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Introduction
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¢ Group Constants _ _ _
a. average xsec (spectrum-weighted), o, 0.30- ]
Eg_l E E dE ] —— Tm= 80 C, Fast/Thermal=4.6 i
—— Tm=280 C, Fast/Thermal=5.2
[ e®)(E) -
Gxg - =

IE #(E)dE £ oz i
’ g 0.154 1 -

b. diffusion constant, D, 7
- 0.10 E
c.resonance integral, RI _ . _
d. fission spectrum, y, 0,05 o ]
— Mostly averaged xsec is meant. | | -
eSmooth cross cections RN o P iy PR oY e P

Non-resoance cross sections in fine group (~50G) B R BV A ae R ey T R

. . ! Néutron Energy, e\
can be obtained by ultra-fine group slowing down i N ¥

calculations for typical composition as a function o
of temperature
¢ Cross section change due to deviation from ref. condition ;";
—for fine group, the change in within group specturm iuﬂ;
is not large
—for coarse group (e.g. 2G), the spectrum change is
considerable — need a reevaluation of spectrum
and consequently coarse group xsec by lattice calc.

e Resonance cross cections _ N
—need to be reevaluated for given composition and temp

*numerous resonances within a fine group and self-shielding changes depending on composition —
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Resonance Self-Shielding and Effective Xsec

¢ Consider a homogeneous mixture of a resonance absorber and moderator

2, =Ngoy +N,, o)
> (u) 2 (E)=2Z5(E)+X{(E)+Z,
e Balance during slowing down under Narrow Resonance approximation
(resonance so narrow that scattering source inside the resonance is negligible)
2 Ellf) \ES .E ! ! !
SV oae)  (EP(E)= [T, (E' > E)p(E)dE
og(E) in case of no absorption
0 0 v Lo ENE p(E)=—2—, E'>E}
_.E (1_a)E’ ( ) éZSEI’ U
E
_|a S r—_ So “ _ So 1—
Ep(E) _fE 5(1—a)E'2dE (l-a)E'|. £(1-a)E (1-a)
_ 0
cE
V S S 1
—>o(E) = . or Ep(E)=—2—«
X (E)E Z(E)  Z(E)
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Resonance Self-Shielding and Effective Xsec

e Source Normalization for Eg(E) =1 above Resonance

Ep(E)=1 for E>E!

p

SR(E)

S (E)=2;(E)+3 (E)+Z, =3 (E)+Z,

R M
Ngo, +Nyo,

&(E) =(E) ZXE)+Z, Nyl (E)+Ngoh+Nyor

Ep(E)=—2- =2 =1 —>=
s & S
¢ Self-Shielded Flux
Ep(E)=— D= s
O-IR(E)+Gb O

R

N

__ R M M _ R
=0, +—+o, =f(o,,0,,
R

0 N3
NR

—  dilution parameter

—Unshielded Flux with infinite dilution, with N, —0, % — w0, 0, >0 —>Ep(E)=1

o Effective Xsec R ] dE
dE o U=——
R(E)—g R b E

SR _[GS(E)(D(E)dE »[Ga ( )o-tR(E) +o, E '[Ga () o (U)+o, - (o)

= = = = O,
[o(E)dE [ dE [ % du ;
o (E)+o, E o (U)+o,
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Resonance Integral

e Reaction Rate per Atom with Normalized Flux E¢(E) =1 above Resonance

| __[ o (E)o, dE W o,
< et o (E)+o, E o (u)+o,

e Effective Xsec in terms of RI

s Lo _NdAau T T,

Dy @ AU (Bku 1-Ag,

1w o, I o (u)
gpk—Aufuk - du——_ft(l— du

L o, (U)+o, Au Ju o} (U)+o,

AR T T

o, \U)+%U) O, I I

J' \ ) l::]___k SN A(Dk _k

AUO' (B Oy, Oy

g, =—*— If g% (u) is negligible..., really?

1=t
Oy

QL. f(o,,T)

given in a form of 2-D table

in a Xsec Lib
/_—L 10
P = T @y
u) or
(Du( ) A(DK
Ep(E)
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Resonance Integral

e Reaction Rate per Atom with Normalized Flux E¢(E) =1 above Resonance

| :J‘ES o, (E)o, dE _ ik of(U)oy o _ f(s.,T)  given inaform of 2-D table
e GtR(E)-I-O'b EJu o (u)—i—o'b ° in a Xsec Lib

e Effective Xsec in terms of RI

,——l— 1.0
— — p = i

| I T 2
™o Taln @ 12 (u) or
o o lAU @ < 1-Ag, @, Ao,
1 cul 1 eu R Eg(E)
7= [ ——du=—[|1- =2 W 4,
Ut o (U)+o, AU o (U)o,
70y ) — —
(u) + u |
,[ \O- W Q}ﬂ\ i du =l—|—k — Ap =—
O- Au t (U)+O'b O, Gb
I, If o2 (u) is negligible..., really?
5:(%)=Ikl—(—a(b))---(*) s (U) glig y
O,
1—'(0b 17 (o,)is adjusted so that (*) gives the correct avg. xsec!
b
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Basic Approximations for Resonance Treatment

e Need : analytical solution for resonance absorption not possible for slowing down
in non-hydrogeneous material

Narrow Resonance Wide Resonance

- Resonance width considered narrow - Resonance considered much wider
compared with scattering energy loss or scattering loss much smaller than
- regard all scattering source initiated the resonance width
above the resonance - neutron resides inside the resonance
- scattering inside the resonance bring after scattering
neutron out of the resonance - regard in-scattering same as out-scattering
- valid more for resonance at high energy - most likely for scattering with

heavy nuclides at low energy
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Intermediate Resonance Approximation in Homo. Mixture

e Scattering by Narrow Resonance by Goldstein and Cohen (1962)

NR SI¢(E) 5 C ' C
8- Zj Caye™ D XEl e DX

C
EY=—
@(E’) = | |
e Scattering by Wide Resonance «; 11, Narrow Integration range
E) 4e =3 (ENE'9(E) ., = dE’
RYR(E Zi0(E) ger _ i dE' 0 S 2. (E)Ep(E) [« ——
ss (E) = Zj 1- )E' ZI (1- a')E'Z Z s (E)Eo( )E (1 a)E’2

=Zzsi(E>E¢(E)g =2 Z(E)p(E)
e Intermediate Resonance (IR) with Normalization, C =1
R (E) = 2( Sy (- mzs.(Exo(E)J Res (U) = D (AT + (L= 2)Z, (W) (u)

RSS(E)dE=Z(i.z dEE (- mzs.(E)co(E)dEj Res (W)du = 3" (A% ,du+ L 4)Z, (U)e(u)du)
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Slowing-Down Equation with IR Source

e Balance Equation for Fuel and Moderator Mixture
2 2 F
L (E)P(E) = 2| 42+ =2y (E)o(E) | = 22+ (1— ;)2 (E)o(E)

where %, (E) =X (E)+Z (E)+2}
*Z (E) =3, (E)+X,

A =1 for moderator

D AT =ZV + A3 =A%) whereX =3 +F (4 properly defined)

—Move flux dependent term of RHS to LHS

(Zz (E)+A.Z (E)+X} )go(E) = (zg(E)+ZFZ§'rGS(E)+/12p)¢(E) _ ;Lép

e Flux with IR Approximation

Ax _ Op
- E E)= P Or(D(U) =
#(E) SF(E)+ 420 ™ (E)+ A%, o, (U)+ o,
o, AT with neglect of Ao (u) for 1. <<1.

or Eg(E) = where o, :Tp

o, (E)+A.c."™(E)+o,

S
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Slowing Down Equation in a Single Pin Cell

e Balance Equation for Fuel in terms of Collision Probabilities

o, U)=1, u<u
in moderator by NR

VeZe (U (U) = DV, 2, 1Py
J=F -
+VF (ﬂ’FZpF +(1_ZF)ZSF (E)§DF (u))PFF @

—Reciprocity in CP 3 = 1 L
VX, P =X, (U)PFJ Pji _V_j.[vi jvj Zin(ri — r-i)dedVi

SVE P =V E (U)D Py =VeZ (u)1-Pe)

J=F J=F pF
* esc

)ﬂ (ZF (U)-Q-2)Z (u)ISFF )(DF (u) :)/ZZF (U)Pech +>/€/12 pF ISFF
¢ IR Flux

J’szF I5FF + 2F (U)Pech
2 (U)— (-4 )2 (W)P

Pk (U) -

— Need to find P.. (u) to determine resonance flux
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Fuel to Fuel Collision Probability in a Cell and in a Lattice

o Cell first- fllght probabilities
E . First Flight (FF) collision probability for source i and destination j
, - Probability for a neutron in i to reach boundary

.- Probability for a neutron istropically entering boudary (cosine current)
to have first collision in i

, - Probability for a neutron istropically entering boudary (cosine current)
to pass through the cell without collision

00 O

o

o

e Reflection (reentrance) Ratio, R(= «) : Return ratio of neutrons escaping from the cell
—1.0 for infinite lattice

e Lattice CP (Upper case suffixes)

l

R

_'Uz

lSIJ = F~)ij + ISibRISbi + ISibRISbbRISbi + IsibR(ISbbR)z R+ = Pu +1 RP
Coll. in 3rd cell b« Lattice FFCP

X increased by this much
NE 11

b'
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Reflection Probability for an Assembly

Py <85 | e Assembly area (S;) fraction to total cell surface area c
@ b
@ @ f_4.na_i_ 1 M—n2
©©)C) o va 0o M TN S,
@ >Sg  —fraction of neutrons exiting through assembly surface M
A per unit neutron exiting a cell
water gap

— these neutrons can encounter the assembly gap

e Return fraction of a neutron leaving FA avoiding loss in the FA gap

tBA
0 0 \2 t t
0 =taalag 1o (1=Pua) Tag +1ead—Pa) Tig + = LAEO
— — g 1-P
assembly bypass absorbed in the 4th FA AA

\
fraction

[ ¢ Reflection probability for a neutron leaving a cell to return
¢ in a lattice

AB

Black Assembly R=@-f)+f-g

withnogap,g=1—>R=1.
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First Flight Probabilities for a Pin Cell

e L attice Enhanced Fuel-to-Fuel Collision Prob.

vol. to surface
prob. which

can't be found
from v-v prob.

_ I:~)bel5bf _ ISfb Isbf . 1- ISff )tfb Lo 7/ ¢
FE = =~ = =
1-RP 1 = 1 =

b E_ bb 7_Pbb

e First—flight probabilities for a cell

~

P, : first collision in fuel - P, =1-P, X, : total Xsec of fuel
P,, : fuel vol. to boundary

~

P, : boundary surface to fuel vol. with cosine incoming current (isotropic)

P, : boundary-to-boundary transmission
t, : fuel surface to boundary for neutrons exiting fuel with cosine current

t. : cell surface to fuel surface for neutrons incoming with cosine current

7. ‘F.F.blackness of fuel isotropic exiting current
_ _ _ at fuel surface?
e Reciprocity Relations

Sftfb = Sbtbf

=— 3% P! =12, Pl =x(1-P - - >
7/f Sf f ' esc fo esc ( ff ) be 0 Pe;ctfb - \
- A . B in general, no.
Fi =<2 P P, Ot 7, But practically OK
S for large X,
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Determination of FF Probabilities for a Cell

eHow to determine t ort, ?

— Assume black fuel (T, >5cm™) — y7 =1
— Perform CP calcultion to obtain volume CP kernel and then »° (fuel blackness for boundary)

—ty :7?
S 4\ 4 n__ 4 n

—t, =—bt, yi=—3% Pl =—3%V,(1-> P)=—(Z,V; =) Py)---(@)
Sf Sb Sb j=1 Sb j=1

eP,, ? FF cell blackness — P, =1-7,
7o =1- Fjbb
- Z Ri <— for neutrons never reached fuel
j=f
for neutrons entering fuel sureface
+t:7: S then reacting within fuel

for neutrons passing fuel
+1; A=7¢)A—tw) < then reacting within non fuel

~ St 2T Bf L0 S =
=y ¢ +Zpb?o +y (1-tg) :S_btfb 2 P 7 ZS—ftbe(l— By
J';tf X b

—_—

o Cell TransmissionSProb. 70— cell blackness with =, =0 can be calculated in a way similar to (1)
I5bb :1_S_ft?bx(1_ I5ff )= 7

b
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Fuel Collision Probability for Assembly

e Lattice Enhanced Fuel-to-Fuel Collision Prob.

X S - -, S
5 o6 . 1-P )ty -t X(1—P X(1—P,)? -t}
« P, RP, _(1_ Pff)tfb°tbf7/f ( ff) fb Sb fb ( f'f) ( ff) Sb fbo
FF CR =
1-RP, 1 - 1 S - 1-R S, = 0
R—Pbb o 1—S;tfbx(1— P.) -7 R+Sbtfb><(1— Pe)+ 7y
_ X(A-Py )’ _ x@-B) (L)
X(1-B, )+ 0 S TU=0) X1-P )+A+B 7, +A+B
St Siti, 1-f+1f-g

If no gap, g=1— B=0.

P.>P, —» 1-P . <1-P,

e Ratio of assembly fuel escape prob. to cell fuel escape prob. in the limit of black fuel

~

C1-P 1Py Xy X(1-Py) lim D=7
D="tFF = = =1- = Y —0
lim x(1-Py)=_lim y =1 ZIiLn>ooD:1_1+ Al\+B :1_1+1C zlfC
zf_)oo fr Zf_)oo f f '7(—4
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Dancoff Factor and Wigner Approximation

e VVarious Definitions of Dancoff Factors

— Ratio of fuel escape probability of FA to that of cell for black fuel
— FF Blackness of all other materials other than fuel

—Probability of a neutron leaving a fuel pin (black fuel pin) to have first collision
in other materials than fuel

1
*TT 14 A+ B 1+ A

for infinite medium

¢Single Term Rational Approximation of P

X _ 1.00 for Wigner Approx.
P, = with a = S -
X+a 1.16  for Bell Factor T = VR leakage cross section
] I_Zf s T, / or surface area density
=T - 1 ¥ +a> Assembly fuel to fuel CP is
J 2 el X, +a A a also given as a rational form!
-~ x(1-P.)? XL J
P. =P, + ff X N X+a X X

X(l—lsff)-l—C  x+a Ny a C -_X-I— aC  x+a

X+a a+C
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Escape Cross Section

e Dancoff Factor with Rational Approximation

- a a
D= lim =t _ jjm Xta _ im x.« ¢ _ C
2;—>01-Py 2o a X;—>oa a a+C 1+C
X+a X
zliLn> a =1— Winger approximation is valid for black fuel or « =D, otherwise « = aD.
f 00)
e Fuel Flux for Assembly with Rational Approximation Equivalent to homogeneous system
- X |2, 2y )y with additional escape cross section!
T x+a 1T, +a I, +a¥, S 43,
b _ 1
- 3 e o.=—|( A2 +2e
Peic =1-P, = : S~ escape cross section ; NF< o )
X +2,
A +2/(u
@ (U) = ey Per + 2 (WP, A )2 +2, X +2,
Ze ()~ (L-A)Ze (WP Z/t’h) 0202 ®) AR -0 A)EeE)
A3 +3, P S &
ZaF(u)+/1 ZsF(u)+2 2 (U)+ A ZReS(u)+/1 St o (U)+AoTEU) + 0,
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Two-Term Rational Approximation by Calvik (1962)

e General Form

~ N b. x N
Pffzzx_:_a where > b =1, - Py =lasx— oo
n=1 i =1

e TWo-Term Form

X+a, X+4a, X+2 X+3

where b, +b, =1

lim x@1-P,)=_lim y, =1
X = : .
B 2y lim_ P, :ﬁ+ b, :3<—wh|te boundary condition
-1 - 1 o 0 a a3
1-Py =—>P;=1-— - lim P, == for weak absorption
X X X—»00 X2
~ X bx ) ab a,b
P! — bl + 2 — 1 + 22 . _ . _
' [x+a1 x+aJ (x+a)  (x+a,)’ ASBI SR DA, S
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N-term Rational Approximation

e For assembly

~

XA1-Py)?  X(1-Py)Py +X(1-Py)*+CP;  x(1-Py)+CP,

FF :Isff + = = = — -
X(1-P;)+C X(1-P,)+C X(1-P,)+C
N
1- P =>»Db —X =
z Z_;‘x+a nz_;‘x+a
:1 ,
N N N
x| 3 -Hith_ CZ x| > ab H(x+a)+CZb H(x+a)
1 X+ a, 1 X+a, n=1 }in n=1 J;%]
a Z = N N N N
X x> ab x+a )+C[] [(x+a _
1 X+a, nZ:;‘ n "E[( J) ];!( n)éﬂn—l
N o - unity coeff. of x"*
Zanbn+CZbn X" 4. - - y
n=1 n=1 X +dy X +--- P_(X) ﬂ
=X =X N-2 — X N-1 XZ
B S T XN XN e T X+a,
(Zanbﬁiju.-- N-L [[(x+ea,) ™
n n=1
N »p by method of partial fraction
,Z‘Zf +a,2,
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Flux with Rational Approximation

N 5 5 L ﬁnzf S anﬂnz
ZZ Pesc zl_PFF:Z n_z— :Zﬁ
+052 o2 AR 20T

n= n=1 n=1

ﬂ’ 2pFPFF +2 (U) esc
2 (U) = (1~ A5 ) Zge (U)Pe

Pe (U) =

ZZpFZ_”KJrE U)Z G2 Z(g ZpF+aZ)'B

nlz +az n=1 Zf+a2
N ,BV =
>AU)-(1-A )2 .- (u)y ————— 1-1-4.)Z.(u
R ) (1= %) 5F<)zzf+ =
If 2. =
N
7 (u):ZN:,B Zpe + A2 zZﬂ Ae2pr + 22 appromimated separate
" e MDY ) S (W+AZ,(W+a,2,  equivalence with IR
X +aX X - +a,X
==L T 1i1-p)—2" fortwo term
2 +a2, 2+ a2,
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Effective Cross Section with Calvik's Rational Approx.

()= 5 ) +a1 +1- ) L)+,
TR W) Z () + a2,
_5 o, +a,0 L (- p) Oy + %01\ vhere o= % _ S
o (U)+ a0 t(u)+azo-l Ne  4VNg
:IB O'res-l-alGl +(1—IB) Gres-l-azCT'
o,(U)+o; (U)+o, +a0 o,(U)+o, (U)+o, +a,0
%/_/ %K_J
Oy Op2
=p Om 1- ) Tb2 with neglect of o;*withadjusted RI's
o, (U)+ 0oy o, (U) + 0y,
( B o,(U)oy, +(1-B) o,(U)oy, du _
Eg _ Jg O'a(u)—i-O'b1 O'a(U)—i-O'b2 = Ig(Gp+DiGI)
[ B Op1 +(1-p) Op2 du " ’ |_g(0p +D, o)
Y7 o,(U)+oy o, (U) + 0y,
with position-dependent Dancoff

,Bl_ (Op) + (1_,B)|_ (C2)
(,3 () +(1- ) 9( b2)j <« Equivalence Theorem used in CASMO

Oy Oy,
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