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12 Fourier Integrals

12.1 From Fourier Series to Fourier Integral

- Extension of the method of Fourier series to nonperiodic functions
- We consider the Fourier series of an arbitrary function fr of period 2L and let L — oc.

Example 1. Square wave

0 if —-L<x<l1

fo(x)y=< 1 if —-l<ax<l1
if l<z<L
- If we let L — oo,
1 if —l<z<l1
f(z) = I}LIEO Julz) = { 0 otherwise

- Since fr(x) is an even function, b, = 0 for all n.

I 1
— _ d = —
@0 oL | T L
1t nwx 2 (Y nmx 2 sin(nw/L)
an L/lcos 7 dz L/Ocos 7 dr=7 n /L
- Amplitude spectrum: a,(wy,), where w,, = nr/L. i

Fourier series of any periodic function fr,(z) of period 2L:

o0
fo(x) = ao+ Z ap, COSwpT + by sinwy, ) wp =nm/L

—/fL

+— Z[coswnx/ fr(v) coswpv dv + sinwpx / fr(v)sinwpv dv

Set
T nm 07

Av=wppr—wp=n+1)F -7 =+



then
1 L
fo(z) = 2L/_LfL(U)dU
+ li [(cosw x)Aw/L fr(v) coswpvdv + (sinw :U)Aw/L f1(v) sinwyvdvy
7Tn:1 n _L L n n . L n

Now let L. — oo and assume that the resulting nonperiodic function

f(z) = lim fr(x).

L—oo

is absolutely integrable on the z-axis; that is, the following limits exist:

0 0 0
| t@de = tim [ i@+ Jim [ @)l < a1

—00

Then, as L — oo, 1/L — 0, and

1 L
2L/_L fr(v)dv — 0

Also, Aw = /L — 0. Thus

f(z) = 1 /OO [COS wx /OO f(v) coswvdv + sinwzx /00 f() sinwvdv] dw

™

If we introduce the notations

Alw) = 711_/_00 f (W) coswudv, B(w) = 71r/_<>0 f(v) sinwvdv, (1)

Fourier integral

f(x) = /OOO[A(w) coswz + B(w) sinwz]dw (2)

Theorem 1 (Fourier integral)

If f(x) is piecewise continuous in every finite integral and has a right-hand derivative and a
left-hand derivative at every point and if absolutely integrable, then f(x) can be represented
by a Fourier integral (??). At a point where f(z) is discontinuous the value of the Fourier
integral equals the average of the left- and right-hand limits of f(z) at that point.

12.2 Applications of the Fourier integral

- Solving differential equations
- Evaluating integrals



Example 2. Single pulse, sine integral

(1 if 2] < 1
f(“”)_{o if 2| > 1

From (77)
1 [ 1 [t sin wv sinw sinw
Aw) = / f(v)coswvdv:/ cos wvdv = 1_1: +
T J)_ o )4 o, Tw Tw
_ 2sinw
N Tw
1 [t COS WV
B(w) = / sinwvdv = — t,=o0
™)1 W

2 [ coswzsinw

R 3)

™ w

From (??), Dirichlet’s discontinuous factor is obtained.

2/°° cosw:rsinwdw: Z?i igifﬁ 1
TJo w 0 if 2> 1

-Ifx =0,

- Sine integral

- Gibbs phenomenon: With increasing a, the oscillations near x = £1 are shifted closer to
the points x = =£1.

2/“ coswa:sinwdw: 1/“ sin(w + wx) +1/“ sin(w—wx)dw
0 0 0

™ w ™ w s w

- Ist integral: w+wzr =t = dw/w=dt/t and 0 <w <a=0<t < (x+1)a.
- 2nd integral: w —wzr = —t = dw/w =dt/t and 0 <w <a=0<t < (z —1)a.

9 ra : 1 (z+1)a o t 1 (z—1)a 3 t
2 / CoSwx Sinw o - X / sin P / sin i
0 0 0 3

s w ™ t ™

= Sifa(e +1)] - ~Sila( — 1)



12.3 Fourier Cosine and Sine Integrals

o If f(z) is even,

2 oo

Aw) = / f(w) coswwv dv,
T Jo

Bw) = 1/ f(v)sinwv dv =0
™ —0o0

Fourier cosine integral
flx) = / A(w) cos wrdw (f even)
0
o If f(z) is odd,

1 [e.e]

Alw) = / f(v) coswv dv =0,
™ —0o0
2 [ .

Bw) = / f(v)sinwv dv
T Jo

Fourier sine integral
flz) = / B(w) sinwzdw
0
12.4 Evaluation of Integrals

Example 3. (Laplace integrals)
Find the Fourier cosine and sine integrals of

f(z) =e (x>0, k>0)

(a) From (?77),

2 o0
Alw) = / e cos wudv
T Jo

Integration by parts,

_ | k kv -
e Feoswvdv = e Msinwv+ — [ e " sinwo dv
w w
ko . 1 _ k _
e Fsinwvdv = ——e Fcoswv— — [ e coswv dv
w w
—kv 1 —kv _: —kv kQ —kv
. e coswvdv = —e sinwv — —e coswv— — [ e coswv dv
w w w
k e—k’v
= e " coswvdy = 75 (wsinwv — k coswv)
w? +k



9 —kv 2k
A = 2 v keosen) [ = 0
2k [ coswx
. _ —kx _
H@ == ) mrad @>0k>0
ToSwT T ke
= /0 RNl (=0 k=0

(b) From (77?),

2 o
B(w) = / e " sin wodv
T Jo

Integration by parts,

—kv _ w —kv E :
/e sinwvdv = el (w sinwv + cos wv)
2 w ok 2w/m
B((,U) = —; . m@ k’l}(; SIn wv + COSW'U) |802 m
2 [ wsinwx
—kv
f(x) € T /0 k2 +WQ w
wsmwx T _
:>/ I<:2+w2 = 3¢ ke (x>0, k>0)
(??) and (??): Laplace integrals ! i



