT

h[n]
.~ Zero padding
0 p —t——t—t——
Ul m
0 \
L A L

— How to resolve the issue when x[n] is infinite?
= Assume x[n]=0for n<0

= The sequence x[n] can be decomposed in to a sum of shifted finite-length

segments of length L X[n]=ixm[n—mL]; Xm[n]:{x[rcl)Jr mL], Otshng-N—l
m=0 , Otherwise
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— lllustration of warping around due to improper circular convolution

? x3[n] .‘ . x3[n]
EI] LT?_o_H_czlL . ‘H I5°°oooooooon

T J ‘/ J

1'\ x3p[n] = x,[] @xz[n] ‘ x3,[n] = x1[n] @ x3[n]
N=L N=L +P-1
L ,
0 L " n
P-1
N =L N=L+p-1
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School of Electrical Engineering

® Linear convolution using the discrete Fourier transform

MH“lulfh“,ﬂ”””hzg : "

—  How to resolve the issue when X[N] is infinite?
= Assume X[n]=0for n<0
= The sequence x[n] can be decomposed in to a sum of shifted finite-length

segments of length L

o0

x[n]=>x,[n—mL];

m=0
x[n+mL], 0<n<N-1

where x_[n|=
") { 0 . otherwise
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School of Electrical Engineering

— Overlap-add method  y[n]=h[n]*x[n]

x[n]

n

Xn[n]=x[n+mL], 0<sn<L-1

TI L x3[n]
0 n
N -point circular convolution Hl H“ H <
y[n]= 2 Y [n—mL]
| | Yolnl m=0
'L Ym[n]=h[n]*x,[n]
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School of Electrical Engineering

— Overlap-save method y[n]=h[n]*x[n]

xg[n] L-(P-1) i
. : i - Xo[N]=x[n+m(L-p+1)-p+1]
l 0<n<L-1
S 1

N -point circular convolution 0 i =
|
] L-1 l
%Mhhl hN
’ i Yopl] lllllli
y1pln) i y[”]:mZ;)>’rn[r1—m(L—p+1)Jr p—l]
|
I

Ym[n]=h[n]*xy[n]

|
i
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Homework #7:

® The discrete Cosine transform (DCT) 8-29 -31.-34.-36

— General class of finite-length transform -39,-49,& -64
Alk]=>x[n] ¢ [n] Due by June 9
n=0

)= 2 ALK 0]

where {#[n]} are referred to the basis sequences s.t. %NZ [n]g.[n]= {
=0

erkn =

1 m=k
0, m#Kk
e.g. DFT: ¢[n]=¢
— DCT definition
- : . rkn
* The basis sequences {¢k[”]} are cosine functions COST

= Assume that X[N] are periodic and even symmetric
— Type-I periodic sequence: even periodic symmetry about n=0, N-1, 2(N-1), - - -
RIT=x (M), ]+ x[((n),,, ] A0

49 o] o]
x,[n]=a[n]x[n]

ol LT

<n<N-
1 1<n<N-2 0 10 15
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Seoul National University 6. Discrete Fourier transform
School of Electrical Engineering

= DCT-1 is defined by

Xf[k]:ZNzla[n]xi[n]cosgﬂ, 0<k<N-1
1 & zkn
Xl[n]:N——lkZ:éa[k]Xf[k]COSN——l’ 0<n<N-1

Type-ll periodic sequence: periodic with period 2N

%,[n]= x[((n))2N ] + x[((—n -1)),. ]

= DCT-2 is defined by

, 0<k<N-1
pry 2N
xz[n]:%:ﬂ[k]xg[k]cos”k(22|:+l), 0<n<N-1

1 K0 552["]

ﬂ[k]: Ea - ¢ 40 0 ? Q
1,1<k<N-1 ¢ Q 0 Q

[ ZI [ [
0 5 10 15 n
420.461: Digital Signal Processing
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el ; Seoul National University 6. Discrete Fourier transform
School of Electrical Engineering

— Relationship between DFT and DCT-1
K[]=x,[((0),... ]+ %, [(-n),...]=&[n). 0=n<2N -3
= 2(N-1)-point DFT of x[n]:
X, [k]=X,[k]+ X, [k]=2Re{X,[k]}, 0<k<2N-3

Xa[k]zzjz:;a[n]x[n]cos

= X [K]
= The DCT-1 of N-point sequence is identical to 2(N-1)-point DFT of x[n].

x[n]=

277kn

2(N -1)

2N-3 j
5, [k]e

4N—nho
29| Sxitr S xetn - kleﬂ xslan-2-kp™
. Z(Nl_l) > [K]e ’N’k"l+zx [K]e ﬁk"l} —;fo[m]e’(nm;l)ﬁ
9 Na
:Z(Nl—l)ﬁ—l [k](e ;‘m-nl+e erk‘nlj+X [0]+ X{[N 1]e (E_i)} :mzlxlc[m]e
%ga[k]xf[k]cos%, 0<n<N-L a[k]:{%’ k=0and N -1
_ 1, 1<k<N-2
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ol Seoul National University 6. Discrete Fourier transform

School of Electrical Engineering
= Note : DCT-1 involves only real-valued coefficients

= reduce the implementation complexity.

— Relationship between DFT and DCT-2
x,[n]=x[((n),, |+x[((-n-1)),, [=%[n], 0<n<2N-1

= 2N-point DFT of 2N-point sequence Xz[n]
X,[k]=X[k]+ X [k]e’**""
— ej;rk/ZN (X [k]e—jzzk/ZN + X*[k]ejﬁkIZN)
= 2e"™*™ Re{X [k]e™*"}, 0<k<2N-1
IS 7zk(2n +1)

Re{X [k]e ™"} = Zx[n]

k=0
= X;[k]=2Re{X[k]e "}, OSkSN—l
= X, [k]=X,[k]e"™*"; 0<k<N-1

PENZRE@NTD _ yery] 0<ks<2N-1

X;[2N —k]= fo[n]cos
k=0

2N
Xz[0], k=0
= X, [k]= X5 [k]er s, k=1---N-1 = xz[n]:%%lxz[k]emkm’
| ) - n=0,4,2N -1
~XS[2N —k]e" ™ k=N +1--,2N -1
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Seoul National University 6. Discrete Fourier transform

School of Electrical Engineering

— Energy compaction property of DCT-2

= Since DCT-2 coefficients of a finite-length sequence are concentrated in the low
indices than DFT, DCT-2 is often used for data compression applications in

preference to DFT

N-1 2 1N c 2
Sy = L8 p]xs ]
7 7 32 -point DFT
Example X[n]=a"cos(o,n+¢) . | | | | | |
1 T T T | 4
2_
MM ”H U"II'ITTYTT?TT?‘I
0 L. TI 1., 0 2 4 6 8 10 12 14
lllll 11“ Transform index k
T 5 T T T T T
4 | Jooa e
0 5 10 15 20 5 ¥ [T ¢ + 3
n T
10 | | | | | | |
2 4 6 8 10 12 14
Transform index k
20 I | | | T
10+ ‘
0 < 32-pointDCT
10 | | | | |
0 5 10 15 20 25
Transform index £
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School of Electrical Engineering

= Energy concentration can be examined by measuring the truncation error of the

transformations.

« n :iN—lT K1X [k ejz;zkIZN’ n=01---2N-1 m=135,---N-1
i Nz "

1, 0<k<(N-1-m)/2
T,[k]=<0, (N+1-m)/2<k<(N-1+m)/2
L, (N+l+m)/2<k<N-1

x;[n]:;Némﬂ[k]XE[k]cosw; 0<n<N-1

MS truncation error:  E. [m]= IiNzl‘x[n] — Xy [n]’

0.5 I i | I |
04 = DCT truncation error
=== DFT truncation error
[~
& 03
B
[}
g 02
)
0.1 [ - o._-.o-__o____o__o--—-ﬂo"
-—_0"—"0-_ -
0‘9—:-'?‘5_-- l 'é‘ i _
0 5 10 15 20

Number of coefficients set to zero
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Seoul National University 6. Discrete Fourier transform

School of Electrical Engineering

Discrete Fourier transform

® Discrete Fourier series representation of periodic sequences

— Let )?[n] be a periodic sequence with period N such that x[n] = >~<[n + mN] for any
integer m

Example A periodic complex exponential
.27kn
e [n]= e’ N =g [n+mN]; kisaninterger

Note that e, [n]=e¢,,,, [n] for any integer ¢
— A set of N periodic complex exponentials {ek [n]} k=0,12,..N -1, defines all the

frequency components

N-1 270
)= =3 X[kE'™
N =
B N -1 _.2zmn
X[k]=> %[n]e " M
n=0
— Fourier series representation
N-1 2700
R[n]=—3 X[kE'™"
N i
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Seoul National University 6. Discrete Fourier transform

School of Electrical Engineering

N-1 _J-Zlm N-1 1 N _ 2zkn .27
Y AnE =Y S X[k e
n=0 n=0 N k=0
N-1 N-L 27,
_ )Z [k]i JN( )
k=0 k=0
N-1 ;27 -r)n — 1 =
Since iZej e ={1’ k=t ?N
N = 0, otherwise
N-1 jz—”rn ~
> &[nJe’ " =X[r]
n=0
= The Fourier series coefficient can be obtained by
N-1 27r n
X[k]=Y &[n]e '
n=0
-t (k+N)n =t 2z, ~
X[k+N]=> g[n]e =) % [n]e & e‘z””:x[k]
n-0 n-0

= The Fourier series coefficients is a periodic sequence
— Discrete Fourier series (DFS)

= Define by x[n]«>=— X[K]
27

x[n]wy;  w,=e N

=
LN

Analysis equation: X [k]
N-1

X [k

k=0

Synthesis equation: %[n]=
420.461: Digital Signal Processing
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4 . b : Seoul National University 6. Discrete Fourier transform

School of Electrical Engineering

Example Periodic pulse train
- 1, n=mM

[n)= 3 oln-mn]- {7

= 0, otherwise
Since X[n]=6[n], 0<n<N-1

N-1
X[k]=> 8[n]w" =1
n=0
1oy 1 14 2
X - X k —kn = — —kn =— N
= x[n] N > X [k]wy, N kZ_;WN N I(_Oe

Example Duality in DFS

Let the DFS coefficient be a periodic impulse train

V[k]=NY &[k-rN]

N-1 T
= §[n]= kz(; NS[kwy" =w’ =1, vn

V[k]=N&[n] < §[n]= X[n]
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School of Electrical Engineering

Example  Periodic rectangular pulse train

x[n]
X [k VWO : Jigkn_l_ngk_Sinﬂ-Zk e
[ ] nZ(; 10 —nz_(; _1—W1|8_sin”ke
10

| X[k]|

%5 . .
l AL 1L, LT.T,T.] .
-1012 3 910 15 20 P

= Any periodic sequence can be represented as a sum of complex exponential
sequences
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School of Electrical Engineering

® Properties of DFS

— Linearity ~ 3
ax, [n]+bx,[n]«="—>aX [k]+bX [k]

— Shift of a sequence

v -n/ DFS
_ Duality KW «———> X[k -/
N-1 N-1
R[N]== > X [k = NX[-n]= 3" X [K]W,
N i k=0
N-1
= NX[-k]=>_ X[n]w"
k=0

If X[n]«2=—>X[k], X[n]«2=—NK[K]
— Symmetry properties
X'[n] <25 X*[k]
X [-n]«2Es X [K]
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#X.  School of Electrical Engineering

= If X[n] is real, X[k]:X [ k]

OB
— Periodic convolution
N-1 N—l~ _
%[n]=2 % [m]% [n—m]=> %,[m]%[n-m]
m=0 m=0
5 N-1/N-1 3 )
k=3 S xmn-m
n=0 \_m=0
N—l~ N—1~ )
=> %[m]> %, [n—m]w
m=0 n=0
N-1 ‘ ~
= X, [K]Y & [mWm = X, [K] X, [K]
m=0
N-1 ~ _
= ¥ %, [m]%,[n - m]«2E X, [K] X, [K]
m=0

= Duality 1 Nt
% [n]%,[n]«==o 52 Xo[m] X, [k —m]

m=0
= Difference between aperiodic convolution and periodic convolution

The sumisoveraninterval 0<m< N -1

X,[n-m]=%,[-(m-n)]
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Seoul National University

6. Discrete Fourier transform

School of Electrical Engineering

— Properties of DFS

Periodic Sequence (Period N)

DFS Coefficients (Period N)

[-2

Sl

N

6.

9.

x[n]
Xq|n]. X2|n]
axi|n| + bxz[n]
X{n]
X[n — m]
Wy x[n]
N-1
E X1[m]x2[n — m| (periodic convolution)

m=0
4[] [n]

X*[n]

420.461: Digital Signal Processing

X[k] periodic with period N

X1[k], X»|k] periodic with period N
a X1[k] + bX>[k]

Nx[—k]

WM X k]

X[k —£]

X1[k] X>[k]

N-1
1 . -
— X [€)| Xolk— ¢ riodic convoluti
N E 1[£] X2[k — €] (periodic convolution)
£=0
X[ k]
(continued )
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6. Discrete Fourier transform

School of Electrical Engineering

— Properties of DFS (cont.)

Periodic Sequence (Period N)

DFS Coefficients (Period N)

10.  *[—n]

11. Re{x[n]}

12.  jTm{x|n]}

13. %[n] = 2(X[n] + X *[—n])
4. %[n] = 3(%[n] — ¥ *[-n])

Properties 15-17 apply only when x|[n] 1s real.

15. Symmetry properties for ¥[n] real.

16. X.|n] = %(f[n] + X[—n])

17. Xo[n] = %(f[n] — X[—n])

X*[k]
X[k = S(X[K]+ X*[—k])
Xo[k] = 3(X[K] = X*[—k])

Re{ X[k]}

j Tm{X[k]}

X[k] = X*[—k]
Re{ X [k]} = Re{X[—k]}

Q Im{X[K]} = —Tm{X[-k]}
| X[K]l = [ X[—A]]
IX[k] = —<IX[—k]
Re{ X [k]}
j Tm{X][k])
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Seoul National University 6. Discrete Fourier transform

School of Electrical Engineering

® Fourier transform of periodic signals

— A sequence should be absolutely summable to guarantee the uniform convergence of

its Fourier transform
— Periodic signals are not absolutely summable

— The F.T. of a periodic signal can be interpreted to be an impulse train in the frequency

domain with the impulse values proportional to the DFS coefficients for the sequence

— If )~([n] is periodic with period N, the Fourier transform of )~([n] is defined as
N 2T A 27k
X X(e")=— > X|k|o| o———
x[n]< X (&) N kzz_oo [k] (a) N j

= Although the F.T. of a periodic sequence does not converge in the normal sense,

the introduction of impulses enables to use the F. T.

= Note: X (e j”) has the necessary periodicity with period 27

1 (275 G0 io\ejong .. L (77200 g 27K\ on
—[" "X(e"p"do=—]" N;x[k]é(w—TJeJ do; 0<e<2zIN

27 J0-¢ 27
1 & 27-¢ 27k \
=— > Xk ol o——— p""dw
DIRICINE
1 & opq iZm
420.461: Digital Signal Processing :N Z X [k]ej N= X[n] copyright@Yong-Hwan Lee



7 . L : Seoul National University 6. Discrete Fourier transform
#X.  School of Electrical Engineering

Example: Fourier transform of a periodic impulse train

p[n]= Zd[n—mN]: P[k]=1Vk

~ Ble”)= Z&[a)—%}
— For a finite-length sequence x[n], (/'.e.,x[ ] 01_“0r n<0 and n> N)

x[n]=x[n]* p[n]

= i id[é—mN]x[n—f]: D> x[n-mN]

M=—00 {=—o0 m=—o0
X (e2)=X (e")P(e™)
N2 & 277k
X () Yo _%j
— N

- . 27 | N 27k
:X[k]:x(e‘”) , =X|en ]:ZX[n]e N

w=——-k
N n=0
Thus, X [k] is obtained by sampling the Fourier transform of the finite sequence X [n]
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Seoul National University 6. Discrete Fourier transform
School of Electrical Engineering

Example: Relationship between the DFS coefficients and the FT of one period

1; 0<n<4 jo - — jon S|n(50)/2) -j2w
_ Xx(e')=> e = — e
«[n] {O; otherwise (") nzz(:) sin(w/2)
| X (el)l, 1 X[K]!

-

J

0 10 ) 0k

TJ'— Tr_

-
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Seoul National University 7. Fourier analysis of signals using DFT

School of Electrical Engineering

Fourier Analysis of Signals Using DFT

® Discrete Fourier transform (DFT) can analyze the frequency content of continuous-time

signal
Anti-aliasing Continuous-to-
— low e, - P> discrete-time DFT >
owpass filter | _ : VIk
sc(1) xX.(1) conversion [k]

H,,(j)

27
v[n]=x[n]w[n]
VIK]=Sv[ne " =v(er) ,.: w=aT
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Seoul National University 7. Fourier analysis of signals using DFT

School of Electrical Engineering

— Example
S (7))
| |
-0y 0 L9 Q
(a)
! H (€2
| fA\ |
-z 0 s Q
T (b) T
XY
| | | |
T -5 0 Qf ™ Q
r (<) T
X(gfm)
| | | | | |
2 —ar —wy 0 w,=0.T ™ 2T w
(d)
W((’.j[“')
| | | |
-2 —T 0 T 2 )
(e) 2m
N
4
—291 —ar 0 Ty 2 w
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School of Electrical Engineering

— Length of the DFT

N — . 27zkn

VK] Zv nje N = (e) i @=QT
N
A< N> 28
NT AQT

= Example: T=1/5000 and 10Hz resolution

2000 =500= N =512=2°

10-27zs§—” — N>

T=1/5000

— Relationship between DFT values
N =512; T =1/5000
If V[11]=2000(1+ j);

VK] =V [(~K))y ]= V[N —k] =V [K]

=V [512-11]=V [501] =V "[11] = 2000(1 - j)
Q,, = 27-11.5000/512 = 27 -107.4

= X (Q,)~T-V[11]=04(1+ j)
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School of Electrical Engineering

® DFT analysis of sinusoidal signals

— Windowing and spectral sampling have an important effect on the analysis of

sinusoidal signals using the DFT
— Effect of windowing
s.(t) = Aycos(Q,t + 6,) + A cos(Ct +6))
= x[n]= A cos(w,n + 6,) + A cos(wn +6,)

= After the windowing
v[n]=x[n]w[n]
= Ayw[n]cos(e,n + 6,) + Aw[n]cos(e,n + &)

_ Ab jaogn+6, —j(ogn+6, A1 joyn+6, —j(on+6,
_7(w[n]eJ » +w[n]e™ 9’)+?(W[n]e""l “+w[n]e ‘9)

V(ej“’)=%[w (ej(w—wo))ejeO +W(e"(‘””")))eﬂ%}L%[W(e"(‘”_“’l))e"gl +W(ej(w+a>l))ej01:|

it can be suffered from reduced resolution and leakage of spectrum
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Seoul National University 7. Fourier analysis of signals using DFT

School of Electrical Engineering

Example  Leakage due to the use of a rectangular window | i, ,.ju,
W (e/)l 301
64 T
w ﬂ 27
N =75
15— o
2| “1T T
mmw M - ’
-7 0 W Fi)] (d)
IV (&)l IV (e/)|
ﬂ 32 ” 27 40 —
Wy =——
6
L
T |
(UO_ 2—17
16 — 20 — 14
27
(.Lil = E
—1r _27; _27; 0 2 2 T W —qr 0
3 6 6 3
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School of Electrical Engineering

= The resolution is primarily affected by the width of the main lobe of W (ej“’)
= The degree of leakage depends on the relative amplitude of the main and side
lobe of \W (eiw)

= These are associated with the window length L and the shape of the window

0

_ =20
B = 40—
s S
= @ 60
5 £
= 8
S -80—

\ N~
-100
0 0.2 0.4 0.67 0.8 T Radian frequency (o)
Radian frequency (w)
(c)
(a)
0
_ 20— _
$ o :
EIJ —60 — EIJ
S S
0 0.27 0.4 0.67 0.87 ™ 0 0.2 0.4 0.67 0.87r G
Radian frequency (w) Radian frequency (o)
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7. Fourier analysis of signals using DFT

School of Electrical Engineering

Example: Kaiser window

Amplitude

1.2
P N
09 7 NN
’ NS
\\ \‘\ —_—B=0
0.6 \ '\ ———pa3
\ . ———pg=6
\ \,
0.3 AN N,
\ N
AN
~
| | o
0 10 15 20

Samples

2
nNn—«
| A\L=|
_ L-1
win]|= o<n<l-1 g=—_=
IO(,B) 2
0 .otherwise
0
W
\
\I
=251 Vs
'I,l. |f'.\ - .
" ‘ !l N P 5 5
I L - \‘ SN 2 N, ‘-\‘ Ml —p= 0
RARAS S S e "
S0 ~ b A A e
Y YA 2 o ] ——=-p=0
Pt VEYAN AR !
[ ORI WA AN i
75k I ‘ ‘l ! \I |\‘f I\ s \ f\L ~ 1 |
& | \ I T lf v/ \f A\ N4
| | * [ | \ l‘ v/ \if
| I 1 i ]
BERRE
~100 | \ ' L L I
0 027 047 0.6m 087 P 0

Radian frequency (w)
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Radian frequency (o)
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Seoul National University

7. Fourier analysis of signals using DFT

School of Electrical Engineering

— Effect of spectral sampling

VIK]=V(e") 2u; Q@ =27k/(NT)
N

= Example

v[n]= cos 2" | 0.75c0s 71
14 15

0<n<63

)
|

v[n]

Al [‘ ‘ *..‘,JHE .HTTTmT THTTTW. .
kaann

il J
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Amplitude

K|

VK]l

I

0

IJ ‘“”TTTTTTTTTmfmrgmmmTTTTTTmﬂ‘ h

63k

V(ed)

T
T
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Amplitude

Seoul National University

7. Fourier analysis of signals using DFT

School of Electrical Engineering

— Spectral sampling with frequencies matching DFT frequencies

= Example v[n]:coszl%n+0.75cosz8in; 0<n<63

r vn]

—_

\

>—

i —
*>—
-—
*>—
&—
-._
>—
*>—
-—]
->—
-—
*>—
>
*—]
*>—

o

3

=

32 VA

16 [~

0 4 8 56 60 63 k&
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32

o)

32

16

ﬂ

[—

|

IV (el

T
K

VK]

\}HmHm"H'H"mmmmmr"H'H{ }

J

04
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Amplitude

Amplitude

rJ

10

Seoul National University

7. Fourier analysis of signals using DFT

School of Electrical Engineering

— DFT analysis by Kaiser window

= Example v[n]:wK[n]coszlL4n+O.75wK[n]cos41L5n; 0<n<63

0 o |

1l

Al
1 l

vn]

‘TTT!m. .

63k

V]!

0 32
L =64
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63 k

2

Amplitude

Amplitude
oy

v[n]

* . g "?T’g

5“'111“1“’ ml px e .

— VK]
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Seoul National University 7. Fourier analysis of signals using DFT

School of Electrical Engineering

— DFT analysis with 32-point Kaiser window and zero padding

= Example v[n]:COSZLnJrO.?ScosLllLSn; B =5.48, L =32 Kaiser window

¢ VIl K VK]l

e
Amplitude
Fen

(=111 eeeeseeeeeeoseeseeseere 0 64 127k
N =32 N =128

S . VK]l ’ 8 —
VK]l

Amplitude
.
I
Amplitude
e
I

L AL,

0 32 63k 0 512 1023 k
N =64 N =1024
copyright@Yong-Hwan Lee
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School of Electrical Engineering

— DFT analysis with Kaiser window and zero padding

= Example V[n]ZCOSZ:LL4n+O.75COS4IZ-—5n; S =5.48 Kaiser window

Amplitude

Amplitude

15 15
10+ g 0k
%
5 & S-
N =1024, L =32 N =1024, L =54
0
00 512 103 0 512 103
k k
15 15
10~ g 0k
%
s & 5-
N =1024, L =42 N =1024, L =64
0

512
k
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Seoul National University 7. Fourier analysis of signals using DFT

School of Electrical Engineering

® Fourier analysis of stationary random signals: Periodogram

— The sample mean and sample variance respectively defined by
R 1 L-1 > 1 L-1 R
M, ==>x[n], &% ==>_(x[n]-my)
L n=0 L n=0

are unbiased and asymptotically unbiased estimators, respectively

2

— Periodogram analysis: estimation of the power spectrum

Continuous-to-
—>{ discrete-time
x.(1) conversion

1 L-1 -
PXX(CU):?pSS[%j oy V()= Sl

= Periodogram is the F. T. of aperiodic correlation of windowed data sequence

(@)= ) =15 2 eulmk ™

C,, [M] :gx[n]w[n]x[n +m]w[n+m]

= Modified periodogram: W[n] IS not a rectangular window

Anti-aliasing
lowpass filter

H,,(jQ)

DFT >
VK]

Se(7)
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— Periodogram can be calculated by means of the DFT

a)=2 VK

— Properties of the periodogram:

E{1 (o)} =15 Z E e [m]je "

E{c,[m]}= nZ;‘W njw[n+m]E{x[n]x[n+m]|
::w[n]w[n+m]¢ [m]
-, [l [
[m] E{ [n]x[n+ml; ¢ zow Jw[n+m]

= To make the periodogram unbiased,

27zLU'[ ’W eJ“’
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— As the window size increases, the peridogram becomes a consistent estimate

= Example: white noise generation with rectangular windowing

1 5 1 L-1 i iog
I[k]zl(a)k)z—y\/[k]\ == Z w[n]x[n]e 7™
L I— m=—L+1
5 8
L L=16 L =256
6_
= = 4
£af £
1} 21 | '
0—’\ 1 ] | \ 1
0 128 256 384 512 °o 128 256 384 512
Sample number (k) Sample number (k)
5 12
. L=64 F o L=1024
§ 3 é
§af 2 |
| i |
L N |
LR
00 153 256 3:;4 511 e o

Sample number (k) Sample number (k)
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— Edge effect due to covolution of finite sequences
L-1
=> w[n]w[n+m]x[n]x[n+m]
n=0

= As m becomes close to L, the
x|n)w(n]

calculation becomes inconsistent
= This problem can be alleviated by
averaging multiple independent

periodogram estimates L-1
(a)
x.[n]=w[n]x[rR+n]; 0<n<Q-1

x[n+m]wln+m]

KllLl

1 v
Kr:O LU n—O‘X (eJ )

L-m-1 L-1

420.461: Digital Signal Processing copyright@Yong-Hwan Lee



Seoul National University 7. Fourier analysis of signals using DFT

School of Electrical Engineering

— Example  x[n]=0.5cos(2zn/21+6)+e[n]; e[n]~U(—\@,x/§):>a§=1

2
Py (a))=%[5(a)—a)o)+§(a)+a)o)}+aez
Q=1024; U =1

‘d
[=3}

K=31 L=64

[E
S n
I
—

Amplitude
b L o
Te
* |
o -
PU—
-— =
- 1
—1
—
PR
T
P
-—
g ——
-—]
-— 1
-—
P
=
PR
-—
—
-
A ——
-—
-—
—_—
- 0=
—
——
-—
Amplitude
—_— (S [
i;; I

-3 0 | ] |

0 20 40 60 S0 100 0 128 256 184 512
Sample number (1) Sample number (k)
60 2.40
sol- _ _ K =127, L=16
50 K=1 L=1024 ‘ ’
1.80
40 - .
= 30| =120
= £
: <
< 20
0.600 —
AL W T B AR U LN P P A Tt LA P RO M ot B, LU L il 0 | ! 1
0 128 256 384 512 0 128 256 384 512
Sample number (k) Sample number (k)
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