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INTRODUCTION

Shear failure

- is often called diagonal tension failure.

- is very difficult to predict accurately, so not fully
understood yet.

- shows sudden collapse without advance warning. (brittle)

- special shear reinforcement are provided to ensure
flexural failure.

Theory of Reinforced Concrete and Lab I. Spring 2008



Typical shear failure

occurs immediately after the formation of the critical crack
in the high-shear region near the support.

Theory of Reinforced Concrete and Lab I. Spring 2008
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INTRODUCTION

- Shear analysis and design are NOT really concerned with
shear as such.

- The real concern is with diagonal tension stress ; resulting
from the combination of shear stress and longitudinal
flexural stress.

- We are going to deal with,
1) KCI code provision
2) variable angle truss model
3) compression field theory
4) shear-friction theory

Theory of Reinforced Concrete and Lab I. Spring 2008
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DIAGONAL TENSION
,VQ
Ib
— b_a3 ——>| r———vav = a\;
12 f ] !
2 I
Q=[5 1{3)-% -
2 4 8 | 4
Note: The maximum 1st moment |/ Vimax = 5 Vav
occurs at the neutral axis (NA). N

Vinax = 3(\/) 1.5v,,
2\ ba
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DIAGONAL TENSION
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(a)

—— Tension ‘trajectories
(f) ~~7 Compression trajectories
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RC BEAMS WITHOUT SHEAR REINFORCEMENT

- Plain concrete beam is controlled by tension failure
according to elastic beam theory.

< Shear has little influence on the beam strength.

- Tension reinforced beam shows quite different behavior.

= Diagonal cracks occur ; which are distinguished from
vertical flexural cracks.

Theory of Reinforced Concrete and Lab I. Spring 2008
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RC BEAMS WITHOUT SHEAR REINFORCEMENT

Criteria for Formation of Diagonal Cracks

- Diagonal tension stresses, ¢represent the combined effect
of the shear and bending stress.

- Therefore, the magnitude of Mand V affect the value and
the direction of diagonal tension stress.

See the Next page!

Theory of Reinforced Concrete and Lab I. Spring 2008
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Criteria for Formation of Diagonal Cracks

I) Large IVand small Mregion
e average shear stress prior to crack formation is,
v 1

e The exact distribution of these shear stress over the
depth is NOT known.

e It cannot be obtained from v=VQ/Ib, because this
egn. does not account for influence of tension
reinforcement and because concrete is not an elastic

homogeneous material.
Theory of Reinforced Concrete and Lab I. Spring 2008
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Criteria for Formation of Diagonal Cracks

e Eq (1) must be regarded merely as a measure of the
average intensity of shear stresses in the section.

e The max. shear stress occurs at neutral axis with an
angle of 45°

>

ot

\
% Web-shear crack Flexural crack

Theory of Reinforced Concrete and Lab I. Spring 2008
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Criteria for Formation of Diagonal Cracks

e Web-shear crack occurs when the diagonal tension
stress near the neutral axis becomes equal to the
tensile strength of the concrete.

V
=2 =029f, 2)
empirical

e Web shear cracking is relatively rare and occurs chiefly
near supports of deep, thin-webbed beam or at
inflections point of continuous beams.

Theory of Reinforced Concrete and Lab I. Spring 2008
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Criteria for Formation of Diagonal Cracks
IT) Large Vand large Mregion

e when the diagonal tension stress at the upper end of
several flexural cracks exceeds the tensile strength of
concrete, flexural-shear cracks occur.

I

FIexure-shear crack FIexuraI crack

e Flexural-shear cracks occurs when nominal shear stress
V
reach, v, — b_ar _0.16f, 3)

Theory of Reinforced Concrete and Lab I. Spring 2008



sion In Be

(h

.\\AQh ar & Diaao
X 299

Criteria for Formation of Diagonal Cracks

- Comparison of Eqg. (2) and (3) indicates that diagonal crack
development depends on the I/-M ratio.

= Large bending moments can reduce the shear force at
which diagonal cracks form. (about to one-half)

e N
V., =%=0.161/ f, +17.6 p|\/| <0.29,/f, (4)

v K(V/bd) K, Vd
f K,(M/bd?) K, M

.

Theory of Reinforced Concrete and Lab I. Spring 2008
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The larger reinforcement ratio p shows the higher shear
at which diagonal cracks form.

& smaller and narrower flexural tension crack leaves a
larger area of uncracked concrete
Theory of Reinforced Concrete and Lab I. Spring 2008
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RC BEAMS WITHOUT SHEAR REINFORCEMENT
Behavior of Diagonally Cracked Beams

Type 1

- Diagonal crack, once formed, immediately propagate from
tensile reinforcement to top surface

- This process occurs chiefly in shallower beams.
; span-depth ratio of 8 or more (very common)

= minimum shear reinforcements are required,
even if calculation does not require it. (for ductility)

Exception where an unusually large safety factor is provided.
; some slabs or most footings does not need shear reinf.

Theory of Reinforced Concrete and Lab I. Spring 2008
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Behavior of Diagonally Cracked Beams

Type 2

- Diagonal crack, once formed, propagate partially into
compression zone but stops shortly.

- In this case, no sudden collapse occurs.
; can resist higher load than that at which the diagonal
crack first formed

- This process occurs chiefly in deeper beams.
;» smaller span-depth ratio
even if calculation does not require it. (for ductility)

Theory of Reinforced Concrete and Lab I. Spring 2008
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Behavior of Diagonally Cracked Beams

Total shear resistance Vv, =V, +V, +V, (6)

, Where V_, = shear resisted by uncracked compression zone
I/d shear resisted by dowel action of reinforcement
v, = vertical component of aggregate interlocking
Theory of Reinforced Concrete and Lab I. Spring 2008
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Behavior of Diagonally Cracked Beams

1. Before diagonal crack formation,
average shear stress at the vertical section through pt. a
is V., /bd.

Theory of Reinforced Concrete and Lab I. Spring 2008
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Behavior of Diagonally Cracked Beams

2. After diagonal crack formation,
dowel shear + interface shear +
uncracked concrete yb resist the external shear force.

Theory of Reinforced Concrete and Lab I. Spring 2008
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Behavior of Diagonally Cracked Beams

3. As tension splitting develops along the tension rebar,
dowel shear and interface shear decreases
; the resulting shear stress on the remaining uncracked
concrete /ncreases

Theory of Reinforced Concrete and Lab I. Spring 2008
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Behavior of Diagonally Cracked Beams

4. Compression force C also acts on yb smaller than that on
which it acted before the crack was formed.
; diagonal crack formation /ncreases the compression
stress in the remaining uncracked concrete.

Theory of Reinforced Concrete and Lab I. Spring 2008
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Behavior of Diagonally Cracked Beams

5. Before diagonal cracking, tension at b is caused by the
bending moment in vertical section through the pt. b.
After diagonal cracking, tension at b is caused by the
bending moment in vertical section through the pt. a.

Theory of Reinforced Concrete and Lab I. Spring 2008
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Behavior of Diagonally Cracked Beams

External moment at pt. a
M :Rlxa_Pl(Xa_Xl)

ext,a

Internal moment at pt. a
M

=T,z+V,p+V.m

int,a

Longitudinal tension in the steel at pt. b

T = I\/Iext,a _Vd P +Vim
" z
~ M et o V, V;decrease with increasing
7 crack opening, so negligible.

Theory of Reinforced Concrete and Lab I. Spring 2008
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Behavior of Diagonally Cracked Beams

6. Ultimate failure modes can be divided into three modes.
- yielding of tension reinforcement
- compression failure of concrete
- splitting along the longitudinal bar (generally accompany

crushing of remaining concrete)
Theory of Reinforced Concrete and Lab I. Spring 2008
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RC BEAMS with WEB REINFORCEMENT

Types of web Reinforcement
Vertical stirrups

a) Vertlcal Stlrrup II<|I|I 111 (RN
: spaced at varying intervals SRR R R R
conventionally D10~D16 3 \

Stlrrup support bars

b) U-shaped bar

: most common 71 H m U wu

C) muIti-Ieg stirrup Main reinforcing bars 0 mm
d) bent-up bar ——\/\\ L =
: continuous beam etc. R ea—

Vertical stirrups

Theory of Reinforced Concrete and Lab I. Spring 2008
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RC BEAMS with WEB REINFORCEMENT

Behavior of web-Reinforced Concrete Beams

Web reinforcement practically start working after development
of diagonal crack.

Shear resistance mechanism of web reinforcement

1. Part of the shear force is resisted by the bars that traverse a
particular crack.

2. Restricts the crack growth and reduce the crack propagation
Into compression zone.

Theory of Reinforced Concrete and Lab I. Spring 2008
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Shear resistance mechanism of web reinforcement

: this uncracked concrete resists the combined action
of shear and compression

3. Web reinforcement counteract the widening of cracks

; very close crack surface yield a significant and reliable
interlocking effect ()

4. Tie of web reinforcement and longitudinal bar provides
restraint against the splitting of concrete along the
longitudinal rebar

; increases dowel action effect (1)

Theory of Reinforced Concrete and Lab I. Spring 2008
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Beams with vertical stirrups

Shear cracking stress is the same as that in a beam without
web reinforcement

|

|

I

I
l'_'_'_"__ZIZ:

Vext :ch (7)
,Where V.=nA/f,

n : the number of stirrups traversing the crack=p/s

A, : cross sectional area

(in case of U-shape stirrups, it is twice the area of one bar.)
Theory of Reinforced Concrete and Lab I. Spring 2008
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Beams with vertical stirrups
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Beams with vertical stirrups

o At yielding, total shear force carried by the stirrups is known
but magnitudes of three other components are NOT.

e Cracking shear V=V, (contribution of the concrete)
=(0.16,/f,, +17.6'0|:/|/—d)bd <0.29,/f, bd (8)

e Assuming the diagonal crack inclines by 45°

f d
w=“; (9)

e Nominal shear strength of web reinforced beam

Vn = Vc T Vs (10)
Theory of Reinforced Concrete and Lab I. Spring 2008
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Beams with inclined bars
SO e \\ﬁs\l
N \\\CKML\
\\ \\ S

e The distance between bar measured parallel to the direction
of the crack

S
~ sin&(cot & +cot @) (1)
e The number of bar crossing the crack
u _ ! :£(1+ cot o tan 6) (12)
a s

Theory of Reinforced Concrete and Lab I. Spring 2008
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Beams with inclined bars

e Vertical component of the forces in all bars that cross crack

V,=nAf,sina=ATf, (S|na+cosatan9) (13)

e Assuming diagonal crack to be 45°

V, = AVfV%(sinaJrcosa) (14)

e Nominal shear strength of inclined web reinforcement

M, =VC+AVfVE(sina+cosa) (15)
S

Theory of Reinforced Concrete and Lab I. Spring 2008
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Beams with inclined bars

Note

e Eq. (13) and Eqg. (14) are valid ONLY WHEN diagonal crack is
traversed by at least one vertical or inclined bar.

e Therefore, upper limit on the spacing is required to ensure
that the web reinforcement is actually effective.

Theory of Reinforced Concrete and Lab I. Spring 2008
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KCI CODE PROVISIONS FOR SHEAR DESIGN
KCI 7.2.1 design of beams for shear

V, <oV, (16)
for vertical stirrup
fd
V, <V + PA, (17)

S
for inclined stirrup

oA T d(sina +cosa)
S

V, <oV, + (18)

Note
e The strength reduction factor ¢is 0.75
e More conservative than ¢ =0.85 for flexure

Theory of Reinforced Concrete and Lab I. Spring 2008
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KCI CODE PROVISIONS FOR SHEAR DESIGN

Location of Critical Section for Shear Design

vV, f {”Vu Vuv ‘{ |

| \ld i di W, %
‘ . H H d
L1 Ll L; '

Theory of Reinforced Concrete and Lab I. Spring 2008
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KCI CODE PROVISIONS FOR SHEAR DESIGN

Shear Strength Provided by the Concrete
 Generalized expression considering T-shape beam

V. (016 fck+176’0|\>|/dj """" < 029/f.bd (19

N

g
-----

0
.......

Note
- V,a/M, should be taken less than 1.0

e Simple expression permitted by KCI 7.3.1
Ve = %\/ f, b,d see slide 17 (20)

Theory of Reinforced Concrete and Lab I. Spring 2008
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KCI CODE PROVISIONS FOR SHEAR DESIGN
Shear Strength Provided by the Concrete

Note

e Eq. (19) and Eqg. (20) are based on beams with concrete
compressive strength in the range of 21 to 35 MPa.

e Eq. (19) and Eqg. (20) are only applicable to normal-weight
concrete.

e For light-weight concrete, split-cylinder strength £, is used as
a reliable measure.

Theory of Reinforced Concrete and Lab I. Spring 2008
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KCI CODE PROVISIONS FOR SHEAR DESIGN
Shear Strength Provided by the Concrete

Note

e For normal concrete £, is taken equal to 0. 57/ f,

; KCI specifies that £,/0.57 shall be substitute for v fu
in all equation for I/.

; if £, is not available, I/ calculated using \/? must be
multlplled by 0.75 for aII -lightweight concrete
0.85 for sand-lightweight concrete

Theory of Reinforced Concrete and Lab I. Spring 2008
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Minimum Web Reinforcement

Even though V, <¢l/, KCI Code requires provision of at least a
minimum web reinforcement

,— b, S
A\/ min O 0625 fL (13)

y

where V, >= ¢V

Exceptions

1. Slabs, footings, and concrete joist construction

2. Total depth A of beams < largest of 250mm, 2.5A,, or 0.55,,

< Their capacity to redistribute internal forces before

diagonal tension failure is confirmed by test & experience.
Theory of Reinforced Concrete and Lab I. Spring 2008
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Design of web Reinforcement
Spacing of web reinforcement
f
For vertical s= AL (14)
Vu _¢Vc
oA T d(sina +cosa)
S = 15
For bent bar V (15)

(a=30° and only the center 34
of the inclined part is effective)

Minimum spacing of web reinforcement
- It is undesirable to space vertical stirrups closer than 100mm

Theory of Reinforced Concrete and Lab I. Spring 2008
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Design of web Reinforcement

Maximum spacing of web reinforcement

- Basic assumptions :

1) web crack occurs with an angle of 45°
2) crack extends from the mid-depth g/2 to the tension rebar
3) crack is crossed by at least one line of web reinforcement

N, T T T ~ Potential | |
F |
~ ~ - crack ! !
< 3 NN /1 < Potential
3 ~ d
8 ~_ 45 017\ ~ 2L | //\L*’/ crack
R T s~ v

3 3
Sd 8d cot o

Theory of Reinforced Concrete and Lab I. Spring 2008
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1 al Tension in Beams
Maximum spacing of web reinforcement
for V. <0.33,/f b, d , the smallest of
Smax = A\/ fy < A/ fy or (16)
0.0625,/f b, 0.39h,
d
=5 or (17)
=600mm (18)

for V. >0.33,/f b, d

the above maximum spacing should be Aalved.

Note For longitudinal bars bent at 45°, Eq.(17) is replaced by
max 3d/4

Theory of Reinforced Concrete and Lab I. Spring 2008
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Design of web Reinforcement

additional KCI Code provisions

- The yield strength of the web reinforcement is limited to
400 MPa or less.

- In no cases, V, cannot exceed 0.67,/f b, d regardless of
web steel used.

Theory of Reinforced Concrete and Lab I. Spring 2008
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Example 4.1

A rectangular beam is designed to carry a shear force I/, of
120kN. No web reinforcement is to be used, and 7 is 27MPa.
What is the minimum cross section if controlled by shear?

Solution . e
KCI requirement V, <§¢VC :§¢(E f, bwdj

12V, (12)(120)(10°%)

s/t (0.75)(/27)

b, =475mm,d =800mm js required

= b,d> = 349,500mm?

Theory of Reinforced Concrete and Lab I. Spring 2008
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Region in which web Reinforcement is Required

Example 4.2

A simply supported rectangular beam.
b,~400, a=600, clear span 8m,
factored load=110kN/m, 7#,=27MPa, A.=4,910mm?

What part of the beam is web reinforcement required?

Theory of Reinforced Concrete and Lab I. Spring 2008
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Solution
1) The maximum external shear force

V, =(110) % = 440kN at the ends of span
2) At the shear critical section, a distance from the support
V, =(110) 2—0.6 = 374kN

Because, shear force varies linearly to zero at mid span
d= 0.6bm

V, = 440kN
V, = 374kN
S = Smax
¢
oV, = \
A ~—— 1.81m ——<0.77m~

Theory of Reinforced Concrete and Lab I. Spring 2008
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3) Concrete portion

= % [f,b,d = %(Jﬁ )(400)(600) = 207.8kN
= ¢V, =(0.75)(207.8) =155.8kN

; the point at which web reinforcement theoretically is no longer

required is B
(4.0) 440-155.8 _558m
440
d= 0.6m
V, = 440kN
V,, = 374kN r—*s .
¢
}V, = 155.8kN \
Ve _ . 1.8im— ..0.77m.]

4m "
Theory of Reinforced Concrete and Lab I. Spring 2008
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4) According to KCI Code, at least a minimum amount of web

reinforcement is required wherever the shear force exceeds
oV, /2 (=77.93kN)

0

440—-77.93 _390m
440

HV, = 155.8kN e

~— 1.81m ——<0.77m >
ﬁ— 77.93kN T T T T T T T T T = |

Theory of Reinforced Concrete and Lab I. Spring 2008
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Summary

— At least the minimum web steel must be provided within a
distance 3.29m from support.

— and within 2.58m the web steel must be provided for the shear
force corresponding to the shaded area.

d= 0.6m
V, = 440kN
V, = 374kN
S = Smax
¢
dV. = 155.8kN .
DV, e— 1.81m ——«0.77m~>

——7793kN ____________ P

Theory of Reinforced Concrete and Lab I. Spring 2008
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— If we use the alternative Eq. (19), V.can be calculated with the
varying p,, V,, and M, along the span.

Distance from M, Vv, Ve oV,
support (m) (KN*m) (kN)  (kN) (kN)
0 0 374 279 2232 VS HIONN
V, = 374kN
0.6 244 374 279 2232 !
1.0 385 330 244 19522 o |
1.5 536 275 226 180.9 Vel __
2 _______ — [—
2.0 660 220 217 1735 '
2.5 756 165 211  168.7 e !
3.25m
3.0 825 110 206 1652
< 4m
3.5 866 55 203 162.3
4.0 880 0 200  159.6

Theory of Reinforced Concrete and Lab I. Spring 2008
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Comparison two methods Y 06m
The length over which R
. . Vv, = 374kN :
web reinforcement is \s= Smax -
needed is nearly the PO \
Same. qb 6 - 18Im e 0.77m TN
=77.93kN [~ g :
The smaller shaded area > 58m '
of (b) means that the . 3.29m
more accurate Eq. (19) V. = 440KN

can reduce the amount V, = 374kN

of web reinforcement. i

Pve
2

+~———— 2.50m
3.25m

4m

Theory of Reinforced Concrete and Lab I. Spring 2008
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Design of web Reinforcement

Example 4.3

A simply supported rectangular beam.
b,~400, a=600, clear span 8m,
factored load=110kN/m, £,=27MPa, A.=4,910mm?

using vertical U-shape stirrups with 7,=400MPa,
Design the web reinforcement.

Theory of Reinforced Concrete and Lab I. Spring 2008
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Solution
d= 0.6m
— 440kN ‘
u
V, = 374kN
S = Smax
¢
q‘)VC: 155.8kN
« 1.81m « 0.77m
%: 7793kN F—mF——————————— P —— !

Mission — make a design to resist the shear force
corresponding to shaded area.

Theory of Reinforced Concrete and Lab I. Spring 2008
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N, =V, -V, =374-155.8=218.2kN

1) Maximum spacing
With D10 stirrups used for trial,

M. <0.334,[f, b, d = 309kN

) Af, _ (142)(400) _ 4061
0.35b, (0.35)(400)

i) % = %O =300mm controls

iii) 600mm

Theory of Reinforced Concrete and Lab I. Spring 2008



t\\ 4. Shear & Dia

Z "~

nal Ten

210 n Beams
= ey s | — 4

2) For the excessive shear V,-®V_ at a distance d from the support.

#A f,d  (0.75)(142)(400)(600)

S = = ; =117mm
V,— ¢V, (218.2)(10°) - 100mm

< 300mm

d= 0.6m . Good!

V. = 440kN

u ‘
— 374kN
u
S = Smax

BV, = 155.8kN \

¢’V « 1.81m « 0.77m ./
—Cf=7793%kN [——————————-] r—— :

2
— 2.58m 1
- 3.29m -

4m '
"
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3) For maximum spacing s.,,,=300mm.
oA f,d (O 75)(142)(400)(600)
S (300)(10°%)

this value is attained at a distance 0.77m from the point of zero
excess shear

¢ 0.77=(2.58)(85.2)/(440-155.8)

V, -V, = = 85.2kN

d= 0.6m
V, = 440kN
V, = 374kN \
S = Smax
¢
¢V, = 155.8kN
¢. e «— 1.81m —=0.77m =~

=7793kN [~ ——————7 r——

Theory of Reinforced Concrete and Lab I. Spring 2008
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Location of first stirrup

- No specific requirement
- usually placed at a distance s/2 from the support.

Now, we can array stirrups. For example,

1 space at 50mm = 50mm
12 spaces at 115mm = 1,380mm
2 spaces at 200mm = 400mm
6 spaces at 275mm = 1,650mm

Total = 3,480mm

Theory of Reinforced Concrete and Lab I.
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2@200mm

Il
L

6@275mm

12@115mm

50mm

Smax

| 300mm

Spacing
provided

71
/]
!
1|Z2_@200mm
|

| I
— 1

Spacing

required

A

-

T

s¢=117mm_~"

300

100 | — 50mm+12@115mm

200

wuw ‘buneds

4.0

3.0

2.0

1.0

Distance from support, m
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DEEP BEAMS

e Structural elements loaded as beams but having a large
depth/thickness ratio and a shear span/depth ratio not
exceeding 2.5

e.g) - floor slab under horizontal loads
- wall slab under vertical loads

- chnri- span hn:.m carrving heavyv loadc
INJ H 1 \ L& | INJGUINA D

YIllg [ |
- shear walls
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DEEP BEAMS

e Because of the geometry of deep beams, they are
subjected to two-dimensional state of stress.

= Bernoulli’s hypothesis is not valid any longer.

= Stress distribution is qmte dlfferent from that of normal
beams. — ——

Theory of Reinforced Concrete and Lab I. Spring 2008
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DEEP BEAMS

e Tensile stress trajectories are steep and concentrated at
midspan and compressive stress trajectories are
concentrated at supports.

e Due to a higher compressive ARCH ACTION, V. for deep
beams will considerately exceed V. for normal beams.

nal Ten

3
n

= SHEAR in deep beam is a major consideration.

Load intensity, w [

4@Lit+ ¥‘+jii
_r “L

Iy
| T
!-f'\r\;\;
h /

|
|
\
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DEEP BEAMS

e Because the shear span is small,

the compressive stress in the support region affect
the magnitude and direction of the principal tensile
stresses such that they becomes LESS inclined and
lower in value.

Theory of Reinforced Concrete and Lab I. Spring 2008
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DEEP BEAMS
KCI Code provisions for deep beam (KCI 7.8)

e This criteria is only valid for shear design of deep beams
( /./d < 4.0) loaded at the TOP

where, g : shear span for concentrated load

/, . clear span for uniformly distributed load

x=0.15] <d
(19)
x=0.50a<d

Theory of Reinforced Concrete and Lab I. Spring 2008



Shear & Diagonal Tension in Beams
V. < ¢(§ [f.b.d) ,/d <2 (20)
V, s¢{%(10+%”)}/fckbwd 2<1 /d <5 (21)
M V,d
V,=(35-25; (L;l)(o.lcs\/ffk +17.6p,-4-)b,d < 0.5 f,b,d  (22)
3.5-25 Mé <25 (23)

u

Theory of Reinforced Concrete and Lab I. Spring 2008
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V. - 1+|n/dj+AVh(11—|n/dj £ d (24)
12 S, 12
., P
—uj S (AV Avh
) )/
/ — ﬂt-—d AT b
Jol ) f
4 - 7
~ad /45
h
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e maximum s<d/5 or 300mm
_ whichever is smaller
maximum s,<g/5 or 300mm
and
minimum A,=0.0025b,,s

minimum A,,=0.0015b,s,

Theory of Reinforced Concrete and Lab I. Spring 2008
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ALTERNATIVE MODELS FOR SHEAR ANALYSIS
& DESIGN

KCI Code Provisions Deficiencies

e Design methods for shear and diagonal tension in beams are
empirical

"I/ _+V_" approach lacks a physical model for beams subjected
to shear combined with bending.

e Each contribution of three components of V. is not identified.

Theory of Reinforced Concrete and Lab I. Spring 2008
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ALTERNATIVE MODELS FOR SHEAR ANALYSIS
& DESIGN

KCI Code Provisions Deficiencies

e Diagonal cracking loads (Eqg.19)
- overestimate beams with low reinforcement ratio(p<0.001),

- overestimate the gain in shear strength by using high
strength concrete,

- underestimate the influence of /,g/M, and

- ignore the size effect that shear strength decreases as
member size increase s.

Theory of Reinforced Concrete and Lab I. Spring 2008



t\\ 4. Shear & Dia agon

55'
JJ
m

45° Truss Model
e Originally introduced by Ritter(1899) and Morsch(1902)

e This simple model has long provided the basis for the
ACI/KCI Code design of shear steel.

e Consider a reinforced concrete beam subject to uniformly
distributed load.

¢
|

{lllll

| = E

K{ﬁ/lil—ul—»r

diagonal ]
crack |
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45° Truss Model
Compression diagonals
joint ( Compression chord

nal Ten

Q00 — [o]
= - A4 B |

a b /
Bt —o
./{,
I" : a \l e
T a b Q - Tension chord

Vertical tension ties

e |longitudinal tension steel — tension chord
concrete top flange — compression chord
vertical stirrups — vertical tension web member
the concrete between cracks - 45° compression diagonals

e This model is quite conservative for beams with small

amount of web reinforcements.
Theory of Reinforced Concrete and Lab I. Spring 2008
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Variable Angle Truss Model

e Recently the truss concept has been greatly extended by
Schlaich, Thurlimann, Marti, Collins, MacGregor, etc.

e It was realized that the angle of inclination of the concrete
strut may range between 25° and 65°

_ joint strut
compression /\
fan "/‘/l_ —lr—‘l__l_‘l__l‘;, - C
3 % & -4
// ? /’

IS AN

compression field
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Variable Angle Truss Model
Improved model components

1) Strut or concrete compression member uniaxially loaded.
2) Ties or steel tension member

3) Pin connected joint at the member intersection

raccei fAn mec aF Flha ciinnArke N

P mmm 'aYe) nao A/ I‘\ I‘\ 'F ny
\.Ulllplcaalu ianiy, WNICN 10rms at tnée SUPPUILW Ul U

]
Q)

nr
Cl

concentrated loads, transmitting the forces into the beam.

-~
"

5) Diagonal compression field, occurring where parallel
compression struts transmit forces from one stirrup to
another.

Theory of Reinforced Concrete and Lab I. Spring 2008



Q\\ 4. Shear & Dia agon nal Tension

2~

ﬂ
(h

Compression Field Theory

e is mandatory for shear design in AASHTO LRFD Bridge
Design Specification of the U.S. (Handout 4-1)

e accounts for requirements of compatibility as well as
equilibrium and incorporates stress-strain relationship of
material.

= can predict not only the failure load but also the complete
load-deformation response.

S S S S S SN S S S S S S S
;ﬁfmamw;g
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Compression Field Theory

e the net shear I/at a section a distance x from the support is
resisted by the vertical component of the diagonal
compression force in the concrete struts.

[—2= y
L1
%’17%5_&} Pk
4
0 tanf

e The horizontal component of the compression in the struts

must be equilibrated by the total tension force 4N in the
longitudinal steel.

V
AN =——=V cot ¥ 2
- tand o (25)
= These forces superimpose on the longitudinal forces due to
flexure.

Theory of Reinforced Concrete and Lab I. Spring 2008
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Compression Field Theory

e |etting the effective depth for shear calculation @, the
distance between longitudinal force resultants.

d,cos f
| 71 S
% ]ﬁ%ﬁ
[
e The diagonal compressive stress in a web having b, is,

£ V
* b,d,sin@cosd

(26)

¢ —_1 =d, cosé- f,-b,
siné

Theory of Reinforced Concrete and Lab I. Spring 2008
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Compression Field Theory

e The tensile force in the vertical stirrups, each having area A,
and assumed to act at the yield stress 7, and uniformly
spaced at s,

V-s-tanéd
A\/fy: d (27)

Lo

T,

d, —
tan®

o

-
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Compression Field Theory

Note

1. Vertical stirrups within the length d /fanf can be designed
to resist the lowest shear that occurs within this length,
l.e., the shear at the right end.

2. The angle @range from 20° to 75°, but it is economical to
use an angle & somewhat less than 45°.

3. If a lower slope angle is selected, less vertical
reinforcement but more longitudinal reinforcement will be

required, and the compression in the concrete diagonals
will be increased.

Theory of Reinforced Concrete and Lab I. Spring 2008
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Modified Compression Field Theory (Handout 4-2)

e The cracked concrete is treated as a new material with its
own stress-strain relationships including the ability to carry
tension following crack formation.

e As the diagonal tensile strain in the concrete INCREASES,
the compressive strength and s-s curve of the concrete in
the diagonal compression struts DECREASES.

o Equilibrium Compatibility, Constitutive relationship are
formulated in terms of average stress and average strains.

e Variability of inclination angle and stress-strain softening
effects are considered.

Theory of Reinforced Concrete and Lab I. Spring 2008
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AASHTO LRFD Bridge Design Specification

e is based on MCFT and nominal shear capacity V, is

V. =V, _+V,
=0.25f_b,d, (28)
, Where b, is web width(=5,,in KCI) and g, is effective

depth in shear (distance between the centroids of the
tensile and compressive forces), but not less than 0.94

Theory of Reinforced Concrete and Lab I. Spring 2008
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AASHTO LRFD Bridge Design Specification
e Each contribution of concrete and steel
V. =0.0838,/f,b,d, (29)
~ Af,d (cotd+cota)sina (30)

s —

S

, Where S is the concrete tensile stress factor. (indicates
the ability of diagonally cracked concrete to resist tension)
Also, control the angle of diagonal tension crack.

Theory of Reinforced Concrete and Lab I. Spring 2008
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AASHTO LRFD Bridge Design Specification

e fand G are determined by the average shear stress and
longitudinal strain of concrete &,

V
V, =— (31)
b,d,
g, = a8 ~05N, Y, 4 50 (32)
B A

, Where g=2 for beams containing at least minimum
transverse reinforcements

a=1 for beams with less than the minimum
transverse reinforcements

, and NV, is positive for compression.
Theory of Reinforced Concrete and Lab I. Spring 2008
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Table 4.1 For sections with at least minimum transverse reinforcement

£, x1,000
s~ == == <0 012 475 <050 <075 <1.00 <150 <2.00
v /f 020 010 005 5 <025 =050 <075 =100 <150 =<2
w0 © 223 204 210 218 243 266 305 337 364 408 439
<0.075 5 632 475 410 375 324 294 259 238 223 195 1.67
0. ¢ 181 204 214 225 249 271 308 340 367 408 431
<0.1 5 379 338 324 314 291 275 250 232 218 193  1.69
coips O 199 219 228 237 259 279 314 344 370 410 432
<0.125 5 348 299 294 287 274 262 242 226 213 19 167
co1s © 216 233 242 250 269 288 321 349 373 405 428
<0.150 5 588 279 278 272 260 252 236 221 208 18 161
w015 0 232 247 255 262 280 297 327 352 368 397 422
<0.175 5 573 266 265 260 252 244 228 214 196 171  1.54
cos00 © 247 261 267 274 290 306 328 345 361 392 417
<0.200 5 563 259 252 251 243 237 214 194 179 161 147
<0005 © 261 2723 279 285 300 308 323 340 357 388 414
<0.225 5 553 245 242 240 234 214 1.8 173 164 151  1.39
coa0 0 275 286 291 297 306 313 328 343 358 386 412
<0.250 5 539 239 233 233 212 193 170 158 150 138  1.29

Theory of Reinforced Concrete and Lab I. Spring 2008
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AASHTO LRFD Bridge Design Specification

e The strength of the longitudinal reinforcement must be
adequate to carry the additional forced induced by shear.

Take moment at the point on

which C acting,
N, =D M,
e S —(d cotH)V—”+(0 5d, cot 4)V,
// Vv ¢ b Vv S
:— 0.5d, cot 8 —LO.decotB —
M 05N Vv
AsfyZT:gbdu_ y u+(¢“—O.5V3)cot«9 (33)

Theory of Reinforced Concrete and Lab I. Spring 2008
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AASHTO LRFD Bridge Design Specification

e For members with less than the minimum transverse
reinforcement, the following table give the optimum Sand &
as a function of & and a crack spacing parameter s,.

- 5, should be the lesser of either d,or the maximum
distance between layers of /ongitudinal crack control rebar.
- A, < 0.003 5,s,

e Following table is for 19mm coarse aggregate.

- For other aggregate size g, an equivalent parameter

should be used. 35
S =S
“ a, +16

Theory of Reinforced Concrete and Lab I. Spring 2008
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Table 4.2 For sections with less than minimum transverse reinforcement
(coarse aggregate size=19mm)

e, x1,000
S, (MM) _ _ -

¢ 0520 0510 0505 <0 505;12 <0.25 <050 <075 <1.00 <150 <2.00
<30 0 254 255 259 264 277 289 309 324 337 356 37
= 5 636 606 556 515 441 391 326 2.8 258 221  1.96
osp 0 226 2726 283 293 316 335 363 384 401 427 447
< p 578 578 538 489 405 352 288 250 223  1.88  1.65
cgo 0 295 295 207  3L1 341 365 399 424 444 474 497
< f 534 534 527 473 382 328 264 226 201 168 146
oo 0 3.2 312 3.2 323 360 388 427 455 476 509 534
= 5 499 499 499 461 365 309 246 209 185 152 131
<o 0 341 341 341 342 389 423 469 501 526 563  59.0
< B 446 446 446 443 339 2.8 219 184 160 130  1.10
<00 O 366 366 366 366 412 450 502 537 563 602  63.0
< B 406 406 406 406 320 262 200 166 143 114 0.5
cisop © 408 408 408 408 445 492 551 589 618 658 686
< B 350 350 350 350 292 232 172 140 118 092 075
wooo © 3 443 443 4433 471 523 587 628 657 697 724
< A 310 3.10 310 310 271 211 152 121 101 076 062

Theory of Reinforced Concrete and Lab I. Spring 2008
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AASHTO LRFD Bridge Design Specification

e Critical section is located at a distance equal to the
larger of 0.5d cot6 and d, from the support.

& load is not always applied to the upper surface.

e Minimum amount of transverse reinforcement

~ 0.083,/f,h,s
- f

y

for V, >0.5¢V, (35)

e Maximum spacing transverse reinforcement
s, <0.8d, <600mm for Vv, <0.125f,

s <0.4d, <300mm for v, >0.125f,
Theory of Reinforced Concrete and Lab I. Spring 2008
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Shear Design by AASHTO Design Specification

Example 4.5

A simply supported rectangular beam.
b,~400, a=600, clear span 8m,
factored load=110kN/m, £,=27MPa, A.=4,910mm?

using vertical U-shape stirrups with 7,=400MPa,
Design the web reinforcement.

Use KCI load factors and strength reduction factor ¢=0.9
for shear as used in AASHTO Bridge Design Specification.

Theory of Reinforced Concrete and Lab I. Spring 2008
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Solution

1) For simplicity, set d,=0.9¢=540mm : minimum allowable value.

2) M,and V, according to distance from support are tabulated in
TabIe 4- 3.

Table 4-3 Shear Design Example

Distance from M, v, V. pV.
Support, m kN-m kN kN kN

0 0 374 279 223.2

0.6 244 374 279 223.2

1.0 385 330 244 195.2

1.5 536 275 226 180.9

2.0 660 220 217 173.5
2.5 756 165 211 168.7

3.0 825 110 206 165.2

3.5 866 55 203 162.3
4.0 880 0 200 159.6

Theory of Reinforced Concrete and Lab I. Spring 2008
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3) Ciritical section is located at

d,~540mm or 0.5d cot6, whichever is larger.
4) V,, at critical section

V, = (110)(%—0.54) = 380.6kN

5) Maximum spacing of stirrups

CV,  (380.6)(10°)

u

V = —
““h,d,  (400)(540)

<0.125f, = (0.125)(27)

" S <0.8d, =(0.8)(540) = 432mm < 600mm

Theory of Reinforced Concrete and Lab I. Spring 2008
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6) Check minimum amount of transverse reinforcement

A 0.083}/ f_ b,
y

(0.083)(+/27)(400)s
400

& 143>

C.$<332mm

from 5) and 6), maximum spacing of D10 stirrups is,

Sax = 332Mm

Theory of Reinforced Concrete and Lab I. Spring 2008
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7) Using Eq. (32), &, can be calculated with g=2 for beams containing
at least the minimum transverse reinforcement. Otherwise a=1

M, /540 +V

“x = a(2:105)(4,9u10) (N, =0)

8) &,and v, /f_, are tabulated along with M,and V, in Table 4.4

9) fand @ are selected from Table 4.1 and 4.2 for sections
with/without minimum stirrups.

Theory of Reinforced Concrete and Lab I. Spring 2008
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10) If the section meets the minimum stirrup criterion, 5is used to
calculate V. using

V. =0.0833,/f_b,d,

11) which are then used, along with g, to calculate V, and stirrup
spacing s (See Table 4-4)

12) For transverse reinforcement less than the minimum, the values of
[ are based on v, /f,and s,

13) Crack spacing parameter s, is the lesser of either d, or the
maximum distance between layers of longitudinal bar. In this case,

s, =d, =540mm & No layers

Theory of Reinforced Concrete and Lab I. Spring 2008



Shear & Diagonal Tension in Beams
Table 4-4 MCFT Design Example using ¢=0.9 for Shear
@V,_for at Least @V _for Less Than Minimum
X M, v, Minimum Stirrups Stirrups
m  kN-m kN = £x1000 V. V. s V. V. oV)2
(a=2) Vo P & W W kN mm BN kN k|§|/

0.0 0.0 440 0.22 0.075 294 26.6 274 246 215 285 2.19 204 184 92
0.5 206.3 385 0.39 0.066 2.59 30.5 241 217 187 279 1.60 149 134 67
1.0 385.0 330 0.53 0.057 238 33.7 222 200 145 317 1.30 121 109 54
1.5 536.3 275 0.65 0.047 238 33.7 222 200 84 549 1.30 121 109 54
2.0 660.0 220 0.73 0.038 2.23 33.7 222 200 23 2,023 1.10 102 92 46

2.5 756.3 165 0.80 0.028 2.23 364 208 187 - - 1.10 102 92 46
3.0 825.0 110 0.83 0.019 2.23 364 208 187 - - 1.10 102 92 46
3.5 866.3 55 0.84 0.009 2.23 364 208 187 - - 1.10 102 92 46
4.0 880.0 0 0.83 0.000 2.23 36.4 208 187 - - 1.10 102 92 46

Theory of Reinforced Concrete and Lab I. Spring 2008
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14) Equivalent crack spacing parameter s,.=s,, because g,=19mm
15) These values of Zin 12) as used to determine the point V, <@V, /2

16) 1 space at 140mm = 140mm
4 spaces at 250mm = 1,000mm
8 spaces at 300mm = 2,400mm
total = 3,540mm

Theory of Reinforced Concrete and Lab I. Spring 2008
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d, = 0.54m
by AASHTO Code
V,= 440kN
V,= 380kN g
— Minimum
Plat= stirrups 1
DV, Minimum '
B = stirrups T > —
2.2m
-« 3.58m i
Web reinforcement [
4m

by KC[ COde d= 0.6bm

V,, = 440kN ‘
V, = 374kN \
S = Smax
\ ¢
¢V, = 155.8kN

~—— 1.81lm ——~0.77m~
qb €=7793kN [T T T T T ] [~ '
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by AASHTO Code

P, S S

e

4@250mm

B

8@300mm

—]

v

140mm

by KCI Code

.

el

_
12@130mm

6@275mm

2@200mm

50mm
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Note

e For this example, I/, is selected based on I/, at each point,
not the minimum I/, one a crack with angle 8

= This simplifies the design procedure and results in
some what more conservative design

e MCFT base design is more economic one than that by
KCI Code.

e Based on MCFT, shear increases the force in the flexural

steel. But only effect on the location of steel termination,
not on the maximum tensile force in the steel.

Theory of Reinforced Concrete and Lab I. Spring 2008
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SHEAR FRICTION DESIGN METHOD

Direct shear may cause failure of reinforced concrete member
- In the vicinity of connection of precast structures

- In composite section of cast-in-place concrete and precast
concrete or steel members

& Necessary reinforcement can be obtained using
shear-friction design method

Shear-transfer Crack v,

-~ ~
reinforcement | I | | 1| Crack  separation
| |

- / due to slip M D A,
] L : N !
ERS TH/W% TRECHEL
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e The resistance to sliding is

Vn = /u'A\/f 1:y (36)

, Where yis a coefficient of friction and
A s the total area of steel crossing the crack

o Letting p=A /A, Where A_is the area of the cracked surface
V, = upt, (37)

e KCI Code 7.6 are based on Eq. (36) ¢=0.8 and V, should
not exceed the smaller of 0.207,A.or 5.6A. (Newton)

Theory of Reinforced Concrete and Lab I. Spring 2008
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e Recommendations for friction factor u
- Concrete placed monolithically 1.44
- Concrete placed against hardened concrete
) ) : 1.04
with surface intentionally roughened
- Concrete placed against hardened concrete 0.6
not intentionally roughened '

- Concrete anchored to as-rolled structural steel
by headed studs or reinforcing bars

,where A=1.00 for normal-weight concrete
=0.85 for sand-lightweight concrete
=0.75 for all-lightweight concrete
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‘§s§§§> 4. Shear & Dia agon

e f,may not exceed 400 MPa

compression/tension force across the shear plane must be
considered.

the surface roughness means a full amplitude of approx.
6mm

e The required steel area for the factored shear force I/,

V.
A”_Wf

(38)
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e For inclined reinforcement

Vo, =A;f,(usina; +cosa;)

Shear transfer
reinforcement

N

Vi
e
[ Crack Avtly 008 o
;o kel | ,
Y, o)
r | A, sina
S ¢"f y=n
;o A,
—
V,

, Where arshould not exceed 90°
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