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1. Model Problem

2-D Diffusion Equation
]0[]0[)()(),(),( 22

byaxyxsyxyxyxD ∈∈=+⎟⎟
⎞

⎜⎜
⎛ ∂

+
∂

− σφφφ

( )D sφ σφ∇ − ∇ + =�

Domain and Node Numbering

],0[],,0[   ,),(),(22 byaxyxsyx
yx

D ∈∈=+⎟⎟
⎠

⎜⎜
⎝ ∂

+
∂

σφ

aO
⎥
⎤

⎢
⎡ φ1

2 1 R Ld d d d dφ φ φ φ⎛ ⎞
⎜ ⎟�1 2 3 .. .. m

m+1 m+2 2m

2m+1 ml −
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎢
⎢
⎢
⎢
⎢
⎢
⎢

+m

m

φ
φ

φ
M

1

2

Solution    
Vector

2
l l lxl

dx dx h dx dxdx
φ φ φ φ

= −⎜ ⎟⎜ ⎟
⎝ ⎠

�

1 11 l l l l

h h h
φ φ φ φ+ −⎛ ⎞− −

−⎜ ⎟
⎝ ⎠

�

(n-1)m+1 nm

l1−l 1+l

ml +

b ⎥
⎥
⎥
⎥
⎥
⎥

⎦
⎢
⎢
⎢
⎢
⎢
⎢

⎣

+

m

m

φ

φ

φ

M

M

2

1Vector x x xh h h⎝ ⎠

( )1 12
1 2l l l
xh
φ φ φ+ −= − +

Discretized Equation for Node l
b ⎦⎣ Nφ

llllll ~22 211 −+−−+− φφφφφφ

2after dividing by and definingD B
D
σ

=

lli
y

mllml

x

lll sB
hh

~22 2
22

11 =+
+

+
+ −+−+ φφφφφφφ

2
1 12 2 2 2 2 2

1 1 2 2 1 1
l m l l l l l m lB s

h h h h h h
φ φ φ φ φ− − + +

⎛ ⎞
⇒ − − + + + − − =⎜ ⎟⎜ ⎟

⎝ ⎠
%

SNURPL3

y x x y y xh h h h h h⎜ ⎟
⎝ ⎠



1. Model Problem

Boundary Conditions
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Block Tridiagonal Matrix
* Size of the Block = m x m

(representing each row of meshes)
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(representing each row of meshes)
* Number of the Diagonal Blocks = n
* Off-diagonal Blocks represents 
coupling between rows of meshes
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1. Model Problem

3-D Extension
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2.1 Gauss Elimination

Solve a linear system bAx =
T

n
T
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Forward Elimination
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j
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2.1 Gauss Elimination

Backward Substitution
After elimination, determine xi utilizing the upper diagonal 
structure
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2.1 Gauss Elimination

Floating Point Operation (FLOP) Counts
Component Operation

Multiplication Addition Division
Forward

Elimination
Multiplier n(n-1)/2 n-1
Update n(n-1)(2n-1)/6 n(n-1)(2n-1)/6

RHS n(n-1)/2 n(n-1)/2
Backward

Substitution
n(n-1)/2 n(n-1)/2 n-1
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2.2 LU Factorization Method

Column Elimination in terms of Matrix Multiplication
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2.2 LU Factorization Method

After the complete Elimination
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2.2 LU Factorization Method

Advantage of LU Factorization
Repeated solution of Ax=b with several b’s

bLUx =

Uxy =Let 
0d

n:2ifor 
:1

=
= nby

onSubstitutiForward
bLy =

sumod:sumod          
1-i:1jfor     

0sumod   

−=
=
=

jij ym

onSubstitutiForward

Operation Counts
( ) )1/(sumod:    

end    
−= ii

jij

by

on!substitutiback by known for  SolveNow yyUx =

Operation Counts
- FLOPs for two substitutions only

2*n(n-1)

- Significantly less than elimination particularly for large n

end

Significantly less than elimination, particularly for large n
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2.3 Pivoting
Needs:

Pivot can become 0 during the elimination step leading to infinite multiplier
Truncation error may lead to incorrect solution when the multiplier becomes very large
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                   4.151 6.09 35.42
4 digit arithmetic
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x

→

= 6.09 1.000 41.51 10.0x+ × = → =
Problems of small pivot•Problems of small pivot

Large multiplier introduces large perturbation to the row being eliminated 
Accumulated error can be amplified by a small pivot during backsubstitut
Keep the origin

i
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•
−
−
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h h l i li b l
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2.3 Pivoting

Partial Pivoting
During the k-th elimination step, choose the row among the 
remaining rows that would give the minimum multiplier as the 
pivoting row (find the largest pivot)
Then exchange the k-th row and the selected rowg

Pivoting in terms of Matrix
Row exchange of Identity Matrix n:1kifor 
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2.3 Pivoting

Properties of Pivoting Matrix
Multiple Exchange: k-l and i-j th rows exchange

Identical Inverse for two row exchange, orthonormal in general
ijklPPP =

ijijijij PPPPI =⇒= −1 1−=⇒= PPIPP TT

LU Factorization after Pivoting
Suppose that pivoting sequence is known after elimination as P

ijijijij PPPPI ⇒ =⇒= PPIPP

pp p g q

How to generate L from the result of Gauss Elimination?
LUPA = 1221 PPPPP nn L−−=
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1 1Suppose that 
: Permutation Matrix after (k-1)th Step
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1

Lower Triangular Matrix after (k-1)th step
Upper Triangular Matrix as the result of (k-1)th step
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L
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2.3 Pivoting

LU Factorization after Pivoting
After k-th step of elimination
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2.3 Pivoting
Scaled Pivoting

When some elements on a row is exceptionally larger than the other 
rows partial pivoting is not sufficientrows, partial pivoting is not sufficient

7 7             10 10 10
2

x y
x y

+ =
+

610 1x y−⇔ + =

1
21

                  2
multiplier

10
5-digit arithmetic

x y

m −

+ =

=
�

�
hbbi

 ingmutipliplymerely by 
hidden  becan  casepivot  small

6 6 6 6(1-10 ) 2 10 10 10 1
back substitution

0

y y y

x

= − ⇒ = ⇒ =

=
� equation rowth -k

thenumber tobiga

Divide each row by the maximum absolute value of the row
Then do the partial pivoting

Complete PivotingComplete Pivoting
Exchange columns as well as rows using the maximum entry of Ak as 
the pivot
Best but expensive for large matrices
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2.4 Reordering

Purpose
Minimize fill-in during the elimination to save memory and flops

Cuthill-McKee Ordering
Minimize bandwidth

aO i <
=i

mifor
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- Rough estimate of fill-ins in case of square domain (m=n>>1)

indexlocation  diagonalwith 
c easese e e tso e ot eow dtnm
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2.4 Reordering

Minimum Degree Ordering
Determine the row and column that would have minimum 
number of nonzeros during Gauss elimination at the k-th step 

- At the k-th elimination step, count non-zero entries at each remaining 
rows, then store to nzr(i)( )

- Count non-zero entries at each column, then store to nzc(j)
- Find location where (nzr(i)-1)*(nzc(j)-1) becomes minimum which is the 

number of fillin’s when a(i j) is chosen as pivotnumber of fillin s when a(i,j) is chosen as pivot
- Exchange row k and row i
- Exchange col k and col j

njk aaaa
×××××O

LLL 11111

- Perform elimination with the permuted Ak

Will cost much for large matrices
- Approximate Minimum Degree Ordering available

knkjkk aaa
×××OM

LL

pp o ate u eg ee O de g a a ab e

nnnk

ijik

aa

aa

×××
×××
×××

OM
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3.1 Introduction to Iterative Solution Methods

Solution of Linear System by Iterative Update of 
Solution Vector starting from an Arbitrary Guess
Generic Approach by Matrix Splitting when solving 
Ax=b it work?Would

NMA +=Let 

bxNM =+ )( Unconditionally?

NxbMx −=

Establish an iteration scheme

solution.  true thebe Let *x

* * (2)Mx b Nx= − L

( ) ( 1) (1)k kMx b Nx b−= − = %L

bAx = choosingafter  of instead Solve
( ) * ( 1) *

( )

( ) ( )k k

k

M x x N x x
e

−− = − −14243

)2()1( −

bAx
bMxM k

=
=

than 
 solve easier tomuch  ~such that  )(

DM

)1()( −−= kk NeMe ( ) 1 ( 1)k ke M N e
T

− −= −14243

)1()( −= kk Tee )0()( eTe kk =
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3.1 Introduction to Iterative Solution Methods

Convergence Condition
Tuii ofreigenvectoandeigenvalueth-ithebe,Let λ Tuii  ofr eigenvectoandeigenvalueth i  thebe ,Let λ

t.independenlinearly  are '2211
)0( suucucuce inn QL+++=
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n
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i
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λ

⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠
≅ eigenvaluelargest   thebeing k with  largely sufficientfor    1 ρλ =

1or k ke eρ −≅ 1only fundamental mode remaining in ke −←
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2.2 Jacobi and Gauss Seidel Method

Jacobi Method
NMA +=

A of entries diagonal  theof consistingmatrix  diagonal  the, Let  DM =
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2.2 Jacobi and Gauss Seidel Method
Iteration Matrices

Jacobi
( ) 111

Gauss-Seidel
1 2 3 .. .. m

m+1 m+2 2m

aO( ) ADIDADNMT 111 −−− −=−−=−=

When Converge?

2m+1

l1−l 1+l

ml +

ml −UDLNMT 11 )( −− +−=−=
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Geometrical Interpretation
Sweeping over nodes by updating local value by
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Sweeping over nodes by updating local value by 
Off-diagonal entries = Summation of neighbor nodes’ 
contribution
Converges when self effect is stronger than neighbors’ effect
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Diagonal Dominance of Jacobi Iteration Matrix
Jacobi Iteration Matrix for a Diagonally Dominant MatrixT•

  OD
i ij iis a a i= < ∀∑ j
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∑

( )1 ij
ij

ii

a
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t t
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→ = <∑
 Let  be an eigenvector of T with  being the corresponding eigenvalueu λ− →  Tu uλ=

[ ]1, , , ,k nu u u u= L LMax Eigenvalue of ?T•

Let  be the  emaximum lement (Absolute)ku -th rowk− kj j k
j

t u uλ=∑
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≠
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6.2.3 Successive Over-Relaxation Method
Extrapolation of G-S Estimate of Solution for each 
element *x)1()(
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6.2.3 Successive Over-Relaxation Method
In terms of Matrix Splitting

Split Matrix
( ) ( )DDULDUDLA +++++ ωωωωω )(

Apply to Modified Linear System
( ) ( )DDULDUDLA −+++=++= ωωωωω )( 

bAx ωω =  

( ) ( ) ( 1) ( 1) (1 )k k kD L x Db Ux xω ω ω ω− −+ = − + −

)1()1()()( )1( −− −+−−= kkkk DxUxLxbDx ωωωω )1(+ DxUxLxbDx ωωωω

( ) )1()1()(1)( )1( −−− −+−−= kkkk xUxLxbDx ωω
Extrapolation 
Form

Iteration Matrix

( ) ( ))1()1(1)( )1( −−− −+−+= kkk DxUxbLDx ωωωω

( ) ( ) ( ) bLDxDULD k ωωωωω 1)1(1  )1(      −−− ++−−+−=

( ) ( )DULDT )1(     1 ωωω −−+−= − spectral radius depends on !ω←
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2.3 Successive Over-Relaxation Method
Eigenvalues of Iteration Matrix

Let  be i-th eigenvalue of T. Then (-1) ( ).
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2.3 Successive Over-Relaxation Method
Optimum Over-relaxation Parameter

n
n

)1(ofceSignifican ωλ =∏ i∀<<<→<− 1order toin2011 iλωω
i

i )1( of  ceSignifican
1
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i∀<<<→< 1order toin 2011 iλωω

( ) . adjustingby  minimized becan  0 1spectrum eigenvalue of width The n21 ωλλλ >>>>>

nn11    i.e. 0.0. is width  when theminimum becan  λλλλ === L

For Block Tri-Diagonal Matrix (2 cyclic Matrices)
ωω)(λ nn −=→−= 11 point, optimum at the Thus λ

( )2 2 2 1
Jac( 1) David Young, 1950, ( )D L Uλ ω λω μ μ ρ ρ −+ − = ← = = +
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2.3 Successive Over-Relaxation Method
Effectiveness of SOR

2 980990990For === ρρ GSJac

75.1
98.0

)98.011(2

98.099.0,99.0For 

=
−−

=

===

ω

ρρ

1 step of SOR is as efficient as ~15 steps of Gauss-Seidel (or 30 steps 

1498.075.0 ≈=SORρ

of Jacobi)
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