Contents of the Unit Cell

- diffraction pattern of a crystal- in terms of reciprocal lattice

Tf (crystal) = Tf (motif )| Tf (infinite lattice) * Tf (shape function)]
- motif (contents of the unit cell)

envolop that of the finite crystal lattice

intensity determined by the diffraction pattern of motif
- intensities of all the diffraction maxima

— 1nverse Fourier transform

— parameters pertaining molecules within unit cell

— scattering of the incident X-rays by electrons

— distribution of electron within the unit cell



Scattering of X-ray by a Single Electron

- interaction of X-rays with an electron
Thomson scattering vs. Compton scattering
- Thomson scattering (coherent scattering)
assumption- free electron, passive response
incident X-ray with electric field Eun
— accelerate electron of charge e and mass m

— e—>
a:_Ein
m

— act as a source of radiation, scattered wave Escar

Escat 82 1 + C()S2 29

= > , well defined phase relationship
En  4mejrmce 2



Scattering of X-ray by a Single Electron

- Compton scattering
a definite set of waves with wavelength rather longer
than that of the incident wave
collision between an electron and a photon
particle-particle collision
no well defined phase relationship
incoherent scattering
No discrete diffraction effects result from Compton Scattering

(overall background scattering)



Scattering of X—-ray by a Distribution of Electrons

- X-ray diffraction by Thomson scattering

Escat 62 1 + 0082 29
== = f.p(20)

- 2
En  4mejrmce 2

f.: electronic scattring factor, p(26): polarization factor

| B
W - . Diffracted wave

Incident wave




Scattering of X—-ray by a Distribution of Electrons

B (Escat)A = feEin

(Escat)B — JpeEJinei¢
- principle of superposition

(Escat )total — (Escat )A + (Escat )B

(E scat )total i
=f +fe

mn

- from an array of electrons
(£,

clc;t)total — ijeei¢n &S F(AE) — J‘ f(;)elA%.7d;

n all r



Scattering of X—-ray by a Distribution of Electrons

- electron density function p(;)
any element of volume, centered on the point r, which
represented by d r
average number of electrons within the volume d ris
given by p(r)dr
scattered wave amplitude dE_, = f, o(r)dr
-Fak) = [ £, o(r)e™ T dy

all r

. Scattered wave




Diffraction Pattern of the Motif

- within a single unit cell

electron density function p(;) — position of atoms from the

electron density maxima — bond lengths, bond angles

-F(AR)= [ fp(r)e* dr = F(AR)=f. | p(r)e*dr

all r unit cell

, . relative scattering ability of the contents of the unit

unit cell



Diffraction Pattern of the Motif

- triclinic system, a =aa, b=5bb, c=cc

-F (A0 = [ p(re**rdr
unit cell

- any point within the unit cell
r=Xa+Yb+Zc 0<X<a, 0<Y<h 0<Z<c
x=X/a, y=Y/b,z=Z2Z/c

0<x<1, 0<y<], 0<z<I1

0,0,0

= r=xa+yb+zc

- volume element dr = dXdYdZ ashx c
= dxdydzZl-l; X ¢
= Vdxdydz

(a.b6,0)




Diffraction Pattern of the Motif

- amplitude of the diffraction pattern of the contents of

the unit cell

x=1 y=1 z=1 L
FaAR) =V [ [ [ pCey,2)e™ 0 dudydz

x=0 y=0z=0

= envolop the diffraction pattern of the crystal lattice

—> restrict the values of the scattering vector Ak to those

which correspond crystal lattice diffraction maxima
- Ak = 272G
Akeor = 27(ha* +kb*+1c*)e(xa + yb + zc)
=2n(hx+ky+1z)



Diffraction Pattern of the Motif

- for a single particular maximum corresponding to the

reciprocal lattice point k!

x=1 y=I z=1

[Fy (AL =V [ [ [ pCr,y,2)e P dxyds

x=0 y=0z=0
amplitude of the diffraction pattern at the point indexed as /k/
- structure factor

x=1 y=I z=1
F, =V J J J o(x, y,2)e”™ " dydydyz

x=0 y=0z=0
- 1n general , complex quantity
Fry = ‘Ezkl

104
e hkl

2
B [hkl — ‘Fhkz‘



Calculation of the Electron Density Function

x=1 y=I z=1

-F _(Ak)=V j I I o(x, v,2)e” " E dxdydz
x=0 y=0z=0

D) = [ F (AR MO (AR
V all Ak

- p(x’ y, Z) — l I F;Zkle—zﬂi(hx-i-ky-i-lz)d(Al_é)
V all Ak

- diffraction pattern- discrete, not continuous

p(x,y,z)= %Z Z Z F, kle—27fi(hx+ky+lz)
h k1



Fourier Synthesis

electron density map of protein myoglobin



Electron Density Projections

- determination of relatively small molecules- 2D function po(x, y)

c 1
- p(xy) = [ plx.y.2)dZ = [ p(x. . 2)dz
0 0

p(x,y,z)= %z Z Z F, kle—2ﬂi(hx+ky+lz)
h kI

1
(X, ) = % J‘ZZZ Elkle—27ri(hx+ky+lz) dz
0o h kI

1

1
ZZZ Fhkle—Zﬂi(hx+ky) J‘e—zm'zz dz j‘e—zmzz dz = 5(1)
ho ko 0

0

1
A
1
A

=[]

Z FhkOe—Zﬂi(hx+ky)
k



Electron Density Projections

nickel phthalocyanine




Calculation of Structure Factor

x=1 y=I z=1
-F,, =V j j j o(x, y,2)e”™ " gy dydyz

x=0 y=0z=0

- p(x, y.2) = %Z Z Z Fhkle—27zi(hx+ky+lz)
h k

- only infer atomic position from the maxima in the

electron density function ‘

Fhkl _ J- p(;)QZEiﬁhkP;d;

unit cell

—I”ZI/'J'-I-RJ'




Calculation of Structure Factor

4#;(R;) 45, (r)
| -y -
@ / ) ’
atomic electron density function 4#(r) p;(r—r;)
;'l r,n r- rgr
(c)

p(r) =2 p(r=r))



Calculation of Structure Factor

hkl j Zp] (7" 7”'] )eZﬂlthlW’dr

unit cell J

r=r i+ R i, positions of nuclei are constant
dr=dR,
hkl J‘ Z P, ( R )ezm(;hkl.(rjm,) d R,

unit cell J

— — — 27iGhrikl*R; —
2wiGhrilor J
— j E ,OJ.(Rj)e S r’e dR]

unit cell J

ZmthzR
27iGhil J
:Ee”’hk”’jp(Re dR]

atom



Calculation of Structure Factor

- atomic scattering factor

e [ @R

atom

_ 2iGhkl oF
- Ly = Z /e
J

- jthatom r; = xj21+yjl;+zj2
Guaorj = (ha*+kb*+ic¥)(x,a+y b+z,c) = (hx, +hky, +1z,)

B =2 /e
J

x=1 y=I z=1

F, = Vj j J' ,O(X,y,Z)ezm(thrkerlZ)dxdde

x=0 y=0z=0



Atomic Scattering Factor

- [ @),

atom

scattering ability of an atom as compared to that of
a single electron (f,)

- spherically symmetric

sin(4—7z sin@)R b1,

]fj = 2ﬂjR2p] (R) A dR z , Point atomi
2T .
0 (7 smfd)R

Real atom

sin SR
SR

dR

=4ﬂjpj(R)R2
0

_47ZSin9 X7) oS 10

A

S



Afomic Scattering Factors

8 A7)

7 00 ©01 02 03 04 05 06 07 08 09 10 11 12
H 1 081 048 025 013 007 004 003 002 001 000 000
He 2 188 146 105 075 052 035 024 018 014 011 009
Lit 2 196 18 15 1.3 1.0 0.8 06 05 0.4 03 03
Li 3 22 18 15 13 1.0 08 0.6 05 0.4 03 03
Be*? 2 20 19 17 16 14 12 1.0 0.9 0.7 0.6 0.5
Be 4 29 19 17 1.6 14 12 10 09 0.7 0.6 05
B+ 2 199 19 18 1.7 1.6 14 1.3 12 1.0 0.9 0.7
B 5 35 24 1.9 1.7 15 14 12 12 1.0 0.9 0.7
c 3 46 30 22 19 1.7 1.6 1.4 1.3 116 10 09
N+5 2 2.0 20 19 1.9 1.8 1.7 1.6 15 1.4 1.3 1.16
N*3 4 37 30 24 2.0 18 166 156 149 139 128 117
N 7 58 42 3.0 23 19 165 154 149 139 129 117
0 8 7.1 53 39 2.9 22 1.8 1.6 15 14 135 126
o2 10 8.0 55 38 27 2.1 18 15 15 14 135 126
F 9 78 6.2 445 335 265 215 19 17 16 15 1.35
F 10 8.7 6.7 48 35 2.8 22 19 1.7 155 15 1.35
Ne 10 93 15 58 44 34 265 22 1.9 165 155 15
Na* 10 95 82 67 525 405 32 265 225 195 175 16
Na 11 965 82 6.7 525 405 32 265 225 195 175 16
Mg*? 10 975 86 725 595 48 385 315 255 22 20 1.8
Mg 12 105 86 725 595 48 385 315 255 22 2.0 18
A3 10 97 89 78 665 55 445 365 31 265 23 20
Al 13 110 89 175 66 55 45 3.7 31 265 2.3 20
Si+4 10 975 915 825 715 605 505 42 34 295 26 23
Si 14 1135 94 82 715 61 51 42 34 295 26 23



Crystal Symmetry and X-ray Diffraction

- symmetry of crystal <> symmetry of diffraction pattern

o =
G e
R = N .
o S & b -
r % o Y Tam
wi - ak L% -
ﬁ . o 3 =
o Y % o =
o _i % “++. e o - = e
% " i
- - - -

. 27[l(hxj+ky]+lZ])
"Ly = ije
j

- ex) mirror parallel to ab plane

(anyAazA) (anyAa'ZA) i
(E.),=f.l o2 thy tlzy) | S2mi(hoy+hy,—lz A)T{% mﬁ
]

27l — 27i(h /
( hkl)A :fA[e wi(hx y+ky ,—lz ;) Lo wi(hx y+ky +z 4)

]hkl — ]hkl

- mirror plane, rotation axis



Friedel’s Law

- Ly = ije
J

Fa=2.1
J

-f; is real, F,; = F; (complex conjugate)

‘Fhkl‘:‘Fm‘

- magnitude of the structure factor of centrosymmetrically
related reciprocal lattice points are equal

- intensity of the diffraction maxima corresponding to
centrosymmetrically related reciprocal lattice points are equal

(inversion center)



- Friedel's law was proved on a perfectly general basis and
its significance 1s that the X-ray diffraction picture in
general are centrosymmetric whether or not the crystal has an

Inversion center

- observation of the symmetry of the diffraction pattern in general
allows to 1dentify mirror planes and proper rotation axes, but

inversion centers and improper rotation axes.



Systematic Absence

- body centered cubic (000, - 1.

> 222

2 i (kL1

thkl _ f.eZm'(hO+kO+lO) 4 f.e )
J J
= f[1+™ "0 =2 if h+k+1=2n
0 if h+k+[=2n+1
- systematic absence or extinction
-a ghide (|| (001))

Xyz, x+%yz

1
. 2ri[ h(x+=)+ky—Iz)
_ 2ri(hx+ky+Iz) D
F = fje + fje

. 27i(hx+ky+1z) irth —4rilz
=f.e [1+e" e ]

[=0=>hk0, h=2n+1=F, =0



Reciprocal lattice

a=b=c
(04 ::‘zg = 7/ :::S)()O

— cubic |

000
[

200 g

020

=130

=310

220

*330

#Eio

T420

Taa0

000

.
01
* 101

Fig. 6.4. (a) Plan of a cubic I crystal perpendicular to the z-axis and (b) pattern of reciprocal
lattice points perpendicular to the z-axis. Note the cubic F arrangement of reciprocal lattice

points in this plane.

02
=110

200

s 121

=211

222

102



Systematic Absence

- face centered cubic (000, 05, 50, 50)

2fzi(h0+kl+l%)

1 1
: 27i(h=+k0+[=)
_ 27i(h0+k0+/0) D 2 D
F = fje + fje

+fje

11

27i(h=+k—=+10)
272

+ fje

_ f] I 4 iUk | im(ht]) +ei7z(h+k)]

=4f, if hk,l unmixed

0 if hk,I mixed

100 110 111 200 210 220 300(221) 310 311

X X O O X Q) X X O



04-0836 Wavelength= 1.5405
Cu - 2o It h k 1
Copper ‘ : 43.295* 100 1 1 1

50.431* 46 2 0 O

74127 20 2 2 0
Copper. syn ‘ 89.926* 17 3 1 1

*

Rad. CuKal A 15405  Filter: Ni Betad  d-sp: a5 2z
Cut off: Int.: Diffract. I/Icor.: 136.496 9 3 3 1

144.700 8 4 2 0

?ef: S)wanson. Tatge, Natl. Bur. Stand. (U.S.). Circ. 539. L. 15
1953

Sys.: Cubic S.G.: Fm3m (225)

a: 3.6150 b: c: A: C:

a B: T 7: 4 mp: 1083
Ref: Ibid.

Dx: 8.935 Dm: 8.950 SS/FOM: F g=89(.0112. B)
Color: Red

Pattern taken at 26 C. Sample from metallurgical laboratory
of NBS, Gaithersburg. MD, USA. CAS #: 7440-50-8. It had
been heated in an H2 atmosphere at 300 C. Impurities from
0.001-0.01%, Ag. Al, Bi. Fe. Si. Zn. Opaque mineral optical data
on specimen from unspecified locality, R3R%=60.65. Disp.=Std..
VHN100=96-104, Ref.: IMA Commission on Ore Microscopy QDF.
Measured density and color from Dana's System of Mineralogy.
7th Ed.. 1 99. Cu type. Gold group. gold subgroup. PSC:

cF4. Mwt: 63.55. Volume[CD]}: 47.24.

©1995 JCPDS-International Centre for Diffraction Data. All rights reserved.



Systematic Absence

33 313 331)
T3°334°44%
1 1
+12) 27i(h=
2 2

+f].e +fje

o1 1 o1 3 .3 .1 .3
2m(hZ+k_+ZZ) 27zz(hZ+k—+lZ) 27rz(h1+k—+l—)

+ fe Yt fe Pt fe T Y+ fe
:f[1+el72'(k+l)_I_elﬂ'(h-l-l)_I_elﬂ'(h-l-k)][l+elil'(h+k+l)/2]
J
if h,k,l mixed, F,, =0
if h,k,l unmixed F,,, =4f, (1£1)if h,k,l are odd
Fuu =81, if h,k,l are even multiple of 2

F,,=0 if h,k,l are odd multiple of 2

- diamond structure (000,011 1ol 11p 111

22°37°2°22 444

K| —

1

.-
mi(hO+k—

1 P |
+k0+l§) 27Tl(h§+k§+10)

_ 27i(h0+k0+10)
F,, = fje + fje

1 3 3,1

3
2m(hZ+kZ+lZ)

100 110 111 200 210 220 300(221) 310 311 222

X X O X X 00 X X O X



06-0675 Wavelength= 1.5405

C 20 It h k 1
Carbon 43914* 100 1 1 1
75208+ 25 2 2 0
91.491* 16 3 1 1
Diamond 119514 8 4 0 0O
Rad.: CuKal a: 15405  Filter: Ni Beta®d  d-sp: 140575 16 3 3 1
Cut off: Int.: Diffract. 1/1cor.:

Ref: Natl. Bur. Stand. (U.S.). Cire. 539. 1. 5 (1953)

Sys.: Cubic 8.G.: Fd3m (227)

a: 3.5687 b: c A C:
o B: ¥: Z: 8 mp:
Ref: Ibid.

Dx: 3.517 Dm: 3511 SS/FOM: F5=?3(.{}115. 6)
EL nwp: 2.4195 £y Slgn: 2V

Ref: Thid.

Coler: Colorless

Pattern taken at 26 C. Specimen was an industrial abrasive
powder. CAS #: 7782-40-3. C type. Diamond group. Also
called: bort.PSC: ¢F8. To replace 1-1249. Mwt: 12.01.
Volume([CD]: 45.37.

©1995 JCPDS—Inlernational Centre for Diffraction Data. All rights reserved.



Reciprocal Structure

—

—

Fundamental Diffraction Spots:
0417

) Zero intensity

l . Lowered intensity: 32



Table 9.1. Conditions on A, k and ! for systematic absences.

Occurrence
Class of Condition in
reflections for presence Interpretation Symbol lattice type
Lattice type:
none primitive P
h+k+i1=2n body-centred I
h+k =2n centred on the C face C
: kE+1=2n centred on the A face A
hkli h +[]=12n centred on the B face B
h+k =2n
k+1=2n centred on all faces F
h t+I1=2n
—~h+k+1=3n rhombohedral, obverse R
h—k+1=3n rhombohedral, reverse R
h =2n a P B, I
hk0 k =2n glide plane I (001) b P A B
h+k = 2n n P
h+k = 4n d F
k =2n b P, B C



0k!

h0!

hhl

00!

700

0k0

hh0

e R

glide plane || (100)

glide plane | (010)

glide plane [ (110)

screw axis Il ¢

screw axis |l a
screw axis Il b

screw axis Il [110]

e om Ao R oI o

21:42163
31,32,62, 04
4y,4;
61, 65

2]:-41
41343

21,4
41:43

PC I
P

F

P AT
P A C
P

F, B
PC F
C

C

I




Determination of Crystal Symmetry

- 230 space group
- ML.J. Buerger: 122 different diffraction pattern types
- what symmetry information can be derived from the symmetry
of an X-ray photograph?
- systematic absence — lattice type
- 11 out of 32 point group-centrosymmetric (Laue group)
- as many as necessary for the systematic absence (glide, screw)
(diffraction symbol)
- 58 uniquely define a single space group

64 ambiguity as to space group



Determination of Crystal Symmetry

- of all the symmetry operations, the only one about which
we can derive no information is the presence or absence
of an 1nversion center

(1) breakdown of Friedel's law
(11) piezoelectric effect
(111) pyroelectric effect

(1v) optical activity



