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Chapter 11 Diffraction

Reading Assignment:
1. D. Sherwood, Crystals, X-rays, and
Proteins—chapter 5 and 7
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Diffraction by 1-D Obstacle—s
ORI

- geometric arrangement
diffraction pattern amplitude F (k)
F(k)= [ f(r)e*rdr
all

f (r): amplitude function

Xz plane

Incident

obstacle- along x-axis ™"
I =(x,0,0)

f(r)— f(X)

k=(k,,0Kk)

—

T

or =k X=kxsing @ :scattering angle
N N N N D. Sherwood, Crystals, X-rays, and Proteins



Diffraction by 1-D Obs!ac_

N N N RN

- geometric arrangement

F(k)= [ f(re™rdr =] f(x)e*dx
all r -0
— F(sin @) = j f (x)e"™*"?dx (- k: constant)
- In general, F(sin @) 1s complex

intensity of diffraction pattern|F (sin 6’)\2

N QNN



Diffraction by 1-D Obstacle -
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- one narrow slit
an infinite opaque sheet along the x-axis containing
narrow slit at the origin

- narrowness- compared to the wavelength

- amplitude function- ¢ function

) f(x)

IF(sin O)I2

-+ttt ————t et 4t
X 0 sin 8

(a) | (b)
N N N 0 D. Sherwood, Crystals, X-rays, and Proteins



Diffraction by 1-D Obstacl_ <

RN

-f(X) =0(x)

- F(sin8) = J‘ f(X)eikxsianX :J‘ 5(X)eikxsin6?dx

_ |:eikxsin0 ]X:O -1

- intensity ~|F (sin 9)\2 =1
- Intensity Is uniform at all angles
- a single narrow slit = an active point source

IF(sin O)I2

} } $ 4 + -
0 sin 6
N N N N D. Sherwood, Crystals, X-rays, and Proteins
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Diffraction by 1-D Obstacles —
RN

- two narrow slit
a pair of 6 functions, one at + X,,and the other at — x,
}S(x)
-f(X)=0(X+X,)+0(X—X,)

- F(sin 6?):[ f (x)e"*"?dx | l -
= I S(X+ X, )™M dx + j S(X— X, )e" " ’dx
b . | F (sin 6))
_ e—ikxosine n eikxosiné? _ 2COS(kXO Sin 9)
([ F008(x=x)dx = f (%)) MW | NVW
-~ S I—f{lt-g:_nll)i:ﬁt= isiin-é
- |F(sin «9)\2 = 4cos® (kx, sin ) "i‘%’“‘ a {":._-é‘

N N N N D. Sherwood, Crystals, X-rays, and Proteins
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Young’s Experiment —

RN

maxima
dsind=mA

Sy

|




Diffraction by 1-D Obstacle_

N N RN

- three narrow slits
f(X)=0(X+X,)+0(X)+(X—X,)

- F(sin ) = j f (x)e™™"?dx

=1+ 2cos(kx, sin &)
- [F(sin§)|" =L+ 2cos(kx, sin O)]*

nine times
. 1 .
}/ ) IFtsin®® ore intense
w I I
:-x,], 0 xg o =_I -Wr  —6n  —Im 0 = b wﬂinﬂ
kx Xg kxg kxg kxp kx Xy kxg

NN <« <~ (a) D. Sherwcg:c%, Crystals, X-rays, and Proteins



Diffraction by 1-D Obstacles—

N N RN

- N narrow slits
equally spaced by a distance x, - N ¢ function
N =2p+1 (odd number)

-f(x) = nf O (X—nx,)

n=-p

f(x) |F(sing)|*

-2n 0 x i
?2;0/ \%;0 sin @
4n :

(a) NTx 0

(b)
N N N N D. Sherwood, Crystals, X=rays, and Proteins
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Diffraction by 1-D Obstacle—s

NN NN
- F(Sln 9) J‘ f (X)eIkXSInQdX
— p |kpx03|n6?_|_e ik(p DXOS'M—I—---—|—1+---—|—eikpX°Si”9
_ e—ikpxosin0(1_|_ eikxosiné? et eik2 pxosine)
— e—ikpXoSiné?(l_ eik(Z-p-i-l)-XoSinH) — e—ikpXoSiné?(l_ e”-(NXO%inQ)
1_e'kXoS'n9 1_e|kx05|n0
. Nkx,siné
sSIn
_ 2
kx, sin & _
4 y) *main peak
in? Nkx, sin @ angular width- 47z / Nkx,
- |F (sin 9)‘2 _ 2 separated by- 27/ kx,
sin? kX, SIn 0 N - 2 subsidiary peaks

NN N & 2



s+ Diffraction by 1-D Obstacles —

NN
- Infinite number of narrow slits
separated by a distance x, — Infinite array of 6 function

-f(X) = rio o (X—nx,)

N=—o0

*Infinitely sharp peak

: ~ . 2N
-F(sin@) =) 5(sing——-) o
n=—o0 kxq A(sing) =—
kX,
476 { | F(sin 8)1°
+
0 -4r -2n = 4m vy
B X N sin 8
N <« ~ <~ (a) D. Sherwoo&bbrystals, X-rays, and Proteins



' To point £ |
01 '.'ie'l.ving

sSCreen

Path length
difference
between adjacent rays

dsind =mA

visible emission line of cadmium

=1 m=2 =4
m =0 ———h——y r A — F —

! 1 | I I L I | 1 E

i 107 20° 307 H)* ol 6" 707 80°

visible emission line from hydrogen
D. Halliday, Fundamentals of Physics




Diffraction by 1-D Obstacle_.

RN

- one wide slit
an opaque screen containing a slit which is wide
~1004

: § f(x)
-f(X)=0 If ~o<x<-X,
1if -X, <x<+X, |
0 If +X,<Xx<w | | ” '
-F(sing)= [ f (x)e""’dx e

Iksin @

'XO

Xo o pikksing Xo
_ I .I: (X)elkxsmedx _ |: :|
X,

N N N N D. Sherwood, Crystals, X=rays, and Proteins



Diffraction by 1-D Obstacles—

¥ NN
ikxsing X ikXosing  —1kX,sing
- F(sing) = _e _ _ S _ _e
Iksiné@ X, Iksinég
_ 92X, sm(kXO_sm )
kX,siné@
- 2 -
- intensity~ |F(sing)|" = 4X{ > (kX_OsmzH)
(kX,sIn8)
-2X, > A(sin8) =2x kX, | 4| F(sin )

- the wider slit,
the narrow the diffraction pattern

- secondary peak-very rapidly weak

- on sin@
kX, kX,
N N N N D. Sherwood, Crystals, X=rays, and Proteins



Single-Slit Diffracm AR

Intensity Distribution of Diffracted Light

Diffraction of Light Through an Aperture
Paoint f

Source of™
Light Figure 2
ig e 9

Coherent—
Light |

b

Aperture
sin @

l-
LLALRLLFRREHRRCARRERERRERRRRRA

Higher
Diffracted
Orders

-#— Diffracted
Light
Intensity

Maximum
Intensity

Intensity Distribution F'

FIgIJI"E 1

Detector Screen

O ~dsing, for minima sin@ = mg

N QNN

http://micro.magnet.fsu.edu/primer/java/diffraction/basicdiffraction/



-o~dsing

fmwmmmaﬂnezmgﬂanzau.

¥

N QNN

Single-Slit Diffraction
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Single-Slit Diffraction

RN

Wavelength = 413,125 nm Slit Width = 7364.1855 nm

http://www.phys.hawaii.edu/~teb/optics/java/slitdiffr/



L
- Relative fintensity ! Relative intensity

gﬂ,= F.K.:L

Los]
losl

20 15 10 5 0 5 10 15 20 20 16 10 5 0 5 10 15 20
B (degrees) 0 (degrees)

 Relative intensity |
—t

a=101

20 15 10 5 0 5 10 15 2
8 (degrees)

N N N N D. Halliday, Fundamentals of Physics



Convolution —

# B > — qi#i!iqii
-c(u)=f(N*g(= | f(Ngu-ndr= | fu-ng(rdr

all r

- integrand is a function of u and r
Integration Is taken over r — function of u
-g(r) vs. g(u—r) or g(x) vs. g(u—x) for 1-D

reflection+displacement

- example
f (x): o function, g(x): arbitrary function

c(u):_'_z f (X)g(u-x)dx = jz S(X+x,)g(u - X)dx

+ '_OO o (X—X%,)g(u-x)dx

:g(u+x0)+g(u-x0)
B B

http://www.jhu.edu/~signals/convolve/index.html



/\ Reflect in v axis
a s inversion in 3-D

X
| £(—-x)
(a) ]\
N\ _
X
l g (u=-x) (b)
: - Displace along x axis by u
—-— X

N N N N (c) D. Sherwood, Crystals, X-rays, and Proteins



V& (x)

A B

N QNN

ol |

g(-x) g (u-x)

ol |
%
E
s ¥

B, A: = ” .

D. Sherwood, Crystals, X=rays, and Proteins



Sx)

Xp xo X

uj g u—x) _ S(x)g(u=x)

uy 4
=
B/ T\ A |
’ X I —Uq u

X —u3 u
[
X —Uy u
1
X —“s u
X -u6 . (e) u
(d) c(u)

—u) —u3 —s U, Uy U u
. . . . —Uy~Uy —Ug 6u5 4113 2u|
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} S () } g (x) e h=F(x)*g(x)
%o <o -E * T': - —3::0 J:fl] -
(x) " (u)
}f(x) jglx) et
L . . AN - = /\/\r/\/\/&,u
| b | X

N N N N D. Sherwood, Crystals, X=rays, and Proteins
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The convolution of a rectangular and a triangular pulse.

fiof; =0
1<~

@6 =f - nar=t,0 12

-1<r <]

ft@fz ='[:(f‘ dr =2t

1< 12

f‘ J-ndr=dre- e
W

2 <4

[1®f5h =0
4t

Y =

B

Y

ra b




+ » Diffraction by 1-D Obstac|e§ .—. -

“two wide slit
slits , each of width 2X,, centered at x =-X, and X = X,
-f(X)=0 if -co<x<-(X,+X,)
Tif -(X, + X,) <Xx<-(X,—X,)
0 If -(x,—X,) <x<(X,—X,)
1if (X, — X,) <x< (X, + X,)
0 If (X, +X,)<X<o©
- f (x) 1s convolution of one wide slit and two narrow slit
f (two wide slit) = f (one wide slit)* f (two narrow slit)

fox) 1 (x) S (x)
» | e - k—2X0
U + ” e o= $ - e Y b} ——t e
=Xy Xy X —Xo Xy X =Xy Xy X

N N < (@) D. ﬁli’?erwood, Crystals, X-rays, and Proteins



Diffraction by 1-D Obstac|e§ L—. -9

- Fourier transform
TT (two wide slit) =T[ f (one wide slit)* f (two narrow slit)]
- Fourier transform of a convolution is the product of
the individual Fourier transforms
Tf (two wide slit) =Tf (one wide slit) - Tf (two narrow slit)]
- one wide slit
sin(kX, sin 8)
kX,sIné@

F(sin @) = 2X,

- two narrow slit
F (sin &) = 2cos(kx, sin &)

N QNN



Diffraction by 1-D Obstacle§ - L-.

-

- two wide slit

F(sin@)=4X, sm(kxo_sm ) cos(kx, sin )
kX,sIné@
-Intensity
. .
|F(sin 9)\2 =16X/ il (kX_O Smf) cos® (kx, sin 9)
(kX,sin @)
|F (sin 8)|° |F sin 8)| | F (sin )]
g 0 sin 6 - I 0 sin 0
-2m " 2n -R .3
kxg  kxg kX, kX,
-2 I
kxy kxg
(a) (b) (c)

N N N N D. Sherwood, Crystals, X-=rays, and Proteins



Diffraction by 1-D Obstac|e|§—. e

- two wide slit

form of diffraction pattern is a series of cos® fringes
modulated by (sina / )*
- cos® function- first zero kx,sing, =z /2
sin @, = 7 1(2kx,)
- (sina/a)? function- first zero kX, siné, =«
sin@, = 7 /(kX,)
-Xg > X, > 06,>0,

N QNN



Diffraction by 1-D Obstacles .|—. -9

- three wide slit

- amplitude function
f (three wide slit) = f (one wide slit) * f (three narrow slits)

Tt (threeo wide slit) =T[ f (one wide slit)* f (three narrow slits)]

TT (threeo wide slit) =Tf (one wide slit) *Tf (three narrow slits)

sin(kX, sin 8)
kX,sIné@

[1+ 2cos(kx, sin&)]

-F(sin@) =2X,

N N N N D. Sherwood, Crystals, X=rays, and Proteins



. %~ Diffraction by 1-D Obstacleg .-. 9,

- three wide slits

- Intensity

, sin’ (kX sin )
(kX sin 0)?

}|F(sin@)!? fmsin 9)|2 |F (sin 8)1°
L"h-\ X - :
0 ! sin @

0 sin @

F(sing)|" = 4X [1+ 2 cos(kx, sin )]

-7

- 2 “an 2m
kxg 4xg kxg hxg

N N N N D. Sherwood, Crystals, X=rays, and Proteins



- ' Diffraction by 1-D Obstacles .—. °-

- N wide slits
width of 2X,, centered on a 6 function

- amplitude function
f (N wide slit) = f (one wide slit)* f (N narrow slits)
Tf (N wide slit) =T[ f (one wide slit)* f (N narrow slits)]
Tf (N wide slit) =Tf (one wide slit)*Tf (N narrow slits)

N N N N D. Sherwood, Crystals, X=rays, and Proteins



Diffraction by 1-D Obstac|e§ —. e

- N wide slits

= -
-,

- Intensity
in? , NKX, sin @
. sin®(kX,siné
Fsing)[ =4x ( ) :
(kX, sin 0)° , KX, sin @
sin’
2
| |F (sin@)]? lff’ (sin @}1° |F (sin®)
0 smﬂ L sin; . i
_n
kX :X g -an  Im
kxg  kxp
- 2nm
h:ﬂ kx g

N N N N D. Sherwood, Crystals, X=rays, and Proteins



Experiments —

NN R RN
|5creen
Intenaity Pattern for
8ingle 8Iit
I
8iit
L L .
Incldent
Light Law P
e A IAI_-—--_ X
Screen 0 AL/w 2AL/'W

N N N N http://www.msm.cam.ac.uk/doitpoms/tlplib/diffraction/index.php



(@ s=12 um (b) s=3 um

Slit spacing s and slit width w

N N N N http://www.msm.cam.ac.uk/doitpoms/tlplib/diffraction/index.php
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i || i for8ingle 8l

i Intenalty Pattern
E/far Multiple 9lits

Diffraction patterns from gratings (a) and (b).

http://www.msm.cam.ac.uk/doitpoms/tlplib/diffraction/index.php



ﬁ

RN

w=0.16 mm

- Diffraction Pattern

T xuus

w=0.02 mm

N N N N http://www.msm.cam.ac.uk/doitpoms/tlplib/diffraction/index.php
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iEl:rEErl

ri"— I
Laser Mash r‘

"'”“||||m|mg!!l"""~

]‘ A) 200 pm

The zebra
N N N N http://www.msm.cam.ac.uk/doitpoms/tlplib/diffraction/index.php



e Diffraction by 1-D Obstacles —. 2.9

- Infinite wide slits

- amplitude function
f (o wide slit) = f (one wide slit)* f (co narrow slits)
TT (oo wide slit) =T[ f (one wide slit) * f (co narrow slits)]
TT (co wide slit) =Tf (one wide slit) *Tf (co narrow slits)

..-.'_‘.._ X _ _XU Xo X __.'__l__ X
X0

N N N N D. Sherwood, Crystals, X=rays, and Proteins



Diffraction by 1-D Obstac|e§ .—. e

N

- Infinite number of wide slits

- Intensity
2
. sin®(kX,siné . 2N
IF (sin 9)\2 =4X¢ ( )|3 Z S(sind——-)
(kX,sin@)? =~ KX,
| F(sin8)1° b | F(sin@))? } | F(sin®!°
T s.;o - ] ifolo i—’:o ) sin®
~ix, i,

N N N N D. Sherwood, Crystals, X=rays, and Proteins



Diffraction by 1-D Obstac|e§—.

N N RN

- significance of the diffraction pattern

|F(sin@) I’
VSfix)
g ‘ T 4 f } - N . . : A
—xg 0 xy X "iz,“ 0 i_ﬂ Sinﬂ
"0 xu
| f (x) {IF(sing)l?
I R -2m 0 2 sin @
kg kxy
l Il
& , |F (sin@) I*
T b * -0 2= sin @
kx.n kxﬂ

N N & N D. Sherwood, Crystals, X—-rays, and Proteins



Diffraction by 1-D Obstacle§ - —. -9

- narrow slits
1. As the number of slits increases, the main peaks become
sharper and narrower, whilest the subsidiary peaks
become rapidly less intense
2. The position and separation of the main peaks is constant
Independent of the number of peaks. The man peaks are
separated by an angular deflection given by

A(sin 6) :E—ﬂ

XO
The distance is determined soly by 4 and separation x, of

any two neighboring narrow slits.

L B



Diffraction by 1-D Obstac|e|§—. e

- narrow slits

- The position of the main peak in a diffraction pattern is
determined solely by the lattice spacing in an obstacle.

- The shape of the main peak is determined by the overall
shape of the obstacle.

N QNN
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|F(sin@)|’

NN R RN

- 0 Ix sin &
i.!u 'k’tﬂ
o 2
|F (sin® )]

—#x X

X,

g

-+

-z 0 23 sin &

2
s Sherwood, Crystals, X-=rays, and Proteins



Diffraction by 1-D Obstac|e§—. -

N NN

- wide slits

- The effect of the motif (one wide slit) is to alter the
Intensity of each main peak, but the position of the
main peaks are unchanged S

- Intensity envolope

— structure of motif J ﬁ

D

(a)

IF(sin 8) 1%

/
/
/
/]
/
—— e |

N N N N D. Sherwood, Crystéﬂ’s, X—=rays, and Proteins




Diffraction by 1-D Obstac|e§ .—. -9

- another way of looking at N wide slits

- shape function
IS zero everywhere outside an obstacle
corresponds to the macroscopic shape of the obstacle
within the obstacle

df(x) } f (%) §f (x)
-zx;x" 0% ks x”z’xo x ok X0 0 xok X

N N N N D. Sherwood, Crystals, X=rays, and Proteins



Diffraction by 1-D Obstacle§ .l—. -9

- finite lattice

f (finite lattice) = f (infinite lattice). f (shape function)

f (obstacle) = f (motif )* f ( finite lattice)

f (obstacle) = f (motif ) *[ f (infinite lattice). f (shape function)]
- diffraction pattern

F(sin @) =Tf (obstacle)

=T{f (motif ) *[ f (infinite lattice). f (shape function)]}

=Tf (motif )T [ f (infinite lattice). f (shape function)]

=Tf (motif )«[TT (Iinfinite lattice) *Tf (shape function)]

N QNN



Diffraction by 1-D Obstac|e§ L—. -9

- N wide slits
f (N wide slits) = f (one wide slit)* f (N narrow slits)
f (N wide slits) = f (one wide slit)*
[ f (co narrow slits). f (shape function)]

4 mf (x)
--;[Xo —xy 0 xg pxg  x

mf(x)
_— e—— e it s [ ep——————————s et} —'X—* S S — "’ 4+ il

‘Xo Xo —xg 0 xp —PXg 0 pxy X

f(x) S (x)

N N § = D. Sherwood, Crystals, X-rays, and Proteins



Diffraction by 1-D Obstac|e§ -. *wne

- diffraction pattern
Tf (N wide slits) =T{f (one wide slit)*
[ f (oo narrow slits)e f (shape function)]}
=Tf (one wide slit)«T[ f (oo narrow slits). f (shape function)]
=Tf (one wide slit)«Tf (o narrow slits) *Tf (shape function)

- three types of structural information

that concerning the lattice

that concerning the motif

that concerning the shape of the entire crystal

N QNN
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| F(sin 8)/?
-2 0 27 sin 8 —21: 0 27w sin 6 -2n 027w sin @
kxg kxp kxo kxg kxg kxg
(d) (e) (f

N N N N D. Sherwood, Crystals, X=rays, and Proteins
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Summary —

RN

- the position of the main peaks gives information
on the lattice

- the shape of each main peak gives information
on the overall object shape

- the set of intensities of all the main peaks gives information
on the structure of the motif

N QNN



