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i Image Warping
= Image filtering: change range of image

ax) = T(1(x))
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Image warping: change domain of image
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Image Warping
= Image filtering: change range of image

ax) = h(T(x))

—»T—»

= Image warping: change domain of image

ax) = 1(1(x))




Parametric (global) warping

s Examples of parametric warps:

perspective

cylindrical



Parametric (global) warping

Transformation T is a coordinate-changing machine:
p' = 7(p)

What does it mean that 7 is global?
= Is the same for any point p

= can be described by just a few numbers
(parameters)

Let’s represent 7 as a matrix: X' X
p'=M*p { }: M{ }



i Scaling

= Scaling a coordinate means multiplying each of
Its components by a scalar

= Uniform scaling means this scalar is the same for
all components:




i Scaling

s Non-uniform scaling. different scalars per component:




i Scaling

= Scaling operation:  X'= ax

y'="Dy
s Or, In matrix form:
X' - a 0] x
v oo bly.

scaling matrix S



* 2—0D Rotation
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2—0D Rotation

= This is easy to capture in matrix form:

x| [cos(@) —sin(d)] x

y'| |sin(@) cos(@) |y

. 4
v

R

= Even though sin(6) and cos(6) are nonlinear
functions of 0,
= X' /S a linear combination of x and y
= )’ IS a linear combination of x and y

= What is the inverse transformation?
= Rotation by — 6
= For rotation matrices, det(R) =1so R*=R'




i 2x2 Matrices
= What types of transformations can be

represented with a 2x2 matrix?

2D ldentity?
= Ul 2l
y'=Yy y ] [0 1]y
2D Scale around (0,0)?
X'=S,*X x| s, O0]x
y':sy*y Y 0 Sy LY




i ¢ Xc \Vatrices
= What types of transformations can be
represented with a 2x2 matrix?

2D Rotate around (0,0)?
X'=Cc0s@*x—sin@*y {x} {cos@ —sin 6’}{x

y'=sin@*x+cosf*y y'| |sing cosé |y
2D Shear?
X'=X+sh *y x| 1 sh [x

y'=sh, *x+y y'| sh, 1 |y




i ¢ Xc \Vatrices
= What types of transformations can be
represented with a 2x2 matrix?

2D Mirror about Y axis?

2D Mirror over (0,0)?

= e



i ¢ Xc \Vatrices
= What types of transformations can be
represented with a 2x2 matrix?

2D Translation?
X'=X+t,
y'=y+t,

NO!

Only linear 2D transformations
can be represented with a 2x2 matrix



i X2 Matrices

s Translation : Not linear transformation

L, x| [t +Xx
+ —
_ty_ 'y _ty+y_
X+t ] [ x A+t | [ x X, +2t ]
T(P)+T(Q)= + =
_y1+ty_ _y2+ty_ _y1+y2+2ty_
X, X, +t, ]
T(P+Q) =
_y1+y2+ty_




All 2D Linear
j_h Transtormations

s 2D Linear transformations are combinations of
= Scale, .
= Rotation, {X } _ {a b}{x}
= Shear, and y' c djy
= Mirror

= Properties of linear transformations:
= Origin maps to origin
= Lines map to lines
= Parallel lines remain parallel
= Ratios are preserved
= Closed under composition

HEEE il




Coordinate Systems
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Every coordinate system is specified by a basis
Linear transformations as a change of bases
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i Homogeneous Coordinates

= Add a 3rd coordinate to every 2D point
= Cartesian coordinate = homogeneous coordinate

x yl = [X vy h]
h : real number

x=x'/h, y=y'/h

_ X
X homogeneous coords N y
y

- 1




y, ¥*

(X, y, 0) represents a point at infinity

(0, 0, 0) is not allowed



Convenient coordinate system to
represent many useful transformations

Possible to represent scaling, rotation, and translation
In a matrix form

Any sequence of translation, rotation, scale operations
can be collapsed into a single homogeneous matrix.

A
2l

J o J&thor(4.2,2)or(6.3,3)

5 X




Coordinates

i Transformations in Homogeneous

= Translation

P'=M-P

x] (1 0 t [x] [x+t]
y'i=(0 1 L,ly|=|Y+t,
1, /0 0 1)1} | 1 |

= When we use a row vector P
Pr=P . M1



Transformations in Homogeneous

i Coordinates

= Scaling s, O
M=10 s,
0 O

— O O

= Rotation (counter-clockwise)

cos@ -—sing O]
M=|sind cos@d 0O
0 0 1




Coordinates

i Transformations in Homogeneous

= Shearing 1 a3 0]
= Shear along x-axis
s X' =X+ay,y =y M=10 110
00 1
(0,1) (1,1) (a,1) 1+a,1)

(0,0) (1,0) (0,0) (1,0)



Coordinates

i Transformations in Homogeneous

s Reflection
. 1 0 0
Ref(x)=[0 -1 0
............... _0 0 1_




i Affine Transformation

= Affine space

Set of vectors and set of points A= (V,P)
» Vectors in IV form a vector space

» Points in P can be added to vectors to
generate new point P +V = P’



i Affine Transformation

Affine transformation T : A, = A,
Where A, A, are affine spaces.

» T maps vectors to vectors and points to points
T(P+U)=T(P)+T(U)

> T 1s linear transformation + translation

x| la b c|x
y'i=|d e f
W 0 0 1w




i Affine Transformations

= Properties of affine transformations:
= Origin does not necessarily map to origin
= Lines map to lines
= Parallel lines remain parallel
= Ratios are preserved
= Closed under composition
= Models change of basis



i Projective Transformations

= Perspective projection effect

x| |1 0 0]x
yi={0 1 0|y
hl |p g 1]1

=[x y (px+qy+1)]

X =X'/h

y =Vy'/h

We get



i Projective Transformations

= Projective transformations ...

= Affine transformations, and X: da b ffi
= Projective warps y, B ¢ 1
‘W] |g h I

= Properties of projective transformations:
= Origin does not necessarily map to origin
= Lines map to lines
= Parallel lines do not necessarily remain parallel
= Ratios are not preserved
= Closed under composition
= Models change of basis




i 2D Image transformations

A
.al' /—m plOJ eLrl\’ ;
translation D

__,’""7
Euclidean qﬂme
S~ x
Name Matrix #D.O.F. | Preserves: Icon
translation [ I ‘ t ]2 X 2 orientation + - - -
2%
rigid (Euclidean) [ R ‘ t ]2 ; 3 lengths + - - - O
2%
similarity [ sR ‘ t ]2 ; 4 angles + - - - O
2K
afline [ A ]2% 6 parallelism + - - - E
projective [ H ]3{3 8 straight lines [‘

These transformations are a nested set of groups
< Closed under composition and inverse is a member



i Rigid Transformations

= A rigid transformation Tis a mapping between
affine spaces

= 7 maps vectors to vectors, and points to points
= 7/ preserves distances between all points

= 7 preserves cross product for all vectors (to avoid reflection)
= Preserves angles and lengths

= In 3-spaces, T can be represented as

T (p) = R3><3p3><1 T Tgxl, where
RR"=R'R=1 and detR=1



i Orthogonal Matrix

= Rotation matrix is a special orthogonal matrix

A

cosd -—sinéd
sind cosé

R Is normalized: the squares of the elements

In any row or column sum to 1.

R is orthogonal: the dot product of any pair of
rows or any pair of columns is O.

The rows of R represent the coordinates in the
original space of unit vectors along the
coordinate axes of the rotated space.

The columns of R represent the coordinates in
the rotated space of unit vectors along the
axes of the original space.



:_L Orthogonal Matrix

NRY, C2

Ly
X
—
L9 . R_{cose —sine}
sin® cosH
C2

R-‘rﬂ cosO —sinO| 1] rcos(ﬂ

r
OJ Lsme cos 6 HO| \.

o cosO B cosO —sinO| cosO B 1
—sin®| |sin® cosO |—sin®| |0

The rows of R form a set of orthogonal unit vectors that are
rotated by R onto x and y, respectively



i Orthogonal Matrix

o snd)
L

Y

.......................... o),
U, % 0 coso]
cos0\ —sin0
R=| .
sinB/ CcosoO

' cosO  sind |
—sInO  cosO

Ly -

=il o

R* =




i Composite Transformation

= ranslations

o O -

o — O

1

tx2_
L, |

o O -

o — O

txl_
tl

1

o O -

M — T(tx21 ty2) ] T(txl’ tyl)
= T(t,+t,, t,+t))

o - O

_|_

X2

y2




i Composite Transformation

= Scaling

s, 0 O0][s, 0 0] [s,-s, 0
O s, 040 s, Of= O Sy1°Sy2

0 0 1j/0 0 1} [ O 0

M — S(S 21 y2) S(S 1 yl)
— S(S S X21 y1 y2)




i Composite Transformation

= Rotations

cosd, -—sin@, 0| |[coshd, -sing, 0]
sind, cosd, O0}-(sing, cosd O
0 0 1 0 0 1

cos(@,+6,) -—sin(@,+6,) 0
=|sin(@,+6,) cos(@,+6,) O
0 0 1

M= R(el) ' R(ez) — R(91+ 62)



i Shear In X then iny

(0,1) (1,1) “ (a,1) 1+a,1)
>
Shear in x
0,0) (1,0) (0,0) (1,0)
+ (a,1-ab) (1+a+ab,1+b)
>
Shear iny

(1+ab,b)

(0,0)



Shear

In y then
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Point

i Scaling Relative to a Fixe

T(XF’YF)'S(SX’ y) T( XF’_yF)

IUXF S;,;UU 1U_XF
IUI}’F' DSJ,U-IleyF
001 0 01 00 1

s, 0 (1—s,)" x5
0 Sy (I_Sy).yF
0 0 1




i Rotation about a Pivot Point

T(Xy yl) ) R(H) °T(_X1’_y1)

&

h)

-

Note that
T (X11 y1) R(Q)T (_X1’_y1) =1 (X11 yl)T (_Xl’_yl) R(H)



i Concatenation Properties

= Associative
(A-B)-C=A-(B:-0
= Commutative
= T(Ly, tyl) - T(to, tyZ) = T(t,, tyZ) - T(ty, tyl)
= S(Sy1s Sy1) * S(Sxzs Sy2) = S(Sxas Sy2) * S(Sx1» Sya)
= R(6,) - R(6,) = R(6,) - R(6,)
= S(Sy, Sy) - R(O) = R(0) - S(sy, sy) with s, ='s,,




i General Transformation Eq.

X' a ¢ e|x
y'i=|{b d f|vy
_1_ _O 0 1__1_

Efficiency Considerations
eX =ax+cy+e, yV=bx+dy+f
Need x:4 +:4
¢ Without concatenation: increased number of
calculations
= Apply composite transformation after
concatenation of each transformation matrix.



i 3D Transformation

s We can extend to 2D to 3D by
considering one more dimension with
very similar equations. S

= Remember )W
= Rigid body transformation
= Affine transformation
s Projective (Perspective) transformation



