SNU MAE Multivariable Control

7 Lyapunov and Riccati Equations

Notation:

F = either R or C

For A € R™ ", spec(A) = the sct of eigenvalues of A.
C? ={Ae C: Re{A) L 0}

7.1 Lyapunov Operator

Definition 7.1 For 4 c F™*" o linear operator
LA(X):=A"X + XA
w5 called Lyapunov operator

Suppose 4 is diagonalizable (the following can be generalized even if this ig
not the case). Let {Ay,.--, A,} be the eigenvalues of A. Then the elgenvector
matrix of A*

V = [r’Ul, o :’Un] e Ccnxn

18 Invertible, and

A*‘UE‘ = ;\_1;'1}1; .
Lemma 7.2 For each 1 < L, j < n, define
X-;;j = 'U;'U; c CrAn

The set { Xy hcij<n 15 a binearly independent set, and this set is q full set of
eigenvectors for the linear operator L. Morcover, the ergenvalues of L4 is the
set of complex numbers {\; + AjHi<ig<n.
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which holds for any 1 < [k < n. Therefore, {X;; 1<ijcn is a ltearly indepen-
dent set,
Also, by dcfinition of £ 4, we have

LalXy) = A"Xy+ XA
= ATvul + viv; A
= (E_;;_,wi}i.?; + ’f-’;a;(/\j'U;)
— (5\ + }\j)Xz'j'

Hence, X;; is an eigenvector of £4 corresponding to eigenvalue {\; + A0

Theorem 7.3 Let A € Fnxn po grwen and suppose that A is stable. Then L 18
imvertible, and for any (§ € F**7, the unique X € Frxn solving L4(X) = -
s given by

::{; h
X = / e TQe T dr . (1)
S0

Proof. If A is stable (all eigenvalues in C2). then X, + Aj # 0 for all 7, 5. Thus
L 4 is an invertible linear operator. For ¢t > 0,

£
S(t) ::/ e T Qe dr

0

has a well-defined limit as t — >0 because A i stable. And X := lim,_,_ 8 (2).
I
A*S(t) + S(HA = f (A*EA*TQEAT + eﬂ“TQeA*‘A) dr
0

) d .
/ el (BA TQEAT) dr
Jo dr
_ EA*tQEAi . Q .

I

Taking lim,_, ., gives
A"X L+ XA=-(Q

as desired.



[

Theorem 7.4 Let A, Q ¢ F*x7 pe gwen and suppose that A is stuble and
Q=Q" >0. Then (A, Q) is observable iff

i
X = / eV TN dr > 0.
Jo

Proaof,
(+=) Suppose that (A, (2) is not observable. Then dzo € F™ g # 0 such that

QEAt.'IT[;. ={

for all ¢ > 0. Thus z5e4™ Qe = 0 for all ¢ 2 0. Integration gives

r,
H = /(:L*GHA t@ﬂﬂtiﬁg) a7
0

i
Ty (/ e T()eﬂ"'d*r) 2o
0

= ¢ t X At

Thus X is not pos def.

(=) Suppose that X is not pos def (note X is at least pos. semidef.), Then
diey € F™, 2y # 0 such that oA zg = 0. Using (1} and the fact that > 0 gives

- WS
|1 20y jar = o
0

The integrand is conti and nonneg for all 7 > 0, this

it must be O for al] 7 > ().
Since zg £ 0, (A4, Q) is not observable.

]

Theorem 7.5 Let (A, C) be detectable and
—C*C. Then X > 0 iff A is stable.

(Note that there is no ussumption that L4 is invertible, hence there could be
multiple solutions. )

suppose X is any solution to L4 =

Proof,

(<) Since A is stable, £, ig invertible, and the nnique X « [Fnxn

solving
La(X) = —-C*C is given by

-
X = / et TC*Cedr
J)

which is clearly pos semidef.



(=) Suppose that A is not stable. Then Ju & L™ v#0,A €T, Re(\) > 0 such
that Av = Av. Since (4,C) is detectable, C'v # (). Note that

|

0 ||Cwl? VO Cy

= —v{A'X + X AW
= ~(A+Xe*Xv
= —2Re(M)v*Xu

Since Re(A) > 0 we must have Re(A) > 0 and v* Xv < 0. Hence X s not pos
del. &

Let A be stable, so £, is invertible, Use L3M(-Q) to denote the unique
solution to £,4 = —Q where ( = Q*. Then we can obtain the tollowing results
about the ordering of the solutions.

Lemma 7.6 If symmetric matrices Q1 > (Ja, then
Lii(=Q1) = L3 (@) .

Proof. Sce below.

Lemma 7.7 If symmetric matrices Q1 > Q», then
Lo (=Q1) > L3'(~Qa) .
Proof. Let X, X, be the solutions, A*X, + X, A = —(J);. Then
ANXL = Xo) + (X) - Xp)A = —(Q, — W2)

Since A is stable,

(X — X,) = / QL - Q)M dr

1 []

If (1~ 2) > 0 then (X1 — X3) > 0, which proves the previous lemma.
It {Q1 — Q2) > 0 then (A, (Q — J>)) is observable, so by the theorem 7.4,
(4}{1 - Xz) = U \|-_—|

But converses of the lemmas 7.6 and 7.7 are NOT true.



7.2 Algebraic Riccati Equation
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H 1s real, we know that the eigvalues of H are symmetric about the real
axis. Now, we'll see additional symmetry in the cigvalues.

Also, there is 1-1 correspondence between n—-dim invariant subspaces of
o with the invertibility property and solutions of the Riccati equation. And
A+ RX is similar to the restriction of H on the inv subspace v, H|,. So the
eigvalues of A + RX willl always be a subset of the elgenvalues of H.
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