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Chapter 2 Lattice and Its
Properties

Reading Assignment:
1. W. B=0tt, Crystallography—chapter 2
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° ﬁ X
Lattice (& A}) L
Crystal— three—dimensional periodic arrangement of atoms, ions, or
molecules- translational periodicity (B ZF7])

ex) o.—polonium

each atom~— its center of gravity— point or space lattice

— pure mathematical concept

N N N N W. B-Ott, Crystallography



Translation (HCZ;i ;1(1)
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Pattern produced by periodic repetition in one dimension and

defined by translation , @

66666666

—_—

a

motif— point identical (or equivalent) point (57}4)

——-’.

—_—

a

[Line lattice (XA ZA=}) ‘a‘ = d . lattice parameter (constant)

For any translation in 1-D

T =ma —00 < M < o0
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Pattern produced by periodic repetition in two dimensional and

defined by translation , a and b

6666606606
E666G6GGG
6666648606
566666606 ./
=, 66666666 -, 7.
o/ bA

7 Unit mesh

a a
Plane lattice (1A A})

For any translation in 2-D

—

d

=a ‘B‘zb anb=y

—_—

T=ma+nb —0<M<00,—00<N<©
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For any translation

Lattice

N N N RN

-|—:=m5.-|-n6-|- pE —0<M<0,-0<N<0,—0< Pp<o

— Primitive cell: one lattice point per cell

Non—-primitive cell ° . . .
Unit cell (C, I, F)

N N N 0 M. Buerger, Elementary Crystallography



Lattice —
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»>P, 1, F, C

QP : Primitive 1 e

. b ° S
1 : Body centered
& ¢ ® *
Q F : Face centered o e
’<.>0 . A

) I |®
1 C : Base centered o o .
@ ®
®
’<> ®
) ¢ °
@ 9 o
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Lattice Point, Lattice Line
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— Lattice point, uvw

—

T =ma+nb+ pc=ua+vb+wc
point— uvw, integer and 1/21/32/3

uvw

- lattice line, [uvw]

line— two points

[: 000 231> [231]
[I: 000 112> 1[112]
[I’: 100 212> [112]

family <uvw>
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Lattice Line —

RN

* Note that the triple [uvw] describe not only a lattice line through
the origin and the point uvw, but the infinite set of lattice lines
which are parallel to it and have the same lattice parameter.

b

| [310]‘ ° [110] f100)'a 2107

+* smallest integer 210, 420, 210 -> [210]
opposite direction 130 and 130

N N N N W. B-Ott, Crystallography



A Family of Directions anW
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- <111> angular bracket - {100} braces
[ii1} i (100) on back face
[111] [111] (010) on side face "
’\ P
001
M~ < % a3 |
(010)
(100)
a // .iz' az
iy
\ \[ili]‘
/
ol [iii] \
| ans 4

(001) on bottom face

#*|111] square bracket #(100) parentheses

N N N N J. F. - Shackelford, Introduction to Materials Science For Engineer



Lattice plane (Mlllermalce_ WA I

4
Vd mOO, On0O, OOp: define lattice plane
P m, n, OO0 :@ no intercepts with axes
A E reciprocal
1 1 1
~——n'yY h~— K~= I~=
a m n P
smallest integer (hkl)
X C
2, 1, 3 00p
family {hkl} 1/2, 1/1, 1/3
37 6, 2 , OnOb
(362) mo2

a
N N N N W. B-Ott, Crystallography



Lattice plane (Millerindices;. —. WD

“+ The triple (hkl), which represents not merely a single plane, but
an infinite set of parallel planes.

5 m|n|p S P (hkl)
E m n P
\(230) > DA |2 4 | L L 9 [0
\ B 8 B |3 3 oo 2 L0 | (210)
;,,‘r b C |1 2 | 1 5 0 |(210)
c—F by " D [ 1 |2 1 0 |Q10
[ 4 L ] ] L ] E - — — —_ — -
® \ \ ° . . . F % T_ oo i T. {] (ii[}}
° ° 'Y \\\l ° . ™ G i 2 = i lE 0 (ﬁﬁ)
L L] ® | \ L [ ] ®
4 \, H [3 3 L1 I o |30

* As the indices rise, the spacing between the planes decreases,
as does the density of points on each plane.
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= Lattice plane (Mlllermdlces;. .—. -9

* There are mnp/rst equally spaced, identical planes from the origin
to the rational intercept plane, where ris the highest common
factor (HCF) of m and n, s the HCF of n and p, and ¢ the HCF of
p and m.

* rational intercept plane (-8l x}H): A A4 oA 25 A 1}

EIET R
| / intercept 2, 3, 6

7 reciprocal 1/2, 1/3, 1/6
3 2 1
/ b | (321)
17 - r=1, s=3, t=2
) mnp/rst= 2x3x6/1x3x2=6
y N . 6 planes between origin and

rational intercept plane

/// np/rst=3, pm/rst=2,mn/rst=1
e [ [ [

i 7 7 h k I




Lattice plane (Millerindices!—. WR R

Equation of a rational intercept plane X L
+ Y +—=1
m n pP

Z mnp/rst planes between origin and this plane
n m mn mn

: ., pm

I'st I'st I'st I'st

}/ equation of the plane nearest to origin
Kk

_ n'y mx+my+mzzl

d y rst rst rst

Z

hx+ky+lz=1 1 1 1

X B h k|
(hkD) plane: Al %< ©91¥E a,b,c & h k, | & W7 HellA

a,
A= 2 alzpstAl g
L



Zonal Equation ‘—. WD

* The plane (khl) which cuts the origin has the equation:

hx+ky+1z=0
* A point u, v, w on the plane passing through the origin:
hu+kv+Ilw=0 Zonal equation

+ Two lattice lines [u;v;w,] and [u,v,w,] lie in the lattice plane
(hkl) whose indices can be determined from the zonal equation:

hu, + kv, +1w, =0 hu, + kv, +lw, =0

[u,v,w, ]

HHHH““ ex) [101] and [121]

[ulvlwm (hki | (111) plane
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lattice planes (h;k;l;) and (h.k,l,) intersect in th% ‘a!F 2.9,

line [uvw ]whose indices can be determined

hu+kv+lw=0 hu+kyv+lL,w=0

(hykyly)
[uvw] < / g
(h,k,1,)
h, | ki L h, ky | 14
hy, | k, T * o, * ky, | L
U v w

U= (kllz_kzll); U=(llh2—12hl); W=(h1k2—k2h1).
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rection vs. Planes of Same Ip@. -

cubic orthorhombic
»>Y
Y
2
0\/7 \‘\0\
3 X
X [110]
v 110
x [110]

(a) (b)

Plans of (a) cubic and (b) orthorhombic unit cells perpendicular to the z-axis,
showing the relationships between planes and zone axes of the same numerical indices.

N N N N C. Hammond, The Basics of Crystallography and Diffraction



Reciprocal Lattice and Interpla

) - N NN
1 L
| c b o - =
hiiiad =, b a, ¢ b
| k r :(E_F)X(T_K)
(k) "~ .b bxC cxa axb
— k = + +
a kI lh hk
h b a :abc(hbxc+kc><a+|axb)
k h hkl = abc abc abc
FopDXC, Cxa L axD e kb I abe = aebxC

abc abc abc

7 _bxc = Cxa = axb aa=1 ab=0 ac =0

a = = C = - = - -
abc abc abc b-a=0 b-b=1 b-c=0
c-a’=0 ¢c-b'=0 cc=1



Reciprocal lattice and interplanar SW
RN

origin

5 - X — * e —x
— ar a ha +kb +lc 1
hkl h r h r r
-
r*

r2 :izz(h§+kﬁ+lf)-(h§+kﬁ+|§)

hkl
=h*a”+k*b? +1°c*+2a’b cosy +2bc cosa +2ca cosp
For cubic, a=b=c, a=B=y=90°, a*=b*=c*=1/a, a*=B*=y*=90°

1  h®+k®+I? q a
hkl

2 _
rth o o 2

dz, a Jh? 4 k2 412
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Interplanar spacing ahkl q. %P

For cubic
a
d110 - \/12+12+02
. a
b =—
J2
i a
22 112 40
a
P ~F
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Angle between two planes —

NN RN
Calculating the angle between two planes
For crystals, the angle, ¢ between two planes, (h, k, 1,) and
(h, k, 1) Is given by:
cos = iy + Aydgy + i

JE -+l L 5+ +L

Example:

Calculate the angle between the (111) and (200) planes.
From the above,

(1x2) + (1% 0) + (1% )
;?1+1+134 +0+0

cogg= 315
which produces the result, ¢ = 54.757

cogd =

N QNN
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Mag gy SPace

http://www.matter.org.uk/diffraction/geometry/2D reciprocal lattices.htm

http://www.humboldt.edu/~gdgl/recip.html
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o Recipr‘ocal lattice RN

A R L

Real lattice

CC ¢ http://buckminster.physics.sunysb.edu/intlearn/lattice/lattice.html
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Reciprocal Lattice

cos fcos y — cos @

*
- a’ = . .
¢ V cos sin Ssin 7
b,._msinﬂ CDEE*:cnsycosa_—cusﬁ
V Sin ¥ sin @
« _ absiny Cusy*zcnsapﬂsﬁ*msy
V sin @ sin 3
b*c* sin @ cos o = CO8 B* cos y* — cos a*
¢="y sin B* sin 7*
b = c*a® sin 8* cos 8 = cos y* cos ¢* — cos S8*
- V* sin ¥* sin o*
. — a’b”sin al cos 7 = 08 a* cos B* — cos y”
V* sin e* sin 8*

V*=a*b*c* 1 — cos? @* — cos® B* — cos® y* + 2 cos " cos B* cos 7"

V = abc /1 — cos®a@ — cos® B — cos® y + 2 cos a cos B cos v
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¥ 1.3 HIAH .

_ NN
2357 e

cubic % Elr(k2+k2+£“)

ciz il
tetragonal A% | ——=—+ iT
- o G N
orthorhombic g |+t
: 2
hexagonal 50 3—:122' (B* + hk + k%) + =
e om | 1 (B+ R+ P sin*a+ 2(kk + B + IF) (cos®* a — cos a)
rhombohedral T8 |2 1+2cos’a —3cosa
ﬁz _|_£i__ 2kh cos ¥ )
a b . ab + ! (first setting)
o sin® ¥ ¢ g
monoclinic N Y
: a® + P ac + k_a ( d ing)
S 8 5z (second setting
2 2 2
e %fsinza+%fsinzﬁ+—ifsm2r+%(cnsacusﬁ—"msr)
triclinic =~ a a
,.H- F : +%(cnsﬁ'ms?‘-cﬂsa}+%(cmrcn@a_cnﬁﬁ)

1—cos*a—cos*8 —cos’y + 2cosacos fcosy

AL
a8 2E

Jol

FHE
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Reciprocal Lattice and Interplanar Spac.lng !i‘-"'i

- monoclinicP a#b#¢C 0£=7=9OO¢,B

{100)

N

~

(a) (b) (c)

Fig. 6.2. (a) Plan of a monoclinic P unit cell perpendicular to the y-axis with the unit cell
shaded. The traces of some planes of type {40!} (i.e. parallel to the y-axis) are indicated, (b)
the reciprocal (lattice) vectors, d,, for these planes and (c) the reciprocal lattice defined by
these vectors. Each reciprocal lattice point is labelled with the indices of the plane it
represents and the unit cell is shaded. The angle 8* is the complement of 8.

Z
<

N N N N C. Hammond, The Basics of Crystallography and Diffraction



Reciprocal lattice and interplanar spacupg.!—,w,

N NN

”—cubicI a=b=c

000 020 040
Oy~ y » *~—
i i 7 (200)
1/ /
'5/ =130 229
. ) '
"\ : 011 121
o1y 200 J'zzo l@o
*10 »211
(110)
“310 =330 02
000 *410
102
400
I Tazo Taa0 -

Fig. 6.4. (a) Plan of a cubic I crystal perpendicular to the z-axis and (b) pattern of reciprocal

lattice points perpendicular to the z-axis. Note the cubic F arrangement of reciprocal lattice
points in this plane.

N N N N C. Hammond, The Basics of Crystallography and Diffraction



Example

- BCC (body centered cubic)

C. Kittel, Introduction to Solid State Physics




8 = Sa(-xX+y+7) a
2 . 2T - -
1 - - - b =—(z+X%)

b, ==a(x—y+2) a
2 . 27 - -
C =—(X+Yy)

CR:%a@+y_2)

N QNN
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Metric Tensor —
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- consider two vectors p and d:
p= plél + pzaz + p3§3 q

q:Zpiaw 2

& + 0,4, + 0,8,

- the dot product is defined as follows: qeosH

q = ‘BH&‘COS@ — (Z piai)’(zqiai) — Z piqj (ai)'(aj)

(@ ab ac)ig (g,
=(Py, Py, P3)| 0+8 beb beC || q, |=(pu P,y P5)G; | G
G Csb €+C )\ Gs / Y

N N N N G. Rigault, Metric Tensor and Symmetry Operations in Crystallography



Metric Tensor —
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( )

Q)
Q)
Q|
[ J
Oy
Q)
[ J
(@]}

Oy
Q)|
O
o
O
Oy
@
(@i

- metric tensor Gij —

—

pl}
o
Oy
()
o
(@]}

 C-2 CC
- a 3x 3 matrix tensor contains all the geometric
Information about the unit cell

(qp)

- example
(4 0 4
{2,3,4,90,6090} =G;=|{0 9 0
4 0 16
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¥ 1.4 Z ZFFA A¥ oy 9

ﬁ;ﬂ%ﬁ}f - AAR
a 0 0
3 0 & 0
0 0 &
at 0 0
A 0 & 0
0 0 ¢
1
a? -—za’ 0
&% —*—;-a’ a 0
0 0 ¢
& £z Lz
£z gn £z
Bz gz £u
"E_ﬁ gll=az 1n_ 1+0(Bn'
gi2=ad*cos a & = (1 —cosa)(1+2cos @)
12 _ —cosa
& T A1l —cosa)(1+2cosa)
1
0 0
(a= 0 u) @ .
AL v 0 ¥ 0 0 0
0 0 ¢ L 1
0 0 =
© A} a’ 0 accosf (a"? 0 a'c*cosp’
(F5o) 0 b? 0 0 (5%)? 0
by o) accos 8 0 et a*c*cosf* 0 (c*)?
a® abcosy accos 8 (@)  a*b*cosy* a'c*cos B’
4+ A} abcosy b bccosa a*btoosy (%) bc*oosa’
accos B becosa  ¢f a*ctoos B b°ctoosa® (c*)?

a* Fol o e ol FUE-.

RN

0z
1>
al

My
0
I
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»~ Metric Tensor N —. N NN

- distance between two atoms:

D? =(G—p)(G— P q
(G—P)(G-P) / \ o
0. — Py

=(0,— P10, — P, 05— P5)G; | O, — P, p

p-

q
NCNCRY

- bond angle cos@ =

N QNN



Example ﬁ

RN

- distance between 2,0,1 and 1,0,2
In a monoclinic lattice {2,3,4,90,60,90}7

- angle between directions [210] and [102]
In a monoclinic lattice {2,3,4,90,60,90}?

N QNN



ﬁ

5*//iournals.iucr.org/cww-top/edu.index.htmln & & & 'n &

W& Crystallographic Education Online

Educational Resources

Aperiodic Crystallography
. by Geometry Center, University of Minnesota.
QuasiTiler draws Penrose tilings and their generalizations.

Applied Crystallography
. by H.
Lipson
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