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I W iImage Warping
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I W iImage Warping
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P t i ( l b l) iParametric (global) warping

E l f t iExamples of parametric warps:

translation rotation aspect

perspective
li d i laffine

perspective
cylindrical



P t i ( l b l) iParametric (global) warping

T

Transformation T is a coordinate-changing machine:

p = (x,y) p’ = (x’,y’)

Transformation T is a coordinate changing machine: 
p’ = T(p)
What does it mean that T is global?What does it mean that T is global?

Is the same for any point p
can be described by just a few numberscan be described by just a few numbers 
(parameters)

Let’s represent T as a matrix: ⎤⎡⎤⎡ xx'et s ep ese t as a at
p’ = M*p ⎥
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S liScaling

l d l l h fScaling a coordinate means multiplying each of 
its components by a scalar
Uniform scaling means this scalar is the same forUniform scaling means this scalar is the same for 
all components:

× 2



S li
Non uniform scaling: different scalars per component:

Scaling
Non-uniform scaling: different scalars per component:

X 2X × 2,
Y × 0.5



S liScaling

Scaling operation:

byy
axx
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Or, in matrix form:
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2 D R t ti2-D Rotation

(x’ y’)(x , y )

(x, y)

θ
x’ = x cos(θ) - y sin(θ)

θ y’ = x sin(θ) + y cos(θ)



2 D R t ti2-D Rotation

Thi i t t i t i fThis is easy to capture in matrix form:
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Even though sin(θ) and cos(θ) are nonlinear 
f ti f θ

R

functions of θ,
x’ is a linear combination of x and y
y’ is a linear combination of x and yy  is a linear combination of x and y

What is the inverse transformation?
Rotation by θ−Rotation by
For rotation matrices, det(R) = 1 so TRR =−1

θ



2 2 M t i2x2 Matrices

What types of transformations can be 
represented with a 2x2 matrix?

2D Identity?
xx ='
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2D Scale around (0,0)?

xsx x *'= ⎤⎡⎤⎡⎤⎡ xsx 0'

ysy

xsx

y

x

*'= ⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡
y
x

s
s

y
x

y

x

0
0

'



2 2 M t i2x2 Matrices

Wh t t f t f ti bWhat types of transformations can be 
represented with a 2x2 matrix?

2D Rotate around (0,0)?
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2D Shear?
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2 2 M t i2x2 Matrices

Wh t t f t f ti bWhat types of transformations can be 
represented with a 2x2 matrix?

2D Mirror about Y axis?

' ⎤⎡⎤⎡⎤⎡ xx 01'
yy
xx

=
−=

'
'

⎥⎦
⎤

⎢⎣
⎡
⎥⎦
⎤

⎢⎣
⎡−=⎥⎦

⎤
⎢⎣
⎡

y
x

y
x

10
01

'
'

2D Mirror over (0,0)?
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2 2 M t i2x2 Matrices

Wh t t f t f ti bWhat types of transformations can be 
represented with a 2x2 matrix?

2D Translation?

t+'
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NO!

Only linear 2D transformations 
can be represented with a 2x2 matrixcan be represented with a 2x2 matrix



2 2 M t i2x2 Matrices

T l ti N t li t f ti
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Translation : Not linear transformation
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All 2D Linear 
T f tiTransformations
2D Linear transformations are combinations of2D Linear transformations are combinations of

Scale,
Rotation,
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Mirror
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Properties of linear transformations:
Origin maps to origin

lLines map to lines
Parallel lines remain parallel
Ratios are preservedRatios are preserved
Closed under composition
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C di t S tCoordinate Systems
Every coordinate system is specified by a basise y coo d a e sys e s spec ed y a as s
Linear transformations as a change of bases

C C CC1 C2 C3
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H C di tHomogeneous Coordinates
Add 3 d di t t 2D i tAdd a 3rd coordinate to every 2D point 
Cartesian coordinate ⇒ homogeneous coordinate

[ ] [ ' ' h][x y] ⇒ [x' y' h]
h : real number

x = x'/h, y = y'/h
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Homogeneous coordinatesHomogeneous coordinates

(x, y, 0) represents a point at infinity(x, y, 0) represents a point at infinity
(0, 0, 0) is not allowed



Homogeneous CoordinatesHomogeneous Coordinates

C i t di t t tConvenient coordinate system to 
represent many useful transformations
Possible to represent scaling rotation and translationPossible to represent scaling, rotation, and  translation 
in a matrix form
Any sequence of translation, rotation, scale operations y q , , p
can be collapsed into a single homogeneous matrix.

2 (2 1 1) or (4 2 2)or (6 3 3)

y

1 2

1
(2,1,1) or (4,2,2)or (6,3,3)

x1 2



Transformations in Homogeneous 
C di tCoordinates
T l iTranslation
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When we use a row vector P

' 1P' = P · M-1



Transformations in Homogeneous 
C di tCoordinates
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⎤
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Transformations in Homogeneous 
C di tCoordinates

Shearing
shear along x-axis ⎥
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Transformations in Homogeneous 
C di tCoordinates

Reflection

y
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Affi T f tiAffine Transformation

Set of vectors and set of points

Affine space

)( PVA =Set of vectors and set of points
Vectors in V form a vector space
Points in P can be added to vectors to

),( PVA =

Points in P can be added to vectors to 
generate new point 'PvP =+

r



Affi T f tiAffine Transformation
Affine t ansfo mation AAT →Affine transformation 21: AAT →

spaces. affineare,Where 21 AA p21

T maps vectors to vectors and points to points

)()()( uTPTuPT rr
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T is linear transformation + translation
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Affi T f tiAffine Transformations
Properties of affine transformations:Properties of affine transformations:

Origin does not necessarily map to origin
Li liLines map to lines
Parallel lines remain parallel
Ratios are preserved
Closed under composition
Models change of basis



Projective TransformationsProjective Transformations
P ti j ti ff tPerspective projection effect

⎤⎡⎤⎡⎤⎡ 001' xx

⎥
⎥
⎤

⎢
⎢
⎡

⎥
⎥
⎤

⎢
⎢
⎡

=⎥
⎥
⎤

⎢
⎢
⎡

010
001

' y
x

y
x

⎥
⎥
⎦⎢

⎢
⎣⎥
⎥
⎦⎢

⎢
⎣⎥

⎥
⎦⎢

⎢
⎣ 11qph

])1([ tqypxyx ++=

hxx /'* =We get

hyy /'* =
g



Projective TransformationsProjective Transformations
Projective transformations …

Affine transformations, and
P j ti ⎥
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Projective warps

Properties of projective transformations:
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Properties of projective transformations:
Origin does not necessarily map to origin
Lines map to linesp
Parallel lines do not necessarily remain parallel
Ratios are not preserved
Closed under composition
Models change of basis



2D i t f ti2D image transformations

These transformations are a nested set of groups
Closed under composition and inverse is a member



Ri id T f tiRigid Transformations
A rigid transformation T is a mapping betweenA rigid transformation T is a mapping between 
affine spaces

T maps vectors to vectors, and points to pointsT maps vectors to vectors, and points to points
T preserves distances between all points
T preserves cross product for all vectors (to avoid reflection)

Preserves angles and lengths
In 3-spaces, T can be represented as

     where,)( 131333 += ××× TpRpT

1det    and    === RIRRRR TT



Orthogonal MatrixOrthogonal Matrix
Rotation matrix is a special orthogonal matrix
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Rotation matrix is a special orthogonal matrix
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R is normalized: the squares of the elements 
i l t 1in any row or column sum to 1. 
R is orthogonal: the dot product of any pair of 
rows or any pair of columns is 0. 

θ

y p
The rows of R represent the coordinates in the 
original space of unit vectors along the 
coordinate axes of the rotated spacecoordinate axes of the rotated space. 
The columns of R represent the coordinates in 
the rotated space of unit vectors along the 
axes of the original space. 



Orthogonal Matrix
y yC1 C2

Orthogonal Matrix

θ

y

θ

y

⎤⎡ θθ i

C1
x

θ
x

θ
x

⎥
⎦

⎤
⎢
⎣

⎡
θθ
θ−θ

=
cossin
sincos

 R

⎥
⎤

⎢
⎡ θ

⎥
⎤

⎢
⎡
⎥
⎤

⎢
⎡ θ−θ

⎥
⎤

⎢
⎡ cos1sincos1

R

C2 C1

⎥
⎦

⎢
⎣ θ

=⎥
⎦

⎢
⎣
⎥
⎦

⎢
⎣ θθ

=⎥
⎦

⎢
⎣
⋅

sin0cossin0
R

⎤⎡⎤⎡ θ⎤⎡ θθ⎤⎡ θ 1i
⎥
⎦

⎤
⎢
⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡
θ−
θ

⎥
⎦

⎤
⎢
⎣

⎡
θθ
θ−θ

=⎥
⎦

⎤
⎢
⎣

⎡
θ−
θ

⋅
0
1

sin
cos

cossin
sincos

 
sin

cos
R

The rows of R form a set of orthogonal unit vectors that are 
rotated by R onto x and y, respectively



Orthogonal MatrixOrthogonal Matrix
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C it T f tiComposite Transformation
TranslationsTranslations
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C it T f tiComposite Transformation
Scaling

⎤⎡⎤⎡⎤⎡ 000000

⎥
⎥
⎤

⎢
⎢
⎡

⋅
⋅

=⎥
⎥
⎤

⎢
⎢
⎡
⋅⎥
⎥
⎤

⎢
⎢
⎡

00
00

00
00

00
00

21

21

1

1

2

2

yy

xx

y

x

y

x

ss
ss

s
s

s
s

⎥
⎥
⎦⎢

⎢
⎣⎥

⎥
⎦⎢

⎢
⎣⎥

⎥
⎦⎢

⎢
⎣ 100100100

yyyy

M = S(sx2, sy2) · S(sx1, sy1)
= S(sx1· sx2, sy1· sy2)



C it T f ti
R t ti

Composite Transformation
Rotations
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Sh i th iShear in x then in y

(0,1) (1,1) (a,1) (1+a,1)

Shear in x

(1,0)(0,0) (1,0)(0,0)

(a,1-ab) (1+a+ab,1+b)

Shear in y
(1+ab b)(1+ab,b)

(0,0)



Sh i th iShear in y then in x

(0,1) (1,1)
(a,1-ab)

(1+a+ab,1+b)( , )

(1+ab b)

( , )

(1,0)(0,0)
(1+ab,b)

(0,0)

(0,1)
(1,1+b) (a,1+ab) (1+a,1+b+ab)

(1,b)

(0,1)

(1+ab b)
Shear in x

(0,0)
(1+ab,b)

(0,0)



Scaling Relative to a Fixed PointScaling Relative to a Fixed Point

),(),(),( FFyxFF yxTssSyxT −−⋅⋅
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R t ti b t Pi t P i tRotation about a Pivot Point

),()(),( 1111 yxTRyxT −−⋅⋅ θ
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C t ti P tiConcatenation Properties
Associative
(A · B) · C = A · (B · C)( ) ( )

Commutative
T(t 1 t 1) · T(t 2 t 2) = T(t 2 t 2) · T(t 1 t 1)T(tx1, ty1) T(tx2, ty2) = T(tx2, ty2) T(tx1, ty1)

S(sx1, sy1) · S(sx2, sy2) = S(sx2, sy2) · S(sx1, sy1)

R(θ ) · R(θ ) R(θ ) · R(θ )R(θ1) · R(θ2) = R(θ2) · R(θ1)

S(sx, sy) · R(θ) = R(θ) · S(sx, sy) with sx = sy



G l T f ti EGeneral Transformation Eq.
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Efficiency Considerations

⎥⎦⎢⎣⎥⎦⎢⎣⎥⎦⎢⎣ 11001

Efficiency Considerations
x' = ax + cy + e,  y' = bx + dy + f
Need x : 4 + : 4Need  x : 4     + : 4

Without concatenation: increased number of 
calculationscalculations

⇒ Apply composite transformation after 
concatenation of each transformation matrixconcatenation of each transformation matrix.



3D T f ti3D Transformation

W d 2D 3D bWe can extend to 2D to 3D by 
considering one more dimension with 

i il ivery similar equations. z

Remember
Rigid body transformation x

y
Rigid body transformation

Affine transformation

Projective (Perspective) transformation

x

Projective (Perspective) transformation


