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1. vector algebra
» addition, subtraction and multiplication

2. orthogonal coordinate systems

3. vector calculation

» differentiation, integration (line, surface and volume

[ B s § LI | w ILIIII

Integrals)

» del(V) operator, gradient, divergence and curl operation
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1. Addition
> A=Aa A=[A| a=%
> A+B=C
® Commutative law: A+B=B+ A
@ Associative law : A+(B+C)=(A+B)+C

2. Subtraction
> A—B=A+(-B)

o
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1. Scalar or dot product
> AeB = ABco0sd

® Commutative law : AsB = B-A
@ Distributive law ; A«(B+C) = AsB + AC

v

> AsA=A2 or A=+ AA

\a\zﬁ - J (A+B)-(A+B)
—J A2+ B%+2ABcosH
—J A2+B?—2ABcosa
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2. Vector or cross product
> AxB =a ABsind

= ‘\7‘ = wd = wRsin o

@DM:WR
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3. Product of three vectors
» As(BxC)=Be(CxA)=Cs+(AxB)

> Ax(BxC)=B(A«C)—C(AB)
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v K: A\Jlul_l_AJZuZ + AJ3U3’ B = Bull];—i_ Buza;—i_ Bu3a;
u.(1=1,2,3) : const does not mean that the surface in plane. It can
be curved surfaces

e.qg) spherical coordinate system(r, &, ¢)
r : const means the surface of a sphere

(it is not plane, but r, 0, ;5 are perpendicular to each other)

. oo
Radio Technology Laboratory Seoul National Univ.



Radio Technology Lab.

Wireless f Channel / Microwave

v AB=AB, +A B, +A B,

u U, U
/_A'xﬁzAJl A, A,
B, B,

B
(A, B, —A B, )-U,(A,B, —A B,)+U,(AB, -A B,)

Il
C) i
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1. Differential change in one of the coordinates £} Diffetential length change2] A3+ ¥+7
> dl. =hdu,, (h : metric coefficient, may be a function of u,,u,,u,)
e.g) polar coordinate(the subset of cylindrical coordinate)

(u,u,)=(r,¢)  dging — dl,=rdg in ¢ direction

2. 919 | vFake] differential length change : vector
> di =dIl =udl, +u,dl, +u.dl, = u,(hdu,) +u, (h,du,) +u,(h,du,)

4. Differential area change : vector
> ds =dsn (right hand rule)
cf ) Differential area ds, normal to the unit vector u,
ds, = dl,dl, = h,h,du,du,
.
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@ position vector to the point (x, Y, z)
OP = X, X+Y,y+2,2
AB=AB +AB,+AB,

A

X Yy 1z
AxB=|A A A
B, B, B,

® di = xdx + ydy + zdz
ds, =dydz, ds, =dxdz, ds, = dxdy
dv = dxdydz
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\/(ul,uz,u3)=(r,¢,z)/, h=h=1h=r

I/

z = 7 plane

®K:FA+;5

r=ri cylinder

X ¢ = ¢ plane

Radio Technology Laboratory
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® di = rdr + grd ¢ + 2dz
ds, = rdg dz ds, =rdg¢dz, ds, =drdz, ds, =rdrd¢
i = dv = rdrd gdz

cf) A=TA + @A, +2A = XA + YA +ZA,
A, = Asx = ATeX+Adex = A COS$— Asing
A, = Ay = AF-§/+ A¢(;5-3A/= A sing+ A, cos¢

(0 I >y |
| A | |cosg —sing O A
e < P =| A |=|sing cosg O] A,
_______ ' a, A, 0 0 1A \[H%l
a,
v a, X=rcos¢g, y=rsing, z=z2
b
r=Jyx+y?, g=tan'(d), 2=z
X
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v (u,u,,u) =(R,0,4) h =1 h,=R, h,=Rsing

@ A=RA, +6A, + A,

Radio Technology Laboratory Seoul National Univ.
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> dsg = R sin 0 dR d¢

® di = RdR + ORA O + gRsin d O
ds, = R*sin@d@dg, ds, = Rsin 0dRdg, ds, = RdRd6
dv = R*sin #dRd&d ¢

dsy = R dR df— .
Hﬂ“és /m’de' dsg =R?sin9d8dg cf) Xx=Rsin@dcosg, y=Rsinfsing, z=RcosH
/| | |
///’/,‘\ | I X2 + y2 y
v I _ \/ 2 2, 52 _tanl N Y —tan1Y
Sl | R=X"+y°+2z°, O=tan m— ¢ = tan »
-y e ~7 &
s T :-\-, # L
sin 0 do H.W1 : Find the conversion matrix from spherical into cartesian
TABLE 2-1
Three Basic Orthogonal Coordinate Systems
Cartesian Cylindrical Spherical
) Coordinates Coordinates Coordinates
Coordinate System Relations (x, y, 2) (r, ¢, 2) (R, 0, ¢)
By, a, 8, ag
Base vectors a,, a, a, a,
a,, a, a, a,
hy 1 1
Metric coefficients h, r R
h3 R sin 0
Differential volume dv dxdydz rdrdeg dz R2? sin 0dR dO d¢

Radio Technology Laboratory Seoul National Univ.




Radio Technology Lab.

Wireless f Channel / Microwave

M. o = Y M

2-5 Integrals Containing Vector Functions

v [ Fav, [ vl , [ Fedi, [ Ads
1. jv Fdv = L jy 'fx Fdxdydz (for cartesian)
2. Lvﬁ = Lv(x, Y, z)[§<dx+ gldy + Edz] = ;(_[Cv(x, y,2)dx + §chv(x, y,2)dy + ELV(X, Yy, 2)dz
cf) from point P, to point P,
_[I:Z vdl , around path C = chCva

P .
y 4 ex) evaluate IO r’dr

where r* = x> + y* from the original to the point P(1,1)
P.1) a) along the direct path OP
b) along the path OP,P
c) along the path OP,P

Y
v
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where r = §<cos¢+§/sin¢ and ¢=%. since tan¢=1:> ¢ =tan

X

1Y _ 7
X 4
_32.52

3 y3
b) along OR,P

P — R ~ P ~ 4~ 1~
_[0 (x* +y*)dr =IO (02+y2)dyy+jF>1 (x2+1)dxx=§x+§y

Po2 oanagm 1o 4n
C) same way, XS+ y)N)dr ==x+—
) Y, [, O +yh)dr =2x+y

o
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Y — —
Al 3. [ Fedi =7
— A~ ~ B— —
ex) Given F = xxy — y2x, evaluate _[A F.dl
’"=3¢ a) In cartesian coordinates
0 " b) In cylindrical coordinates

a) In cartesian
Feodi = ()A(xy - §/2x)-(;<dx + gldy) = Xydx — 2xdy
J:;j: (xydx — 2xdy) = —9(1+%) using x> +y* =9
b) In cylindrical
F= ?(xycos¢—2xysin ¢)—$(xysin¢+ 2XC0S @)
where X =rcosg, y=rsing, di =grdg = $3d¢
Fedl = —3(xysin ¢+ 2xcos¢)d ¢
IOZ—3(xysin ¢+ 2XcosP)d g = —9(1+%), where x =3cos ¢ and y = 3sin ¢

I
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4. ¢ Aeds = Aends = the integral measures the flux of the vector

field A flowing through the area S

cf ) the convention for the positive direction of ds or n
@ a closed surface
@ an open surface
= depend on the direction in which the perimeter of the open
surface is traversed
® disk

(a) A closed surface. (b) An open surface. (c) A disk.

Radio Technology Laboratory Seoul National Univ.
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x
)

Zﬁ, (z=23, r=2)
;

+
Q)]

evaluate <j> F.ds.
S

sol)cj}s Feds = |,,, Fends+ |,oom Fends + |4, Fends

face face wall

a)top face : n=z,ds= rdrdg,z=3 (r=0—->2,¢=0—>2x)
Fends= [ [ 3k,rdrdg =127k,

top
face

b)bottom face : n=-z,ds= rdrdg, z =3
[ Fonls = [ [ "3k, rdrdg = 127k,

face

c)side wall : n=r,ds= rdrdg,r =2

[, Fonds = joz” j33 krdrdg =127k,

wall
r. ¢, Feds =127 (k, +2k,)

. oo
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v’ scalar or vector fields : function of (t ; u,u,,u, )

v space rate of change of a scalar fields at a given time

v the gradient of the scalar : the vector that represents both the magnitude and
the direction of the maximum space rate of increase of a scalar

v gradV 2 AV o wv 2 Y (Where, dI = dn)

dn dn
f) dv. dv dn dV COS ¢ — dv T (VV)Oi
dl dndl dn dn
o dV = (VV)-dI

... o
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> av =M+ g Mg,
o, e

1 2 3
where, di =u,dl, +u,dl, +u,dl, =u, (hdu,) +u, (h,du,) +u, (h,du,)
v =] 6 N, N, N M, v G, ) = 6, S, O G O
o, ‘al, “al o, ‘al, “al
~N AN AN ~ N~ N~ N

S VW =U —+U, —+U;—=U, ——+U, + U,
ol ol, ol, h,ou, h,ou, h,ou,

~ 0 ~ 0 ~ 0
= U, +U, + U, Vv
h,ou, h,ou, h,ou,
~ 0 ~ 0 ~ 0
=>V=u +U, +U,
h.ou, h,ou, h,ou,

\ Vector differential operator

cf) Ve = divergence operation
V x = curl opetation
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= I\t 5~~~ f

2-7 Divergence o

v’ Divergence of a vector field A at a point (div A)

— Net outward flux of A per unit volume as the volume about the
point tends to zero

A
div A= lim=>—
Av—0 AV

— (two dimensional surface/three dimensional volume) spatial
derivatives as the volume approaches zero

. oo
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o 1 P(x0, Y0, 20)
' e.g) In cartesian coordinates

Asds

(8) = jfront+ back+ right+ left + top + bottom A'dS
face face face face face face
y

® front face

X

Acds = Afront »AS front = Afront'X(AyAZ) A (X, +— AX ,yo, Z,)AyAz

AXA(
2

front
face

" AL(X + ,yo, Z,) = A (Xgs Yo:Zo) +— + high order term

(%0, Y0:20)

@ back face
= — ~ A
back A*0S = Aback *ASback = Avack *(—XAYAZ) = —A (X, —7)(, Yo, Zy)AYAZ

face
AX AX O
Ax(xo _7’ Yo Zo) = A&(Xo’ Yo Zo)_7a—§(

o
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[ onc+ fonae TASs = (% +HOT. AXAYAZ

face face aX

(x0,¥0.20)

I )
ch Aeds = dat 4 A - A AXAYAZ + HOT. in AX, Ay, Az
s ox oy oz

(x0,¥0.20)

s o A A A 1[4 Kl Kl
sdiv A=VeA= ~ + > + % " hhn [5111 (h2h3A‘)+8u2 (h1h3A2)+8u3 (hlths)}

= depend on the position of the point on which it is evaluated

cf)vzuji+@i+u_3’ g
h,ou, h,ou, h,ou,

o
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/v-ﬂ:(]imz 0 g 9 ]-(01A1+02A2+03A3)

~ 0 0 - 0 .
g «(U,A)+U «(U,A, )+U (U
o (GA) O 2 (0 + 0B
> ?=>A<cos¢+§/sin¢, &:—isin¢+§/cos¢
a_j 9 _;
0¢ ¢

eg) cylindrical coordinate

y 4

Uu=r,u=¢ u=zandh=1h=r h=1
(Lot iognei Lgim)oi g
/-

/ 5 or or
R oy ~ 0 a0 A 01 A D
=r|e—Tr +rer—A +| Ie A +repg—A +1]|e +rez
(8r )A’ arA' ( 6rj ’ ¢ar ’ [ar)Az arAZ
10 0 A
cf)——(rA ) =—A +—
)rar(Ar) arA r

Radio Technology Laboratory Seoul National Univ.
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n :‘ ry v W _X]| TIA -
[

2-8 Divergence Theorem

v I VeAdv = Aeds
\ S

from definition of divergence, (V-A) Av, = Cﬁ& Aeds

N —
lim | > (V-A),Av,
j=1

Avj —0

Volume integral

jv (VeA)dv

y (VeA)dv =

Radio Technology Laboratory

N
= lim | 3" ¢ Aeds
Av;—0 i S

lim zN:j Acds | = Aeds

Avj—>0

Asds

Seoul National Univ.
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v" Flow source
» outward flux
> divergence
v Vortex source
» cause a circulation of a vector around it

> circulation of A around contour C 2 SB Aedl

e.g) -aforce acting on an object
— circulation will be the work done by the force in moving the object once
around the contour
- electric field > e.m.f
- water whirling down a sink drain — vortex sink

v curl A= VxA_AI!Ln()A—S[ cj} A-dl}max

cf) (VxA) =a(VxA)= Alslrﬂog(cﬁ A-dl)
I
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P(xo, Y0, %0) v =%, As, = AxAy, C, :0,0,0,®

_ _ 1 S
(V g A)x - Ajgrlo AyAz [455'36334 A.dlj

—_— —

| =2Az, Asdi = A, (%) Yo +%, z,)Az

Where,AZ(xo,yO+ﬂ,zo)=Az(xo,yo,zo)+ﬂ% +H.OT.
2 2 0y

%0.Y0:20)

[ Al = Az(xo,yo,zo)+ﬂ% +HOT.; Az

e 2l 0.
@ side3
i =22, Aol = A, (%0 Vo= L 207 Sidegﬂ-ﬂ:{&(xo,yo,zo)—%% +H.o.T}<—Az)
(%0:Y0:20)
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> sidel+side3 /\

AYyAz
(%0+Y0120)

{—%morj

[GAZ +H OTj
oy

> side2 +side4

AYyAz
(X0, Y0120)

v" General expression in cartesian

> VXK:)A((ﬁAZ—ﬁAy\
L oy

82}

OX

oA, oA
y( 0z

HOT —->0,whenAy ->0and Az—0

(vxA), =2 D
oy oz
X Yy oz
] (O oA\ 2 d
Lox oy ) |ox oy o
A A A

v" General expression for orthogonal curvilinear systems

> Vx A=

ljl hl l:1\2 h2 l33 h3
0 0 0
hhh,|ou, ou, ou,
hA hA hA
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~

1AM OL
Z-1U OlU

V[ (VxA)eds=¢ A
S C
from definition of curl, (Vx A), «(As;)= <j>c_ Aedi

N . -
N Alsljrgoé (Vx A),+(As,) = L (V x A)eds

N —_— — —_— —
S Alsijrgoéqscj Aedi = <j'>c Aodi

cf) <j‘>s (V x A)eds =0,

closed surface = no boundary contour
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~ T n s~ i\l..

11
-11 IW

1.Vx(VV)=0
— the curl of the gradient of any scalar field is identically zero

> js [V xVV]eds = <jsc (VV)edi = ‘JSC dv =0

dVv _ dV dn _ dv COS ¢ — dVv o (VV)-i
dil  dndl dn dn
o dV = (VV)edl
FSgn
2. Vo(VxA)=0

— the divergence of the curl of any vector field is identically zero
> jv Ve(Vx A)dv = <j>s (Vx A)eds =0

Radio Technology Laboratory Seoul National Univ.
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cf) & of ds should be outward,

soa,, a, also outward

nl?

i) ¢ (Vx A)eds = J’Sl (V x A)+d,ds + J'52 (V x A)ed,,ds
—d Adl+d Aedl =0
C, C,

(C, and C, are same, but opposite in direction)
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1. solenoidal and irrotational if VeF =0 and VxF =0
2. solenoidal but not irrotational if VeF =0 and VxF #0
3. irrotational but not solenoidal if VxF =0 and V+F =0

4. neither solenoidal nor irrotational if VxF #0 and V+F #0

v" Helmholtz's theorem

. A vector field is determined to within an additive constant if
both its divergence and its curl are specified everywhere
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