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19 PDEs in Polar Coordinates

19.1 Laplacian in Polar Coordinates

x =rcosb, y =sinf
Pu  O%u
Viu= 7=+ —
YT a2 * Oy?
- (1‘7 Y, t) to (T, 97 t)
Uy = UpTy + by, Uy = UpTy + ugly

- By the product rule and the chain rule

Ugz = (’LL ) (UGH )a: = (ur)xrx + UpTpy + (ue)xex + uglyy

= (urrrx + ur90 )Tx + UpTge + (UQTTx + U000x)0x + u0‘9rx

Uyy = (UT’T ) (U@@ ) = ( ) Ty + UpTyy + (ue)yey + Ueeyy
(

UppTy + UpgOy )Ty + UrTyy + (UprTy + ugaby )0y + ugbyy

- To determine the partial derivatives r, and 6,

r=+x2+y2, and @ = arctan J

T
T x Y
ry = — = — r, =2
* Vaz 42 r’ Yoo
0 — 1 ( y) oy Yy 0 1 1 _ T oz
1+ (y/x)? a2/ a4y 2 14 (yfa)? w x4y 2
I ar, 1 x2_r2—x2_y2 2
fze = R e L
2 2y x  2xy (—2) 2xy
GIIny(fﬁ)Tm—r—s;— 7"4 s ny:fl? 3 Ty_*T‘T
2 2 2 2
T Y\ x Y x Y Y ry
Ugx = urrﬁ + Upg (_ﬁ) ; "‘UTTT)) +u9'r’; (_ﬁ) + ugg (_ﬁ) Up—3
2 2 2

.-uzx:ﬁurr_Q 3ur6’+ 'LL99+ ur+2

2 2 2 2
Y Ty €z yx €z Yy
Uyy = Upp— 2 + Urg— 3, + Ur— 3 + U@r — T Ugg (ﬁ) + up <_7’4>

2 2 2
y Ty T x
LUy = ﬁurr + 2 3 Ur6 + — Uoo + - 2r74u0



1.2 +y2 1'2 +y2 x2+y2
Ugy + Uyy = Turr + A Ugy + 3 Uy

- Laplacian of u in polar coordinates is
Pu 1ou 10
or?2  ror 1?2062

- Laplacian of u in cylindrical coordinate is

S Viu=

1
VZU = Upp + —Up + —Uge + Uz
r r2

19.2 Circular Membrane: Use of Fourier - Bessel Series

- 2D wave equation for a circular membrane
Pu 5 (P 1ou 1 0%
w2 \arr v T
ot or ror r?00
- Radial symmetry
Pu 4 (0% n 10u
ot2 or2  ror
- Boundary and initial conditions

u(R,t) =0 for all t > 0. [fixed along bdry]

u(r,0) = f(r) [initial deflection f(r)]
% . =g(r) [initial velocity g(r)]

e Step I: ODEs, Bessel’s Equation.
- Separation of variables

u(r,t) = W(r)G(t)
WG =c? <W“G + iW/G>
Gy (1) -
G+ MG =0 where A =ck
w” + %W’ + KW =0
-s=kr = 1/r=k/s

dwW  dWds dW d*W
W=-="——"=—F d w" =
dr ds dr ds an ds?
- Bessel’s equation with v = 0:
W 1dwW
—+-——+4+W=0
ds? * s ds *




e Step II: Satisfying the Boundary Condition
W(r) = c1Jo(kr) + c2Yo(kr)
Y) becomes infinite at 0. co =0
W(r) = Jo(s) = Jo(kr) (s =kr)

w(R,t) = W(R)G(H) =0 = W(R)=Jo(kR)=0

- Jo has infinitely many positive zeros, s = a1, «g, ---, with numerical values

a1 = 2.4048, a9 =5.5201, a3 =28.6537, a4 =11.7915, a5 =14.9309,:--.

Gm
R Y
Win(r) = Jolkmr) = Jo (Sr) . m=1,2, .

kR = am thus k=kpy= m=1,2, ---.

G (t) = am cos Ayt + by, sin At

- Eigenvalues:

- Eigenfunctions
U (7, 8) = Win (1) G () = (am cos At + by sin A t) Jo (k1)
withm=1, 2, ---

e Step III: Solution of the Entire Problem

u(r,t) = Z Wi (r)G(t) = Z (@ €OS At + by, sin A\ t) Jo (%“r)

m=1 m=1

[e's] am
u(r,0) = Z amJo (ﬁr) = f(r)
m=1
- Fourier-Bessel series
2 R O
A = o) /0 rf(r)Jo <fr> dr (m=1, 2, --+)

[ Jo(km) | = [ T2 (kna)dae = R2JT? (o)

r: weight function



Example 1. Variations of a circular membrane

R=1 ft, p=2 slugs/ft?, T=8 Ib/ft, g(r,t)=0
Fir)=1-r2 (&)
2 =T/p=8/2=4ft?/sec?, b, = 0.

Ay =

2 1 4J2(Oém) 8
S 1 — ) Jo(aur)dr = = ,
ﬁ@mlr( r)olamn)dr = o)~ a%a(om)

e Ta(am) = —2 Ty () — Jo(am) = alJl(am)

m m

F(r) = 1.108Jy(2.4048r) — 0.140.J5(5.5201r) + 0.045.Jo(8.637r) — - - -

Am = Cky = cam /R = 2a,

u(r,t) = 1.108.J(2.4048r) cos 4.8097t — 0.140.Jo(5.5201r) cos 11.0402t
+0.045.J0(8.6537r) cos 17.3075¢ — - - -

19.3 Laplace’s Equation in Cylindrical and Spherical Coordinates. Poten-
tial.

- Laplace’s equation
V2u = uyy + Uyy + Uz, =0 (1)

- Application: gravitation, electrostatics, heat flow and fluid flow
- Gravitational potential: u(zx,y, 2)
c

B Y = S EFu i o e ER )

w(z,y, z) = k///T p(X’TY’Z)dXdeZ (3)

(D)o

- Laplace’s eq. — boundary value problem

(a) First boundary value problem or Dirichlet problem if u is prescribed on S.

(b) Second boundary value problem or Neumann problem if the normal derivative u,, = du/0n
is prescribed on S.

(¢) Third or mixed boundary value problem if u is prescribed on a portion of S and u, on
the remaining portion of S.

Laplacian in Cylindrical Coordinates

r=rcos, y=rsinf, z==z



u  10ul d*u 0%*u
—t -5t 55
or2  rorr20602 0922
Laplacian in Spherical Coordinates

Viu =

r=rcosfsing, y=rsinfsing, z=rcos¢

VQU_@+2@+i_@+COt¢@+ 1 @
S or2  ror  r?2 0¢2 r2 ¢  r2sin® ¢ 062

VQ _i 2 2@ + 1 2 1 (z)% + 1 @
S lar U ar sing 0¢ S d¢p sin? ¢ 062

19.4 Boundary Value Problem in Spherical Coordinates

u(R,0,0) = f()
-u(r,¢) — ugg =0 (independent of )

0 ou 1 0 ou
‘72 — 2 _ [ 31 _ =
Y= or (T 87‘) + sing 0¢ (bln¢8¢) 0

- At infinity the potential will be zero,

lim u(r,¢) =0

T—00

Solving the Dirichlet Problem (4), (5), (6)

u(r, ) = G(r)H(¢)

li ZE __#i '¢d£ —k
Gar\" dar )~ Hsingdo \""ds ) T

1 d (. dH
" (Slnd)d¢> +kH =0

1d [ ,dG\
Gm«(w«>—k

- From (8), (r’G") = kG if k = n(n + 1), we obtain Euler-Cauchy equation.

r2G" +2rG' —n(n+1)G =0
- Substituting G = r® into (9)

r?a(a — 1)r* 2 + 2rar® !t —n(n+1)r¢* =0
a?—a—-nn+1)=0 = a=n, and a=-n-—1
©Gup(r)y=1r" and Gi(r)= 7""%



- Setting cos ¢ = w, sin®¢p =1 — w

¢ a4
dw

do~ dw " do
- Then (7) becomes Legendre’s equation with k£ = n(n + 1),

d dH

1— HH =

T {( )dw}—&-n(n—i- ) 0
d*H dH

or, (1 —w? )W — 2w @+n(n+1)H

Solution Using a Fourier-Legendre Series

- For integer n = 0, 1, , the Legendre polynominals

H = P,(w) = P,(cos ¢) n=20,1, -

are solutions of Legendre’s equation (10).

un(r,8) = At Palcos @), u(r, 6) = % Pafcos 6)

e Solution of the Interior Problem

¢) = Z Apr" Py (cos ¢).

n=0
Fourier-Legendre series of f(¢):

u(R ZA R"P,(cos ¢) =

AR = 2n+1/f

where f(w) denotes f(¢) as a function of w = cos ¢.
dw = —singdp ¢=m—ow
dw = —singdp ¢=0—w
2n +1
5Rn / f(@)Pp(cos @) sin ¢ do,

sin ¢: weight function

e Solution of the Exterior Problem
o

By,
u(r,¢) =Y~ Palcos o)

n=0

with coeflicients

0, 1,2 «-.

0

n =
f(9);

=-1

=1
n=20,1, 2
(r= R)

B, = 2n+1R”+1/ f(&)Pp(cos ¢)sin ¢ do

(11)

(12)



Example . Spherical Capacitor

B {110 if  0<¢<m/2
R =1 ft, f(¢)—{ 0 if T/2<¢<m

- Since R=1, from (11)

2n+1

/2
A, = 5 110/ P, (cos ¢) sin ¢do
0

- Set w = cos ¢, Pp,(cos ¢)sin pdp = — P, (w)dw and we integrate from 1 to 0.

Ap, =55(2n+1) /0 —P,(w)dw = 55(2n + 1) /1 P (w)dw
1 0

- From (11) in Sec. 4.3

M 1
(2n — 2m)! / _9
A 5(2 1) e
" (2n+ mE::o 2”m‘ (n—m)l(n—2ml!) J, v v

where M =n/2 and for even n and M = (n — 1)/2 for odd n.

1 1
/ wr Ay = ——
0 (7’L —2m + 1)

2n+1 i (2n — 2m)!

Ap = 13
= —m)l(n —2m+1)! (13)
-Forn=1, 2, 3, -,
Ap = b5
1 !
A, = 165 . 2 _ 165
2 02! 2
275 (4l 2!
A= <0!2!3! - 1!1!1!> =0
385 ( 6! 4! 385
A3 = _ — = ——
8 \ 013141 112121 8
- Potential inside the sphere,
1
u(r,¢) = 55+ %rPl(cos ®) — %r?’Pg(cos )+ (14)
- Since R=1, from (11) and (12) B,, = A,,. Outside the sphere,
55 165
u(r, ¢) = - T ﬁpl( 0s¢) — — Ps(cos ) + (15)



19.5 Solution by Laplace Transforms

Example . Semi-infinite string

(i) The string is initially at rest on the z-axis from x = 0 to oo.

(ii) For time ¢ > 0,
sint

w0 =50 = { %

(iii) Furthermore,
lim w(x,t) =0

T— 00
Solution.

- Wave equation
Pw  ,0%w

o2 = 922
- Boundary conditions
w(0,t) = f(),
- Initial condtions
w(z,0) =0,

- Take the Laplace transform with respect to ¢,

L <82“’> — 2L(w) — sw(z,0) — 22

o2

- Writing Wz, s) = L{w(z,t)},
5 W

922 thus
x

W =c

ifo<t<2rm
otherwise

for t > 0.

lim w(x,t) =0

T— 00

ow

| =0

t=0

ot

*PwW s
0z2 c2

W(z,s) = A(s)e*™/° + B(s)e /¢

W(0,s) = L{w(o,t)} = L{f(t)} = F(s)

= AL <
t=0

02w © Pw o )

W =0.

e lim w(x,t)dt =0

lim W(z,s) = lim e Stw(x, t)dt :/
“A(s) =0
W(0,s) = B(s)=F(s)
W(z,s) = F(s)e /¢

w(z,t) = f(t—§>u<t—£

c

w(x,t):sin<t—£) if T<t<Zior
c c c

orct>ux > (t—2mc

Lw(z, 1)}

f.



