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Contents for previous class

6) 1.5 Ternary and Multicomponent Alloys Page 12
What are ternary phase diagram?

Diagrams that represent the equilibrium
between the various phases that are formed
between three components, as a function of
temperature.

Normally, pressure is not a viable variable in

ternary phase diagram construction, and is
therefore held constant at 1 atm.

www.sjsu.edu/faculty/selvaduray/page/phase/ternary_p_d.pdf
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Ternary Eutectic System
(with Solid Solubility)
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Ternary Eutectic System
(with Solid Solubility)

TiB:

LIQUID

A

Temperature Slice At T) < Tg, But >T4, Te Isothermal Section At T=T,



Ternary Eutectic System
(with Solid Solubility)

T2A T2B

LIQUID

A

Temperature Slice At T,> T, But, T,<Tg, Te Isothermal Section At T=T,



Ternary Eutectic System
(with Solid Solubility)

T3A: T3B

Temperature Slice At'Ts <, Tn, Tc, But T3>Tai, T, Ty [sothermal Section At T=T
: 2 £



Ternary Eutectic System
(with Solid Solubility)

Lo T4B:

% /Bﬂr i

Temperature Slice At Ty<Tp And T Tg |, T Isothermal Section At T=T ;



Ternary Eutectic System
(with Solid Solubility)

T5A: T5B:

2

Temperature Slice Below All Binary Eutectics But, Above The Ternary .
Eutectic Isothermal Section At T=Ts



Ternary Eutectic System
(with Solid Solubility)

T=ternary eutectic temp.
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Ternary Eutectic System
(with Solid Solubility)

ToA: T6B:

Temperature Slice at T < Tg Isothermal Section At T=T,
ol e M3 Xt=2 &=: MK isothermal sectionl| 20 [L}E H3}

http://www.youtube.com/watch?v=yzhVomAdetM
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< Quaternary phase Diagrams >

Four components: A, B, C, D Isothermal tetrahedron

Assuming isobaric conditions,

Four variables: X,, Xg, Xcand T Atcertain T,

A difficulty of four-dimensional geometry
— further restriction on the system = : =

Most common figure:
“ equilateral tetrahedron “

4 pure components

6 binary systems

4 ternary systems

A quarternary system

S s e B




* Draw four small equilateral tetrahedron

— formed with edge lengths of a, b, ¢, d

a+b+c+d=100

%A=Pt=c,
%B=Pr=a,
%C=Pu=d,
%D=Ps=b

W o

Fig. 247. Representation of a quaternary svstem by an equilateral tetrahedron.
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Define the equilibrium relationships btw solid and liquid : Page 15

1.7 The Distribution coefficient

XS
ky =30 = ABIAC<
{
. kyi: Eq. distribution coefficient
X © mole fraction of solute

In this phase diagram of
straight solidus and
liquidus, k, is independent
of T.
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A hypothetical phase diagram

k,= X /X, is constant. y



1.7 The Distribution coefficient
dC';  dC« [,

Van’t Hoff equation: T, AT«  RT.

Van’t Hoff equation relates the change in the equilibrium constant,

K., of a chemical reaction to the change in temperature , T, given the

standard enthalpy change AH, for the process. The equation has been

widely utilized to explore the changes in state functions in the

thermodynamic system.
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1.7 The Distribution coefficient
, o dC,  dCs L
Van’t Hoff equation: JT.  dTs  RT.2

- A useful method of checking the accuracy of the slope dC /dT, of
the solidus line from that of the liquidus (which is more reliable)

- This equation applies strictly only at very low concentrations.

Aormie weight (1R )

d('; (g S g el fare: pee SE230E aalenele
In the case of copper, - UYS  9.0009 b 0 orszs0 /i

I'RFJ’T}' I'ITT»..; Melting poing 1Ns3*C 12507

i 1.9% eal fmole "Ik

Atomic percentage Zirconium

Atomic percentage zinc

1100 —10/3® ]:'U LEID TP =1 2000 1200 2 10
CE T 0.0008 | t 0.00124
: N 1100 1 1083 i Probably Inaccuratd 2000

Fair agreement Qe
1 k -
"\K‘

1000 }—— ° &
1800 c F
1000 ! b e
ull 28 1800
, : By 38 . a+
900 — — 3237 900 : —
10 20 30 By 40 Cu 5 10 15
Weight percentage zinc Weight percentage zirconium
'y i dl' s o ; .
e 0.002%8  and —= = (.0020 0.00133 and 0.00009 atomie per cent per degree
f T L 5
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Contents for today’s class I

Chapter 2

Solidification as an Atomic Process

* Solid versus Liquid

17



Inter-atomic Energy (IAE)

2.1 Solids and Liquids

a. The nature of crystalline solids

Correlation between Bonding Strength and Materials Properties

Weakly bonded solids

Strongly bonded solids

Low melting point
Low elastic modulus
High thermal-expansion coefficient

High melting point
High elastic modulus
Low thermal-expansion coefficient

' Equilibrium spacing between atoms

i energy by AIAE (larger separation
' indicates higher thermal expansion)

Separation

Thermal motion :
vibrating with mean E ~ 3/2 kT

:::iAIAE average frequency v

If Eo is larger,

Tm (melting temp.—|

Broken Bonds

E (elastic modulus), ((possibly))

Yield strength is larger,

but ais smaller.

(thermal expansion coefficient)
18



a) Properties from Bonding: Thermal Expansion

 Materials change size when heating.

_
Tlnltlal

L. —L
I itial
maL — OL(Tflnal |n|tial ) I—Inltlal
initial / Tf |
coefficient of (7|—fina|4) Ina

thermal expansion (1/K or 1/°C)

o Atomic view: Mean bond length increases with T.

Increasing T

Bond energy

T

Higher Temperature
(Larger Vibration)

= @ O

T

T

T

I I \
-l --

I
L e --

I

I

I

»>Bond length (r) Medium Temperature
(Asymmetric Vibration)

bond energy vs bond length 0 O

T’ N Low Temperature
curve is “asymmetric (Eculibrians Seacing)

QO

» asymmetric nature of the energy well 2Thermal expansion 2



a) Properties from Bonding: Thermal Expansion

Temperature supplies thermal energy into solids = thermal vibration (phonon)

High energy
\ atomic sepration at 0K
1/_ mean separation of atoms at non-0K

v

A

v Mean atom position
/—' r

14
\ \ / § 0 A
\ y /T4 (42]
T
TTz T, < T, <T; <T, . binding energy at 0K
1 ] :
NL/ . 4
Y f
Low energy >
:Internuclear distance

Slope is related to the thermal expansion coefficient of materials
20



a) Properties from Bonding: Thermal Expansion
» Coefficient of thermal expansion, o

N\ .
§ length, Lo o coeff. thermal expansion
-
§unheatad, T4 :
. A AL _
§ - a (T2-Tq)
§ heated, T2 o)
1 di

» o~ 1/bonding energy (Ep) at ro o, = ———
| AT
A Energy

* The greater the bonding energy (E,), the
deeper & more narrow the potential energy well

- increase in interatomic separation with a given T
rise is lower

- smaller a
smaller o

> Broad well (generally more asymmetric) = larger expansion



Thermal Expansion: Comparison

Material oL, (10°9/K)
e Polymers atroom T
Polypropylene 145-180
Polyethylene 106-198 Polymers have large o,
Polystyrene 90-150 because of weak
Teflon 126-216 secondary bonds
e Metals
Aluminum 23.6
Steel 12
Tungsten 4.5
Gold 14.2
« Ceramics
Magnesia (MgO) 13.5
Alumina (Al,O,) 7.6
Soda-lime glass 9

Silica (cryst. SiO,) 04

Selected values from Table 19.1, Callister 7e.
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b) Properties from Bonding: E, elastic modulus

» Elastic (Young’s) modulus, E (y) Elastic modulus
Cross
w sectional
§ length, Lo_)' area o
§undeforme
. A
3
. deformed |PF
» E ~ curvature at ro (the bottom of the well)
9 A
d°E
Y ~( ) unstretched length
dr? " Energy| \ ro
| >r
E is larger smaller Blastic Modulus

If Eo IS larger
larger Elastic Modulus



b) Properties from Bonding: E, elastic modulus

Force versus Interatomic Separation

Ficure 6.7 Force
versus interatomic
separation for weakly
and strongly bonded
atoms. The magnitude
of the modulus of
elasticity is proportional
to the slope of

each curve at the
equilibrium interatomic
separation ry,.

Force F'

Strongly
bonded

Separation r

Weakly E

bonded d > E

strong bon weakly bond

24



Young’s Modulus Comparison

Graphite :
Metals Pt Composites
Ceramics Polymers :
Alloys ) [fibers
Semicond
1200
1%88 | i Diamond
600 —1
Si carbide
400 —1 * Tungsten Al oxide ®Carbon fibers only
E(G P a) * Molybdenums S; nitride
200 — « Steel, Ni *CFRE(|| fibers)*
3Tanta|um <111>
Platinum Si crystal '
Cu alloys <100> ®Aramid fibers only
2 %:Ir\‘/%r-rbold AFRE(|| fib *
60 —} 3 Alumihum = ®Glass-soda :Glass f(blells gr:.?/)
40 —} * Yiagnesium, *GFRE(|| fibers)*
9 ¢ Concrete
a
20 — GFRE*
CFRE*
10 — e Graphite *GFRE(Lfibers)*
g 1 *CFRE(Lfibers)*
PEESISE *AFRE(Lfibers)*
4 ! PET
2 — ﬁ ®Epoxy only
°pp
q — fbre
0.8 —
0.6 — T eWood(_Lgrain)
0.4 —
0.2 o) DPE

Eceramics
> Emetals
>> Epolymers

Based on data in Table B2,
Callister 6e.

Composite data based on
reinforced epoxy with 60 vol%
of aligned

carbon (CFRE),

aramid (AFRE), or

glass (GFRE)

fibers.

25



c) Properties from Bonding: Tm, melting point

» Bond length, r, » Melting Temperature, Tm
- Depth of energy well

Energy (r)
A
» Bond energy, Eo

A Energy (r)
|

unstretched length

r
- »r

smaller T,

IEO: larger T,

) Bond energy Tm IS larger if Eo IS larger

Imperfections in crystals: external surface/ vacancies/ interstitials/
dislocations/ stacking faults/ sub-boundaries



Bonding

Primary bonding

Secondary

Bond Melting

Type of Energy* Temperature

Bond Substance kcal/mole (°C) Characteristics

Ionic CaCl 155 646 Low electrical conductivity; trans-
NaCl 183 801 parent; brittle; high melting tem-
LiF 240 870 perature '
CuF; 617 1360
Al;0; 3618 3500

Covalent Ge 75 958 Low electrical conductivity; very
GaAs ~75 1238 hard; very high melting temperature
Si 84 1420
SiC 283 2600
Diamond 170 3550

Metallic Na 26 97.5 High electrical and thermal con-
Al 74 660 ductivity ; easily deformable; opaque
Cu 81 1083
Fe 97 1535
w 201 3370

Van der Ne 0.59 —248.7 Weak binding; low melting and

Waals Ar 1.8 —189.4 boiling points; very compressible
CH, 24 —184
Kr 28 —157
Cl, 7.4 —103

Hydrogen HF 7 —~92 Higher melting points than Van der
H,0O 12 0 Waals bonding; tendency to form

groups of manv molecules

27



b. Nature of liquids
* Liguid structure : atom or molecules

— vibrating with mean E ~ 3/2 kT and average frequency v

Free space

Liquid
-

Change much more frequently

Crystal

Unchanged for relatively long periods

* Instantaneous structure:
crystal-like “cluster” & free space

— equilibrium mixture of molecules
— oriented randomly
— form and disperse very quickly

* Thermodynamic point of view

When the free energy of the atomic cluster with radius r
IS by
AG, = -2 zroA Arr?
3 nrAG, +4nryg,

r___

Cluster size 1— free E 1

AGT

Interfacial

energy o<r’

28

Volume free
energy o< rPAT




@ Formation of Atomic Cluster

At the T, the liquid phase has a volume 2-4% greater than the solid.

Fig. 4.4 A two-dimensional representation of
an instantaneous picture of the liguid structure.
Many close-packed crystal-like clusters (shaded)
are instantaneously formed.

29



Formation of Atomic Cluster

When the free energy of the atomic cluster with radius r is by

AG, = —gﬂ'r “AG, + 471y,

r

how many atomic clusters of radius r would exist in the presence
of the total number of atoms, n,?

1
m~— 1
1-2 \Excess free E associated with KT
n, =N, exp| — the cluster of 1—-2 atoms :
= kT BER|E rel ko] FAA 4
23 :
_ AG™ # of cluster _ Sl AGr
N; =N, EXP| — - n, =N, €Xp
kT of radius r kT
AG 3.4 > 1 N, exponentially decreases with AG,
n, =N, exp| — <
KT Y :
o :
: AG m-1—-m (11 r T AGrT E
12 ] H
Nn_=n eXp| — 9 :
m m-1 p[ kT j 3 embryo => Nucleus
i : no longer Rart of liquid
152 253 m-1—-m :
_ CAGTTHAGTT 4+ AG ; odius
n., =n, exp
KT 30



Formation of Atomic Cluster

Compare the nucleation curves
between small and large driving forces.

AT

0

\VI
r* +

large driving

of radius r

ATt - AG*|| - r* | — n 1

# of cluster n =n, exp(— AG, j

r* \< r* radius

> A D

4

g small driving force (small AT)
w TI{->AG*t>mx1—>n |
Q

O :

w * _ 16777/SL2 _

" 3(AG, )

e

0

O
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Formation of Atomic Cluster

n, : total # of atoms.
AG, : excess free energy associated with the cluster
k : Boltzmann’s constant

# of cluster of radius r AG
n. =n,exp| ———
kT

-holdsforT>T, / T<T_ andr<r*

Apply forallr / r < r*
(** r>r*: no longer part of the liquid)

- n, exponentially decreases with AG,

Ex. 1 mm?3 of copper at its melting point (n,: 102°atoms)

r| —n 1t — ~10%clusters of 0.3 nm radius (i.e. ~ 10 atoms)
rt—n 1 — ~10 clusters of 0.6 nm radius (i.e. ~ 60 atoms)

— effectively a maximum cluster size, ~ 100 atoms
~ 108 clusters mm-=or 1 cluster in ~ 10" mm3

32



The creation of a critical nucleus ~ thermally activated process

. r
L,

LAT praneeees :
AG:T— , 4 v _ 2781 _(ZySLTm j 1

~ AG,

: : -
- 0 ATy + AT

AT, is the critical undercooling for homogeneous nucleation.

Fig. 4.5 The variation of r* and r. ., with undercooling AT

max

The number of clusters with r* at AT < ATy is negligible. 33



c. The difference between crystals and liquids

1) their behavior when subjected to stress

Liquid Crystal

Shape change as response “ Elastically deformed
to any shear stress

2) Volume change

Y

vibration 2/3KT, v Latent heat 2/3KT. v

— relocation of the atom in positions
with higher potential E

Liquid Crystal
Less close packed “ Close-packed or
(or more “open”) structure AV nearly close packed structure

— “+" : all metals except gallium and bismuth
(“borderline” case for classification as metals)

— “-" : Silicon and germanium
34



1) Solid: application of small force for one day
produces no permanent change.

ideal \ :
glass g

. ‘ Configurationally
glass Yy Frozen

Viscosity (log n)

T T, T,

Temperature (T)
A solid is a materials whose viscosity exceeds 104 poise
cf) liquid ~102 poise

Glass = undercooled liquid with high viscosity

35



Thermomechanical analysis (TMA):

B measure dimension changes under constant load, as

function of temperature
probe

i +— sample

'- Determination of Tg

heat

Deformation AL

Furnace on : AT

Temperature

Mean exp.coefoe=AL /AT . 1/ Lo
local o = dL/dT . 1/1.O = dL./dt .1/B.1o 36

LVDT




Dynamic Mechanical Analysis (DMA) is a high precision
technique for measuring the viscoelastic properties of materials.

- measures the stiffness and

damping properties of a materials
Force Motor

Coil
- Mglgnet

- Stiffness depends on mechanical
properties and is often converted
to a modulus to enable sample

inter comparisons. ~— Temperature Enclosure

LVDT

(Linear variable differential transformer)
: a type of electrical transformer used
for measuring linear displacement.

Core Rod

- Damping is expressed in terms of
Tan 6 and is related to the amount
of energy a material can store.

Interchangeable

- DMA is most sensitive for Measuring System

monitoring relaxation events,
such as Tg, because mechanical
properties change dramatically
when relaxation behavior is ' >
observed. PerkinEimer’

Furnace
~— Heat Sink/Cooling System

37



2) Crystallization is Controlled by Thermodynamics

 Volume is high as a hot liquid
 Volume shrinks as liquid is cooled

e At the melting point, T, the liquid
crystallizes to the
thermodynamically stable
crystalline phase

« More compact (generally)
crystalline phase has a smaller
volume

« The crystal then shrinks as it is
further cooled to room temperature

 Slope of the cooling curve for liquid
and solid is the thermal expansion
coefficient, a

cu
S
=
O
>

T

m
aliquid > >acrystal aliquid

liquid
AV

crystallization

crystal

acrystal

Temperature

/N
| |
|

|
| ——

Tk Tw TQ,\MP a8 38




Shrinkage in Solidification and Cooling

 Can amount to 5-10% by volume

« Gray cast iron expands upon
solidification due to phase changes

 Need to design part and mold to take
this amount into consideration

TABLE 5.1
Volumetric Volumetric
solidification solidification
Metal or allov contraction (%o) Metal or allov contraction (%o)
Aluminum 6.6 70%Cu—30%Zn 4.5
Al-4.5%Cu 6.3 90%Cu—10%Al 4
Al-12%S1 3.8 Gray iron Expansion to 2.5
Carbon steel 2.5-3 Magnesium 4.2
1% carbon steel 4 White iron 4-55
Copper 4.9 Zingc 6.5

Source: After R. A. Flinn.
* Volumetric solidification expansion: H,0 (10%), Si (20%), Ge

ex) Al-Si eutectic alloy (casting alloy)— volumetric solidification contraction of Al
substitutes volumetric solidification expansion of Si.

Cast Iron: Fe + Carbon (~ 4%) + Si (~2%)
— precipitation of graphite during solidification reduces shrinkage.



d. Quasi-chemical approach Page 25

* Solid: force between pairs of atoms
— vaporize: break all “pairwise” bonds

For, example: Copper (Cu)

Vaporization Melting
Heat of vaporization 80 Kcal/mole vs Heat of fusion 3.1 Kcal/mole

=)

25times — 1/25 broken

Melting: each bond is replaced by one with 4 percent less E,
although bond energy of liquid is changed by the positions.

— Heat of fusion during melting: need to generate weaker liquid bonds

40



Contents for today’s class Il

* Free surface (solid/vapor interface)?

*Solid /Liquid Interfaces

* Broken bond model — calculation of the E of solid/ liquid interface

41



2.2 Solid-Liquid Interface Page 26

* An atom at the surface ~ number of nearest neighbors from 3 to 11
— missing bonds — low heat of fusion

Fig. 22. Number of nearest neighbors N of atoms on close-packed surfaces,

42



Q: Free surface (solid/vapor interface)?

(a) E.y VS Y ?

Extra energy per atom on surface Interfacial free energy

* The measured y values for pure metals near the melting temperature

Eey=3€2=025Ls/N, —> 7o,=0.15L,/N, J/surface atom

(% of L/N,) (" surface free E averaged over many surface plane, S effect at high T)

(b) Equilibrium shape: Wulff surface

. Polyhedron with the largest facets having the lowest interfacial free energy

43



Solid / Vapor Interfaces

* Assumption: S/V interface —» Hard sphere model/ uncontaminated surface
(In real systems surfaces will reduce their free energies by the adsorption of impurities.)

- Fcc : density of atoms in these planes decreases as (h?+k2+l?) increases

OO0
w S 2
COOCO

Fig. 3.2 Atomic configurations on the three closest-packed planes in fcc crystals; (111), (200), and (220).

( notation {200} and {220} plane has been used instead of {100} and {110} because the spacing of
equivalent atom planes is than given by a/(h%+k?+12)1/2 where a is the lattice parameter.)

For (111) plane  CN=12 [111]

R4

# of Broken Bonds per atom at surface? 44



# of Broken Bonds per atom at surface? — 3 per atom

2005 - 5.G. Podkolzin

45



For (111) plane

# of broken bond at surface : 3 broken bonds

Bond Strength: &€ — for each atom : €/2

Lowering of Internal Energy per atom on surface: 3€/2 |

For (200) plane CN=12

(excess internal energy of 3g/2 over that of the atoms in the bulk)

/tl _') /:1 _') /4)
gl E \_) E \‘)
) D
W J REELD :};; """"" B EEETLEE PICSRERRRN J
: __,IE
T o T O /3
gl E \_) E \‘)
* | RILIILLY ’ij _____ - b
J: Ji
AV VoI Ve
p—

# of Broken Bonds per atom at surface? 46



For (200) plane CN=12

# of Broken Bonds per atom at surface?

# of broken bond at surface : 4 broken bonds
Bond Strength: € — for each atom : €/2

Lowering of Internal Energy per atom on surface: 4€/2 | 47

(excess internal energy of 4e/2 over that of the atoms in the bulk)



For (111) plane

# of broken bond at surface : 3 broken bonds
Bond Strength: € — for each atom : €/2

Extra energy per atom on surface: 3&/2

Heat of Sublimation (&3 in terms of €? — Ls = 12 Na el2

(Latent heat of melting + vaporization)

Energy per atom of a {111} Surface?
E., =3¢€2=0.25L_/N, Gioit,N) = Eg,VSY?

“Approximated value” due to assumptions, 1) 2"d nearest neighbors have been ignored and
2) strengths of the remaining bonds in the surface are unchanged from the bulk values.

v interfacial energy = surface free energy < Gibb’s free energy (J/m?)
—y =G=H-TS

(1 mole of solid = 12 N,)

=E+ PV -TS (if PVis ignored) (Eqy Ty 1)
— 'y = Eg, v (Ssy thermal entropy, configurational entropy)
----------------------------- surface>bulk Extra configurational entropy due to vacancies

— 8y I0T = - S i: surface free energy decreases with increasing T

0<S<3 (mJ/m ?K-1) due to increased contribution of entropy 48



*Eo Vs y?
SV
* The measured y values for pure metals near the melting temperature

Esy=3€2=025Ls/N, —> 7o,=0.15Ls /N, J/surface atom

(. surface free E averaged over many surface plane, S effect at high T)

« Average Surface Free Energies of Selected Metals

e
PELETS
. ‘.

Crystal Ty (°C) { Yoy (M m™?)
Sn 232 680 .
Difficult to measure,
Al 660 1080  rear T
Ag 91 1120
Au 1063 1390
Cu 1084 1720
d-Fe 1536 2080
Pt 1769 2280
4 3407 2650
yof Sn: 680 mJ/m? (T, :232°C) cf) G.B. energy v, is about one third of y,,

y of Cu : 1720 mJ/m? (T, : 1083°C)

* Higher 7,, — stronger bond (large L) — larger surface free energy (y.,)

...................................................................................... 49



Surface energy for high or irrational {hkl} index

Closer surface packing — smaller number of broken bond — lower surface energy

# of broken bonds will increase through the series {111} {200} {220} — y., will increase
along the same series (if different entropy term is ignored)

A crystal plane at an angle 0 to the clo,se-packed plane will contain broken
bonds in excess of the close-packe’dfﬁlane due to the atoms at the steps.

Surface with high {hkl} index —5 3
,/,/'/’ /\’I‘; ‘.l.. -
’/ \-\ ."-..‘ ~“-..’¢ .“-.:’:‘ ..'. 3 N o
J eng R S B =
0“\1\ .._I. -] | A 3
e ..:.:‘ .‘: ‘‘‘‘‘‘‘ E
l ; I‘.’~ ;“‘:."' = > 'E
‘‘‘‘‘‘ 8
“““ E
J =z
—| a |« £

A4
cos 0/a broken bonds
Fig. 2.2 The ‘broken-bond’ model for surface energy.

(cos@/a)(1/a) : broken bonds
from the atoms on the steps

(sin|@|/a)(1/a): additional broken bonds

50
from the atoms on the steps



Surface energy for high or irrational {hkl} index

(cos@/a)(1/a) : broken bonds from the atoms on the steps

(sin|@]/a)(1/a) : additional broken bonds from the atoms on the steps

Attributing €/2 energy to each broken bond,

™

| / :
ol efese )
Ixa 2\ a a
z—:(cus & + Sill( ‘5 | ))

7
2a

A

E

E-O plot | e, =3e2=025L N,
|

_ 0 + 0
Fig. 3.4 Variation of surface energy as a function of 6

The close-packed orientation (6 = 0) lies at a cusped minimum in the E plot.

Similar arguments can be applied to any crystal structure
for rotations about any axis from any reasonably close-packed plane.

All low-index planes should therefore be located at low-energy cusps.

If v is plotted versus 0 similar cusps are found (y-0 plot), but as a result of
entropy effects they are less prominent than in the E-8 plot, and for the higher

index planes they can even disappear.
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Q: Free surface (solid/vapor interface)?

(a) E., VS Y ?

Extra energy per atom on surface Interfacial free energy

» The measured y values for pure metals near the melting temperature

Esy=3€2=025Ls/N, =—> 7o,=0.15L, /N, J/surface atom

(" surface free E averaged over many surface plane, S effect at high T)

(b) Equilibrium shape: Wulff surface

. Polyhedron with the largest facets having the lowest interfacial free energy

52



Equilibrium shape: Wulff surface

* A convenient method for plotting the variation of y with surface orientation in 3 dimensions
* Distance from center : vy,

— Construct the surface using vy, value as a distance between the surface and the origin when measured
along the normal to the plane

Wulff plane ™,

Several plane A, A, etc. with energy vy, , v,
Total surface energy : Ay, + Ay, ...

= > A;y; — minimum

— equilibrium morphology

: can predict the equilibrium shape of

an isolated single crystal

How is the equilibrium shape
determined? T IRy :

R ———
> Ay, =Minimum:
i= i y-0 plot

crystal shape

Due to entropy effects the plot are
less prominent than in the Eg,-6 plot,
and for the higher index planes they
can even disappear



Process of Wulff shape intersection for two cubic Wulff shapes
. Polyhedron with the largest facets having the lowest interfacial free energy

L D

{a) Wulff Shape | {b) Wulff Shape |l

® @

(c) Union of | and | (d) Intersection of | and Il

Figure 1: The process of WuIf shape intersection for two cubic Wulff shapes with dizplaced origins and
rotated coordinate systems, Each individual shape has cubic symmetry m3m and [100] facets.
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Equilibrium shape: Wulff surface

Equilibrium shape can be determined experimentally by annealing
small single crystals at high temperatures in an inert atmosphere, or
by annealing small voids inside a crystal.

Of course when vy is isotropic, as for liquid droplets, both the y-
plots and equilibrium shapes are spheres.

(001)
A Wulff plane P y plot
\ )
A~ [
B (111)
P e \ . Y (001) /
4 \ Ya C
\
\ Yauy et ;
(110) Equilibrium shape of FCC crystals
0
cannot appear {110} 1) Square faces {100} and
plane in FCC crystals
2) Hexagonal faces {111}
o The length OA represents the
Equilibrium free energy of a surface
(a) shape

plane whose normal lies in

the direction OA.
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A possible (110) section through the y-plot of an fcc crystal



Q: Faceted interface vs. Diffusion interface
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Solid /Liquid Interfaces

. consequences for the structure and energy of the interface

Faceted interface Rather narrow transition zone approximately one atom layer thick

Smooth ~ same as solid/vapor interfaces, i.e., atomically flat close-packed interface
: some intermetallic compounds, elements such as Si, Ge, Sb, and most non-metals
Liquid

O PR 0 £

--'_-‘. !—n-;..ili li-l P EITTY ) .11.‘.!"
it'#rttp i"*"-iiiilitliﬁii-iiijtitlﬁl!igr
,t!i**i*tlntiii-i#+i¢1 s AR TR A A A Rl e A A L AR L R
TR L R E T YY) .qi‘i-p-...r-. b lvjit-.li.-'lttiliil.ill-lll Y IELN
t#1*rtlin-ii!tiiitr1.iliﬁuliiiii&itttntil'liiiii#i.tiiiﬁt#i
Rl R N L A L R A L R L R A L R A A AR R Tl
SABRERAER LR A g By AP AT IR AR B RS (1Y ‘iil Shss e it ganen 1--.-'
REATEEES S BN N BT i‘Il!ii-lfil!‘!"i'.*'ﬂfﬂ“*‘iillpitiilii
AL S agtatyany. ‘-‘ﬁiii*“‘il.i.iﬁi#'iii‘i*ﬂl.!ilil R L L EL LR XS

S P A G et et 4R bt gt e s et et R aat s il it Vb banad

(b) Solid

Fig. 3. 63 Solid/liquid interfaces: (a) atomically smooth, (b) and (c) atomically rough, or diffuse interfaces.

. F
K= #
‘r‘liii“-;" *i LELE i"'il-l.i‘*il.iiil-*#litllllt
8
(X

Diffusion interface (non-faceted) Rather wide transition zone over several atom layers
: most metals, L/T ~ R (gas constant) ~automatically “rough” & diffuse interface

57



Surface free energy AF, between solid/liquid interface
AF, = AE, — AE, + TAS, — TAS{ — PAV
where, AE, is decrease in energy corresponding to the addition of N,

single atoms to the interface from the liquid.

AE Is the average decrease of energy of the N, atoms due to
the presence of the other atoms on the surface (2 atoms in neighboring

sites would have an energy lower by L/b than if they were separated.)
AS, is the difference in entropy between the solid and the liquid.

AS, Is the entropy that corresponds to the degree of randomness
of the distribution of the N, atoms on the surface.

PAV is the term arising from change in volume during the change in state;
this term is negligible in the liquid-solid transformation.

Jackson’s approach:
Assuming “single-layer rough interface”,

AE,=2L,(my/V)N, , where L,=latent heat per atom, n,= # of nearest neighber,

v=# it would have in the interior of a crystal of the same structure

N= possible sites on the average — N,/N = nearest neighbor sites per each atom

E = (Lgno/V)(NA?/N), also AS,= (L/Tg)N,, since L/T¢ = entropy of melting per atom.
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Excess mixing Entropy

If there is no volume change or heat change,

Wenig =1 — before _solution _(pureA _ pureB)
(N, +Ny)! _ Number of distinguishable way
Weantis =770 TN — after_solution_(N,,Ng) = ¢ ~tomic arrangement
ASm/X — Safz‘ef _Sbefc)fe _ kln (NA + NB)' —/(Irﬂ
NN,
using Stirling’s approximation [N N!= NInN —N
o _ N . N — N,
AS; = kIn W = kN In———— + kN4 In ——=
N — Ny N4

By using L= L, + KT (L,= heat of fusion, and L is the enthalpy of fusion)

Surface freeenergy [ alN (1 — Ny4)

— % _InN(N — N4) — == In

Vi, N — Ny

where

NET, N2 N
( Lo ) (7? i)
(xl — — '"
1T/ \ o
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2.0

Relative free energy, AFs/NET &

Curve 1

=05 01 02 03 04 05 06 07 08B 09 10

Occupied fraction of surface sites, N, /N

Variation of free energy of interface with fraction
of sites filled.

(@) Minimum of free E at N,/N=0.5

for all values of a less than about 2
— rough interface: stable

— 50 percent of the sites being filled
— locally filled — multilayer

(b) 2 minima of free E, one at very small
value of N,/N and the other for a value
close to unity for all higher values

— very few sites are filled on a complete

layer or almost all sites are filled.

— smooth interface: stable

* Parameter a controls the structure of

the equilibrium interface.

a) L k/Tg~ depends on the material, the
crystal structure, and on the nature
of the adjoining phase

b) n,/v~ depends on the face

L k/Tg~ less than 2 for all metals, for equilibrium
between melt and crystal: typically, 1.2
Since n,/v ~ necessarily less than 0.5

0L melt-crystal interface < O vaper-crystal interface
Ice: a of basal plane > 2/ but a of all other
plane should be rough. 60



* Parameter a controls the structure of the equilibrium interface.

F. N4 (1 — Ny . , Na, N—-N
S AL T NN = Ny) — Sy 2
.—\ A.'] E A\ “ \ \ A

o (LU ) (Ti'i)
“ et/

a) L,k/Tz~ depends on the material, the crystal structure, and on the nature
of the adjoining phase

where

b) n,/v~ depends on the face

v=# it would have in the interior of a crystal of the same structure

L k/T¢~ less than 2 for all metals,
for equilibrium between melt and crystal:

typically, o= 1.2 since n,/v ~ necessarily less than 0.5

O melt-crystal interface < Ol vaper-crystal interface

Ice: a of basal plane > 2 / but a of all other plane should be rough.
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Cahn’s approach for interface structure

Cahn Jackson
Interface may extend through a “ Only a single layer
considerably large number of layers.

Interface “degree of diffuseness of the interface”
“Step” between an atomic layer “Sharp”: incomplete superimposed layer
Growth — lateral propagation of step Propagation of the interface normal to itself

Relatively low driving force “ Relatively high driving force

Critical driving force

depends on the diffuseness of the interface, being

very large for a perfectly smooth interface, and decreasing
as the roughness increases.
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Primary Ag dendrite B’-SnSb intermetallic compound
in Sn(Sb) solid sql_u_tign_

in Cu-Ag euteg:tic matrix

..J’.'. ,1_._ i ot e E l_‘F ;,uu- e __:-'.;’.:_' i A

N i 1 %"‘ e o A1

\‘I. P ::’#"‘-‘ st l.*.,.‘;‘.:'-_‘:' Cnd, w P i o )
£ i A T T | R e .

@ Non-faceted (®) Faceted
- Free E ~do not vary with - Strong crystallographic effects
crystallographic orientation - Solidify with low-index close-packed facets

- Yy-plot ~ spherical 63



* Broken bond model — calculation of the E of solid/ liquid interface

at equilibrium melting temp.

free energy curve
for liguid H*
B
free energy curve
for solid E
i 0
i y 0.45Lf/Na
i GS Z% GL
T’ “repeatable step” «
Temperature - ~T,, Ss \
VSL =0.45y, (=o0. 15st) ~Tp S*
i for the most metals :
: ....................................................................................................... R - S - e L —
Distance across interface
i Ysv > YsL ¥ Y | . - .

Showing the origin of the solid/ liquid
interfacial energy, y 64
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