Variational Principle

% Vectorial Approach

F =ma

% Energy or Variational Approach
- scalars
- governing principle
- correct condition is defined by
6(scalar) = 0, stationary
- integral
% Calculus of variation
- Chap. 2. Lanczos, "“Variational Principles of Mechanics”

- Chap. 2. Hildebrand, “*Methods of Applied Mathematics”

- Chap. 3. Langhaar, “ Energy Methods in Applied Mechanics”




Variational Principle

% Calculus of variation (continued)

Behavior described by finding condition when certain meaningful quantity is stationary

b
b Y
I=1 F(y,y', x)dx
Ja .y x) 5y
oI=0
correct
oy path

OX

dy is called “variation in y” , y is a dependent variable.

b
(Slzf OF(y,y',x)dx
a

, F_ 9F _, OF
6F(y,y,x)=@6y+a—y,5y + a6x=0
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Variational Principle

in operations

d
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Variational Principle

b
51 = d [ 0F aFSd _ 0
N dx \dy' ayyx_

a

61 = 0,if andonlyif

d (0F aF—O'El’E i
ax \ 3y’ 5y ~ 0 uler's Equations

fFF=T-U+W

x = f(time) = Lagrange’s Egn.




Variational Principle

«» Structural mechanics

- scalars of interest
e Strain Energy Density = U (Smn)

U
e Complementary Strain Energy Density U, = U(T,,)

Uc
T 7777 emn
U = _[ FEnn (Smn’) dSmn’
U 0
- For linear system
de Smn U =ZTmnSmn =TS
Tensor Voight

U= jﬂU(Smn)dV — U

Tmn
Uec = j Smn (Tmn’)dTmn
0

1-32




Variational Principle

<+ Work = Force times distance
b—>
j B ar
a

Q /Ly

q
W, W= j 0(¢")dq’
0

Q
M/Cz Idl
foq(Q)Q
W

dg 9
< Variation of Strain Energy

Ui = ||| { jo SmnTmn(smn')dsmn'}

-perturbation in strain S_ + oS,
consider U (Smn + §Smn) -U (Smn)

({5 T (1081 = AU (5,0)
= j [[ T (Sun)5 Sy jdv




Variational Principle

% Variation in Work
oW = [[[ TomoU,dA+ ][ f,0U dv
% Derivation of Principle of Minimum Total Potential Energy
given loaded body in equilibrium

oT displacement
R

5U/de 0

st term: ] e 0,00 - m{ (T0U,) T

B=i (T oU ) g mn(normal strain)

_m{vé—Tmna[gl;n j}dv

m

m VBdV ﬁAé-NdA

[] T cOs(Nx,,)0U dA— [[[ T,,0S,,0V + [[[ f,0Udv =0
[[[. TS0V = [[ .00, dA+ [[] £,0U,dv

\_'_’ 1 ' I 5(w20

6U SW

I = variational indicator




Variational Principle

% Principle of stationary total potential energy of all displacement of a
loaded structure satisfying geometric B.C’s - the right
ones(equilibrium) are those that minimize 11

M=V -W
SIT=5U -W)=0

U - m{ [ T (S ) S, }dv
W = [[ Tou.dA+][] fu.dv

- Solution by minimization usually considers certain subset.

\_'_l

approximate solution
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Variational Principle

% V of a typical structure

i) Rod

W* =

T,, =ES,,—EaAT
du

S, =—

11 dX

oU = [[[T,58,,dV

u=| j{ ES, 2 — EaATSﬂ}dAdx




Variational Principle

s U of a typical structure

ii) Beam in Bending

2 r'y r'y y'y > Tll = ESll — EO(AT
d*w
— X R 811__ dx?
L C (1
U= j j {E ES, - EaATSM}dAdx
e d2W 2 I d2W
U= El(—) o|x+j0 (EaATzdA) > dx

dx
\ I = | z%dA

1
2
W =jc:f (x)w(x) dx

W




Variational Principle

% V of a typical structure

iii) Torsion of Bar

do _ T 1_.6392
dx GJ dx
U=1f7924 ——j GJ(—)d




Variational Principle

% Rayleigh-Ritz Approach

. N
U(xy,z,0)=2 a )¢ (x y,2)
i=1
— @ = satisfy only the geometric B.C.'s

¢ should be twice differentiable

Hp:(U _W):Hp(a'l’aZ’ ...... ,an)
ol'l ol'l
Al =—Foa +—=06a,+--,
oa, oa,
oIl oIl
=0, :0’ ...... etc.
o, oa,

For linear elastic problem,

[K]iaj=1{f}




Variational Principle

% Note on dynamics
- d’Alembert’s Force

—
—

fl :_pun

PSTPE (Principle of the stationarity total potential energy)

Ltf(m Ton0Sn dV+mVPUn5“n—lH , T, - HATlﬁundA)dtl:o

0 sW
[l s o [T oo

u su
szvgpunundv

[ (68U - oT —ow)dt=0

5f:2 (T —U)dt+j:2 SWdt =0

—6T

Hamilton’s principle




Variational Principle

% Principle of the minimum complementary energy
- increments in stress field 0T,

0
g-(—mr;‘+}{:0

HIV {Smn _é(j:r: + Zir: j}ﬂmndv =0
.”.[V SmnngndV —IIAUn5sndfsnA =0

sUt — swt _o
STsn =O0Tmn Cos(Nxp ) dA




