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V� 1 â�
 ÏÚÿb�e�N�

ÈÓa�A l�>�(Turing machine)\�¦ ×�¦#�"f TMÜ¼�Ð ÂÒØÔl��Ð 
���. TM

�Ér ]j#Ql�ü< _�{9�Ü¼�Ð ½̈$í
÷&��HX<, _�{9� K�×¼��H ýaÄº�Ð ¹¡§f��{9� Ãº

e���¦ {9��¦ æ¼��H ��s	כ ��0px
���. ÕªaË> 1�̀¦ �Ð��.

1 0 1 1 0 ##

ÕªaË> 1:
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Ça��+ 1 ÈÓa�A l�>� M�Ér #�$Á	 ��t� ¹�èכ (Q, Σ, Γ, δ, q0, H)�Ð ½̈$í
�)a

��. #�l�\�"f

1. Q��H �©�I�[þt_� Ä»ô�Ç |9�½+Ës��¦

2. Σ��H {9�§4� ·ú��� Ï@s��¦

3. Γ��H _�{9� ·ú��� Ï@s��¦ /BNÑþ� /åJ�� #\�¦ �í�<Êô�Ç��.

4. δ��H Q′ × Γ\�"f Q × Γ × {L, R, S}Ü¼�Ð_� �<ÊÃºs���. #�l�\�"f

Q′ = Q − Hs���.

5. q0 ∈ Q��H �íl� �©�I�s��¦

6. H ⊆ Q��H &ñ
t��©�I�[þt_� |9�½+Ës���.

TM�Ér δ�� ���s� �<ÊÃºs�Ù¼�Ð ���&ñ
 �̧�Ð����s���. δ_� &ñ
_�\�"f L�Ér

K�×¼�� ¢,aAá¤Ü¼�Ð R�Ér K�×¼�� �̧�ÉrAá¤Ü¼�Ð ô�Ç ñß� ¹¡§f��s���H �,¦̀�	כ S��H

Õª ��o�\�  QÁº��H �¦̀�	כ _�p�ô�Ç��. Ä»ô�Ç �̧�Ð������ ?/o�¾º2£§ �̧�Ð

������H {9�§4��̀¦ �� {9��¦ ����� &ñ
t�
�t�ëß�, ÈÓa�Al�>���H {9�§4��̀¦ �� {9�

�Ér Êê\��̧ >�5Åq ���'��½+É Ãº e��Ü¼Ù¼�Ð &ñ
t�\�¦ "î
r�
���H &ñ
t��©�I���
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¹כ��9���. TM�Ér �±p ¢,aAá¤ ñß�\�"f ¢,aAá¤Ü¼�Ð ¹¡§f��s�t� ·ú§��H���¦ ��&ñ


ô�Ç��.

TM_� �©�S!�(configuration)�Ér �&³F� �©�I� q, _�{9�_� ?/6 xõ� K�×¼_� 0A

u�\� _�K� ���&ñ
�)a��. K�×¼ ¢,aAá¤_� Û¼àÔa�As� us��¦ K�×¼ �©�_� /åJ��

�� as��¦ K�×¼ �̧�ÉrAá¤_� Û¼àÔa�As� vs���� (v��H �̧�ÉrAá¤ =åQ_� /BNÑþ� ��

��� /åJ����t� �í�<Êô�Ç��), �&³F� �©�S!��Ér (q, uav)�Ð ³ðr��)a��. {9�§4� Û¼

àÔa�As� w{9� M:, r���� �©�S!��Ér (q0, #w)s���.

UdV� 1 _�{9� ½̈$í
s� #aaaaa\�"f K�×¼�� �̧�ÉrAá¤Ü¼�Ð �����

#aaaaa�� ÷&�¦, s�#Q"f ¢,aAá¤Ü¼�Ð ����� "é¶A�_� �̧_þvs� �)a��.

#aaa\�"f �̧�ÉrAá¤Ü¼�Ð ����� #aaa#�� ÷&�¦, ��r� �̧�ÉrAá¤Ü¼�Ð �����

#aaa##s� �)a��. s�#Q"f ¢,aAá¤Ü¼�Ð ¿º ��� ����� "é¶A� �̧_þvs� �)a��.

Ça��+ 2 TM M = (Q, Σ, Γ, δ, q0, H)s� &ñ
_�
���H ���#Q L(M)�Ér ��6£§

õ� °ú ��.

L(M) = {w ∈ Σ∗ : (q0, #w) ⊢∗

M (h, ∗)}

#�l�\�"f h ∈ Hs��¦ ∗��H e��_�_� _�{9� ½̈$í
�̀¦ ³ðr�ô�Ç��. 7£¤
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L(M)�Ér M�̀¦ &ñ
t�
�>� ëß�×¼��H Û¼àÔa�A_� |9�½+Ës���. L�̀¦ &ñ
_�
���H

TM M(7£¤ L = L(M))s� �>rF�
���H ���#Q L�̀¦ F�)
\P��� ���#Q���¦ ÂÒ

�Ér��.

UdV� 2 L = {0n1n : n ≥ 1}�̀¦ &ñ
_�
���H TM M�̀¦ ½̈
���.

M�Ér �̧�ÉrAá¤Ü¼�Ð ô�Ç ñß� ��"f, �±p ¢,aAá¤_� 0�̀¦ x�Ð ��Ë̈�¦ (q0), �̧�Ér

Aá¤Ü¼�Ð ���'��
�#� �±p ¢,aAá¤_� 1�̀¦ ¹1Ô�� y�Ð ��Ë̈�¦ (q1), ¢,aAá¤Ü¼�Ð ���

'��
�#� �±p �̧�ÉrAá¤_� x\�¦ ¹1Ô��H (q2) ���\O��̀¦ ìøÍ4�¤&h�Ü¼�Ð Ãº'��ô�Ç��.

¢̧ô�Ç q0�Ér 0s� \O��̀¦ M: �̧�ÉrAá¤Ü¼�Ð ���'��
�#� 1�̧ \O�Ü¼��� (q3) &ñ
t�

ô�Ç��. \V: 000111 . . . x00y11.

½̈�̂&h�Ü¼�Ð M = ({q0, . . . , q5}, {0, 1}, {0, 1, x, y,#}, δ, q0, {q5})s��¦
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δ��H ��6£§õ� °ú ��.

0 1 x y #

q0 (q1, x, R) (q3, y, R) (q0, #, R)

q1 (q1, 0, R) (q2, y, L) (q1, y, R)

q2 (q2, 0, L) (q0, x, R) (q2, y, L)

q3 (q3, y, R) (q5, #, S)

q4

#�l�\�"f �̧��H q ∈ Q, a ∈ Γ\� @/
�#� ���ñß��Ér δ(q, a) = (q4, a, S)\�¦

_�p�ô�Ç��. 7£¤ q4��H Áºô�Ç í�H8̈�
���H �©�I�s���. ·ú¡Ü¼�Ð Áºô�Ç í�H8̈� �©�I�

��H ³ðr�
�t� ·ú§l��Ð ô�Ç��. M�̀¦ ÕªaË>Ü¼�Ð ����?/��� ÕªaË> 2õ� °ú ��.
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 #/#, R y/y, R y/y, L

y/y, R

#/#, S

x/x, R
y/y, R

1/y, L0/x, R q q

q q

0/0, L0/0, R

2

53

1
q

0

ÕªaË> 2:

s�ü< °ú s� TM�Ér /åJ��\�¦ ���Ér /åJ���Ð ��Ë̈���"f >�íß�½+É Ãº e����.

7

'

&

$

%

{anbncn : n ≥ 1}�̀¦ &ñ
_�
���H TM�̧ ��ðøÍ��t��Ð ½̈½+É Ãº e����.

UdV� 3 L = {ww : w ∈ {0, 1}+}�̀¦ &ñ
_�
���H TM�̀¦ ½̈
���.

���$� {9�§4� Û¼àÔa�A�̀¦ ·ú¡ÂÒì�rõ� ź»ÂÒì�rÜ¼�Ð ��¾ºl� 0A
�#� ·ú¡ÂÒì�r_�

0, 1�Ér y��y�� x, y�Ð ź»ÂÒì�r_� 0, 1�Ér y��y�� x′, y′�Ð ��õ�H��. \V:

110011 . . . yyxx′y′y′. ÕªaË> 3.

0 1 x y x′ y′ #

q0 (q1, x, R) (q1, y, R) (q4, x
′, L) (q4, y

′, L) (q0, #, R)

q1 (q1, 0, R) (q1, 1, R) (q2, x
′, L) (q2, y

′, L) (q2, #, L)

q2 (q3, x
′, L) (q3, y

′, L)

q3 (q3, 0, L) (q3, 1, L) (q0, x, R) (q0, y, R)

q4 (q4, x, L) (q4, y, L) (q5, #, S)

s�Êê ·ú¡ÂÒì�rõ� ź»ÂÒì�r�̀¦ ú́�ÆÒ#Q �Ð��H ��Ér	כ ·ú¡_� \V]jü< q�5pw
���.
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#/#, S

 #/#, R

x/x, R

x’/x’, L
0/x, R 0/x’, L

y/y, L

1/1, L
0/0, L0/0, R

1/1, R

y’/y’, L
1/y’, L# /# , Lqq

q q

y/y, R
x’/x’, L

1/y, R

y’/y’, L

x/x, L

q q2 3

54
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ÕªaË> 3:

¢̧ô�Ç TM�Ér �̧��H {9�§4�\� @/K� &ñ
t�
����"f &ñ
t��©�I�\� ���� ���#Q\�¦
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&ñ
_�½+É Ãº e����.

Ça��+ 3 ���#Q L\� @/
�#� TM M = (Q, Σ, Γ, δ, q0, {y, n})s�

• w ∈ Ls���� (q0, #w) ⊢∗

M
(y, ∗)

• w 6∈ Ls���� (q0, #w) ⊢∗

M
(n, ∗)

\�¦ ëß�7á¤
���� Ms� L�̀¦ ���&ñ
ô�Ç���¦ ú́�ô�Ç��. L�̀¦ ���&ñ

���H TMs� �>r

F�
���� L�̀¦ F�)
 ���#Q���¦ ÂÒ�Ér��.

UdV� 4 L = {0n1n : n ≥ 0}\� @/
�#� \V 2_� TM\�"f

H = {q4, q5}s��¦ q4 = n, q5 = ys���� s���H L�̀¦ ���&ñ

���H TMs���.

Ça�h� 1 F�)
���#Q 7áxÀÓ��H F�)
\P������#Q 7áxÀÓ_� ÂÒì�r|9�½+Ës���.

¤� ÃZ�. L�̀¦ F�)
 ���#Q���¦ 
����, L�̀¦ ���&ñ

���H TM Ms� �>rF�ô�Ç��.

M\�"f �©�I� n�̀¦ Áºô�Ç í�H8̈� �©�I��Ð ëß�[þt�¦ yëß��̀¦ &ñ
t� �©�I��Ð 
�

���, L�̀¦ &ñ
_�
���H TM�̀¦ %3���H��. ����"f L�Ér F�)
\P��� ���#Qs���.

2

TM�Ér {9�§4�\�"f Ø�¦§4��̀¦ >�íß�
���H �̧½̈�Ð ��6 x|̈c Ãº�̧ e����. s� �â
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Äº TM�Ér #Q�"� �<ÊÃº\�¦ >�íß�
�>� �)a��. �����Ãº\�"f �����Ãº�Ð_� �<ÊÃº

\�¦ ��Ò�¦ M:, �����Ãº\�¦ éß�{9����ZO�Ü¼�Ð ³ðr�ô�Ç��. 7£¤ �����Ãº n�Ér 1nÜ¼

�Ð ³ðr��)a��.

Ça��+ 4 f\�¦ Σ∗\�"f Σ∗�Ð_� �<ÊÃº���¦ 
���. TM

M = (Q, Σ, Γ, δ, q0, {h})s�

(q0, #w) ⊢∗

M
(h, #f(w))

�̀¦ ëß�7á¤
���� Ms� f\�¦ >�íß�ô�Ç���¦ ú́�ô�Ç��. s� �â
Äº f\�¦ >�íß���0px

�<ÊÃº���¦ ÂÒ�Ér��.

�<ÊÃº f�� {9�§4�Ü¼�Ð k >h_� �����Ãº\�¦ 2[½+É M: 7£¤ f(n1, . . . , nk){9� M:,

{9�§4��Ér 1n10 · · ·01nk�Ð ³ðr��)a��.

UdV� 5 �8
�l� �<ÊÃº f(n, m) = n + m�̀¦ >�íß�
���H TM�̀¦ ½̈
���.

{9�§4�s� 1n01ms�Ù¼�Ð 0�̀¦ 1�Ð ��Ë̈�¦ �±p =åQ_� 1�̀¦ /BNÑþ�Ü¼�Ð ��Ë̈���
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�)a��. TM_� ���s��<ÊÃº��H ��6£§õ� °ú ��. ÕªaË> 4.

0 1 #

q0 (q1, #, R)

q1 (q1, 1, R) (q1, 1, R) (q2, #, L)

q2 (q3, #, L)

q3 (q3, 1, L) (h, #, S)

0/1, R
1/1, R

#/#, L#/#, R 1/#, L

1/1, L

#/#, Sq q q0 1 2 3 hq

ÕªaË> 4:

UdV� 6 Y�L
�l� �<ÊÃº f(n, m) = nm�̀¦ >�íß�
���H TM�̀¦ ½̈
���.
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{9�§4� ×�æ ns� 0s���� _�{9�_� ?/6 x�̀¦ �� t�Äº�¦ =åQèß��� (7£¤ 0�̀¦ Ø�¦§4�).

ns� 2 s��©�s���� m�̀¦ n− 1 ��� 4�¤��ô�Ç Êê _�{9�\� e����H 0�̀¦ t�Äº���"f

1�̀¦ ¢,aAá¤Ü¼�Ð s�1lxr������. ÕªaË> 5.

n = 2, m = 3{9� M: _�{9�_� ����o

#110111#

#100111#

#a001110#

#a0011b01#

#a001110111#

#000111111##

#111111#
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when n=0

remove 0

copy m

1/1, R

#/#, L0/0, R 0/#, L

1/#, L#/#, R

1/1, R

0/0, L

#/#, R

1/a, R

0/0, R
1/1, R

1/1, R

#/#, L

1/1, L

#/#, L0/1, R

1/1, R

#/#, S

1/#, L

a/0, L

#/0, L

1/b, R

1/1, R
0/0, R

#/1, L

0/0, L
1/1, L

b/1, L

1/1, R

0/0, L
1/1, L

1/0, L

0/0, R

h

0/0, L

ÕªaË> 5:
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�&³F� ��6 x÷&��H (��ÉÓ'��� Áº%Á	�̀¦ >�íß�½+É Ãº e����H��? (��ÉÓ'�_� l�>�

���#Q(machine instruction)\�¦ �Ð��� load, store ü@\� ��gË:���íß�õ� �̧|	�

ë�H�̀¦ Ãº'��
�l� 0Aô�Ç jump 1pxÜ¼�Ð ½̈$í
÷&#Q e����. ÈÓa�Al�>��̧ {9��¦

jþt Ãº e���¦, ��gË:���íß��̀¦ ½+É Ãº e���¦ ]j#Ql�\�¦ :�xK� �̧|	�ë�H�̀¦ Ãº'��½+É

Ãº e��Ü¼Ù¼�Ð �&³F� (��ÉÓ'��� 
���H �̧��H >�íß��̀¦ �� ½+É Ãº e������H �¦̀�	כ

ÆÒ�:r½+É Ãº e����.

V� 2 â�
 ��È*�×ÛÖS ÏÚÿb�e�N�

·ú¡�©�\�"f��H ÈÓa�Al�>��� #��Q ��t� >�íß��̀¦ ½+É Ãº e��6£§�̀¦ �Ð��¤��. Ä»

ô�Ç �̧�Ð����\�"f r����
�#� &h�	��Ð l�0px�̀¦ �8½+É M:���� >�íß�0px§4�s�

&�t���H �¦̀�	כ �Ð��¤��HX<, �:r �©�\�"f��H ÈÓa�Al�>�\� #��Q ��t� l�0px�̀¦

'����K��̧ s� SX��©��)a ÈÓa�Al�>�_� >�íß��̀¦ "é¶A� ÈÓa�Al�>��� ¿9ª?/è­q Ãº

e��6£§�̀¦ �Ðs��¦�� ô�Ç��. 7£¤ l�0px�̀¦ �8K�"f >�íß�0px§4��̀¦ 7£x��r�v���H

���\�"f ô�Ç>�\� �̧²ú�Ùþ¡����H �.���s	כ

15

'

&

$

%

k_�{9� ÈÓa�Al�>���H k >h_� _�{9��̀¦ �������. ����"f ô�Ç ���\� k >h_� /åJ

��\�¦ {9��¦ ¹¡§f��e���̀¦ ���&ñ
ô�Ç��. 7£¤ ���s��<ÊÃº δ��H Q′ × Γk\�"f

Q × (Γ × {L, R, S})kÜ¼�Ð_� �<ÊÃºs���. k_�{9� TM_� �©�S!��Ér �&³F� �©�

I�ü< k >h _�{9�_� �̧�ª�Ü¼�Ð ½̈$í
÷&�¦, (q, u1a1v1, . . . , ukakvk)�Ð ³ð

r��)a��. r����½+É M:, {9�§4��Ér 'Í	P: _�{9�\� ÅÒ#Qt��¦ �� Qt� _�{9��Ér q�

#Q e����. 7£¤ r���� �©�S!��Ér (q0, #w, #, . . . , #)s���. �<ÊÃº\�¦ >�íß�½+É �â


Äº, k_�{9� TM_� Ø�¦§4��Ér 'Í	P: _�{9�\� ÅÒ#Qt��¦ �� Qt� _�{9�_� ?/6 x

�Ér Áºr��)a��.

UdV� 7 2_�{9� TM\�"f ���s��<ÊÃº δ(q, a, b) = (q, (a, R), (a, R))��H'Í	

P: _�{9�\�"f {9��Ér /åJ��\�¦ ÑütP: _�{9�\� æ¼�¦ K�×¼\�¦ �̧�ÉrAá¤Ü¼�Ð ¹¡§

f��s���H �.���s	כ

UdV� 8 k_�{9� TM�Ér "é¶A� TM�Ð�� çß�éß�
�>� >�íß��̀¦ ½+É Ãº e����. \V

\�¦ [þt#Q #w\�¦ #w#w�Ð ��Ë̈��H >�íß��̀¦ �¦�9
���. "é¶A� TM�Ér ýa

Äº�Ð ¹¡§f��s����"f w\�¦ ô�Ç /åJ��m�� �̀��� &h���H��. n = |w|���¦ 
���� "é¶

A� TM�Ér O(n2)_� ���s��� 
¹כ��9���.

16
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2_�{9� TM�Ér s� ���\O��̀¦ ��6£§õ� °ú s� O(n)_� ���s�\� ½+É Ãº e����.

1. ¿º K�×¼\�¦ �̧�ÉrAá¤Ü¼�Ð ¹¡§f��s����"f 'Í	P: _�{9�_� ?/6 x�̀¦ ÑütP: _�

{9�\� &h���H��. 7£¤ _�{9�_� �©�S!��̀¦ (#w, #)\�"f (#w#, #w#)�Ð

��õ�H��.

2. ÑütP: _�{9�_� K�×¼\�¦ ¢,aAá¤Ü¼�Ð �̀�|����. 7£¤ (#w#, #w#)�Ð ��õ�H

��.

3. ¿º K�×¼\�¦ �̧�ÉrAá¤Ü¼�Ð ¹¡§f��s����"f ÑütP: _�{9�_� ?/6 x�̀¦ 'Í	P: _�

{9�\� &h���H��. 7£¤ (#w#w#, #w#)�Ð ��õ�H��.

4. 'Í	P: _�{9�_� K�×¼\�¦ ¢,aAá¤Ü¼�Ð �̀�|����.

s�ü< °ú s� :£¤&ñ
ô�Ç >�íß��̀¦ 
���H ¼#�s�$í
(¢̧��H r�çß�)\� e��#Q"f��H k_�

{9� TMs� "é¶A� TM�Ð�� ���̀¦ Ãº e��t�ëß�, #Q�"� >�íß��̀¦ ½+É Ãº e��Ö¼��

\O�Ö¼��_��'a&h�\�"f��H ¿º >h�� 1lx{9�
���.7£¤ k_�{9� TMs� ½+É Ãº e����H

>�íß��Ér "é¶A� TM�̧ ½+É Ãº e����.

Ça�h� 2 k_�{9� TM M = (Q, Σ, Γ, δ, q0, H)ü< 1lx1pxô�Ç "é¶A� TM M ′s�

�>rF�ô�Ç�� (7£¤ L(M) = L(M ′)).
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a# #ba
a b a a#

# #
a b a a ##

a# #ba

ÕªaË> 6:

¤� ÃZ�. "é¶A� TM M ′s� M�̀¦ ¿9ª?/?/l� 0AK�"f��H k _�{9�_� ?/6 x�̀¦ �Ð

�'a
��¦ e��#Q�� ô�Ç��. s�\�¦ 0AK� M ′_� _�{9��̀¦ k >h_� àÔÏþ�(track)Ü¼

�Ð ��è�H��. ÕªaË> 6. Γ̄ = {ā : a ∈ Γ}���¦ 
���. ā��H M\�"f K�×¼��

a/åJ��\� e��6£§�̀¦ �����·p��. ÕªaË>õ� °ú s� i ���P: àÔÏþ�\���H i ���P: _�

{9�_� ?/6 xõ� K�×¼_� 0Au�\�¦ l�2�¤ô�Ç��.

k >h_� àÔÏþ��̀¦ ��6 x
���H ��s	כ "é¶A� TM_� &ñ
_�\�¦ #Á	#Q����H ��s	כ ��

m��¦, éß�t� M ′_� _�{9� ·ú��� Ï@ Γ′Ü¼�Ð Γ ∪ (Γ ∪ Γ̄)k�̀¦ ��6 x
���H ��÷	כr
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s���. 7£¤ M ′s� (ā, b)\�¦ {9�Ü¼��� 'Í	P: _�{9�_� s� 0Au�\� a�� e���¦ #�

l�\� K�×¼�� e��Ü¼ 9 ÑütP: _�{9�\���H b�� e������H �¦̀�	כ ·ú� Ãº e����.

{9�§4� w ∈ Σ∗�� ÅÒ#Qt���� M ′�Ér ��6£§õ� °ú s� ���1lxô�Ç��.

1. {9�§4��̀¦ 
���m�� �̧�ÉrAá¤Ü¼�Ð �̀�|�� Êê _�{9��̀¦ M_� k _�{9� +þAI��Ð

��õ�H��. w = abaas��¦ Ms� 2 _�{9� TMs����, M ′_� _�{9��̀¦

#abaa\�"f ##abaa�Ð, Õªo��¦

#(#̄, #̄)(a, #)(b, #)(a, #)(a, #)Ü¼�Ð��õ�H��.

2. M_� >�íß��̀¦ ¿9ª?/�·p��. M_� ô�Ç ���s�\�¦ ¿9ª?/?/l� 0AK� M ′�Ér ��

6£§_� ¹¡§f��e���̀¦ ô�Ç��.

1. _�{9��̀¦ t��������"f M_� k K�×¼\� e����H /åJ��\�¦ {9���H��.

M_� �©�I�\�¦ l�%3�
��¦ k K�×¼\� e����H /åJ��\�¦ {9��¦ �����,

M_� ���s�\�¦ ·ú� Ãº e����.

2. _�{9��̀¦ t��������"f M_� ���s�\�¦ ìøÍ%ò
ô�Ç��. ëß���� Ms� #Q�"�

K�×¼\�¦ �̧�ÉrAá¤Ü¼�Ð ¹¡§f��#�"f M ′s� #s� [þt#Qe����H ñß�Ü¼�Ð �̀�

���� 
���� M�Ér ���$� #\�¦ (#, #)�Ð ��õ�H Êê M_� ���s�\�¦ ìøÍ

%ò
ô�Ç��.
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3. Ms� &ñ
t�
����, M ′�Ér 'Í	P: àÔÏþ�\� e����H ?/6 x�̀¦ "é¶A� _�{9�_� +þA

I��Ð ��Ë̈�¦ &ñ
t�ô�Ç��.

2

�ª�Aá¤ \P��2; _�{9� TM�Ér �ª�~½Ó�¾ÓÜ¼�Ð \P��2; _�{9��̀¦ ô�Ç >h ��t��¦ e����.

�íl�\� {9�§4�s� _�{9�\� ÅÒ#Qt��¦ K�×¼��H {9�§4� ���Ð ¢,aAá¤_� /BNÑþ�\�

Z�~#� e�����¦ ��&ñ
ô�Ç��. s� TM�Ér 2_�{9� TM\� _�K� ¿9ª?/è­q Ãº e����.

�ª�Aá¤ \P��2; _�{9��̀¦ {9�§4�_� ���Ð ¢,aAá¤\�"f ]X�ìøÍÜ¼�Ð ]X�#Q"f �̧�ÉrAá¤_�

?/6 x�Ér 'Í	P: _�{9�\� $��©�
��¦ ¢,aAá¤_� ?/6 x�Ér ÑütP: _�{9�\� %i�Ü¼�Ð

$��©�ô�Ç Êê ¿9ª?/?/��� �)a��. Óüt�:r s� 2_�{9� TM�Ér ��r� "é¶A� TMÜ¼�Ð

¿9ª?/è­q Ãº e����.

kK�×¼ TM�Ér ô�Ç >h_� _�{9�\� k>h_� K�×¼\�¦ ��t��¦ e���¦ k K�×¼\�

e����H k >h_� /åJ��\�¦ {9��¦ ���s�\�¦ ���&ñ
ô�Ç��. kK�×¼ TM�̀¦ s�6 x
����

#w\�¦ #w#w�Ð ��Ë̈��H ���\O��̀¦ �8 çß�éß�y� ½+É Ãº e����.

1. ¿º K�×¼\�¦ #w#_� 0Au�\� Z�~��H��.
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2. ¿º K�×¼\�¦ �̧�ÉrAá¤Ü¼�Ð ¹¡§f��s����"f 'Í	P: _�{9�_� ?/6 x�̀¦ ÑütP: _�

{9�\� &h���H��. 7£¤ #w#w#�Ð ��õ�H��.

kK�×¼ TM�̧ k_�{9� TMõ� ��ðøÍ��t��Ð K�×¼_� 0Au�\�¦ ����?/��H Γ̄\�¦

s�6 x
�#� "é¶A� TMs� ¿9ª?/è­q Ãº e����.

V� 3 â�
 j�Úr
Ça� ÏÚÿb�e�N�

q����&ñ
 TM�Ér (Q, Σ, Γ, ∆, q0, H)�Ð ½̈$í
÷&�¦, ���&ñ
 TMõ� ���Ér &h��Ér

∆�� (Q′ × Γ) × (Q × Γ × {L, R, S})_� ÂÒì�r|9�½+Ë��� ���s��'a>�s���.

Ça��+ 5 q����&ñ
 TM M = (Q, Σ, Γ, ∆, q0, H)s� &ñ
_�
���H ���#Q

L(M)�Ér ��6£§õ� °ú ��.

L(M) = {w ∈ Σ∗ : (q0, #w) ⊢∗

M
(h, ∗)}

Ms� q����&ñ
s�Ù¼�Ð &ñ
t� �©�I��Ð [þt#Q����H >�íß� õ�&ñ
s� 
������̧

e��Ü¼��� w ∈ L(M)s���.
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Ça�h� 3 q����&ñ
 TM M = (Q, Σ, Γ, ∆, q0, H)ü< 1lx1pxô�Ç "é¶A� TMs�

�>rF�ô�Ç��.

¤� ÃZ�. M�Ér q����&ñ
 TMs�Ù¼�Ð ô�Ç �©�S!� C\�"f #��Q >h_� �©�S!�

C1, . . . , Ci�Ð ���s�½+É Ãº e����. #�l�\�"f i��H q����&ñ
 TM_� &ñ
_�\� _�

K� r = |Q| × |Γ| × 3 s�
�_� °ú̀�כ¦ °ú���H��.

M_� >�íß�õ�&ñ
�̀¦, �©�S!��̀¦ &ñ
&h�Ü¼�Ð (r�����©�S!��̀¦ ÀÒàÔ�Ð) ���s�\�¦ çß�

���Ü¼�Ð ³ðr�
�#� àÔo� T�Ð ����è­q Ãº e����. s� àÔo�\�"f ô�Ç &ñ
&h�_�

��d��_� >hÃº��H þj@/ rs���. ����"f s� àÔo�_� �̧��H &ñ
&h��̀¦ &ñ
Ãº

1, . . . , r_� Û¼àÔa�AÜ¼�Ð ³ðr�½+É Ãº e����. ÀÒàÔ��H 1s��¦ ÀÒàÔ_� ��d���Ér

11, . . . , 1rs��¦ 11_� ��d���Ér 111, . . . , 11rs���. Óüt�:r 11_� ��d��s� r�Ð

�� &h�Ü¼��� 11r\� K�{©�
���H &ñ
&h�(�©�S!�)�Ér \O�>� �)a��. ÕªaË> 7.
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111

11r

.

.

.

1r1

1rr

.

.

.

11

1r

1
12
.

.

.

.

.

.

.

ÕªaË> 7:

s�]j M_� >�íß�õ�&ñ
�̀¦ 3_�{9� TM M ′s� ¿9ª?/?/�¦�� ô�Ç��. 7£¤ M ′�Ér

àÔo� T_� &ñ
&h�\� K�{©�
���H �©�S!��̀¦ �̧¿º ëß�[þt#Q �����"f Õª ×�æ\�"f

&ñ
t��©�S!��̀¦ ëß������ &ñ
t�
��9�¦ ô�Ç��. T�� Ä»ô�Ç àÔo��� ��u�́ Ãº e��
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Ü¼Ù¼�Ð T\�¦ U�·s� Äº��� �ÃÐÒ�oÜ¼�Ð ¹1Ô������� T\� &ñ
t��©�S!�s� e����HX<

�̧ Ô�¦½̈
��¦ s�\�¦ ¹1Ôt� 3lw½+É Ãº e����. ����"f M ′�Ér T\�¦ �-q� Äº���

�ÃÐÒ�oÜ¼�Ð ¹1Ô��çß���.

T\�¦ �-q� Äº��� �ÃÐÒ�oÜ¼�Ð ¹1Ô����l� 0AK�"f��H {9�ìøÍ&h�Ü¼�Ð

Ç©(queue)�� ,>¹ô�ÇXכ��9 ��6£§õ� °ú s� Ç©\�¦ ��6 x
�t� ·ú§�¦ r�çß��̀¦ �8

��6 x
�#� K����½+É Ãº e����. 7£¤ T_� y�� &ñ
&h��̀¦ ����?/��H {1, . . . , r} �©�

_� Û¼àÔa�A�̀¦ �-q� Äº��� �ÃÐÒ�o_� í�H"f�Ð 
���m�� ëß�[þt���"f y�� Û¼àÔa�A

\� K�{©�
���H �©�S!��̀¦ r�����©�S!�\�"fÂÒ'� (s���� �©�S!��̀¦ l�%3�
�t� ·ú§�¦

e��Ü¼Ù¼�Ð) ëß�[þt��� �)a��.

M ′�Ér 3_�{9� TM���X<, 'Í	P: _�{9�\���H {9�§4� w\�¦ �Ð�'a
��¦ 'Í	P: _�{9�

_� ?/6 x�Ér ���
�t� ·ú§��H��. ÑütP: _�{9�\���H {1, . . . , r} �©�_� Û¼àÔa�A�̀¦

�-q� Äº��� �ÃÐÒ�o_� í�H"f�Ð 
���m�� ëß���H��. ÑütP: _�{9�\� #Q�"� Û¼àÔa�A

a1 · · ·ai�� ÅÒ#Qt���� !Ó	P: _�{9��̀¦ s�6 x
�#� s� Û¼àÔa�A\� K�{©�
���H

�©�S!��̀¦ ëß���H��. 7£¤ 'Í	P: _�{9�\� e����H w\�¦ !Ó	P: _�{9�\� 4�¤��ô�Ç Êê r�

����©�S!�\�"f M_� a1���P: ���s�\�¦ &h�6 x
�#� ��6£§ �©�S!��̀¦ ëß�[þt�¦ #�l�

\� ��r� a2���P: ���s�\�¦ &h�6 x
���H d��Ü¼�Ð ���'��ô�Ç��. a1 · · ·ai\� K�{©�
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���H �©�S!�s� &ñ
t��©�S!�s���� M ′�̧ &ñ
t�
��¦, ÕªXO�t� ·ú§Ü¼��� ÑütP: _�

{9�\� ��6£§ Û¼àÔa�A�̀¦ ëß�[þt�¦ ìøÍ4�¤ô�Ç��. 2

V� 4 â�
 ÈÁV�ø5� %K�ß��

Áº]jô�Ç ë�HZO� G = (V, Σ, S, P )�Ér Òqt$í
½©gË: x → y�� e��_�_� +þAI�

x ∈ (V ∪ Σ)∗V (V ∪ Σ)∗, y ∈ (V ∪ Σ)∗\�¦ �������.

UdV� 9 ��6£§ ë�HZO��Ér L = {anbncn : n ≥ 1}�̀¦ Òqt$í
ô�Ç��.

S → abc | aDbc

Db → bD

Dc → Ebcc

bE → Eb

aE → aa | aaD

25
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\V\�¦ [þt���

S ⇒ aDbc

⇒ abDc

⇒ abEbcc

⇒ aEbbcc

⇒ aabbcc

0A_� \V�� �Ð#�ÅÒ1pws� Áº]jô�Ç ë�HZO��Ér ë�HÐ�oÁº�'as� ����� ���#Q�̧ ëß�[þt

Ãº e����. Áº]jô�Ç ë�HZO�s� Òqt$í

���H ���#Q_� 7áxÀÓ��H F�)
\P��� ���#Q 7áx

ÀÓe���̀¦ �Ðs���.

Ça�h� 4 Áº]jô�Ç ë�HZO� G = (V, Σ, S, P )\� @/
�#� L(G)\�¦ &ñ
_�
���H

TM Ms� �>rF�ô�Ç��.

¤� ÃZ�. M�Ér q����&ñ
 2_�{9� TMs���. M_� 'Í	P: _�{9�\���H {9�§4� w��

ÅÒ#Q�����. ÑütP: _�{9�\���H G_� ë�H�©�+þAI��� ëß�[þt#Q�����. %�6£§\� ÑütP:

_�{9�\� S\�¦ æ¼�¦ ��6£§�̀¦ ìøÍ4�¤ô�Ç��.
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1. q����&ñ
&h�Ü¼�Ð ÑütP: _�{9�_� �̧��H 0Au� i\�¦ ���×þ�ô�Ç��. (7£¤ ¢,aAá¤

=åQ\�"f r����
�#� �̧�ÉrAá¤Ü¼�Ð ���'��
����"f �&³F� 0Au�\�¦ ���×þ�
�

��H ���\O��̀¦ ìøÍ4�¤ô�Ç��.)

2. q����&ñ
&h�Ü¼�Ð G_� �̧��H Òqt$í
½©gË: x → y�̀¦ ���×þ�ô�Ç��.

3. ÑütP: _�{9�_� i, . . . , i + |x| − 1 0Au�_� /åJ���� xs����, x\�¦ y�Ð ��

õ�H��. s� õ�&ñ
\�"f |x| 6= |y|s���� x_� �̧�ÉrAá¤\� e����H /åJ��\�¦ ¢,a

Aá¤s��� �̧�ÉrAá¤Ü¼�Ð s�1lxr�&��� �)a��.

4. ÑütP: _�{9�\� e����H ë�H�©�+þAI�\�¦ wü< q��§
�#� °ú Ü¼��� &ñ
t�ô�Ç��.

G�� w\�¦ Òqt$í

���� M�Ér ���H$��� &ñ
t�
��¦ ÕªXO�t� ·ú§Ü¼��� M�Ér &ñ
t�


�t� ·ú§��H��. ����"f L(M) = L(G)s���. 2

Ça�h� 5 TM M = (Q, Σ, Γ, δ, q0, H)�� &ñ
_�
���H ���#Q L(M)�̀¦ Òqt$í



���H Áº]jô�Ç ë�HZO� G�� �>rF�ô�Ç��.

¤� ÃZ�. M\�"f H = {h}s��¦, M�Ér &ñ
t�½+É �â
Äº �½Ó�©� �©�S!� (h, #)\�

"f &ñ
t�ô�Ç���¦ ��&ñ

���. e��_�_� TM�̀¦ 0A_� �̧|	��̀¦ ëß�7á¤
���H TM

Ü¼�Ð ��ÜãJ Ãº e����.
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M_� ���s�\�¦ ìøÍ@/�Ð ¿9ª?/?/��H ë�HZO� G\�¦ ëß�[þt�9�¦ ô�Ç��. 7£¤ Ms� r�

����©�S!� (q0, #w)\�"f (h, #)�Ð ���s�½+É M:, G��H [#h]\�"f [#q0w]\�¦

Ä»�̧
��9�¦ ô�Ç��. s�\�¦ 0AK� M_� y�� ���s�\� @/
�#� G��H ��6£§_� Òqt

$í
½©gË:�̀¦ °ú���H��.

• δ(q, a) = (p, b, S): G��H bp → aq\�¦ °ú���H��. ÕªaË> 8.

• δ(q, a) = (p, b, R): G��H �̧��H c ∈ Σ ∪ {#}\� @/
�#� bcp → aqc\�¦

°ú���H��. ¢̧ô�Ç b#p] → aq]\�¦ °ú���H��. ÕªaË> 9, 10.

• δ(q, a) = (p, b, L): b 6= #s���� G��H pb → aq\�¦ °ú���H��. b = #s�

��� �̧��H c ∈ Σ\� @/
�#� p#c → aqc\�¦ °ú��¦ ¢̧ô�Ç p] → aq]\�¦ °ú�

��H��. ÕªaË> 11, 12, 13.
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aq
a b

bp

q p

ÕªaË> 8:

aqc

p

bcp
ba cc

q

ÕªaË> 9:

29

'

&

$

%

aq]

p

b#p]
ba # #

q

ÕªaË> 10:

aq
a

q

b

p

pb

ÕªaË> 11:
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a # # #

pq

aq] p]

ÕªaË> 12:

pq

c#
aqc p#c

ca

ÕªaË> 13:
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%�6£§õ� ��t�}���̀¦ 0A
�#� G��H

S → [#h]

[#q0 → ǫ

] → ǫ

�̀¦ °ú���H��.

Õª�Q��� Ms� (q0, #w) ⊢∗ (h, #)�Ð ���s�½+É M:, G��H

S ⇒ [#h]
∗

⇒ [#q0w]
∗

⇒ w

\�¦ Ä»�̧
�>� �)a��. 2

V� 5 â�
 Church-Turing�+ ÃZ�V�

���$� �̧��H ë�H]j\�¦ ���#Q�Ð ��Ë̈#Q Òqty��½+É Ãº e��6£§�̀¦ �Ðs���. �̧��H ë�H
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]j��H ���&ñ
 ë�H]j(decision problem)ü< þj&h��o ë�H]j(optimization

problem)_� ¿º ��t� Ä»+þAÜ¼�Ð ì�rÀÓ½+É Ãº e����. ���&ñ
 ë�H]jêøÍ ²ú�s� \V

¢̧��H ��m��̧��� ë�H]js��¦, þj&h��o ë�H]jêøÍ #Q�"� �̧|	��̀¦ ëß�7á¤
���H þj

�è°úכ ¢̧��H þj@/°ú̀�כ¦ ½̈
���H ë�H]js���.

Ça��+ 6 ÕªA�áÔ\�"f �̧��H &ñ
&h��̀¦ �í�<Ê
���H éß�í�H ��s�9þt�̀¦ K�x9��:r

��s�9þts����¦ ô�Ç��. K�x9��:r ��s�9þt ë�H]j��H ÕªA�áÔ G�� ÅÒ#Q&���̀¦

M: G�� K�x9��:r ��s�9þt�̀¦ °ú��¦ e��Ö¼����H ë�H]js���.

UdV� 10 ÕªaË> 14\�"f ¢,aAá¤ ÕªA�áÔ��H K�x9��:r ��s�9þt�̀¦ °ú��¦ e��t�

·ú§�¦, �̧�ÉrAá¤ ÕªA�áÔ��H K�x9��:r ��s�9þt�̀¦ °ú��¦ e����.
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ÕªaË> 14:

Ça��+ 7 ü@óøÍ"é¶(traveling salesman) ë�H]j��H ¢-a��� ÕªA�áÔ Gü< �̧��H

çß���� e_� ��o� d(e)�� ÅÒ#Q&���̀¦ M:, ��o��� þj�è��� K�x9��:r ��s�9þt�̀¦

¹1ÔÜ¼����H ë�H]js���.

K�x9��:r ��s�9þt ë�H]j��H ���&ñ
 ë�H]js��¦ ü@óøÍ"é¶ ë�H]j��H þj&h��o ë�H]js�

��.

���&ñ
 ë�H]j��H ��6£§õ� °ú s� ���#Q�Ð ��ÜãJ Ãº e����. 7£¤ ���&ñ
 ë�H]j_� {9�

§4� I\�¦ Û¼àÔa�A w�Ð ��Ë̈�¦, I_� ²ú�s� \Vs���� w ∈ Ls��¦ ²ú�s� ��m�

�̧s���� w 6∈ Ls���.
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þj&h��o ë�H]j��H ���&ñ
 ë�H]j\�¦ s�6 x
�#� K����½+É Ãº e����. �7H_�\�¦ éß�í�H

�o
�l� 0A
�#�, þj&h��o ë�H]j\�"f þj&h�°úכëß��̀¦ ½̈ô�Ç����� ��&ñ
ô�Ç��.

ü@óøÍ"é¶ ë�H]j\� @/ô�Ç ���&ñ
 ë�H]j��H ��6£§õ� °ú ��. ¢-a��� ÕªA�áÔ Gü< çß�

���_� ��o� d(e)ü< �ª�_� &ñ
Ãº A�� ÅÒ#Q&���̀¦ M:, ��o��� A s�
���� K�

x9��:r ��s�9þts� e����H��. ���&ñ
 ë�H]j\�¦ Û�¦ Ãº e��Ü¼��� s���� �ÃÐÒ�o(binary

search)\� _�K� þj&h��o ë�H]j\�¦ Û�¦ Ãº e����. ����"f �̧��H ë�H]j\�¦ ���#Q

�Ð ��Ë̈#Q Òqty��½+É Ãº e����.

Ça��+ 8 (Church-Turing ÃZ�V�) F�)
 ���#Q\�¦ (��ÉÓ'��Ð Û�¦ Ãº e����H

ë�H]j���¦ 
���.

F�)
 ���#Q\�¦ ���&ñ

���H TM�̀¦ ·ú��¦o�7£§s����¦ ÂÒ�Ér��.

V� 6 â�
 Chomsky W�N�

&ñ
½©���#Qü< ë�HÐ�oÁº�'a ���#Q ü@\� ë�HÐ�o���y�� ���#Q�� e����. ë�HÐ�oÁº�'a

���#Q_� ³ðï�r+þA\�"fü< °ú s� ��6£§_� ���#Q��H ǫ�̀¦ �í�<Ê
�t� ·ú§��H���¦
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Ça��+ 9 ë�HZO� G = (V, Σ, S, P )_� �̧��H Òqt$í
½©gË: x → y�� |x| ≤ |y|\�¦

ëß�7á¤
���� G��H ë�HÐ�o���y�� ë�HZO�(context-sensitive grammar)s����¦ ÂÒ

�Ér��. (#�l�\�"f x ∈ (V ∪ Σ)∗V (V ∪ Σ)∗s��¦ y ∈ (V ∪ Σ)∗s���.)

Ça��+ 10 ë�HÐ�o���y�� ë�HZO�s� Òqt$í

���H ���#Q\�¦ ë�HÐ�o���y�� ���

#Q(context-sensitive language)���¦ ÂÒ�Ér��.

����"f ë�HÐ�o���y�� ë�HZO�_� Ä»�̧õ�&ñ
\�"f ë�H�©�+þAI�_� U�́s���H éß��̧7£x

��ô�Ç��. ë�HÐ�o���y�� ë�HZO�s����¦ Ô�¦o���H s�Ä»��H �̧��H Òqt$í
½©gË:�̀¦ ��6£§

_� ³ðï�r+þAÜ¼�Ð ��ÜãJ Ãº e��l� M:ë�Hs���.

uAv → uwv

#�l�\�"f w 6= ǫs���. s� Òqt$í
½©gË:�Ér uü< v_� ë�HÐ�o\�"f A�� w�Ð ��

�1� Ãº e��6£§�̀¦ �����·p��. Chomsky ³ðï�r+þAs� ë�HÐ�o���y�� ë�HZO�_� +þAI�

s�Ù¼�Ð ë�HÐ�oÁº�'a ���#Q_� 7áxÀÓ��H ë�HÐ�o���y�� ���#Q 7áxÀÓ_� ÂÒì�r|9�½+Ës�

��.
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UdV� 11 L = {anbncn : n ≥ 1}�Ér \V]j 9_� ë�HZO�\� _�K� Òqt$í
÷&Ù¼�Ð

ë�HÐ�o���y�� ���#Qs���.

0A \V]j_� _�K� ë�HÐ�oÁº�'a ���#Q_� 7áxÀÓ��H ë�HÐ�o���y�� ���#Q 7áxÀÓ_� ���

ÂÒì�r|9�½+Ës���.

Ça��+ 11 ���+þA �̧�Ð������H {9�§4� w\� @/
�#� _�{9�_� #w# ÂÒì�rëß��̀¦

��6 x
���H q����&ñ
 ÈÓa�Al�>�s���.

Ça�h� 6 ���+þA �̧�Ð������ ����?/��H ���#Q_� 7áxÀÓ��H ë�HÐ�o���y�� ���#Q

7áxÀÓs���.

¤� ÃZ�. Áº]jô�Ç ë�HZO�õ� TM_� �'a>�\� @/ô�Ç 7£x"î
õ� q�5pw
���.

(ë�HÐ�o���y�� ë�HZO� G → ���+þA �̧�Ð���� M) ���+þA �̧�Ð���� M�Ér _�{9�

�̀¦ 2>h_� àÔÏþ�Ü¼�Ð ��¾º�¦ 'Í	P: àÔÏþ�\� {9�§4� w\�¦ �Ð�'a
��¦ ÑütP: àÔ

Ïþ�\� G_� ë�H�©�+þAI� u\�¦ ëß���H��. ë�HÐ�o���y�� ë�HZO�_� ë�H�©�+þAI�_� U�́s�

��H éß��̧7£x��
�Ù¼�Ð u
∗

⇒ w{9� �â
Äº |u| ≤ |w|s�Ù¼�Ð M�Ér _�{9�_�

#w# ÂÒì�rëß��̀¦ ��6 x
�#� w ∈ L(G)��� �â
Äº w\�¦ ~ÃÎ��[þt{9� Ãº e����.

2
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Chomsky��H ���#Q_� 7áxÀÓ\�¦ ��6£§ W1 ��t��Ð ì�rÀÓ
�%i���. s�\�¦

Chomsky �̂>����¦ ÂÒ�Ér��.

Ä»+þA ���#Q 7áxÀÓ

0 F�)
\P��� ���#Q

1 ë�HÐ�o���y�� ���#Q

2 ë�HÐ�oÁº�'a ���#Q

3 &ñ
½© ���#Q

ÕªaË> 15:

s� ü@\� F�)
 ���#Q�� Ä»+þA 0õ� 1 ��s�\� 0Au�ô�Ç��. ��$Á	 ��t� ���#Q

7áxÀÓ��H "f�Ð ���ÂÒì�r|9�½+Ë �'a>�\�¦ �������. ÕªaË> 16.
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r.e.

ÕªaË> 16:
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