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Summary. This Report gives a method for calculating the aerodynamic forces and momen:s acting on
unstalled vibrating cascade blades. The forces and moments due to both bending and torsional vitration are
calculated, and also due to wakes from periodic obstructions far upstream which move relative o <3e cascade
in question. The calculation has been programmed for EDSAC I, the electronic computer at the Cambridge
University Mathematical Laboratory, and the essential formulae are summarized in an Appendix, in order to
facilitate the preparation of programmes for other machines. The Report includes skeleton tables of the force
and moment coefficients for two space/chord ratios. The coefficients can be used to predict the occurrence of
pure torsional or coupled flutter and the vibration induced by periodic disturbance in the flow.,

1. Introduction. Blade vibration in axial compressors and turbines has been one of the most
troublesome problems in the development of gas-turbine engines. In practice the trouble usually
occurs when the blade row in question is stalled, but in order to achieve an understanding and
control of blade vibration under all conditions it appears to be essential to start with a study of the
problem under the much simpler flow conditions when the blades are not stalled. The basic problem
of the theory of blade vibration is then to calculate the aerodynamic forces and moments acting
on the blades, if they are presupposed to be vibrating in a given manner. When this has been done,
the conditions under which self-excited vibration of the blades will occur can be predicted, and the
related problem of predicting the vibration which will be forced by given pulsating disturbances
in the air flow can also be solved.

In this Report, therefore, the aerodyvnamic forces and moments for a cascade of vibrating blades
will be calculated, subject to the following simplifying assumptions:

(a) The system considered is two-dimensional, so that the bending modes of actual blades are
represented by a translational motion of the two-dimensional aerofoils, and the torsional
modes of actual blades are represented by rotation of the two-dimensional aerofoils about
a known axis. Only translational motion perpendicular to the chord line has been considered,
since motion parallel to the chord line gives rise to second order effects only.

(6) The fluid is assumed to be incompressible and inviscid.
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(¢) Tt is assumed that the blades do not stall, so that the flow always follows the blade surface.

(d) Effects due to blade camber and thickness are neglected so that the blades are assumcd
be flat plates. ~—

(¢) It is assumed that the blades operate at zero mean incidence, so that the mean deflection
is zero. .

(f) The amplitude of vibration is assumed to be small. It follows that the wakes of the blades,
which are vortex sheets in which the strength varies sinusoidally with distance from the
trailing edge, can be taken to be straight. It also follows that the theory becomes lincar,
so that results for any two types of vibration can be superposed to give a third tvpe of
vibration.

(¢) It is assumed that all blades vibrate with the same amplitude, and with a constant phase
angle between one blade and the next. This involves no loss of generality, since any required
motion of the blades can be obtained by superposing solutions of the tvpe considered.

The theory of vibrating flow subject to the above assumptions has been gradually built up by
several authors. Theodorsen'® gave the solution for a single aerofoil, which is the limit for cazcades
as the spacing of the blades becomes large. The case of zero stagger cascades in which adjacent
blades vibrate out of phase has been studied by Reissner!?, Timman!’ and Lilley®. In this case the
stream lines halfway between the blades are lines of symmetry and therefore do not change position
during tbe vibration so that they may be replaced by solid walls. This therefore corresponds to the
case of a single aerofoil vibrating in a wind tunnel and was studied for this reason.

The case of zero stagger cascades with all blades vibrating in phase has been studied by Billington?,
Mendelson and Carroll'!, Woods?! and by Chang and Chu?.

Sisto! has given solutions for zero stagger cascades with a general phase angle between adjacent
blades. Lane and Wang’ have given a general method of calculation applicable to cascades of
stagger and any phasing angle, and give numerical results for a cascade with 435 deg stagger.
Legendre® has given a method for cascades of any stagger when adjacent blades vibrate out of
phase, and calculations for a 45 deg stagger cascade have been carried out by this method by
Fichelbrenner®. Jones® has considered the case of cascades with large spacing and very high stagger
(nearly 90 deg), this being the case of interest in helicopter blade vibration.

The case of zero stagger with adjacent blades vibrating out of phase has been extended to subsonic
compressible flow by Woolston and Runyan®? and by Runyan, Woolston, and Rainey'. A method
for subsonic compressible flow with general stagger angle and phasing angle has been given by
Lane and Friedman®. The results show a resonance phenomenon, similar to an acoustic resonance.

The method of calculation to be used in this Report owes much to the previous reports of Lilley?,
Lane and Wang® and Lane and Friedman®.

2. General Method of Calculation. 2.1. Vorticity. Since the blades are assumed to be flat
plates, and the wakes from the blades can be taken to be straight lines extending from the trailing
edges of the blades, both the blades and their wakes can be regarded as vortex sheets. The basic
approach will be to find the distribution of vorticity along the blade which induces the correct
upwash velocities normal to the blade surface along the chord of the blade.

Consider therefore an element of vorticity ydxe on the reference blade at a distance x from the

origin at the leading edge, as shown in Fig. 1. On the next blade above this everything is advanced
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in phase bv an angle 8, and so this blade will carry a corresponding element of vorticity
-y Aoz gt the point (x+5sin §, s cos €). In general, the mth blade will carry an element of vorticity

SN—’ ‘y({.\"f‘: ol —11j?)

at the point
XN = mssin &, ms cos &

Since the strength of these elements of vorticity varies sinusoidally with time, associated with
each there will be a vortex sheet shed from the element, and extending a great distance downstrearu.
The strength of this vortex sheet will be denoted by €e’. Following Lilley®, the vorticity y will be
referred to as the bound vorticity, and the vorticitv € will be referred to as the free vorticity. The
free vorticity is being continually washed downstream at the speed of the mainstream, U. Considering
then the reference blade and its wake, the strength of the free vorticity due to an element ydyve of
bound vorticity is given at a point (x;, 0) by an expression of the form

ce’! = Constant e/~ 1) (H
During a small time interval 8¢ the strength of the element of bound vorticity changes by an amount
vdxe iwdt .

This is equal in magnitude and opposite in sign to the free vorticity created in the time interval 8z.

. o . .. » -
Also during this time interval the sheet of free vorticity moves back a asstance U'd¢. Hence the
strength of the sheet of free vorticity just behind the element of bound vorticity at (v, 0) is given by

’:/l[ xe'“ [t

Ust

; determines the constant in (1), and the free vorticity is given by

——

w . .
€ = — ‘711-\’ % plAr—~ry) 4 (2)

The total free vorticity at (v, 0) is obtained by summing up the contributions from all the
elements of bound vorticity from x = 0 to x = x,. This gives
lw 71
€ = — —
L
The total vorticity is therefore (y +¢€) on the reference blade, with corresponding vorticity on
the other blades. In the wakes, y is zero.
A useful differential relation between y and € can be obtained by writing this

yelhe=zp Udy

« 0

1' AX 3%

ee""“’l O u_)' Yeim.c.[’dx
Ul
Then differentiation with respect to x, gives
de iw - iw
— glvny)U 4 — celwtt’U = — _ ofx))eiwtiU
dx, U ¢ 7
Or, writing x as the independent variable
de iw
-+ = (€+ =0 3
Tty ()
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Next it is necessary to relate the bound vorticity to the pressure difference across the blade, and
since the theory is to be used in cases when the whole flow contains vorticity, the velocity potential
cannot be used in the usual way, since when there is vorticity it does not exist. The equation of
motion in the x direction, linearized by neglecting small terms of second order is

o aN[ N . 1
(5 V) (ve) = 5 52

Writing this for a point just below the blade, denoted by a suffix —, and for a point just above
the blade, denoted by a suffix +, and subtracting the two equations gives

vl - -1 leor)

But u_ — 1, = y + ¢, being the total vorticity on the blade. Hence

129 v . 3 S wtl
—smlee) = (G vg) oo
s dy de| .
Yo
—La—x

from (3). This can be mtegrated directly, and the constant of integration vanishes since both y and
(p~—p.) are zero off the blade. Hence

p-=py = = pUye (4

If the aerodynamic force acting upwards on the blade is Fe™*, this is given by

Feivt — J*"' (p-—p.)dx I
0

Hence

F= -pr wdx (5)
0

Similarly the aerodynamic moment Me'! acting anticlockwise about the leading edge is given by

M= —pU f ydx (6)
0

It is also necessary to consider conditions at the trailing edge of the blade. Corresponding to the
Joukowski condition for steady flow, the required condition is that (y+€) must be finite at the X
trailing edge. Then Equation (3) shows that € must be finite at the trailing edge, and therefore y will
also be finite at the trailing edge. At the leading edge, however, y will be infinite, as in normal thin
aerofoil theory for single aerofoils.

2.2. Induced Velocity. In Appendix I it is shown that the velocity normal to the blade surface 8
(vel) induced at a point (n, 0) by a row of vortices with the spacing (s) stagger angle (¢) and
phasing angle (8) of the cascade in question (see Fig. 2) is given by an expression of the form

¢ = E‘ V (2 - i)

¢ c <
where I'pe™ is the strength of the vortex on the reference blade or in its wake at (x, 0) and (%) 44
is a rather complicated non-dimensional complex function of z and also of s/c, £ and B. :
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om this point onwards, in order to simplify the equations slightly, it will be supposed that
d'» = measured in units of chordal length, so that x = = 1 at the trailing edge of the
ence~wiade.

e normal velocity induced at a point (1. 0) bv an element of bound vorticity ydxe™ at (x, 0)
1¢ reference blade, and corresponding elements on the other blades, is therefore given by

e(n) = y(V)dxF(n—-x)’ (7)
ssociated with this is the free vorticity given by (2) which induces a velocity given by
() = [ ds)Vr-m)ds ®)

-re the total effect is obtained by integrating over all the elements of free vorticity from v, = x
ere it starts at the position of the bound vorticity) to infinity. Special consideration of the case
- 0 is required, since for this case 1°(s) does not tend to zero as & - — o and the above integral
s not converge but oscillates. To resolve this it is necessary to note that, assuming the system
; started from rest, the total vorticity on each blade and in its wake is zero

J‘r (y+€dx =0

0
r an element of bound vorticity and its associated free vorticity this gives

Y(w)dx + f " e(x)dyy = 0

£
this equation is multiplied by the constant I'(— oc) and subtracted from the sum of Equations (7)

d (8), the velocity induced by an element of bound vorticity and its associated free vorticity is

ven k-

— e = =) = =iy = [ ) (=) = F(= )iy,

v X

here the integral will now always converge at the top limit. Substituting for ¢ from (2) gives

A

i ‘ R
ydx Z-)J e e ULV (=) = V(- =))dx,
Z

() = {F(y—x) = V(= %)}ydx
utting 3, = x; — yand A = wc/U (where ¢ = 1) this is
() = y(x)dx [{V’(nfx) = V(=) —iA f ez (—2) - V(- oo)}d:.l}
, z-y
This may be written
o(n) = y(x)dxy. x K(xv—7) %)
vhere K is a function, to be called the Kernel function, of & = x — 7, given by

K(2) = V(~2) = V(—oc) — ire™ fr eV (~3,) = V(- 0)}dz, (10)

Integrating Equation (9) for the total velocity induced by all the elements of bound vorticity
dlong the blade chords gives

- f Kr—mp(a)dx (11)

Si

ince the Kernel function is infinite when x = 7, it is the principal value of this integral which is
re

Quired, and principal values are to be understood for all subsequent similar integrals.
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This induced velocity must be equated to the actual upwash velocity. The aerodynamic forces
and moments will be calculated for three cases. The first case is for pure translational motion of
the blades, with velocity ge/. In this case the induced velocity must be equal to the blade velocity,

so that
.- T =g.
The second case is for torsional motion of the blades about an axis at the leading edge, the angular
displacement being aei!. The air velocity normal to the blade surface then becomes

(v —al)ei

-

This must be equal to the velocity of the blade itself, which at a point distance 7 from the axis is
d .
7 — (aet™),
i 5 (2e™)

Equating these gives for the velocity induced in the second case

21U (1+1Ay).

¢ =

The third case to be calculated is when the blades are operating in the wakes of some kind of
periodic obstruction far upstream, which moves steadily parallel to the cascade under consideration.
It is supposed that a Fourier analysis of the wake profile has been carried out, and one component
is considered. The wake spacing and the relative velocity of motion of the obstruction determine the
frequency w and phasing angle B of the disturbance felt by the cascade. Let the velocity which the
disturbance would induce normal to the blade surface at the position of the leading edge of the
reference blade, if the cascade were removed, be we, Then since the whole disturbance is washed
downstream at a velocity L', the velocity which the disturbance would induce at a point (7, 0)
is given by

queiedl=n L)
Since the total velocity induced normal to the blade surface must be zero, this is equal and opposite
to the velocity induced by the vorticity on the blades, e, Hence

—_ u.e—-f/\r, .

¢ =

If disturbances corresponding to all three cases are present together, the induced velocity is

given by
v =g+ al(14+1Ny) — we=i (12)
The strength of the sheet of bound vorticity required to induce this is then given by
| 7= qr+ aly, —wy, (13)
Where y,, v, and y,, are the solutions of the following integral equations:
[ b v vl = a)s = 11, (1+ik), e (149

These equations hold for 0 < 7n < 1. Each of the expressions in square brackets is a matrix with
one row and three columns. These equations have to be solved subject to the condition that y is
1. The aerodynamic forces and moments may then be obtained from Equations (5)

finite when &
and (6).

)
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2.3 Solution of the Integral Equations. In order to solve the integral equations, a numerical
el will be used. A transformation to new independent variables # and ¢ is made, in the same
vay as in the usual thin aerofoil theory for single aerofoils.

v = }(1-cosb)
) = H1-cosg) -

Making these substitutions in Equation (14) gives

e

K(lcosdp—1Lcos )|y, v, v.]tsin0dd = [1, {1 + N1 —cosé)}, emiti-co-d2] (15)
Jo

‘Then the bound vorticity will be specified at (n+ 1) points, given by
8 =wln

where / 1s an integer taking values from ) to #n. The value of y when { = #, at the trailing edge, is,
however, irrelevant since in Equation (13) it is always multiplied by sin § which is zero. The same
argument does not apply at the leading edge, since y will become infinite there although the product
» sin @ remains finite. 'The » values of y can therefore be found to satisfy the Equations (13) at
n points only, and thesc will be chosen to be given by

é = =(2m+1)2n

where m is an integer taking values from 0 to (2 —1). These points have values of & midway between
the values of 8 at which the bound vorticity is specified.

It is next supposed that the integrals in Equations (13) can be evaluated by the trapezoidal rule.
(This approximation is re-examined later and is found to be remarkably accurate, although a
co ion is necded to allow for the logarithmic singularity in A.) Then Equations (15) become

S’

" S
S R(bcosm2m+12n— Ycosmin)y, vu velisinmlin. =/n
-
= [1, {1 + L1 —cos 2m + 1;2n)}, ¢=Aa=toxa 2 (2m2] (16)
"

where the notation X' indicates a summation over (2+ 1) terms, in which the first and last terms
fo

are to be taken with half weight. In this case the last term in the summation drops out, and the
Equations (16) represent three sets of # simultaneous equations for the n unknowns, y. Equation (16)
may conveniently be written in matrix notation as

A = B (17)
where d is a n x 1 square matrix in which the element in the /th column and mth row is
K( cos = 2m+ 1/2n— } cos = I[n) (18)
I'is an x 3 matrix in which the /th row is
T
rp 7 el X 5 sinw lfn (19)
CXCCQt for the first row which has half weight.
Bisalsoan x 3 matrix in which the mth row is given by the right-hand side of Equation (16).
The formal solution of (17) is then
I'= 4-'B (20)

7
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2.4. Calculation of Force and Moment. If Equation (13) for y is substituted into Equation (3)
the blade force is given by

F= - pl‘J gy, +xUy, —wy,)dx
0

’

This may be written in terms of non-dimensional force coeflicients as follows
=wp L;C(qCF :1+ lL'CI"z'_wCF U')' (21)

where the coefficients are given by

1 1 .
[Crp Corm Cru] = — = f [ Vo voJd = — - J [, 720 vl sin 66
TJa TJo
This integral may be evaluated by the trapezoidal rule, like the integral for the induced velocity,
giving
1 ”, .
[C1~‘q’ CF x Cl" u‘] = -z :: ["/vp Y ‘yu']"} sin 77[/71' 77/” (22)

T Jen

The aerodynamic moment may be treated in exactly the same way, being expressed as

M = mpUc(gCay,+al Cy,—wCyyy,) (23)
where
1 ~1 1 n ,
[C.qu CJ! E1l C.\l uf] = - - J [74' Yar ‘y,,.].\‘d.\‘ = - — S [Vq; Y ‘)’ur] - X
7 Jo T (oo
x Y1 —coswln)}sinwlin.=jn . (24)

Equations (22) and (24) may be combined into a single matrix equation

c=-lxr (23
where
Cp, Cp, Cp..
C = [ fa s TE } (26)
C‘llq C,l[z C.”u'

and A\ is a 2 x # matrix whose Ith column is given by

1
[-}(1 —-cosr.-l/n):l 7)

Eliminating I" from Equations (20) and (23) gives

c=-1xap (28)

W

This is the required result for the matrix of force and moment coefficients, since X, A and B are
matrices with known elements.

In the preceding presentation the integrals occurring have been evaluated by the trapezoidal
rule. In Appendix II it is found that this is correct for the force and moment integrals, but that a
correction is required in the expression for the induced velocity integral, which has the effect of
modifving the matrix .4. This correction arises due to a logarithmic singularity in the Kernel
function K. -
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A complication arises in the evaluation of the infinite integral which occurs in Equation (10).
“he --ries method used is given in Appendix III.

T._ calculation involves a very large amount of arithmetic, and this would only be practicable
n a fast digital computer. In order to assist in the possible preparation of programmes, the required
ormulae are collected in Appendix IV.

,

3. dccuracy and Convergence. 'The method of calculation has been programmed for EDSAC II,
1 fast electronic digital computer at the Cambridge University Mathematical Laboratory. With
7 = 8 the machine takes about 25 sec. to calculate a set of coefficients from given values of s/c,
¢, Band A

The accuracy obtained in the calculation depends on the value taken for n. The programme is
written so that the value of 7 can be changed by merely altering the value of a ‘preset parameter’ at
the head of the programme tape. It is therefore possible to check the accuracy obtained by running s )
tests with the same data and increasing values of 7, and examining the convergence of the :
coefficients so calculated to a limit. The convergence obtained is illustrated in the following table,
which shows the value of n required to give four decimals correct in all coefficients.

sic 3 Bl2= A n :
1-0 0 2-30 0 4
1-0 0 0-5 1-0 4
1.0 75 deg 0-5 2-0 6 !
0-5 0 0-5 0 6 :

Th- -~onvergence is extremely rapid in these cases, but tests on a cascade with s/c = 0-3 and
€ = _5 deg showed poor convergence up to » = 8, and the method is evidently unsatisfactory for
cascades in which the blades are very close together. For this case a theory due to Sohngen!? is ‘
applicable. u

The correctness of the programme has been checked by comparing solutions with the following .
previously known solutions: ‘

(@) A single aerofoil. (This is the only case in which a check on Cp , and C,;, is available.)

(b) Solutions obtained from actuator disc theory (Ref. 19) for cases when 8 and A are both
small (but not both zero). :

(c) Results calculated from Mendelson and Carroll’s solution!! for £ = 0 and 8 = 0. |

(d) Some of Sisto’s results!* for ¢ = 0 and various values of 8.

(¢) Some of Lane and Wang's results? for ¢ = 45 deg.

In all these cases agreement is obtained to within the accuracy of the comparison solutions. In ;
making these comparisons it is necessary to allow for the fact that different authors refer their
coefficients to different axis positions. Formulae for converting from the axis position at the leading
edge used here to other axis positions are given in Appendix V.

o, .
PR -
Rt T L

. +. Properties of the Coefficients. In this Section the main properties of the coefficients will be
hStt.?d. Some of these properties account for the definitions of the coefficients which have been used,
which are slightly unusual compared with single aerofoil practice.
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When A — 0 the coeficients tend to a finite limit which is in general not zero. This is the reason
for basing Cp, and Cj;, on the velocity of vibration, in the translational mode, instead of the
displacement. Also when A = 0, all the elements of the matrix B are 1, so that —

CFq = CF: = CF w (= CF)

and (29)

CJI ¢ = C.\[z = Cy w(= C.\[)

If B is also zero C,. and C,; depend on the ratio 8/A as both 8 and A tend to zero, and the solution
is indeterminate. This case can be treated by actuator disc methods (Ref. 19).

A further property when A = 0 can be obtained by noting that when 8 is replaced by (2= —5),
Equation Al shows that 1(z) is replaced by its complex conjugate. When A = 0 this is the only
point where complex numbers enter the calculation. Hence, denoting by C(s/c, €, B, A) the fact that
the matrix of coefficients depends on the four variables s/¢, §, B and A, it follows that

C(sle, ¢, B, 0) = C(s)c, — £ 2= —B, 0) (30)

where C denotes the complex conjugate of C.
If the cascade is drawn upside down, ¢ is replaced by — ¢ and B is replaced by (27 ~8). Hence

C(sje, £ B, X) = C(slc,— & 27—B, \) (31)

It can be deduced from Equations (30) and (31) that C(s/¢, &, =, 0) and C(s/c, 0, B, 0) are real,
If s/c > co the coefficients are given by single aerofoil theory (Ref. 16). It is found that

Crg = ~ C()) = iN4

(V3]

. A(x
Cra= = (L+3NCM) + § (5~ )
Crw = = [Jo(N2) ~ iT(A2)) C(A) + iJ5(A[2)]e=A* B
A
C\lt[ - -ILCI q ! 1_6
A .
Cyz= 1Cra ‘1'6‘(?3’\“2‘)

= 1
C.\[ w = ICF w

where J, and J, are the usual Bessel functions, and C(}) is Theodorsen’s Circulation function, which
has been tabulated, for instance, by Luke and Dengler!” as a complex function of k& = A/2. The
factor of = was introduced into the definitions of the coefficients, since it occurs naturally in these
single aerofoil results.

Mendelson and Carroll'* have shown that solutions for 180 deg phase angle between adjacent
blades and zero stagger also apply to the case of 90 deg phase angle for a cascade with half the

spacing, since two of the former systems can be superimposed without interfering with each other
to give the latter. This relationship is

C(sfc, 0, 7/2, A) = C(2 sfc, 0, 7, X).

5. Tabulation of Coefficients. In order to provide some data on the values of the coefficients,
skeleton tables are included in this Report for space/chord ratios of 1 and 2. Table 1 gives some values.
for A = 0, and in this case on account of Equations (29) it is only necessary to tabulate Cy and Cy;.
Table 2 gives values for A = 0-2, 0-5, 1 and 2.
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The tables were calculated with # = 6 and checked by calculations with n = 4, 5 or 7. These
ks show that the computational error does not exceed one unit in the fourth decimal place.

e .
6. Use of the Coefficients. In this Report it is proposed to discuss only briefly the use of the

coefficients and the conclusions to be drawn from them.

Bending flutter of unstalled blades is controlled by the real part of Cj,, since this determines the
component of the blade force which is in phase with the velocity of motion. If the real part of
Cy, 1s positive, and there is no mechanical damping present, the blades will flutter. In fact, the
tables show that the real part of Cj, is always negative, so that pure bending vibration is always
damped.

Torsional flutter of unstalled blades is similarly controlled by the imaginary part of (Cy,,),
where the additional suffix » indicates that the coefficient is referred to an axis corresponding to the
torsional axis of the actual blades. It has been shown (Ref. 20) that this can occur in high stagger
cascades, the position of the torsional axis being of great importance in this connection.

The coefficients can be used for the calculation of both bending and torsional vibration forced by
flow fluctuations from moving upstream obstructions. For bending vibration, it is found that the
velocity of the blade in its forced vibration at resonance is roughly equal to the velocity of the
fluctuations in the incident airflow.

The coefficients can also be used for the calculation of two degrees of freedom coupled flutter of
unstalled blades. For normal compressor blades this gives rise to only a small modification of the
torsional flutter referred to above, but for plastic blades the coupling effect mav be important.

7. Acknowledgment. Acknowledgment is made to Dr. M. V. Wilkes, who made the computing
facilities at the Cambridge University Mathematical Laboratory available to the author.
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NOTATION

Some of the notation used is shown in Fig. 1.

(c/s) cos &

(c/s)sin &

Blade chord

1/(~1) Indicates component leading 90 deg in phase

Integers

Integer giving order of approximation used

Static pressure

Translational velocity of blade due to vibration

Integer

Cascade spacing

Time

Velocity induced by vorticity on blades and their wakes

Velocity of disturbance due to wakes from upstream obstructions
Rectangular co-ordinates

Square 7 x n matrix, given initially by Equation (18) and later modified
Matrix defined by Equation (A14)

Matrix of force and moment coefficients given by Equation (26)
Aerodynamic force on blade (positive upwards)

Coefficients in series, whose value is immaterial

Kernel function defined by Equation (10)

Aerodynamic moment on blade (positive anticlockwise) ._; )
Coeflicients for evaluation of integrals

Mainstream velocity.

Induced velocity function given by Equation (Al)
Matrix defined by Equation (27)

Torsional displacement of blade (positive anticlockwise)
Phase angle between adjacent blades N
Bound vorticity

Free vorticity

Co-ordinate for induced velocity
Variable defined by ¥ = 4(1—cos §)

12




NOTATION —continued

A Frequency parameter
= wc/U
3 Stagger angle
p Air density
¢ Variable defined by n = (1 —cos¢)
w Angular frequency of vibration
r

Matrix defined by Equation (19)

r, Strength of mth vortex in a row
s Indicates summation
Y Indicates summation in which the 0 and #nth terms have half weight

The force coefficients Cr,, Cr, and Cj., give the aerodynamic forces arising due to ¢, « and w
respectively. They are defined by Equation (21).

The moment coefficients Cy;,, Cy;, and Cyf,, similarly give the moments, and are defined by
Equation (23).
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APPENDIX 1
_ The Velocity induced by a Row of Vortices

It is required to calculate the velocity normal to the blade surface induced by a row of vortices
with the spacing, stagger, and phasing of the cascade in,question (see Fig. 2). For one vortex of
strength I", at (x,,, ¥,,) this velocity at (7, 0) is

r/g B (’7 - ‘\:)il)

T 2’.‘- (77‘):‘\‘1::)2 +V 2

- m

(The factor e indicating sinusoidal variation will not be written but is implied.)

If the centre vortex at (x, 0) has strength ', then the strength of a vortex on the mth blade, or
in its wake, is given by

I‘”l = roetlll/,

and its position is given by
x,, = X+ mssin §
v, = mscos ¢

Summing the effect for all blades gives

T, o e"mil(y—x—ms sin £)

T 27, =, (y=x—mssin &7 + (ms cos &)

T

This will be written
o = Tyle. T(nle—x7)

~—— . . . . .
Wwhere V(z) is a non-dimensional function given by

A s .
el (:—m ~ sin f)
c

1 ==
Iﬁ(:) _ S -_“_‘“_;—..2 e
27w (:—m fsin f) + (m fcos §)
s ¢ ) ¢ ,
This series can be summed by standard methods. The result for 0 < B < 27 is ’
1 L expi—(m—B)(a+ib)s} 1 .\ exp f+ (7~ B)(a—ib)z}
V 5) = = [§ - _ L § y
(@) = glo+ib) = s T3 ey (A1)
where
a=cfs.cos
and
b=cls.sin ¢
If however 8 is put equal to zero and the series then summed, it is found that
. 1 T
Vi) = i (a+1b) coth {ms(a +ib)} + % (a—1b) coth {rz(a—1b)} - J’
1 L expi{—mz(a+ib)} 1 .\ exp{mz(a—ib)} 1.
=z Ty T ey T2 (42)
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It will be seen that this differs from the result of putting 8 = 0 in Equation (A1) by the term 16
The differcnce between the two cases arises from the vorticity existing at points very remote fror. _
the origin. This vorticity can be considered as inducing a velocity which is constant over the plane.

From Equation (10) it can be_seen that only the difference between V(— 5) and J(~ x) is of
significance. The constant 7 can therefore be absorbed into the constant term V(- =) and
Equation (A1) will be used in both cases. With this understanding, it is found from Equation (A1) that

F(—x) =0if0<B < 2x

V(-o0) = — Ya+ib)if g = 0.
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APPENDIX 11
Evaluation of the Integrals for Lift, Moment and Induced Velocity

In this Appendix accurate numerical evaluation of the integrals occurring in Equations (5), (6)
and (11) is considered. In terms of the variable § these are:

F = —plc f " (6) sin 048 (A3)
0
M= — plc f " (8) (1 = cos 6) sin 646 (A4)
0
e =3 [ K(3 cos é—} cos 6) y(8) sin 040 (A5)
J 0

As in normal thin aerofoil theory it is assumed that the bound vorticity may be expanded as a

series in terms of the variable 8 as follows:

x
y = Gycot 82 + ¥ G,sinrl
r=1
where the first term gives the vorticity which occurs for steady flow over a single aerofoil, the
vorticity being infinite at the leading edge, where 8§ = 0. Then

#(8)sin 8 = Gy(1+cosB) + 1 T G,fcos (r—1)8 — cos (r+1)8}
r=t
"o that y sin 8 can be expanded as a cosine series.
Considering next the V" function given by Equation (Al) and noting that the exponential and
hyperbolic functions can be expanded in their usual power series, it is found that the V" function

can be expanded as a convergent series as follows

1 x

V) = 5o+ S He
2ms
r=0

where the first term represents the velocity induced by a single vortex on the reference blade.
When this is substituted into Equation (10) it is found that the K function can be expanded as
follows:

1 i x
o) = — — __ plAs > T
K@) = —gp - g elog |zl + 2 L (40)
This gives:
1

A exp 3iA(cos ¢ —cos ) x

K(3cosp—Ycosb) = — Teosd—eosh) 27

aoc
x log} [cosd —cos 6] + 3 J(¢)cosrd
r=0
Where the power series has been converted to a Fourier series.
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When these expressions are substituted into Equations (A3), (4) and (A3) it is found that
integrals of the following three types have to be evaluated:

‘0 F(6)d6
't f(8)de

¢ COs ¢ — cos 0

'.ﬂf((?)log:‘_,—}cos¢—cos(9:d9
v 0

where in each case f(6) can be expanded as a cosine series.

For the method to be numerically practical, the series must in each case converge rapidly. This
is to be expected, since the singularities have been separately considered and f(6) represents a smooth
function. In each case f(7) = 0, since the bound vorticity is finite at the trailing edge. f(8) is then

specified at (n + 1) points given by
. = =lin 0<l<sn

and the last two integrals have to be evaluated for values of ¢ given by
¢ = 7(2m+1){2n Osm<n—-1

For a given value of # the integrals must be evaluated by sums of the following form:
| £yt = < f=lim)P,
Joo l=0

J-n w - }f"’f(‘.?l,"”)glm

sCOs ¢ —cos 8 [T,

T

f(8)log k] cos d —cos 8/df = ¥ f(=limRy,,

Jo =0
Where ¥’ indicates a summation in which the first and last terms have half weight, and the zero
¥ last term has been included in order to improve the symmetry of the equations. The coefficients,
: P, O and R will be chosen to make these equations correct if f(8) = cos rf where r is an integer
' (0 < r < n). Then P, O and R are determined by the equation

; .'." T T (r = 0)
i X' P, cos (wrlin) = f cos rfdf = [

z o 0 0(r>1)
" 7 6d8 i
¥ 0,,, cos (wrljn) = f ST o - wsvl,n—ré
e~ 0 COS ¢ — cos § sin ¢

— 27 log,2 (r = 0)

' R;,, cos (mrlin) = f cos7f.log kicosd —cos§|.db = - (A7)
1=0 0 — ; cos rg (r = 1)

The second integral above is well known, and its evaluation has been given by Glauert!. The
third integral when r > 1 can be integrated by parts to give integrals of the Glauert type. When
r = 0 it can be shown that

fﬂlogéjcosd:—cos()]d(?:y log | sin (9+¢) | d6
0 -1
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The integral is then a periodic function of (6 +¢) and the integral is therefore independent of ¢.
V' n¢é = Uit reduces to a standard form.
~quations (A7) represent sets of (n+ 1) simultaneous equations for the unknown coefficients
7. O and R. They may be solved by multiplying the rth equation by cos =rk/n (where & is another
integer 0 < & < u) and the first and last equations by } and adding. Then since

S cos (wrljn) cos (mrkln) = 0 if ] = k

o n ifl=k=0orn

nifl=k+0o0rn

it is found that

P = =n
27 *, sinrd
Op=—-—-3 = cos =rlln
' n 7, sin
2‘—‘ \ Il, .}
Ry, = —-- log2+ 3 - cosrécosarlin
n T s ,

The series for the O coefficients can be summed. Provided that ¢ is of the form

¢ = 7(2m+1)2n
it is found that

0 = 1
U ncos m(2m+1)/2n — cos wlin

The series for the R coefficients cannot be summed.
It is therefore found that the three types of integrals can be evaluated by sums as follows:

— "

| 700 = 7 fi)

N « 0 ? [
T F{6)d8 T fzln)
Jocosd —cos 8 ;7 cos w(Zm+1),2n — cos wlin
7 2 L \ o1 ; o
J{0)log }icosd —cosf df = — - ,_\:”f(rrl/ll) 110&-2 + -21  cos =r(2m +1)/2n cos =rl, "

v 0

Itis observed that the first two integrals are given by the trapezoidal rule, but that the third integral
is not. The lift and moment integrals have therefore been correctly evaluated in the main body of
the report but the induced velocity integral requires correction. This method of evaluating the
integrals is very similar to that used by Watson.

A modified kernel function K’ which does not contain the troublesome logarithmic singularity
may be defined from Equation (A6) by

- '
K(s) = K'(z) ~ - € log | = (A8)
Then Equation (A3) may be evaluated as -

n -A .
) = % {K'(‘é‘ cos w2m+1/2n— % cos wljn) + b exp iA(3 cos w2m+1/2n —
=0 T
mrl)
' 1 cos =r(2m +1)/2n . cos r ’] x [
r

n |
The matrix 4 therefore requires modification, its elements being given by the first factor in square

brackets in the above equation.

T . ,
5 SN wlin . 7'(7'_[/")]

-

— 1 cos =l/n) ?log,.z + 3
reol
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APPENDIX 111

P

K'(z) = V(=5) = V(- ) - idei? j-

Dividing up the range of integration, this may be written

i . -
‘ Evaluation of the Kernel Integral

From Equations (A8) and (10) the modified Kernel function is given by

A

et {F(—2) = V(= o0)}dsy + 5= ¢ log {5

T

T , 1
K'(5) = {F(—5) = (= oc)) — idefs U 38—1.\:1(;;(_:1)_ V(= o0)) + _2_), ds, +

73 )

+f'rmwwao-n—wwm} | (A10)

1

The first integral has a finite range and the integrand does not contain any singularity, so that it
may be evaluated by numerical quadrature. The second integral is cvaluated bv a series. The

sinh function may be expanded as follows:

s
_ = =2 ¥ L2ribz
sinh = fht
the series Leing absolutely convergént provided the real part of s is negative. Hence from

Equation (A1)

V(z) = — Ha+1b) S exp [(2rr+B)(a+1ih)s} ~ Ya—ib) ¥ exp {2mr—B)(a—ib)s}
Pt ro 1

When 0 < 8 < 27, I'(~ ) = 0, so that

b e (F(=5) = V(=) = = Ya+ib) S exp{~ (2mr+B)(a+ib)s, — ike,)} -

i r=0

? — Ya—ib) ¥ exp{~ (2mr~B)(a—ib)z, — iAz,) (Al1)
=1

This may be integrated term by term from 1 to oo, and all terms vanish at the top limit. Hence

. PR Y, N(a+ib) — X
e~ f{V(—5) - V(—oe)ds; = =4 © CXP A7 (-"”J)(””:_A"’)_ .l'\f -~
Ji r=1 Do+ 83 IS
G+ +
_y % iz Crr—f)(a-ib) — N, (A12)
: & T Al
N R

When 8 = 0, I'(— ) = — #(a+7b) and this case requires special consideration. It is found that
Equations (A11) and (A12) still apply if B is put equal to zero, and if the first term corresponding

20




to » = 0 in the first summation is omitted. However, when these expressions are substituted into
-E~vation (A10) it is found that whether 8 is zero or not, K'(z) is given by

S

L \
K'(z) = T(=2) — ide™: \e*"“ﬁr( ~-3) + ——l~'- ds, —
/ 27z

L & oexp {— (2ar+B)(a+ib) — iA}
e ) -
' (2er+ ) + a+1b

. ;‘ exp {— (2mr—B)(a—1b) — i)}
-y o T _____“‘“—.——-’—-W“ - __\13
e (2er—B) + 1A (A13)

a—ib

The convergence of these series depends on a (= ¢/s . cos ) and is very rapid for all normal values.

It is seen that when 8 = 0 and A = 0, the first term in the first series in Equation (A13) becomes
infinite, and K’(s) is indeterminate. The programme therefore fails for this case. However, this
case can be treated by actuator disc methods (Ref. 19).
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APPENDIX IV

Summary of Computational Method

In order to facilitate the construction of programmes for other digital computors, the essential

cquations are collected in this Appendix.
The matrix of force and moment coefficients is given by

C= - 1XA“B
m

where

C — [CI"II CF: CF u}
CJI q CJI 2 .CJI w

Xis a 2 x » matrix whose /th column (0 < /< n—1) is given by

1
|:}(1 —cos 71/71)]

B is a n x 3 matrix whose mth row (0 < m < n—1) is given by

[1, {1 + L1 —cosm2m +1;2n)), exp { — LiN(1—cos=2m + 1/2n)})

A is a n x n square matrix whose clement in the /th column and mth row is given by

)

1
V(=25) + ideit: \:— J ge"'“l V(i-=) + 2 dz, +
| 2as

Loexp{— Car+B)(a+ib) —idp % e:\'p{—(g._vzr—ﬁ)(a—ib)—i/\}+

b

+4 v 0 g -
- l/\ =~ IA

reg o . rl 77 —
(2mr +B) + a+ib (2mr=£) + a—ib

1 11
+-log2+ 3% - cos wr(Zm+1)/2n . cos wrl/nii
T [ |

where
5 = {(cos 7 2m+ 1/2n—cos wl/n)
and
1 .\ expi{— (w—B)(a+ib)z} 1 .\ exp{(m—B) (a—1ib)z}
V(s) = - By =22 24— (a—
(@) = gla+it) e T3 =)
Also

a=cfs.cos §
b=c¢fs.sin ¢

n
The notation 3" indicates that the ath term in the summation has half weight.
r=1

(Al4)

(A13)

(A1)



APPENDIX V

Force and Xoment Coeffictents for General Axis Position

The coefficients given in Equations (21) and (23) are referred to an axis position at the leading
edge of the blade. It is necessary to be able to find from these coefficients corresponding to an axis
position distant » from the leading edge. These two cases will be distinguished by the suffices 0 and 7
respectively. The new translational velocity of the blade is then given by

. . d
ol _ il pind
qllel = gy + n dz (‘\el )

or

9, = @t iAnlx

where ¢ has been put equal to 1 so that 4 = 1 at the trailing edge. The angular displacement of the
blade {x) is not affected by the change of axis. The velocity induced by the wakes at the point
7 is given by

o e p—id
({4 0 = tuof.’ v

The blade force I is not affected by the change of axis and the moment about the new axis is

given by
M, =M, —F
Putting these in Equations (21) and (23) and identifyving terms the following conversion formulae
are found:
(CFq)/, = (Cl"r/)o
-—

(Cra)y = (Crado = iAn(Cr gl

(Crw)y = e U(Cp o

(C_u r])q = (C.u q)o - ’i(CI"q)o

(Carz)y = (Carz)o — U Cr 2o = EAn(Crppdo + 1A0Y(Cp,)o

(Carw)y = ¢ MCypido = e Crydo
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TABLE 1

A=0(falsoB =08\ - x)

,')’ R4 ; Cp Cy [)';’2.'( Cf C,u

se = 1-0 § = 0-0Odeg sje = 2-0 & = 0-0deg
0-0 ' —0-5839  0-0000 ] -1053 0-0 ] —0-8350 0-0000 —0-1896  0-0000
0-1: —0-8009 0-0000 -1806 0-1! —0-9227 0-0000 —0-2217  0-0000
0-2 1 —1:0034 0-0000 -2531 0-2;, —0-9955 0-0000 . —0-2484 0-0000
0-3:. —1-1729  0-0000 : 3135 0-3; —1-0500 0-0000 : —0-2686 0-0000
0-4 i —1-2827 0-0000 - -3534 0-4 1 —1-0837 0-0000 ° —0-2811 0-0000
0-5! —1-3209 0-0000 3673 0-5{ —1-0952 0-0000 , —0-2854 0-0000
0-6 | —1-2827 0-0000 -3534 0-6 | —1-0837 0-0000 | —0-2811 0-0000
0-7{ —1-1729  0-0000 3135 0-7| —1-0500 0-0000 @ —0-2686 . 0-0000
0-8 | —1-0054 0-0000 2531 0-8| —0-9955 0-0000 : —0-2484 0-0000
0-9 | —0-8009 0-0000 -1806 0-9{ —0-9227 0-0000 . —0-2217 0-0000

sle = 1:0 f=15-0deg sjc =2-0 & =15-0Odeg :
0-0; —0-5692 —0-1397 -1048 0-0| —0-82359 —0-1428 ' —0-189+ —0-0328
0-1] —0-7861 —0-1260 -1788 0-11 —0-9136 1197+ —0-2205 —0-0265
0-2 | —0-9913 —0-1038 2506 0-2 | —0-9864 0930 . —0-2464 —0-0201
0-3 | —1-1598 —0-0740 <3104 0-3 | —1:0410 —0-0637 : —0-2659 —0-0135
0-4 i —1-2704 —0-0386 3500 0-41 —1-0748 0323 : —0-2781 —0-0068
0-5| —1-3089 0-0000 3639 0-5; —1-0862 -0000 . —0-2822 0-0000
0-6 | —1-2704 0-0386 -3500 0-6 | —1-0748 -0323 © —0-2781  0-0068
0-7 | —1-1598 0-0740 3104 0-7§ —1-0410 0637 | —0-2659 0-0133
0-8 | —0-9913 0-1038 2506 0-8 | —0-9864 0930 | —0-2464 0-0201
0-9 ] —0-7861 0-1260 -1788 0-9; —0-9136 -1197 @ —0-2205 0-0265

s/e=1-0 $=30-0deg sle=2-0 £ = 30-0deg
0-0! —0-5246 —0-2760 -1022 0-0 ! —0-7992 —0-2821 ' —0-1887 —0-0666
01 —0-7406 —0-2502 <1729 0-1 | —0-8867 2367 . —0-2167 —0-0540
0-2 | —0-9473 —0-2071 12422 0-2 1 —0-9395 1842, —0-2402 —0-0410
0-3 ! —1-1184 —0-1482 -3004 0-3; —1-0142 1261 i —0-2579 -0-0275
0-4; —1-2313 —0-0773 3392 0-4 ! —1-0481 0641 | —0-2689 —0-0138
0-5] —1-2707 0-0000 3527 0-5] —1-0593 -0000 —0-2726 0-000¢
0-6 | —1-2313 0-0773 -3392 0-6 | —1-0481 0641 ~ —0-2689 0-013¢
0:7: —1-1184 0-1482 300+ 0-7 ] —1-0142 1261 | —0-2579 0-0275
0-8 ] —0-9473 0-2071 <2422 0-8 | —0-9595 1842 | —0:2402 0-0410
0-9 : —0-7406 0-2302 -1729 0-9 ! —0-8867 2367 | —0-2167 0-0540

sfe = 1:0 ; &= 45-0deg sie=12-0 ! $=45-0deg |
0-0 0 —0-4478 —0-4043 -0964 0-0 ] —0-7368 -4126 ;, —0-1869 —-0-1019
0-1! —0-6596 —0-3700 -1610 0-1: —0-8437 -3469 ¢ -0-2102 —0-0829
0-2: —0-8670 —0-3085 -2256 0-2 | —0-9163 2704 ;| —0-2298 —0-0631
03 —1-0413 —0-2220 -2807 0-3 | —0-9709 —0-1853  —0-2445 —0-0425
04 —1-1573 —0-1162 3176 0-4 | —1-0048 ~0-0942 ; —0-2537 —0-0214
0-5: —1-1980 0-0000 -3306 0-5! —1-0162 -0000 © —0-2568  0-0000
0-6 1 —1-1573  0-1162 3176 0-6 | —1-0048 -0942 ¢ —0-2537 0-0214
0-7 ] —1-0413 0-2220 -2807 0-7 | —0-9709 <1833 | —0-2445  0-0425
0-8 | —0-8670 0-3085 -2256 0-8 ° —0-9163 2704 | —0-2298  0-0631
0-9 ; —0-6596 0-3700 -1610 0-9 | —0-8437 -3469 | ~0-2102  0-0829

sle=1-0 | & =60-0deg sje =20 $=160-0deg !
0-0: —0-3357 —-0-5171 -0844 0-0 | —0-7046 5256 | —0-1837 —0-1370
0-1 ! —0-5343 —0-4800 -1385 0-1 ! —0-7903 4430 : —0-2013 —0-1120
0-2 1 —0-7366 —0-4049 <1947 0-2 | —0-8621 3460 | —0-2159 —0-085+
0-3 1 —0-9109 —0-2938 -2438 0-3 1 —0-9163 2374 ; ~0-2269 —0-0376
0-4 | —1-0287 —0-1546 2772 0-4: —0-9499 1208 | —0-2338 —0-0290
0-5; —1-070+4 0-0000 -2890 0-5 | —0-9614 0000 | —0-2361  0-0000
0-6 | —1-0287 0-1546 <2772 0:-6 | —0-9499 1208 ! —0-2338 0-0290
0-7t —0-9109 0-2938 -2438 0-7 | —0-9163 2374 1 —0-2269 0-0576
0-8! —0-7366 0-4049 <1947 0-8 | —0-8621 3460 ¢ —0-2159  0-0834
0:9; —0-3343 0-43800 -1385 0-9 | —0-7903 4430 | -~0-2013 0-1120

S_/c7= 1-0 $=75-0deg sjc=12-0 § =75-0deg |
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