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Chapter 1

| nfluence Linesfor I ndeterminate Beams

s
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1.1 Influence Lines at Supports

P=1
%aj
A [y

e—— L -~ L
Ro="??

1.1.1 Reaction Force

e By theFlexibility Method

¢ Ai P=1 O
- p= 1l o

dxb

- Compatibility Condition

d
bedbberbg:O—)Rb:—ﬂ
Oy,

- Betti-Maxwell’s Reciprocal Theorem
2L 2L
[8(x—8)d,ax= [3(x—L)d,dx—> dgy =, = dye
0 0

) dbg d
- Influence Line: R =——=-——

dbb dbb

e Moment Diagram b 1l P(2L)/4=L /2

x

3 3
d, —2x 2o MM —ox b LL_ L (G
3EI 3EI 22 6Bl 48El
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e Calculation of Deflection

- Boundary conditions

W(0)=0—-b=0

1 L2 2
wW(l)=0>-——+a=0—>a=
El 4

4El
- Deflection of the Beam
1
d, =w=——(-X +3L°X
xb 12E|( )
e InfluencelLine
d 1 L 1 x X
&b 3 2 3
= (X 43X — =—[(2) -3(=
R dy, TR Vem =2l )
1
1.1.2 Moment
& Y E 2

e L ———— | ——— L —

e By theforce method

I“a_>lP:1
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AN
7
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- Compatibility Condition
0
My x 0y +0, =0 > M, =——=
bb

- Betti-Maxwell’s Reciprocal Theorem

3L 3L
[8(x—=&)ddx = [8(x—L)0,.dx—> d, =0, =0,
0 0

- Influence Line: My =-——=-——

e Calculation of Deflection

dxb

S
e

1) Left span

- Boundary conditions

W (0)=0—>b=0

L’ L
w(L)=0—- +aLl=0—->a=—
6El 6El

- Deflection of the left span

d,=w :é(—x3 +L°x)

L
0- = ——— (counterclockwise
bb 3EI ( )

i1) Analysis of Center and Right Span

O

\N AN
]
Xx=1
®x N
J AN AN
]
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2Ly L
cc 3EI > cb 6El
- Compatibility condition: 6, +M_0,=0—->M_= O = —%
- Moment Diagram

ii1) Deflection of Center span

2

5 X
ElW =-M =—(——x+1 —)W———X ——)+ax+b
¢ ( 4L ) (24L )

W,(0)=0—->b=0

1 512 L2 7L
w(b)=0»—(C—-—")+aL=0—-oa=——F
(L) El (24 ) 24El

S, =W 5% —12x°L + 7xL2
o e 24LEI( )
7L

05, = W.(0) = SAET (Clockwise)

L, 7L _sL
3EI ' 24El SEl

L R
By = O + Opp, =

iv) Deflection of Right Span
1 X X

EW, =M = () >w, _ L +—)+ax+b
RO (4L 4) (24|_ 8)
W;(0)=0—->Db=0
1 I
We(L) =0 (- + )+l =0>a=———
R(b)= EI( 24 ) 12El
1
S, =W, =— x> —3x*L + 2xL2
o TR 24LEI( )
e Final InfluencelLine
1) left span :
My=—o L e b ot ey
0,  OLEl 8El  15L

Structural Analysis Lab.
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4
1512

M| = (3X2—L2):0—>X=\/gL=0.577L

M, (0.577L) = %0.577(0.577 —1)(0.577 -1) =—0.103L

i1) Center Span :

M, = e - _ 1 (5X3—12X2L+7XL2)/£
0,  24LEl SEl
1 3 2 2 X
=— 5 —12X°L+7xXL) =— 5x=7L)(x-L
15L2( ) 15L2( )(x—L)
|\/|;,=—151L2 (15x2—24xL+7L2):0—>x=12_1—5 39|~ 0.384L

M, (0.384L) = —0'31524" (5%0.384 — 7)(0.384 —1) = -0.080L
iii) Right Span:
VIR S S T L L
0, 24LEl =]
1 3 2 2 1
= X —=3XL+2XL7) = X(X-2L)(x—L
15L2( ) 1512 ( Jx=1)
M/ = ! S(3X —6xL+2L%)=0—> x= 3-43 =0.423L
15L 3
M, = 0";253 L (0.423-2)(0.423-1) = 0.026L
-0.103L
-0.080L
-0.026L
%
e
0.577L 0.384L 0.423L

Structural Analysis Lab.
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1.2 Inflence Linesin Members

1.2.1 Moment

P éﬂ P:Al/sz??
A‘g ©

s

e ———_
e By theFlexibility Method

I*a»lpzl

2
:

S

0
- Compatibility Condition: My, x 6, +6,, =0 —> M, = —e—bé
bb

- Betti-Maxwell’s Reciprocal Theorem

2L 2L
[8(x—&)d,,dx = [8(x—L/2)0,.dx > dy, = 0, =0y
0 0

2

- Influence Line: M, =——=-—

e Calculation of Deflection

1) Moment Diagram

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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11) Suspended span
3
EIV\/S’:—M:—%—>WS=— +ax+b
L 3LEI
- Boundary conditions
Ws(0)=0—->b=0
L L’ L
Ws(=) =wW,(0) > +a—="7?
5(5) =Wo(0) > —— = +as
- Deflection of the suspended span
X3
°  3LEl
ii1) Overhanged span
2X 1 X x
EW, =—M =—(1+—) > Wy =——(=—+-—) +Cx+e
g A+ > Wo=-o G+
- Boundary conditions
L L’ L
We(0) =Ws(—) > e=— +a—
0 (0) =Ws() 4B 35
L L’
Wo(=)=0—>~— +Cc—+e=0
o5 6El 2
1v) Right span

3
W, =—M = —(2 2%

——(——+Xx)+ fx+
T ) g
- Boundary conditions

W;(0)=0—->9g=0

2
R(L):Oaa(—%+ )+ fL=0— f = 2=

3EI
- Deflection
1 3 2 2
W, = X —3Lx"+2L°Xx
R 3LEI( )
v) Determination of &, C, €
2L 17L
0,(0 (4 — = sc=——o
O( ) =(0)= 3EI ( ) " 3El 12El
L2 L2 17L2 1312
+Cc—+e=0->- + +e=0—->e=-
6EI 2 6El 24El 24 El
1312 L2 L L
— =— +a——o>a=—
24El 24El 2 El

Structural Analysis Lab
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vi) Deflection of the left span
x* 1

- Suspended span: We=— et aX=—r (X +3L°%)
- Overhanged span: W, =— 24iEI (8X* +12Lx* —34xL” +13L%)
e Final InfluenceLine
1) Suspended span
M= o Lo e BE o L ey
0, 3LEl 3Bl 8L
L 1 L L’ 13
M, (=)=—(=)+3—)=—L=0.203L
=5 =g
i1) Overhanged span
Wo 1 3 2 2 3
M, =——=—-(8X +12Lx" —34xL" +13L")
0, 64L
ii1) Right span
M= = e 31 121
0, 8L

M, = —8%(3% —6Lx+2L°)=0—> x=0.423L, M, (0.423L)=-0.048L

0.203L

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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1.2.2 Influence Line of Shear Force using the Influence Line of Moment

« aﬂ Pil/vbz 2
Ay |; i El

[fe—— L ———— | ——

. L
) P=1
X +l
" T
6 B 2
Vb
Vb><£+1><x—Mb:0—>Vb _2M, _2=L3(x3+3L2x)—g:L3 x* —5L7x)
2 L L 4L L 4L

i) %S & < L (Overhanged span)

Mp
L oM, 1

Vo x—=M, =0V, =—=2=——(8x" +12Lx* -34xL* +13L°)
2 L 32L

ii1) L <& (Right span)

L 2M 1
VbXE_Mb :0—)Vb :sz_E(XS —:")I_X2 +2L2X)

-0.048L

0.203L

-0.096

L] b
P LT

0.423L

Prof. Hae Sung Lee, http://strana.snu.ac.kr

Structural Analysis Lab.



School of Civil, Urban & Geosystem Eng., SNU a

1.2.3 Influence lineof Shear Force by Miller —-Breslau’s Principle

e *l P:AI/VF 7
% T _& El

— L ———

e Remove Redunduncy and Apply an Unit Load
11

9 |
oy |
S S

\

e FreeBody Digram and Moment Diagram

e [

40U
% 6El

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Deflection of the Beam

1) Suspended span

3

Elwg=—-M =—Xx—->w;=— +ax+b
6El
- Boundary conditions
Ws(0)=0—->b=0
L L’
05(=)=6,(0) > — +a=7?
5(2) 0(0) SE]

- Deflection of the suspended span

i1) Overhanged span
Elw, =-M ——(£+ X) — W, ——L(X—3+£x2)+cx+e
° 2 ° El 6 4

- Boundary conditions

0,(0)=0 (L)—>c—— L +a
© ) SEI
2
WO(£)=O—>— +c£+e:0
2 12El 2

iii) Right span
EW,=-M =—(L-X) > W, ——L(—X—3+£x2)+ fx+g
R OB 6 2
- Boundary conditions
W;(0)=0—->9g=0

1 LU 5
We(L)=0>——(——+—)+fL=0->f =
R(L) 50

3El
- Deflection
1 3 2 2
W, =— (X —=3Lx" +2L°X
R~ g ( )
iv) Determination of &, C, €
L L2 | I L2 1712
0o(=) =05(0) = - ——(=—+—)+C= —>Sc=
0(2) =(0) 3El El (8 4) 3El 24El
L’ L L’ 170 1317
- +C—+e=0—->-— + +e=0—->e=-
12El 2 12El  48El 48El
1712 L’ 51°
=— a—>a=
24El SEl 6El

Prof. Hae Sung Lee, http://strana.snu.ac.kr

Structural Analysis Lab.
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v) Deflection of the left span

3

X 1 3 )
- Suspended span DWW =— +aX=——(X —5L°X
P P S 6El 6El ( )
-Overhanged span W, = _48%(8)(3 +12Lx* =34x12 +131%)

e Final InfluencelLine

W, 1 41’ 1
i) Suspended span DV, =——2 = —— (X =507x)/ =— (X -5Lx
) Suspended sp >~ g, 6Bl Vo ar )
ii) Overhanged span : V, =—@ =L@ 4 1216 ~34x> + 130

d, 32L
. . _ WR _ 1 3 2 2
iii) Right span V= =——(X -3LX" +2L°X)

d,, 41

0.406

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Chapter 2

Slope Deflection Method

oy,

=

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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2.0 Comparison of Flexibility Method and Stiffness Method

Flexibility M ethod Stiffness M ethod
, —>p —> P
.d —\/\/\/\"‘\/\/\/\—%
k] k2 kl k2 5
e Remove redundancy (Equilibrium) e Compatibility

2

e Compatibility e Equilibrium

6, =9, kd+kd=P—>8=

_ k, +k

X P-X k, 1 T Ky
kl

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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16

Flexibility Method

[ L2 »lP ;
% El & El ¢

—— L ———— | ——]

e Remove redundancy (Equilibrium)

e Compatibility

L 1.PL PL2 2L
Ogg=—(1+—)—xI1= , =—
B0 6EI( 2)4 16El % 3E
S 3PL
S +8. M. =0 >M_ =——80—_>"=
BO BB B B SBB 32

Stiffness M ethod

[ L2 »lF’ ;
% El & El c

— L —— | ——f

Compatibility
3PL

l 16

A
2 T

OB

[

eBA = eBc = 95
Equilibrium

3PL
MéA:_?aMéc :O’MBBA:MBBC :Tes

ZMB:MBfA+ME§C+MBBA+MBBC:O—>

3El

2
3PLL 6Bl L
16 L 32El

Structural Analysis Lab.
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Flexibility Method

l& L

. Release all redundancies.

. Calculate displacements induced by external loads at the released
redundancies.

. Apply unit loads and calculate displacements at the released
redundancies.

. Construct the flexibility equation by superposing the displacement
based on the compatibility conditions.

Solve the flexibility equation.

. Calculate reactions and other quantities as needed.

Stiffness M ethod

: O

Fix all Degrees of Freedom.

Calculate fixed end forces induced by external loads at the fixed
DOF.

Apply unit displacements and calculate member end forces at the
DOFs.

Construct the stiffness equation by superposing the member end
forces based on the equilibrium equations.

Solve the stiffness equation.

Calculate reactions and other quantities as needed.

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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2.1 Analysis of Fundamental System

2.1.1 End Rotation

A B
o
eA
e Flexibility Method
i) 8,=0
MA MB
L L
— M, +—M,=-6,
3EI 6El —>MA=—£9A, MB=£ .
L L o L L
6EI " 3EI °
ii) 6,=0
2El 4E
MA:_ |_ GB, MB_TGB

e Sign Convention for M :Counter clockwise “ +”

4El 2El
MA ZT6A+TGB

e 0,#0, 050

2El 4El
Mo =2 Oat 70

2.1.2 Relative motion of joints

R

Prof. Hae Sung Lee, http://strana.snu.ac.kr

Structural Analysis Lab.
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e Flexibility Method

L L A
—M,+—M;=—
3ELTGEN T Ly _ SELA GBI
L L A L L L L
— M, +—M;=—
oEl 3El L
or in the new sign convention : MA:EA, MB:@é
L L L L
e Final Slope-Deflection Equation
MA:4EI 6A+2EI 9B+6EI A
L L L L
MB=2EI 6A+4EI GB+6EI A
L L L L
e InCasean OneEndisHinged
MA:4E| 6A+2EI 0, + 6El A _ 0o 2EIe B 6 _3ELA
L L L L L L
MB:2E| 6A+4EI GB+6E| A 3El 0 3ElI A

- = B + -
L L L L L L L
2.1.3Fixed End Force

e Both EndsFixed

z

L
iILtJ\.\L L‘:\. 511'?2 PL *P
NITIECARETIZE ) a-f% [§T P
_‘i'£|""'_——.[.—--n-|92£ il* i gz }E:_‘ B
2 F 2 ]
Pab? Peb sEIA
[ I S o
ks i 2
Pb2t3n+hr|_(_ﬂ b P.F{.:,zb; 22| \%ﬁl L
i3 = L i 12E14
Mbize — o) izt ol g1’ ; s L:
¢G0T STy
L““[*_u ; b 2.i'h'a 3aL| i |2k

5 LE [_2+ "I R§
ﬁg‘l§_ﬁﬂﬂfﬂh§r 96 il c1§ RI ilizi
——s] & ol ar? y (a— 2818 zmd ||_(_a ,_IE I' [ = {b 1?“2'

Sign convention: All loads and Hg[{gg + L8 & hd?)
_‘E
3

reactive forces are positive in

K,
the directions shown. R, =% [(2b + Lla® — (25d?)

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e OneEnd Hinged

y

+
MA% ¢ Ma/2
3 3
EMA ;MA

e Ex.: Uniform load case with a hinged left end

g g’ 3q _ qU

M f = - - ) M . = 0
B 12 24 24 8 A
2.1.4 Joint Equilibrium
A
Fiixed
r\ Fjoint
Y
A
Fermber Joint i

- z Ffixed _Z Frremper + Z Fjoint =0

or

Z Ffixed +Z Foember = Z Fjoint

Prof. Hae Sung Lee, http://strana.snu.ac.kr

Structural Analysis Lab.
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2.2 Analysis of Beams
2.2.1 A Fixed-fixed End Beam

lP
B
El

|e—a —pfe—p —>]

33333883
@]

>
RS

e DOF: 0, ,As

e Analysis
1) All fixed : No fixed end forces
ii) 0,#0, Ag=0 Z Z
7 ,
2El 4El 4El 2El
ML\B:?GB ; MIIBA:?BB ; MIIBC:TOB ; M(IZB:TGB
6El 6El
Vl;A_ V/-I\B 2 — 95, Véc _VCIB 2 — 0
a b
2El
281 4El eB EGB 28,
a a b

f lHT !

6El 6El 6El 6Bl 4
05 - 0g FOB p> B
o
1) 6,=0, Ag#0 é = Z
6El 6El 6EI 6El
Mf\B az AB ’ MéA ?AB H Méc b A MéB FAB
12El 12El
VB2A _VA%B 3 AB ’ VBZC _VCZB 2 AB
a b
6El 6El 6El 6El
> Ag az AB FAB FAB

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Construct the Stiffness Equation

SML=05>ML+ML +MZ+MZ =0 4EI(§+%)65+6EI(§—é)AB:O

D Vg =P Vg, +Vge +Vgp +Vee =P > 6El (é—é)eB +12El (§+§)AB =P

_(b—a)a2b2P A - a’b’

EY-TE SELENEY=TE
2
MAB:MLBJFM/ZAB:zEI eE;+6Ezl Ag = a? P,
a a |
2EI 6El a’b

AB =—|—2P

MCB = M(IIB + MéB :TBB - b?

2.2.2 Analysis of a Two-span Continuous Beam (Approach 1)

AT ]
ﬁl El _é_ 2El &_

e DOF: 6;,6c

e Analysis
1) Fix all DOFs and Calculate FEM.

2 2 2
MLB qL Mf qL Mf qL , M(;B_ qL

127 7% 127 Ty 2
i) B#0, 6. =0
2El 4El 8El 4EI
MIAB:TGB’ MIIBA:TGBa MIIBC:TBB’ M(llB:TeB
iii) 0,=0, 6 %0
4El SEI
Mee =0 » Moo ="~0c

e Construct the Stiffness Equation

2
SML=0->M{+ M + ML+ My + M2 =0 9= +12%e %eczo
, 12 El
SML=0>MG+M +MZ =0 ‘;L 4T6 +8°70c =0

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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. qL3 B qL3
B 96El 7 ¢ 48El
e Member End Forces
gl* 2El 3
MAB:MAfB+M}-\B:E+TeB:4_8qL2
qL>  4El 1
MBA:MéA"'MllsA:_E"'TeB__g L?
qL2 SEl 4El 1
Mg =M+ ML +M 5 i 0 + i eczquz
2
MCB_MCB+M(1:B+M(§B q:; 4EI eB SEI eC:O

e VariousDiagram

- Freebody Diagram

1

L2 2
16 s
7 & YYVVYVYYVYY l
ff"
i
9 5
oo Equ l§QL g %
19
167"
- Moment Diagram
— ql? 17 12
qL\‘ 5120 >‘[\ %qu
|\;/ /
¥
L
16

Prof. Hae Sung Lee, http://strana.snu.ac.kr

Structural Analysis Lab.
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2.2.3 Analysis of a Two-span Continuous Beam (Approach 1)

Agwuiug l ¢

|<—L 4*7|_ 4>|

e DOF: 6,
e Analysis
1) Fix all DOFs and Calculate FEM.
L’ qL’ gl> 1ql> 3qU
Mf:q—’ f:——’I\/If: + — =

P12 12 8 28 16

i) 6;#0
2El 4El 6El
M}AB:TGB’ MllsA:TeBa MIIBC:TGB

e Construct Stiffness Equation

ZMB=0—>MBfA+MBfC+MgA+MlBC=o

2 2 2
A3 4B i6Fe, =050, =
216 L L " 96El

e Member End Forces

_aL | 2El 3

Me=M5 +M! =0, L
A8 BT L 48q
> 4El 1

Mg =M+ ML, =9 2= g E
BA BA BA B L Sq
3gL° 6El 1

M..=M! +M. = +—0, =—ql’
BC BC BC 16 L B 8q

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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2.2.4 Analysis of a Beam with an Internal Hinge (4 DOF s System)

AT ¢
ﬁ El e

El El
s

e A e —

S
O

e DOF: 0., 0, 0%, Ac

e Analyss
1) All fixed
| ql’
M= mfi =
AB 12 H BA 12
i) 0;#0
7 1 Y
7 2 V.
A
2El 4El 2El 6El
M'IAB:|_GB’ MéA:Mé&CZI_eBa MéBZI_eB’ Véle_zeB
iii) 6g =0
F' v
”ﬁ o
- 7
% 55
2El 4El 6El
M2e =|—9(L; , M& =|—9(L:, VS, =|_29(L:
iv) 08 #0
ﬁ 7
_ ,ﬁ
A

6El 6El 12El
Méc - MéB =7 Ac MéD = Méc :_I_zACa VC4D :VC48 :l—zAc

| 2

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Construct Stiffness Equation

2 N

SMi=0-9 gBlg aBlgt, o 46Ela =0

— 12 1R, 270 1> c
> My=0- 2$eB+4$\e\g+ 0 6'|52'A =0
2 M =0 4\—EII»\9R - 'IEJA 0
DV, =0 6'|5—z'eB+6'|5—2'eg—6'|5' 08 24\||E—IA =0

e Elimination of 65 and 68

-2 and 3" equation

EI EI El El

IeLz( |2 Ao, 2|9:3|—2AC
- 1" equation

q’> _El El El
_E+8|_GB +2|—6('5 +6|—2AC =

2 2

—%+8$95—(293+ 3:5—2'AC)+6'|5—2'AC —0 - ?'2 7%9 i' Ac=0
- 4™ equation

El El El El
6|—263 +6|—26é —6|—26§ +24|_3AC =

El El EI EI El El

2.2.5 Analysis of a Beam with an Internal Hinge (2 DOF s System)

TIi1iidie ¢

El El
S

— | ——— | —

N
O

e DOF: 0, ,Ac

e Analysis
1) All fixed
1° ql’
M f q , M f __ A
AB T 12 BA 12

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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i) 0,#0
A 7
ﬁ ,x
_ )2t lﬁ
2 ey
2El 4El 3El 3El
M}-\B=|_eB > M|13A=_GB > Mflac =_eB > Véc =_VCIB=_|_293
iii) Ao #0
o g
2 5 7
A - _
S
3El 3El 3El
Méc :_Méc :I_zAc ) VBZC :_VCZB :_I_zAc > VCZD :_VDZC :l_zAc
e Construct the Stiffness Equation
2
> M, =o—>—l+7598+3E—2'AC =0
: 12 | |
Zv; =0 3'|5—2'63+6'|5—3'AC =0
_ q|3 _ q|4
® 66EI © ¢ 132E
3
2El 08 __3E (_ﬁ)_)eg _3Ac__3 d”
| | | 2 | 264 El
oto_lg 3A_ d° 3.d° _ d°
© 2% 2L 132El 2132El 264El
2.2.6 Beam with a Spring Support
q
A vvvvvvys g A
% El El El v

52
[e— | —— | —— ] —
e Analysis

i) Al fixed

& ql’
M :CI_, Mmf=_
AB 12 BA 12

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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i) 8;#0
A 7
”ﬁ"| |
7 A 7
77 77
2El 4El 3El 3El
M}-\B=_eB > M|13A=I_GB > Mflac =|_eB > _VBlc =V(.1,B=|_zeB
i) Ac#0
?‘ | 0 ?
| % 7
A
KAc
3El
MéC:_MéCZI_zAC T,
3El 3El
VB‘ZC :_VCZB :_I_ZAC 5 VCZD :_V|32c :l_zAc 5 Vs2 = kAc
e Construct the Stiffness Equation
2
ZMsz—)—l+7EGB +3E—2'AC=0
i 12 I I
Zv; =0 3'|5—2'93+(6'|5—3'+ K)A. =0
3 4
g = I+a d , Ac=— ! q where k:oc6|§|
1+140./11 66EI (1+140./11) 132El [
e o—0
B q|3 . q|4
B 66ElI © ¢ 132E
[ ) oL — 0
g’
= N :O
® R4El ¢

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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2.2.7 Support Settlement
-« | —————— | —>
B

>
R

T A

e DOF: 6,
e Analysis ‘
y _
1) All fixed B
MéA:ES , Méc = £§
| [ X
i) 0;#0
4El 3E o
M:BA_l_eB’ Mllaczl_eB ﬁ
7

e Construct the Equilibrium Equation

ZM;=0»65§—35§+4593+3593=0 »eaz—éﬁ
i [ [ I I 71
2.2.8 Temperature Change
A B
\r/ %
o, LT o __ =T,
2h 2h

e Fixed End Moment

m 4l (2B _a-T)g
L L h

v 2By 4Bl oM -T)p
L L h

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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2.3 Analysis of Frames

2.3.1 A Portal Frame without Sidesway

112 al P

30

El,
e DOF: 6;, 6,
e Analysis
i) All fixed
Pl
Mgc:? > MgB_
i) 0;#0
M}AB:%GB ) MEA:#OB
MEC:@GB > MéB_zflzes
iil) 0, #0
Méc:@ec» Méa @ec
MéD:%ec > Méc=%9c
e Construct the Stiffness Equation
2 Mp=0- = +4I|E|2)OB+2IIE|29C=O
ZM&zO—)—%l+ eB+(4'|5'1+4$'2)eC:0
PI°

B

©T4El +2El, 8

b |
ol

b |
ol

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Member End Forces

2El, 2El, Pl
M = B™ " 1o L oel o
I 4El, +2El, 8
4El, 4El, Pl
Mea = B™ " el Loel o
I 4El, +2El, 8
|le(::i|_|_4E|268+2E|29C: 4El, ﬂ
8 | I 4El, +2El, 8
MCBz—ﬂ+2ElzeB+4EIZGC=— 4El, ﬂ
8 I | 4El, +2El, 8
4El 4El Pl
Mo = L0 = 1 o
| 4El, +2El, 8
MDC:2E|le 2El, ﬂ

| 4Bl +2E 8

® Incase El, =El,

Pl Pl Pl Pl Pl

MAB:__’ BA™ 15 ° MBC:_’ MCB:__’ D~ A~

24 12 12 12 12

2.3.2 A Portal Frame without Sidesway — hinged suppoorts

112 Ai P
B C

El,

EI] El]

e DOF: 0,, 0,

e Analysis
1) All fixed
Pl Pl
Mgc :? ) MgB :_?

Prof. Hae Sung Lee, http://strana.snu.ac.kr

Pl
e Ty

Structural Analysis Lab.
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i) 0, %0

3El
M I13A =|_195

AEI,
|

2El
Mllac = :

eB > MéB:

05

iii) 0. #0

2El
Méc = | :
3El

MéD zl_lec

4El
6(:a M(ZZB: |290

Construct the Stiffness Equation

Sup-0o Pl 48 2B,
ZM&zO—)—%l+@GB+($+4IIH2)GC=O
o 1 PI°
° 7% 3El,+2El, 8
Member End Forces
Myp=0
MBA=3EI193=— 3El, PI
| 3El, +2El, 8
MBc=ﬂ+4EIZOB+2EIZ - 3El, Pl
8 | 3El, +2El, 8
MCB=—EI+2E|293+4EI29C=— 3B, Pl
8 | | 3El, +2El, 8
3El, 3El, Pl
Mep = c~ o
| 3El, +2El, 8
Mpc =0
Incaseof El, =El,
3 3
Myp=0, MBA:—4—OPI, MBC:4—OPI, Mg =-—

32

4—0P| 5 MCD =

3
4_OP| 5 MDC :0

Prof. Hae Sung Lee, http://strana.snu.ac.kr

Structural Analysis Lab.
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2.3.3 A Frame with an horizontal force

B C

P > JAN

AR

El

A ZZEm

e DOF: 0, A

e Analysis

1) All fixed : None fixed end moment
i) 8,0 /\

2El 4El _&

MIABZI_OB > M|13A=|_GB

6El

| 2

3El

Mllaczl_ee > VéA: eB

FAWAY

i) A#0

6El

6El T
MiB: 12 A, MéA:

I2A

V2, = 12El A

|3

o
e Construct the stiffness equation
I

ZME:O% (4EI 3El 6El
6El 12El

—)93+|—2A=0
dV' =P B 0p + ; A=P

2 3
o, - P \_7P
8EI "~ 48El

e Member end forces

2El 6El 5 4El 6El 3 3E 3
MABZI—OB'i‘I—zA:gPl, MBA:|_OB+I_2A:§PI N MBC:_ —

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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2.3.4 A Portal Frame with an Unsymmetrical Load

|4a¢P

B C

EEEET [l
e DOF: 0., 0., A

e Analysis
i) All fixed /\%

M§c=P|L2b2, MgB:_PlL;b
ii) 65#0
MLB=2|£985 MéA=4IEeB
Méc=4|EeB, MéBzzlﬂeB’ VéAz%eB o s
[]
iii) 0 #0 \/
Méc=2|£9c , Més=4|£9c
M _éllﬂec , Méc—ﬁec VES :%ec

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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v) A#0
6El 6El
M;:M;:TTA5M&:M&:TTAa
12El
\@=W$:TTA
e Construct the Stiffness Equation J;
% L]
Pab* 8El. 2El 6El

ZMQzO—) : + I an I 0, + B A=0

Pa’b 2El SEi“-.  6El

DM =0 - R 05 + I O+ B A=0
dVi=0- 6'? GB+6|§| 9c+243EI\A~~.=..O
[ [ [ .
|
A:—Z(OB+9C)
2
Pa’h 1381, | El,
| 2 2
2
JPab Bl + BB o
| 21 21
1 Pab(a+13b)
® 84 EI |
_ 1 Pab(13a+b)
¢ 84 El |
28 El

2.3.5 A Portal Frame with a Bracing (Vertical Load)

|« a»l P
C

B
e DOF: 6, 6., A A ”
e Analysis
i) All fixed
2 2
I\/lgC:Pab 9 M@B:—Pab

| 2

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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36

)0 %0
M =250, Mb =220, \
\
Mésc=4|£98 > MclzszzlﬂeB \\\\
VB}AZ%GB - \\\i!-
iii) 6. =0
Magc zzlﬂec J MCZ:B:4EI 0c N
I\/IéD_4|£eC ’ Méc:&ec \\\\
Ve, =250
| !
iv)A#0 7% A \ez
M =My =25 a, o
MG =M =58 2
VB3A:VC3D:12EI A

| 3

EA A 1 EA A

_EA A _EAA L, _EAA
ABD_\/E| \/5 (C) = Vg \/§| \/E\/E Veo \/§| 5

Construct the Stiffness Equation

2 .
Pla;b +81|§I"’?B+2EI 0+ 6El A

SRE
2
Pa’b 2Bl BEl
| 2 | B | .....C

6El 0, +

| 2

=0

> Mg=0-

6El

A=0

dDM=0- -
ZVi =0—> 24EI

6El
B q %.q)A =0

| 2

11
A=———(0,+0.) ,
1+a4( 2t 0)

0, +

o\ EAI
48+2El

Solution for b=3a

_ 404520 PI2
® 256(7+10a) El

~ PI°
128(7+10a.) El

__ 16+28a PI* 3
¢ 256(7+10a) EI ’

b

Fora wx h rectangular section and | =20h, o= 5042 .

Pl Pl

3
0, =—-0.0203——, 0. = 0.0109— A= 0328210 2
El El El

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Performance

37

Response Y;:}Liii(;lz—n;g w/(oabiagi)n £ Ratio(%)
Os(xPI*/El) -0.0203 -0.0223 91.03
Oc(xPI*/El) 0.0109 0.0089 122.47
A(xPI°/El) 0.3282x10™ 0.0033 0.99

Myp (PI) -0.0404 -0.0248 162.90

Mpa (PI) -0.0810 -0.0694 116.71

Mep (PI) 0.0438 0.0554 79.06

Mpc (PI) 0.0220 0.0376 58.51

Mp (PI) 0.1158 0.1216 95.23
Aep (P) 0.0788 - -
Prax (Pai)* 0.0720 0.0685 105.1
Pmax/vol. 0.0163 0.0228 71.5
P, =oywh, M, =P,h/6
6El

Unbalanced shear force in the columns =

| 2

(0, +0.) =0.0564P

The bracing carries 99 % of the unbalanced shear force between the two columns.

2.3.6 A Portal Frame with a Bracing (Horizontal Load)

P

e DOF: 0,, 0., A

e Analysis

B

-

Lo

1) All fixed: No fixed end forces

i1)-1v) the same as the previous case

Prof. Hae Sung Lee, http://strana.snu.ac.kr

Structural Analysis Lab.
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e Construct the Stiffness Equation

> My=0- 8—||':"'I<.QB+2|£6C+6EIA:O
D Me=0- 2B, + 559, + Ay

| RN &

i 6El 6El . “-24EI
DV =0- E 0 + E 0, + o, (+a)A=P

5 5
GB :ec ) A 2—563| :—Eecl
e Solution
1 Pl* 5 PI’
eB :ec = - ’ =
(28+40a) El 3(28+40a) El
For oc=50\/5,
L PI? L PI°
05 =0, =-0.3501x10"—, A= 0.5835x10" —

e Performance

with Bracing

w/0 bracing

Response (o= 50 \5) (0=0) Ratio(%)
Os(xPI°/El) -0.3501x107 ~-0.3571x10™ 0.98
Oc(xPI*/El) -0.3501x107 ~-0.3571x10™ 0.98
A(xPI*/El) 0.5835x107° 0.5952x107" 0.98

Myp (Pl) 0.2801x10°* 0.2857 0.98

Mpa (PI) 0.2101x10°* 0.2143 0.98

Mep (Pl) 0.2101x10°~ 0.2143 0.98

Moc (Pl) 0.2801x10~ 0.2857 0.98

Aep (P) 1.4004 - _

Prnax(Pan)* 0.7141 0.0292 2448

Prnax/Vol. 0.1617 0.0097 1670

*) Governed by Agp for the structure with bracing, and by Mpc for the structure without
bracing. P, =o,wh,M,, =P, h/6

The bracing carries about 99% of the external horizontal load.

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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2.3.7 A Portal Frame with a Spring

|4a)lP

B C'W\r%

k

A b s

DOF: 05, 0., A kA
; T
Analysis -P-ME
iv) A#0
6El 6El
Mi‘BzMéA=I_2A > MéD=MéC=I—2A 5
24El
VB3A:VC3D :|—3A > V33 =kA
e Construct the Stiffness Equation .Jrr e
2 .,

> My=0- Plazb +8'I|T:.I..GB+2IIEI 0, + 65' A=0
> ML =0 _Pla;b+2I|EI 68+8'!|E.L o + 65' A=0
SV =0 ol g, + 250, 2= A - ka

I S 3

6El 6El 24El
E 0p + E 0, +( B +k)A=0

e Deformed Shapes (% =0.41)

without a spring with a spring (K = 24%

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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2.3.8 A Portal Frame Subject to Support Settlement

B C

A D

L L]
E

L

e DOF: 6., 6., A
e Analysis
i) All fixed

Mic = ME =228

i1)-1v) the same as the previous problem

e Construct the Stiffness Equation
6El 8El 2El 6El

D Mp=0—> E S+ I 05 + I 0, + E A=0
D M¢=0-> 6||§|8+2||EI GB+8IIEI 0, + 6||§IA:O
ZViZO—) 6E|63+6E|6+24E|A=0

1? > < P

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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2.3.9 A Portal Frame with Unsymmetrical Supports

|—172 —>lP
B

Tl T
e DOF: 6,, 6., A
e Analyss
i) All fixed

4El 2El
Mllac =I—OB > Mcl:B =I—OB

3El
VéA :I_zes

by |
ol

iii) 0. %0

Méc=£9c , MéBzﬂec J\/

I
Eec ) Méc =—"0¢

6El

|2

2 _
MCD_

VCZD = 6c

b |
b

iv) A%0 Q
3El

|2

M2, = A,

6El

M<3:D :Méc zl_zA >

12El

Vo, =—-A, Vg, = E A

b

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Construct the Stiffness Equation

> Mp=0- §+7JIE| ,,..B+ I Oc + 35' A=0
ZMI —0— P| 2||E| 6B+’8.I|§.|.'.QC 6||§|

ZVi ~0o 3El ijL6EI 0 +15EI

|2 |2 c |3

A= —'g(eB +20.)

1 PI? 1 9PI? 1 P’

BT 44 Bl C 448 B 176 El

rrr

e L oad Location that Causes No Sidesway

[+ a —>lP
B C
A D
) G

A= —'g(eB +20.)=0—> 05 =-20,

- Stiffness equation

2
ML =0 Pf‘zb +7'|E' eB+2E L YME =0 Pﬁb 2:5' eB+8'IE' 0, =0
Pab’ 12El Pa’b  4El
R e
2 2
Pab =3Pab—>b:3a

12 &

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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2.3.10 A Frame with a Skewed Member

lp
B C
FEEETEs
A 7
e DOF: 6,,A
e Analyss
Pl Pl 3 \/_11
) All fixed: Mge=—+—="Pl , Vg =————
) All fixe B8 16 16 BC 2 16
i) 6, =0
M;BZEeBZ\/EEeB, MgAzzﬁEeB, M,;C:EGB, ng=352'eB
V2l | | | |
1 372 El
T e
142 \/_E
3—68——: NeZlo,
| 2 2 12

El El 1 _E
(2«/5793 +J§I—e =377

&' B)\/El

i) A#0

M2 -z - OBl A 3EI w2 - JELA .%\/EElA VBZA—3\/_I|E3| |

SEENOYTINGTR | 2l Nk
v;c=%'|5—3'A 4\ (

T

JV2EL 11 3E
2 127142 21

El El 1 El
R Crrasama =320,

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Construct the stiffness equation

> M; =0—>(2\/5+3)59 (3—¥)EA _—%PI
SVi=0- (3—3\/_— +(32 + EEA—iﬂP

2 2 16
5.8284%6B +0.8787||E—2|A =—0.1875P!
0.8787 |EI 0, +5. 7426|E—'A 0.4861P

3

0, :-oo460i, A=0.0017P"

El El

e Reaults
- Deformed shape

- Moment diagram

- Shear force diagram

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Chapter 3

Iterative Solution Method
&
Moment Distribution Method

356
4klf

é l % l éi’{wbwbié’
F—3F% 2 —%

-168.75 13350 -18350 450.00
1511 20.14
9331 «——  -18661 -139.96
3999 5332 —> 26 66
762 « 1623 <1143
326 4356 —> 218
082 < 124 -093
Step: 6 | 110.89 297 68
SLIDE RESET SETTING aQuim

Structural Analysis Lab.
Prof. Hae Sung L ee, http://strana.snu.ac.kr
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3.1 Solution Method for Linear Algebraic Equations

3.1.1 Direct Method — Gauss Elimination

allxl + a'12x2 teet aliXi teet alnxn = b1
ay X, +ayX, ++ ay X +---+a,, X, =h,

’ - 3 X.=b fori=1--n
a, X, +a, X, ++aX +--+a,X, =b JZ{&J oo

n 1

a X, +a, X, +--+a,; X, +--+a,X,=b,
or in amatrix form
[A](X) = (b)

By multiplying il to the first equation and subtracting the resulting equation from the i-th
1

equation for 2<i <n, the first unknown X, is eliminated from the second equation as fol-

lows.
Xy + ap X, +o+ 4 Xy 4t g, X, = bl
adX, +---+ alP@X +---+a2 X, =b?
8y X, +-+ 8P X+ + P X, =h?
a9X, +---+af9X, +---+a® X, =p?
where afz) a; — ﬁ Again, the second unknown X, is eliminated from the third equa-
1
a1(22)

tion by multiplying to the second equation and subtracting the resulting equation from

(2)

the i-th equation for 3<i<n. The aforementioned procedures are repeated until the last

unknown remains in the last equation.
a,; X, + a, X, +"'+amx +eot X, = b
adX, -+ af)x ot a§2>x = b‘z)

ai‘ii)Xi ot ai‘r?xn = bl(i)

(n) —_hm
ann Xn - bn

Structural Analysis Lab.
Prof. Hae Sung L ee, http://strana.snu.ac.kr
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aj(k—l) a(k—l_)
where a{ = a{? _% k<i,j<n,and a; =a;. Once the system matrix is tri-
k-1,k-1
angularized, the solution of the given system is easily obtained by the back-substitution.
b(n)
al X, =bl - X, =2
nn

(n-1) (n-1)
bn—l —a, X n

-1,n

(n-1) (n-1) —_ h(D _
an—l,n—lxn—l + a'n—l,n Xn - bn—l - Xn—l - n-2

an -1,n-1

) i+1 )
b - a’ X,
k=n

i-1

3,

for 1<i<n-1

Al X+ +a0X, =00 > X, =

3.1.2 Iterative Method — Gauss-Jordan Method
A system of linear algebraic equations may be solved by iterative method. For this purpose,

the given system is rearranged as follows.

X, = bl_(a:LZXZ +"'+a1nxn)

1

a
X, = bz _(a21Xl +a, X, +"'+a2nxn)
Ay
X = bi _(ailxl+"’+a1',i—1xi—1+a1',i+1xi—1+"’+a1'nxn)
| a;
X = bn _(anlxl Tt an,n—lxn—l)
" a

nn

Suppose we substitute an approximate solution (X), , into the right-hand side of the above
equation, a new approximate solution (X), , which is not the same as (X), ,, is obtained.

This procedure is repeated until the solution converges.

n

(XD = (0~ 28, (X )\o)

where the subscript k denotes the iterational count.

Structural Analysis Lab.
Prof. Hae Sung L ee, http://strana.snu.ac.kr
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3.1.3 Iterative Method — Gauss-Siedal Method

When we calculate a new X; value in the k-th iteration of Gauss-Jordan iteration, the values of

X,,--+, X, are already updated, and we can utilize the updated values to accelerate conver-

gence rate, which leads to the Gauss-Siedal Method.

bl - (a12(X2)k-1 ot aln(xn)k—l)

(Xl)k = a,
_ bz - (a21(X1)k + a23x3)k—1 +eeet (aann)k—l)
(X)) =
Ay
(X)), = b — (@ (X)) ++ a1 (X @0 (X)) ++ 30 (X))
ik aii
b, — (@, (X)) ++a,,2(X 1))
(X.), = 1\ M)k -1 1)k
ann
1 i—1 n
(Xi)k :_(b| _Zaij (Xj)k - Zaij (Xj)k—l)
a; ? 'j:ri1+l
3.1.4 Example
lso 1356 4KIf
A B C Jr v v %
r_.rAm EI r_,;é;‘ 15E| .|I".|I".|I" .|I".|I".|I"
I|< 3@30=90
e Stiffness Equation
—168.7+1’3»3.3+(3||EI 6I|E| )0g + 3IIEI 6. =0
—133.3+450.O+3|£98+(@ 3El —)0. =0

For the simplicity of derivation, %es — 05, %% — 0. . The stiffness equation becomes

-354+90, +306. =0
316.7+30, +96. =0

Structural Analysis Lab.
Prof. Hae Sung L ee, http://strana.snu.ac.kr
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® Gauss-Jordan Iteration

1

49

(eB)k = 5(35-4_ 3(ec)k71)

1

(ec ) k = 6 (316-7 - 3(eB)k—1)

® Gauss-Siedal Iteration

1

(eB)k = 5 (35-4_ 3(ec)k—1)

1

(ec)k 26(316-7_3(63)0

Gauss-Seidal

Gauss-Jordan

GAUSS-SIEDAL ITERATION

E Rk

R Rk

*HxkX*x

E Rk

R R

Iteration 1*****
X(1) = 0.3933334E+01
X(2) = -0.3650000E+02
ERROR = 0.1000000E+01
Iteration 2*****
X(1) = 0.1610000E+02
X(2) = -0.4055556E+02
ERROR = 0.2939146E+00
Iteration 3*****
X(1) = 0.1745185E+02
X(2) = -0.4100617E+02
ERROR = 0.3197497E-01
Iteration 4*****
X(1) = 0.1760206E+02
X(2) = -0.4105624E+02
ERROR = 0.3544420E-02
Iteration 5*****
X(1) = 0.1761875E+02
X(2) = -0.4106181E+02
ERROR = 0.3937214E-03

MBA =-115.84375
MBC = 115.82707
MCB =-326.81460
MCD = 326.81458

GAUSS-Jordan ITERATION

X(1) = 0.3933334E+01
X(2) = -0.3518889E+02
ERROR = 0.1000000E+01
X(1) = 0.1566296E+02
X(2) = -0.3650000E+02
ERROR = 0.2971564E+00
X(1) = 0.1610000E+02
X(2) = -0.4040988E+02
ERROR = 0.9044394E-01
X(1) = 0.1740329E+02
X(2) = -0.4055556E+02
ERROR = 0.2971564E-01
X(1) = 0.1745185E+02
X(2) = -0.4098999E+02
ERROR = 0.9812154E-02

MBA =-116.34444
MBC = 115.04115
MCB =-326.88437
MCD = 327.03004

Structural Analysis Lab.
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3.2 Moment Distribution Method

l 30 lss 6 i
B C Jr + v %
A El é 1.5E %

« 3@30=90

>

® At the Joint B

- Moment distribution

4 M
—( Bc)e =ML +ML — 0, B
AB BC oA 5 3EI AB 4EI BC
LAB LBC
3El 45
3El L
ML = AB 0, AB M. =D, M
BA L g 3EI 2B 4EI BC B BATTB
LAB LBC
4El 5.
4EI L
M 1 BC e BC M — D M
BC Lc 3EI e 4El 5. B BCTTB
LAB LBC
2EI BC 1
- Moment carry over to joint C: M &, 0; :EDBCMB
BC
® At the Joint C
- Moment distribution
4E| 3El M
M — BC CD e — M 2 M 2 e — C
[ ( LBC + o~ ) C CB + CD - C 4E| . . 3E| .
LBC LCD
4El 5.
4E| L
M2 = BC 9 BC M. =D..M
CB LBC C 4E| . 3E| . C CB C
LBC LCD
3El
3 L
M 2 CD e CD M — D M
b Leo 4EI sc  3Elp ¢ core
LBC LCD
2El
- Moment carry over tojoint B: Mg, = L 0. = 1 DM

Structural Analysis Lab.
Prof. Hae Sung L ee, http://strana.snu.ac.kr
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e Stiffness Equation in terms of Moment at Joints

1
~354+M,+=DMe =0| M, = 354-1D_M,
2 2
%
1 1

3167+ DM +Mc =0|  Mc = -3167-DycM,

- Gauss-Siedal Approach

1
(M B)k :35'4_§DCB(MC)k—1

1
(M) =—316.7—§ Dy (M),

- Gauss-Jordan Approach
1
(M B)k = 35-4_5 DCB(M C)k—l
1
(Mc)k :_316'7_§DBC(MB)k—l

® For the given structure

1 2
DBA:DCD:§ , DBc:Dcazg

® Incremental form for the Gauss-Siedal Method
-For k=1
(Mg)o =(M_), =0 because we assume all degrees of freedom are fixed for step O.

(M B)l = 35'4_%DCB(MC)O =35.4— (AM B)1 =354

(M,), = —316.7—%DBC(M 2), = —316.7—%%35.4 — (AM,.), = -3285

-For k>1

1 1 1
(M B)k = 35-4_5 DCB(Mc)k—l = 35-4_5 DCB (Mc)k—Z _E DCB (AMc)k—l

1 1
=(Mg) 4 _EDCB(AMc)k—l — (AMy), = _EDCB(AMc)k—l

1 1 1
(Mc)k = _316'7_§DBC(M B)k = _316'7_EDBC(MB)k—1 _EDBC(AM B)k

1 1
=(M¢)a _EDBC(AM 8 = (AM(), = _EDBC(AM B

Structural Analysis Lab.
Prof. Hae Sung L ee, http://strana.snu.ac.kr
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- lteration 1
(MB)O =0, (Mc)o =0

Mg), :35'4_%DCB(MC)O =354 (AM;), =354

(M), =M/, +Dga(AM ), = —168.7+0.33x 354 = —168.7+11.8 > (AM ), =11.8
(M), =ML + Dy (AM ), =133.3+ 0.67x35.4=133.3+23.6 - (AM ..), = 23.6

(M), =-316.7- % Dy (AM ), =—316.7 —%235.4 =-3285— (AM,), =-3285

(M), =M +% Do (AM,), + Dgg (AM ), =—133.3+11.8—219.0 -

(AM ), =11.8—219.0
(Mep), =M +Dgy (AM ), = 450—0.33x 328.5 = 450—109.5 — (AM ), = —109.5

- lteration 2
(AMg,), = ?BA(AM 8)2 =36.5
1
(AM B)z = _E DcB(AM c)l =109.5—> (AM BC)Z :EDCB(AMc)l + DBC (AM B)Z
=-109.5+73.0
1
1 (AMCB)Z:EDBC(AMB)Z_'_DCB(AMC)Z

AM =—=—D..(AM =-36.5
(AM¢), 5 sc (AMg), - _365-243

(AMp), = Dep (AM ), =-12.2

- Iteration 3
(AM BA)3 = DBA(AM 5)3 =41
1 1
(AMg), :_EDCB(AMC)Z =122—:<(AMgc)s ZEDCB(AMC)Z + Dgc (AMg) 4
=-122+8.2
1
(AM (), = —% Dy (AM ), =4.1—>{(AM ce)s =5 Dec(AMg); + D (AM )3 =4.1-2.7
(AM CD)3 = DCD (AM c)a =-14

- Final Moments

Mgy =Mg, + D (AMg,), =-168.7+11.8+36.5+4.1=-116.3
k

Mg =Mge + Y (AM.), =133.3+ 23,6+ (-109.5+ 73.0) + (-12.2+8.2) =116.4
k

Mg =M&G + > (AM ), =-133.3+ (11.8—- 219.0) + (36.5— 24.3) + (4.1- 2.7) = -326.9
k

Mo =ME + D (AM ), =450.0-109.5-12.2-1.4=326.9
k

Structural Analysis Lab.
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0.33  0.66 0.67 0.33

A -168.732  133.3 -133.3 22 450.0 v

11.8 236 —» 118
-109.5 <€—— -219.0 |-1095
36.5 730 —» 365
122 4—— 243 | -122

4.1 82 —» 41
-1.4 ¢— 27 -14
0.5 0.9 -326.9 ' 326.9
-115.8 115.9

® Incremental form for the Gauss-Jordan Method
-For k=1
(Mg)o =(M¢), =0 because we assume all degrees of freedom are fixed for step O.

(Mg), = 35'4_%DCB(Mc)o =354 - (AM;), =354

(Mc)1 = —316.7—% DBC(M B)O =-316.7 > (AMC)1 =-316.7
-For k>1
1 1 1
(M B)k = 35'4_§DCB (Mc)k—l = 35'4_§DCB(Mc)k—2 _EDCB(AMc)k—l
1 1
=(Mg)s _EDCB(AMc)k—l — (AMy), = _EDCB(AMc)k—l
1 1 1
(Mc)k = _316'7_§DBC(M B)k—l = _316-7_5[)30 (M B)k—2 _EDBC (AM B)k—l
1 1
=(M¢)a _EDBC (AM3), ., > (AM (), = 5 Dgc (AMg), 4
- Iteration 1

(Mg)o=0, (M¢),=0

(M3), :35.4—%DCB(MC)0 =35.4— (AM ), =35.4

(Mg), =M/, + Dga(My), =—168.7+0.33x 35.4=—168.7 +11.8 > (AM ), =11.8
(M), =ML + Dy (M), =133.3+ 0.67x 35.4=133.3+ 23.6 > (AM ), = 23.6

Structural Analysis Lab.
Prof. Hae Sung L ee, http://strana.snu.ac.kr
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(M¢), = —316.7—% Dac (Mg), =—316.7 = -316.7 — (AM,), = —316.7

M), =ML +D (M), =-133.3-0.67x316.7 = -133.3- 212.2
(AM ), = —212.2
Mg), =M, + Dy (M), = 450-0.33x316.7 = 450-104.5 — (AM ), = —104.5

- Iteration 2
(AMg,), = Dga(AMg), =35.0

1 1
(AM B)z = _E DCB(AM c)l =106.1— (AM BC)Z :EDCB(AMc)l + DBC (AM B)Z

=-106.1+71.1

1
1 (AMCB)Z:EDBC(AMB)l_'_DCB(AMC)Z
AM =——D..(AM =-11.8—>
( C)2 2 BC( B)l 211.8_7.9

(AM¢p); =Dep (AM (), = -39

- Iteration 3
(AMg,); = Dga(AMg); =1.3

1 1
(AM 3)3 = _5 DcB(AMc)z =40—> (AM BC)3 :EDCB(AMC)Z + DBC(AM 3)3
=-4.0+27
1

1

(AM CB)3 = EDBC (AM 3)3 + DCB (AMc)s
(AM¢), = _EDBC (AMg), =-356 -

=35.6-239
(AMp); =Dep (AM ) =117

0.33 0.66 0.67 0.33
b -168.7 22 133.3 -133.3%% 450.0 22
R TI
S e s
1.3 _122(7) >< -Zii -11.7
B R T
B EE T2 e
0.5 0.9 0.1 0.1
-115.9 115.9 -328.0 328.2

Structural Analysis Lab.
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3.3 Example - MDM for a 4-span Continuous Beam

55

Dy =4

1 SEI

L L

® Gauss-Siedal Approach

1.5El /(41.5EI L4

%

BA—4/(4 4@) 04, Dy =4~

)=0.5, Dy =4

04 0.6

fu?

1.5El

1.5El

L

e

L

0.5 0.5

Q} 156 L

1.5El

47) 06, Dg = 41'5EI

El, L

1.5El

Jo

+3EL')=0.67, D, =35 /(415E' 3EL'):0.33

0.67 0.33

L

50
E
+ 4]"5'_EI )=0.5,

0.0 @125

s 00

0.0 QI 93.8

%

0.0
-250 <«— _-50.0 -75 -37.5
40.6 81.3 81.3 —» 406
-450 <4— -90.0 -44.3
11.3 22.5 25 —» 113
-104 <— -20.8 -31.1 -15.6
39 7.8 7.8 —» 39
51 <«——-102 -5.0
13 2.6 26 —p 13
-11 +— 21 -3.1 -0.9 -0.4
36.5 -72.9 72.9 -63.9 64.1 -44.0 44.1

Prof. Hae Sung L ee, http://strana.snu.ac.kr
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® Gauss-Jordan Approach

a 0.4 0.6 0.5 0.5 0.67 0.33

4
0.0 0.0 7% 125 125 ,@, 0.0 0.0 7@ 93.8 7@

.50 .75 625 | 625 -62.8 -31.0
250 4 31.3 ><‘-37.5 314 ><‘31.3

125 | -188 345 | 345 -21.0 -10.3
6.3 — 17.3 04 | 105 4——» 173

69 | -104 100 | 100 -11.6 57
35 4 50 = 52 58 = 50

2.0 .30 55 55 .34 16
10 4 - 28 15 | 17 = 28

11 17 16 16 -1.9 .09
.06 — - 0.8 =% -0.9 -1.0 = 08

.03 .05 1.0 1.0 .05 .03
-36.4 7128 | 7.8 644 | 64.7 -44.0 44.0

Structural Analysis Lab.
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3.4 Direct Solution Scheme by Partitioning

20
e
B C

A D

® Slope deflection (Stiffness) Equation

8El 2El | 6EI
L L ' L [6,) ( 888
2B BEl 1 BBl | o | | a4l [l (Ku)[(O)) ((P))_
O N e I BRI (K, K, [ A 0
6El 6El | 24El [\ A 0.0
L L ooL

[Kg](®) =—=(P) - (K, )A — (©) = _[Kee]il(P) _[Kee]il(KeA)A =(©)" +(©)*

(KAG)(®)P T (KAe)(®)A +K,A=0

® Direct Solution Procedure by Partitioning

- Assume A = 0 and calculate (©)".

- Assumean arbitrary A= A and calculate C)
o

A
- By linearity, ()" _©)
(04
- Calculate o by the second equationby A and (®)".

(K,)(©)"
K, A+ (K,)(©)"

- Obt@n(®)by (0)=(0)° +a®)".

Structural Analysis Lab.
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3.5 Moment Distribution Method for Frames

® Solution Procedure
- Assumethereisno sideway and do the MDM.
- Perform the MDM again for an assumed sidesway .
- Adjust the Moment obtained by the second MDM to satisfy the second equation.
- Add the adjusted moment to the moment by thefirss MDM.

®  First MDM — with no Sidesway

|<_ L/3 20

Bo.s 0.5C_4z
o[ 888 444 Z’
444 | 444 , 22 B
166 <« 33 | 333
83| 83 > 42
11 < 21 | 21
06 | -06 > 03
533 | 533 02 | 02
355 | 355
T \ s D

Mg =-53.3/2=-26.7, Moo =-35.5/2= 17.8, V5 = 267, Vo = -1.78, V= 0.89

® Second MDM - with an Arbitrary Sidesway

B C
! |
10.0 | 10.0
50| 50 > 25 !
]
19 < 38| 38
/
10| /10 > 05 N
/
/02 < 03| /03
/ i
o1 |/ o1 59 | ! 59
61 f 60 !
I
A
7 7 "

Mg = 10—3.9/2.0 = 8.1, My = 10— 4.1/2.0 = 7.9, V,5 =-0.47, V. = -0.46, V* =-0.93

Structural Analysis Lab.
Prof. Hae Sung L ee, http://strana.snu.ac.kr
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59

® Shear Equilibrium Condition (the 2™ equation)

No Sidesway (1* MDM) Sidesway Only (2" MDM)
0.93
0.89 >
<
> 355 | —P

17.8

o

~

\]
o
~
o

o = -0.89/(-0.93) = 0.97

Total Moment = 1% Moment + o, 2™ Moment

Structural Analysis Lab.
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Chapter 4

Energy Principles

Principle of Minimum Potential Energy and

Principle of Virtual Work

Structural Analysis Lab.
Prof. Hae Sung L ee, http://strana.snu.ac.kr
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Read Chapter 11 (pp.420~ 428) of Elementary Structural Analysis 4™ Edition by C .H. Norris
et al very carefully. Inthis note an overbarred variable denotes a virtual quantity. The vir-
tual displacement field should satisfy the displacement boundary conditions of supports if
specified. For beam problems, displacement boundary conditions include boundary condi-
tions for rotational angle. Variables with superscript e denote the exact solution that satisfies

the equilibrium equation(s).

4.1 Spring-Force Systems

f A

® Total Potential energy

The energy required to return a mechanical system to areference status

0 A
M,y = [ k(A - u)du =[ k(A - u)du :%kAZ 1., =—PA
A 0

Htotal =11

int

+Hext:%kA2—PA

e [Equilibrium Equation

ka=P

® Principle of Minimum Potential Energy for an arbitrary displacement A = A°® + A.

I, :%k(Ae +A)? —P(A° + A)

=%k(Ae)2 + kAeZ+%k(K)2 —P(A° + A)

=%k(Ae)2 _pa° +%k(E)2 Jaka - p)

1 1~
= =k(A°%)® - PA° +Zk(A)?
k&) ,K(4)

=T1I¢

tot:

1 A e
al +§k(A)2 2 Htotal

In the above equation, the equality sign holds if and only if A =0. Therefore the total
potential energy of the spring-force system becomes minimum when displacement of

spring satisfies the equilibrium equation.

Structural Analysis Lab.
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4.2 Beam Problems

T

any type of support x xé any type of support
® Potential Energy of a Beam

| 2
|nt:1jM dX:l
29 El 2

=11,

.

IT

total int

|
+11 ., :1
2O

® Equilibrium Equation

I 4 a4
dx’ dx*

El

=q

® Principle of Minimum Potential Energy for a virtual displacement w=w° +W.

_[(d (w® +W) El d?(we +W))OIX I(W + W)qelx
dx®

:_I( )dx qudx+

lj'(d W dx\év)dx+.|.(

2.,
d\;VEIdW
o dX

|
r 5 )dx—jv‘qux
0

25
d WEI d?

| 2— 20,8 |
dw, 1 dw
X+ | (— - dx — | wadx
) j dx* ” El dxz) ! a

w +JI‘ MM dx—JI‘v_qux

0

2V—V d2
dx2 d 2

)dx>1‘[e for al virtua w

Since the equation in the box represents the total virtual work in abeam, the total potential energy
of abeam becomes minimum for all virtual displacement fields when the principle of virtu-

al work holds. In the above equation, the equality sign holdsif and only if W =0.

Structural Analysis Lab.
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® Principle of Virtual Work
If abeam isin equilibrium, the principle of the virtual work holds for the beam,.

|

[w(E dd——q)dx 0 for all virtual displacement W
X

0

| 25 2.5, 3., el
(O g W o jwqu+ﬂ|£|d ! —v_vEId—V\; -0
o dx dx? dx  dx® |, dx® |,

| ZW | 'I\WME |

j : —qudx=j dx— [wiqdx = 0

0 X 0 0 0

In case that there is no support settlement, the boundary terms in above equation vanishes
identically since either virtual displacement including virtual rotational angle or corre-
sponding forces (moment and shear) vanish at supports. The principle of virtual work
yields the displacement of an arbitrary point X in abeam by applying an unit load at X

and by using the reciprocal theorem.

JI‘W :lj =jw6(x—i)dx_w(x) jMMe

0

® Approximation using the principle of minimum potential energy

- Approximation of displacement field

W= Zaigi
i=1

- Total potentia energy by the assumed displacement field

)d —jwqu——j(ZagoEl(Zag")dx IZaqux

o i=1l

- Thefirst-order Necessary Condition

o =a—(—j(2a93El(Za96dx [>ag,ad

oa, i—1

[jg El (Za g”)dx+j(2ag’)Elg "dx] — jgkqu) oo Ka=f

=ng’k’Elg{’d><&n —jgkqu=ZKmen - f,=0
0 i=1

n
i=1 ¢

Structural Analysis Lab.
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e Example

i

& &,

i) with one unknown
w=ax(x—1)=a(x*-I1x) > w' = 2a

| 2

| | | 2
My :EJ-EI (w")zdx—J.PS(x—l—)wdx:EJ‘EI (2a)%dx + P LEiaa? s
o2 : 2 2 4 2 4

2
arI$“”=O—>4aEII + P|—=O—>a:—1_>w=_1(x2 —x)
oa 4 16El 16El
| |
3 3 3 Wo () - w(3)
W(I—) _ P : We(l—) _ PR 0.02081 . Error=—2 2 _025
2" O64El 2" 48El El o |
w (E)

1) with two unknowns
w=ax(x—1) +bx(x* —=1%) - w" = 2a+ 6bx

2 3

1| ’ I | 1|
Miga =7 ! El (w")2dx — ! P3(x— Z)webx= > { El (2a+ 6bx)?dx — P(—az—b?)

1 ) | , 13 |2 33
=—El(4a°l + 2dab— +36b° —)+ P(a—+b—)

2 2 3 4 8
H 2
a¢t""‘:0—> El (4Ia+6|2b)=—P|— |
oa 4 o IR 00
T1 3 16 El
a@—E“‘zO—) El (6I2a+12I3b)=—P%

1ii) with three unknowns

w=ax(x—1) +bx(x* —=1%) + cx(x* = 1%) > W’ = 2a + 6bx +12cx*
1 [ |
Miga =7 [El(w)?ax—| P(x — ) welx
0 0

1| 2 3 7|4
= —J- El (2a + 6bx +12cx?)?dx— P(-a— - b=—-c—)
21 4 "8 16
|5 2 3 |4

3
_lg (4a’l + 36b? L +144c* —+ 24ab|— + 48ac|— +144bc—) +
2 3 5 2 3 4

2 3 4
P(al— + b3|— + cl)
4 8 16

Structural Analysis Lab.
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65

1 2
a¢“’"‘:O—> El (4Ia+6|2b+8l3c):—P|— aziil
oa 4 64 El
I 3
Moy _ =0— El(6°a+12°b +18| c)——PSl— - b:—iﬂ
ob 8 32 El
O e s o 144 7" 5 P
— -0 El(8°a+18*b+—I1%c)=-P— C=——7
o ( 5 9= Pg 64 Ell
1 Pl > P 3|3
W=——X(XX-1)—-—— ——X(x" -
64 El X(x=1) X1+ 64 Ell ( )
3 3 3
W(I_) 1(_i1+£§_31):£1_002051 Error = 0.0144
2 El 644 328 6416° 1024 El El

iv) with one sin function

. T " Ty . T
W:asml—x:—>w :a(l—) sml—x

Lo pon | | 1 _
I, =§£ El (vv’)zdx—_l;PB(x—E)wdx=§.([El (a(lﬁ)zsnlﬁx)zdx—ap

|
=1Ela2(ﬁ)4j‘sin22xdx+aP:lEla2(2)4l—+aP
2 7T 2l
3 3
Moa _g_, E|a(ﬁ)4'—_p=o_>a=£41_>wzi41 in ™«
oa |7 2 " El n" El [
| 1 P? | PI®

w(=) = —, W(2) = , Error =0.0145
2" 48.7045 EI 2" 48El

v) with two sin function

W:aSiHIEX+bSin%X=—>W _a( ) smI x+b(—) sm%x

1 , ' |
M, =—j El (W)zdx—jPS(x—E)wdx

T

=—J'EI (a(—) smI x+b(—) sm—x) dx—aP +bP
Ll )jsm —xdx+EIab(—) (—) jsm snSF xax+

2 | |
EElbz( )jsn O ydx—aP +bP

:lElaZ(—)4'—+1E|b2(3—")4'——ap+bp
2 17272 17 2
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3
GHtota, :O—>EIa(£)4I——P=O—>a 24 Pl
oa [~ 2 n" El
3
Mo _g_, EIb(E)AI—JrP:O—)b:— 2 41
ob |7 2 (3n)* El
2 PI® T 1. 3n
W=———(3 —x——sm—x)
n El 81l I
PI® PI® o/l PI®
W( ) 00205(1+00123)——00208— , W (E) = O.OZOSE , Error =0
4.3 Truss problems
_|:ji
- I:r:1(|) )
&%) = R
v, !
YI
Potential Energy &
njn
Z(F) I e)(t:_Z(Xiui+YiVi)

nmb njn
M =1 + 11 =355I S vy
=1

int
i=1

where nmb and njn denotes the total number of members and the total numbers of joints
inatruss.
Equilibrium Equations
mi) _ mi) _ _
-YH{+X'=0, =) V/+Y' =0 for i=1--,njn
j=1 j=1
where m(i), H ] and VJ.i are the number of member connected to joint i, the horizontal

component and the vertical component of the bar force of j-th member connected to joint

i, respectively.

Structural Analysis Lab.
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® Principle of Minimum Potential Energy

Z(F FEOT SR (U, 4) Yy, + 7))

i=1

total -

Z(F)' DI Z(F)' anF‘eEi" -3 (X0 + Yy

an (F )2l,

- Z(F S - D0+ Y+

=T1°+ Z(F )l >T1° for all virtual displacement fields

where F° and |?| are the bar force of i-th member induced by the real displacement of joints
and virtual displacement induced by the virtual displacement of joints. Since the equation in the
box represents the total virtual work in atruss, the total potential energy of a truss becomes
minimum for all virtua displacement fields when the principle of virtual work holds. In
the above equation, the equality sign holds if and only if the virtual displacements at all

joints are zero.

e Virtual Work Expression
If atrussisin equilibrium, the principle of the virtual work holds for the truss,.

njn m(i) m(i)

D H] + XD + (V) +Y)V) =0
(V, —Vv,)sin®,
A
v, —v,)
(U, —u,) coso, ;
a,)
6,
>

Structural Analysis Lab.
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%(( %F cosO; + X;), +(%)F sno; +Y)v,)=0

=1

njn m(|) m(i)

Z(u ZF cosf; + V' ZF sing;) = Z(X +YV)

njin

Z(F cos®, (U’ —u') + F°sin®, (V> —V')) = Z(X +YV)

el
T'l

me'e 9 —.2_—.1 H 9 —_2_—'1 =nme_eA| Fe _| i
Z ©(cos, (T2 — ) +sin6, (V2 — V1)) ;, Z EA) Z

iﬁ F°F I, Z”: (X

— (EA ) — i | | |

The principle of virtual work yields the displacement of ajoint k in atruss by applying an
unit load at ajoint k in an arbitrary direction and by using the reciprocal theorem.

— — F°F I,
XU + Y v =[X|[ju,[ cosa = |u, | cosa = z (EA)
i=1

Since a represnts the angle between the applied unit load and the displacement vector,

|lu, |coso are the displacement of the joint k in the direction of the applied unit load.

Structural Analysis Lab.
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Chapter 5

Matrix Structural Analysis

Mr. Force & Ms. Displacement
Matchmaker: Stiffness Matrix

Structural Analysis Lab.
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5.1 Truss Problems

5.1.1 Member Stiffness Matrix

R
fyL 6; fyR 8)’
(8 —» @ @ —» 1 &

® Force — Displacement relation at Member ends

X

£ =— =2 -50)

X

= 2A0-8)

fl=fF=0

y y

® Member Stiffness Matrix in Local Coordinate System

o) 10 -1 ofssY
f'| Eal 0 0 0 0|8
fRl " L|-1 0 1 03k
fF 00 0 0|

(f)° =[k]°(3)°
e Transformation Matrix

A

V, =cos¢v, —singv, N [VX ] ~ {cos¢ —sin ﬂ[vxj
V, =sin¢v, +cosév, \ ~|sing coso v,

(V) =01 (v) > (V) =[¥1(V)

Structural Analysis Lab.
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® Member End Force

FYY' [cosp —sing O 0 f-Y
F) sng cosp O o | f, . .
2| =l 0 0 cosp —sng | fr| T =ITO

F/ 0 0 sing coso frS

® Member End Displacement

LY cosp singp O 0 A

; —-sing cosp O o |A . .
8; | o 0 cosd sing Azy %w
% 0 0 -—sing cosp | A?

® Member Stiffness Matrix in Global Coordinate
(F)° =[IT"(f)° = [TT'[K]°(8)° = [TT [K][T](A)°
(F)* =[K]*(A)°

cos’¢ sinBcoshpi —cos’p —sSinhcosd
e < BA|_Snocos _ sin*pi-singcosy  —sin“y|_ {[Knr [Knr}
L —cos’ ¢ smecosq). cos” ¢ S|n<|>cos<|> [K,,]1° [K,]°
—sin$Ccoso —sin ¢, sincosd sin®¢

5.1.2 Global Stiffness Equation

_ (Fl) m(3)
e Nodal Equilibrium — (F?)"® —(F3)"®
n-th joint
- (F)™ < »_ (F)"®
Pm
) A
mthjoint  P"

i-th member

nmm

( ) (Fl)m(l) +(F2)m(2) +(Fl)m(3) +(F2)m(4) +(Fl m(5) _ Z(FlorZ m(k)

Structural Analysis Lab.
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T n-th joint (F?)!

AN @\A (F")
nmz(l)(FlorZ)l(k) 0 _O O_
(P)’ a L * | meth row
- : p (Fl)JpI.G (Fl). ; | |
(P)=| (P)" |=| D (F)™ |=3 | & =3 )i f ) ] =2 [E]'(F)' =[E](F)
: k=1 i=1). F2)' S e o 01 (F ) i=1
: @ : ( n-th row
(P)q N lor 2\q(k)
;(F ) 0 10 0]

(F)"

[E] =[[E]* - [E]' - [E]"], (F)=| (F)

(F)°

Structural Analysis Lab.
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e Compatability Condition

u, (A?)
O ol

A } ™ D O *w

i-th member

1Ni _ 2\i _ i_(Al)i_I Ol uy,
(A%) =uy, (A% =u, > (4) —((Az)ij—{o IL]
mth column u,

! ,

i_(Al)i [0 -1 -0 - 0] R -
(4) _((AZ)i]_{o o 0 - T - 0] F|=lCl )

n-th column

@A) [l (v,
@)= i |=| | [=]Cl)
A)P°) |IC]° |\ u, T

Compatibility Matrix

o Contragradient
(P)" - (u) = (F)" - (A) > (P)" - (u) = (F)"[C] (u) -
(P)" — (F)'[C])(u) =0 for all possible (u) — (P)" =(F)"[C]
(P)=[C]" (F) =[E](F) > [C]" =[E]

Structural Analysis Lab.
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School of Civil, Urban & Geosystem Eng., SNU I

® Unassembled Member Stiffness Equation

(F)* "[K]l e 0 -~ 0 | (A)*
(F) [=] 0 - [K]' - 0 | (&) | > (F)=[K]®)
®°) | 0 - 0 - [K]"|(a)"

® Global Stiffness Equation
(P) =[CI" (F) =[CI"[K](4) = [CI"[K][C](u)
(P)=[K](u) where [K]=[C]'[K][C]

® Direct Stiffness Method

K* - 0 - o0 [[C]']
[K]=[C]T[K][C]=[C]lT"'[C]iT"'[C]pT] 0 - [K]' - 0 |[CT
0 w0 - K|

=[C]" [K]'[C]* +-+[C]" [K]'[C] +---+[C]” [K]®[C]"

00
o K.l [K,]JOo - 1 -~ 0 - 0
o kypey <[ ¢ |l K }{ }
LKL Ky 0 . 0 - I -« 0
. O_
P ””hm{""'o 0 0 '0 0
I 0 i i = =0 KTli_'e_ ﬁi__e"
= 0 - [Kyl' - [Kpl - 01: 0 -[:0]- 0 H?O] 0
: . _O [K21]i [Kzz]i =0 _ '_ - I_L_ .
¥ n-thrOVVV-O--[IFﬂ]J © ['lfzz] &
: 0 10 0 !0 0
10 0] m-th column  n-th column

Structural Analysis Lab.
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5.1.3 Example

® Member Stiffness Matrix

cos’d sinpcosd

- . EA
[K]* ==

sincosd

—singcoso

- Member 1: ¢ = 45°

- Member 2: ¢ =-45°

—cos® ¢ —Sin$Ccoso
—sin*¢  sinpcosd

T

—cos® ¢ —SindCcosd
sin®¢ —singcosd

cos’ ¢

NIRPNIRPNIRPN R

NIRNIRN| RN -

NIRPNIRPNIRPN -

NIRPNIRNIRPN -

—sin®¢|
sin ¢ cos¢
sin®¢
1 1]
2 2
11
2 2
11
2 2
11
2 2]
11
2 2
11
2 2
11
2 2
11
2 2

L

[Ky,]® [Kp]®
[K]® [Kp]°

Structural Analysis Lab.
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- Member 3: ¢ =0°
10-10
00 00
[K]* =
2L|-1 0 10
00 00
e [Equilibrium Equation TP
4
P
O
Ps
T KT P,
P - - <«0—>
FLY
Fy
F2
_ 1\1 2\3 e e _
= (R +(F) RY 10700000 g 00 1a|lF
1\1 243 | I
P, =(F,)"+(F,) Rl o 1000000do0o0o0 1f(FY
=(F))" +(F)° P,| {00 10i1000000O0Q|F
P, = (F2) +(F})? P[]0 00 11010 000 00 Q|F
= (F2)? + (FL)° P| {0 0O OE:O 014g100 g F/ 3
P, = (F2)? + (F1)? R) 1000 0/0 00 101 0 0 F:
[E]* [E]® [E]° F2
F2

(P) =[[E"] [E’] [E*]I(F) =[E](F)

Structural Analysis Lab.
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o Compatibility Condition

g >
100000
Aly EO 1 000 Oi‘_[c]l
A, 0 0100 O
AZY LQ"Q"-Q-—:!'—-Q_-_QE U, U,
Alx 2 :O___O"j-"U__O__O_E u, [C]l‘ u,
v ::0001005 =l |
A 000010;4[C]3u4
N 0.0 0.0 0 1du Yo,
Ao o000 \[C]z
A, 10000 0 3
A 0.1 0 0 0 0oe—oICl

[E']=[CT", [E*]=[C?]", [E°]=[C°]" — [E]=[C]
® Global Stiffness Matrix

[K] = [C]"[K][C] =[C]" [K]'[C]* +[C]? [K]*[C]? +---+[C]® [K]’[C]?

Structural Analysis Lab.
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o o o o O

o o o o O

| NH | N[N | NO
| |

—A|NH | NH |[NH | NO
| |

AN | N | NH | NO
| |

A | NH|NH|NH | NO

© o o o
o o o o
o o o o
o o +d o
o+ o o
- o o o
NN | N | N
_ _
AN [N | N | N

— N

— N

[N | N | N
| |

[N [N [N
_ _

— O O
o o o
o o o

OOO_

EA|O0O O 1 O

m _7__M

o o o o

o o o o

AN | NH [N | N

N [N [N | N

AN [N [N | N

AN [N [N | N

I

1 000
0100
0 00O
0 00O

EA|0O O 1 O

J2L|0 0 0 1

}

0010O00O

000100

0 00OOZ1

— | NH | N
|

1/0 0 0 010

2

]
N

AN [N [N [N

AN [N [N [N

AN |[NH [N [N

0 00O
0 00O

0010

0 001

EA|1 0 0 O
J2Ll0 1 0 0

[C*IT[K?][C"]

0

OcH|NH |NH | N | N
| |

O |NH | NH | N | N
| |

O+ |NH |NeH |[NeH | N
| |

OcHA|N—H |N—H|NH | N
_ |

o O o o o

o O o o

m _7__M

1
AN | NH [N | N
| |

AN [N [N | N
_ |

AN [N [N | N
_ _

AN | NH [N | N

1000_00
01 00
EA|O 0 1 00 O -

0000
000 0(/00O0

J2L|0 0 0 145 o _

O 4 o o
-4 O o o
o oo o
o oo o
O o o«
o o+ o
o o o o
1__010
o oo o
101__0
'c 4 o o oo
-4 O 0O 0o oo
O 0o o o d
o oo oo
Nk

[C*T'[K®I[C]
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0
0
0
0
0

-1

1000
0 00O

0
0
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1

-1 000

EA| 0 0 0 O

2L 0 0 0 O

0
0
0
0

1
0
-1
0

1000
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00O01-1 000

1 000 0O0O0O
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EA|/O O O Of O 0 0 O

2L{10 0 0 O

1
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| |
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| |
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| |
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| |
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2L
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o
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AN | NH|NH | NO O
| |

—A|NH|NH|NH | NO O
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& _7__m

5
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1000
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0
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1
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-1 000
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® Stiffness Equation

1442 1 11 1
22 22 22 22 2
1 1 1 1
Unknown—p.R, - - 0 0 u
1 2\/5 2\/5 2\/5 2\/5 1 Known
Unknown—p.F, 1 1 1 0 1 1 || Y24 Known
KnownpP | EAl 202 242 2 2J2 22 | Usg— Unknown
KnownP, | L|__1 1 0 A1 1 hui g unknown
Known—pF; 22 22 V2 2y2 2y2 Us — Unknown
Unknown—P, _1 _ 1 1 1442 1 Us 4 Known
2 22 202 22 22
0 0 1 1 1 1
i 22 22 22 22
e Application of Support Conditions (Boundary Conditions)
B | | 1 _
142 4 1 11 3
| f 4/' '\7" T2 T 2T T
1
P 0 (b u
A _245--2@--2@ NP SR b
Pz 1 1 u,
RI_EA a\/i a\/i J_ 242 | 242 %
P, L 11 11 0 1 1 i1 u,
_ e . S
P 32 2 J2o V2 | Y2,
B 1 ! 1 1 1+4J2| n
6 ey 0 — | u6
12 | 242 2y2 22 | 22
(II.) T ! 1
Al By Rl Xv 7 sl vl Nl
o Final Stiffness Equation
- - = a-1
1 1 1 4 L
P, V2 242 |(u, u V2 2\/5 P,
pl-EA o L L ol lulet o L L |p
P4 L \/E 2\/5 u4 u4 EA \/E 2\/_ P4
5 11 142\ 5 11 1442 \S
242 22 22 | 242 22 2J2

Prof. Hae Sung L ee, http://strana.snu.ac.kr
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5.2 Beam Problems
5.2.1 Member Stiffness Matrix
R R
fyL 8; fy o,
m- 0" T T m~ %
O O
® Force-Displacement Relation at Member Ends
m' = 4E'eeL 4 ZElegr 65'65; - 65'953
M-+MF  GE 6El 12El 12El
L e e _ el egR e sL e R
f, = C —L26+L29+ B 9, — E 3,
ME+MFE 6El 6El 12El 12El
R e e _ el e nR e sl e «R
fy =~ L BE Cl E C E Sy + E Sy
® Transformation Matrix is not required
f>F, m>M, d>A ,050
® Member Stiffness Matrix
Ry (12 6 12 64
L L L L
M* 6 4 _6 o'
EI e Le Le e e e
=Tl 12 6 12 6 or (F)°=[K]*(A)
F? 1772 7 7z Ty | A
y L2 L. L2 L. | Y
6 L, _ 6 4
M? L L L. | e2

Structural Analysis Lab.
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5.1.2 Global Stiffness Matrix

e Nodal Equilibrium

A

82

—

(i-1)-th Member

)

i-th Member

V= (Fyz)i—l + (Fyl)i
M' = (M 2)i—l +(M l)i

}aP = (F)7, + (F);

P! (F);

p? (F); +(F);

: : (F),

Pi_l (F)iRiz + (F) iL—l :

P |=| (O +®)" |=[EL - [E] - [E],] (F) |=[EI(F)

P ()R +(F), :

: : (F),

P’ (F)p +(F);

Pp+1 (F)l;

0) [0 O]
o~ oo ey
(i+1)-throw - J(py*|=to -1 (F)iR]:[E]i(F)i
0 ) |0 0]
o Compatibility u Uy,
a-t u2i u2i+2

(i-1)-th Member i-th Member
(Aly)i =Uy
(®l)i:u2i Lo i R _ i+l i (A)IL _ I O
(), =u,, BT @) ‘[(A)FHO J[J
(®2)i =Uy,,

Structural Analysis Lab.
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i-th column 1
u
L 0 -- 0 --- O] .i
(A)iz((A);H ol s |10
(A)! I - u
(i+1)- thI lumn e

(A), [C], u'
A= : |=| @ |: =[C](u)
a),) |IC], [(u™

® Unassembled Member Stiffness Equation

(F)l _[K]l 0 0 ] (A)l
(F); |=| 0 - [Kl, =~ O () [» (F)=[K](A)
(F)p i 0 0 [K]p_ (A)p

® Global Stiffness Equation
(P) =[CI" (F) =[CI"[K](4) = [CI"[K][C](u)

(P)=[K](u) where [K]=[C]'[K][C]

® Direct Stiffness Method

I

00 O §o

0 0
b [Klﬂ {K L % PN E— i-th row
C]'[K].[C]. I
[ ]|[ ]I[ ]I [K21], EKZZ ___,,__i_ ot--------—--- i+1-th row
00 O §o 0 o]

i-th column |+1—th column

Structural Analysis Lab.
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5.2.3 Example
viw V2w Ve w? \VARTA
® Equilibrium Equation

Vl_VlL ,MlZMlL

Vi=VE M*=MPR
v
M.
S s T R
Vi) 10000000000 o]%
MY | | ¥ ¥ MR
0 10 0/0 00 0/{0 00 0fM
VZ | o 01011000000 0V
) M2| 0 0 0 1{0 1 0 0.0 0 O O] M; B
“lv® |0 00 0{0 010100 0jVF|
M3 | [0 0 0 0/0 0 0 10 1 0 O mF
vé | |0 0 0 0{0 000100 1 0.
0..0..0.0:10..0._0.0::0..0_0__1
M4 L Mt
A
E E E
[E], [E], [El: |y

e Compatability Condition
W =w,0; =0, wi=w*,07 =07
wy =w’,05 =0, wy =w’,05 =0°

wh=wP 0t = 0%, Wi =w*,0F = o*

Structural Analysis Lab.
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oo | [T 0000000 (I,
110100000 O
w'lloo10000 aofW w
6 | o0 01000 g 0
W, | 001000 0 0w (L. w?

(A):e; =50001oooo§ 62 :[c]l 0°
wi| 0000100 0w [C]ZWS
oF :O___Q__O__D___Q___l___Q__O."\e3\ 1o
we | [000°0°0°17°0°0 Q) W
% foaoo0o001d g\
“ 10 0.0.0.0.0.0 Jﬂ'_[C]g €L
oy ) - T

® Unassembled Member Stiffness Matrix
(F),) |[K], O 0 |((A)

(F)=|(F),|=| 0 [K], 0 |(A),|=[K]@A)
(F)s 0 0 [Kl]J\(A)s

® Global Stiffness Equation
(P) =[E](F) =[E][K](u) = [C]" [K][C](u) = [K](u)

K, 0 0 TIcl,
) =1l , [CI] ,[C];{ 0 [K], OI[C]Z (u)

0 0 [Kl][Cl,
=[K](u) = ([C]; [K],[C], +[CI;[K],[C], +[CL:[K],[C] 5)(u)

Prof. Hae Sung L ee, http://strana.snu.ac.kr
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Member 1

}

01 000O0O0CO

211 0000000
6|0 01 0O0O0O0O

L (OO0 O0O10O0O00O
. L

OO0 O0O41000O0
OO +H1000O0O0o
©O-+H1HO0O0O0O0O0O0O0OO0o
OO0 O0O0O0OO0O0o

0O 00O0O
0O 00O0O
0O 00O0O

0
0
0

o o

]

000O100O00O0

0000O01O00O0

21001 000O0O0
60 00O01O0O00O0

2 |L
4

Ococoocoocoo-doo
Ocoo0oo-ooOo
Ococoodoooo
Cco-dooooo

Member 2

N o~

=
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- Member 3

O OO0 oo [cNoNeol NelNolNelo)

o

o

0

® Global Stiffness Matrix

[ 121,

00 0] % 6 _% 6
0 0O L3 L, Ls L, )
ooof 6 L, _ 6 ,00001000
00 0| L L, 0000010 0]
000 12 6 12 6|000000 10|
1 00 L2 L, L2 |_3_00000001
010 6 6
2 2 2 4
1
00 1) L _
000 O O 0 0]
000 O O O O
000 O O 0 O
000 O O 0 O
boo 2 & 2 s
L3 L3 L3 L3
ooo & 4 %
L3 L3
12 6 12 6
000 -5 = 1= ¢
3 3 3 3
ooo0 & o % 4
3 L, |
ij —1221 6—'21 0 0 0 0
Ll Ll Ll
A, 6l 20, 0 0 0 0o
Ll Lf Ll
6l. 121. 121, 6, 6l 121 6l
T ocote e o T o0
1 1 2 1 2 2 2
20, _6_'21+izz 4, 4, _izz 20, 0 0
Ll Ll L2 LZ L2 Ll LZ
121, 6, 121, 12, 6l, 6l, 121, 6,
0 BNE E T
2 2 2 3 2 3 3 3
61, 21, 6, 6, 4, 4, 6l, 2,
0 2 T e Lo oL
2 2 2 3 2 3 3 3
121 6l 121. 6l
0 O O _ L33 _L23 L33 L23
3 3 3 3
0 0 0 izs 2l _izs 4y
L3 L3 L3 L3
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Application of support Conditions

88

121, 6 12 6l !
il i1 _ 1 -1 o 0 0 0
- S 1 S S Y S Y Y
A C; :
B = fo o 0__ 0.
1—:1 1 L:1 —Ll I
121, 6l 12|1+112|2 6, 81, 121, 6l, o 0
I A 1 S - K K- K- LT
1
6|, 21, 6l,16l, 4, 4l, 6l 21,
- — ——24:' > + ——lT — 0 0
- E L:l L:l L L L, L, 1 L,
0 o 121, 6, 12,1121, 6l, 6l, 12, 6,
R N
1
0 0 _.|2_2 2, 6|22 N 6I23 a, 4y 6I23 21,
: : k> L, L :2 Ls L, L ;-3 L,
! 121 | 12 |
o o 9 0o - - o
: : ! 3 L3 L3 L3
! ! ' | 21 l, 4l
o 0 y 0 -6.73 it} —6—23 —=
o : : : !‘3 Ls L3 I—3 i
Final Stiffness Equation
2 2 2
M? 20, a4, 4, e, 2, [®
3 + T2 63
M - E L, L, L L3 L,
VA 0 6l 121, Bl |y
o 2. 8. 4
L L3 Lé L3 _
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5.3 Frame Problems
5.3.1 Member Stiffness Matrix

f8" f.8
mR eR

mL,eL
fL 8L /
x 10 » O

\ ./ > foass
® Force-Displacement Relation at Member Ends
- Beam action
mb = 4Elee: N ZEIEGE N 6Ez|'38; 3 GEZIGSR
e e Le Le ’
= Zf'ee; ; 4E'ee§+ 652'65;—65“5?
L R
fyL _Mg+Mg GEZIeeg N 6Ez|e6§+12|§|68; —12?985
Le Le Le Le Le
ME+ME 6El 6El 12El 12El
R e e _ el e nR e sl e «R
fy =- L T O — 12 O¢ - E Sy + E Sy
- Truss action
EA
fr=——"-(85-5;
¢ =67 -5)
(- Ser-sh)
L
Vo=V =0
® Member Stiffness Matrix
fr St
] A 0 0o -A 0 0 |
fy 121, 6l 121, 6l |3,
0 2 0 - 2
Le Le Le Le
m" | 0 6L'e 4, 0 —GL'E 21, | o;
“Ll-A ¢ o A o o or (1)° =[K]*(3)
£ 121, 6, 121, 6l |8
0 -—— - 0 > -
Le Le Le Le
) o e g o By 8
L Le Le .
m"? oF

e

Structural Analysis Lab.
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° Transformation Matrix

A
VX
0
>

Vx ZCOSGVX—Sinevy VX coso _s'ne 0 Vx

V, =sinbv, +cosbv, r —> |V, |=|sin® cosb O]V,

M=m M 0 0 1{m

V) =[vT" (V) = (v) = [¥1I(V)
® Member End Force

F')* [cos6 -sno 0 0 0 Off-Y
F sn® cos6 0O O 0o off,
E 0 0 1 0 0 O|m .

_ — (F)*=[I']"(f)°
F? 0 O 0 cos® -snd Of fF ()" =TT ()
Fy 0O 0 O snd coso Offy
M 2 . 0 0 0O O 0 1] m?

® Member End Displacement

81" [cose sne 0O O 0 ofa,)Y
8, ~sin® cos® 0 O 0 04,
oL 0 0 1 0 0 O0fegt
ol _ 8)¢ =[T](A)°
5% 0 0O O cos® snd O A% ~ $
8y 0 0 0 -sin® cos0 Of A4
%) | 0 0 0 0 0 16

Structural Analysis Lab.
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® Member Stiffness Matrix in Global Coordinate

(F)° =[TT" () =[TT'[k]°(8)° =[TT'[K][T](A)"

[K,,]®

F)° =[K]°(A)® wh K] =
(F)° = [KJ*(A)° where [K] LKJ

® Nodal Equilibrium & Compatibility
The same as the truss problems.

® Global Stiffness Matrix

[Kn]e}
[K,]°

(P) =[C]" (F) =[C]"[K](4) = [CT'[K][C](u)

(P)=[K](u) where [K]=[C]'[K][C]

® Direct Stiffness Method

The same as the truss problems.

Structural Analysis Lab.
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Chapter 6

Buckling of Structures

A,

Structural Analysis Lab.
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6.0 Stability of Structures

* rPWWH

® Stable state
KOLx L > Q0L - KL >Q

The structure would return its original equilibrium position for asmall perturbation in ©.

QO

KOLxL=Q6L - KL=Q

@)

® C(Critical state

e Unstable state
KOLxL <QOL - KL <Q

The structure would not return its original equilibrium position for a small perturbation in

9‘ A

Structural Analysis Lab.
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6.1 Governing Equation for a Beam with Axial Force

M+dM

I‘\ | .

V+C*// © }li

T =

L re—

dw
<+— &dx
<
\/ Q
® Equilibrium for vertical force
V+dV)-V +qdx=0— Y - g
dx
® Equilibrium for moment
(M +dM)-M —de+qu%— Pd—W:0 d—M—Q—:
2 dx dx
o Elimination of shear force
d’™m 0 d’w .
dx® dx?
® Strain-displacement relation
oo dw
dx* ©  dx
® Stress-strain relation (Hooke law)
2
o=Ee=-EIWy gM
dx dx
® Definition of Moment
d W du d’w
M = dA = | EsydA= y>*—E—y)dA=-El
[on- o S yn——e

® Beam Equation with Axial Force

d*w _d*w
—+ =
dx* Q q

El
dx?

Structural Analysis Lab.
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6.2 Homogeneous Solutions

Characteristic Equation for P >0
W= e?»x
e\ +B ) =051 =4Bi, 0

where B® =

Homogeneous solution

w= A’ + BeP* +Cx+ D

Exponential Function with Complex Variable

) i2 +3 4 +5 HY
e'X=1+ix+Ex2+§x3+Zx4+ax5+ax6+m
Y i3 4 i\ _i\6
e—ile_ix+(|) X2+(I) X3+(I) X4+(I) X5+(I)X
2 3 4 3 6l

X +e™ :2(1—£x2+1x4—1x6+---): 2CosX
2 4 6!

& e = 2ix— X+ X~ L x +..)=2isinx
3 8 7

X =cosx+isinx , e =cosx—isinx

Homogeneous solution

Q
El

6_|_...

w= A(cosBx+isinfx) + B(cospx—isinpx) + Cx+ D

=(A+ B)cospx+i(A-B)sinpx+Cx+D

= Acospx+ Bsinx+Cx+ D

Characteristic Equation for P <0

W:exx
e A =0>r=1B, 0

Homogeneous solution for P <0

w= A+ Be™ +Cx+D

X —BX X ~BX
—(A+ B)eB+Te

= Acoshpx+ Bsinhpx+Cx+ D

where B* = ‘%‘

+(A- B)eBTeJrCXJr D

Structural Analysis Lab.
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® Simple Beam

A £

— Boundary Condition

wi0)=A+D=0, W(0)=-AB*=0—- A=0
w(L)=BsinpL+CL=0, w'(L)=-Bp?’sinfL=0—-B=C=0

Q

— Characteristic Equation

A=B=C=D=0- w=0 (trivial solution) or
n’n’El
LZ

. nN=123--

BL=nm—>Q=

w=Bsinpx= Bsinn—litx

® Fixed-Fixed Beam

Q %
> <
b
— Boundary Condition
w0)=A+D=0
w(0)=pB+C=0
w(L) = AcospL + BsinBL+CL+D =0
w'(L) =—-ABsinBL+BpcospL+C =0
— Characteristic Equation
1 0 0 1(A) (O 1 0 01
0 1 0B 0 0 10
_B = — Det( _B )=0
cospL snBL L 1|C 0 cospL snBL L 1
| —BsinBL PecospL 1 O\D 0 —BsinpL PBcospL 1 O
1 0 01 8 ) 0 8 )
0 B 1 _ .
, =|snpBL L 1j—| cospL snpL L
cospL snpL L .
) BcospL 1 —pBsinpL PcospL 1
—-BsinBL PcospL 1

Structural Analysis Lab.
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—B—(—BcospL) — (—p(cosPL + BLsINPBL) +B) = P(2cospL —2+BLsinBL) =0
2cospL —2+BLsinBL = 2(cospL -1 +BLsINPL =

—4sin2B—L+2[3LsinB—LcosB—L:
2 2 2

sin&(&cos&—sin&) :0—>sin&:0 or &cos&—sinﬁzo
2 2 2 2 2 2
— Eigenvalues
Symmetric modes
2_2
sinB?Lzo —>&=nn—>Q= an :2 = , N=123--

w(0)=A+D=0, Ww(0)=w(L)=pB+C=0, w(L)= A+CL+D=0
2nm
A+D=0—> A:—D—>W=A(cosTx—1) for A=0

Anti-symmetric modes

2
&Cosﬁ—sin&:()_)&:tan&_) :8.187; El
|
|
= | =
| =
g =
| A F
| )
I -
1

45-

)
... I
-
=
_L_H.."h_,
o
[
=
L
=]
[ -
—
|

|
|2 ol 4
| | T ¥ b
| | f T
| | I te
' | | {a) (b)

Structural Analysis Lab.
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® C(Cantilever Beam
2 > > Q
— Boundary Condition
w0 =A+D=0
w(0)=pB+C=0
M (L) = —-EIw"(L) = —EI (-AB* cospL — BB*sinpL) =0
d’w _dw

- —P——=0
dx dx

V(L) =-El

n’n’El
412

Q= . nN=123--

6.3.Homogeneous and Particular solution

w=w, +Ww, = Acospx+ Bsinx+Cx+ D +w,

d*(w, +w,) _ d*(w, +w) d*w, d2w d*w d2w
El P+ P =El h o+ "+ El 4+ d
dx* Q dx? dx* Q dx? dx* Q dx?
dw, d*w,
=H dx* TQ dx? =

e Four Boundary Conditions for Simple Beams
w(0) = A+ D+w,(0)=0, M(0)=-EIW'(0) =—EI(-AB*+W,(0)) =0
w(L) = AcosBL + BsinBL+CL + D +w,(L)=0
M (L) = —EIw'(L) = —EI (-AB® cospL — BB? sinpL +w/ (L)) = 0

1 0 0 1] A} (w,(0)
—p? 0 0 0fB| |w(0)

_ + =0->KX+F=0
cospL sinBL L 1|C w, (L)
—p?cospL —B*sinfL 0 0| D) (wi(L)

e The homogenous solution is for the boundary conditions, while the particular solution is
for the equilibrium.

Structural Analysis Lab.
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6.4.Energy Method
® Total Potential Energy

deW

__QJ'

s

L-A L-A L-A 1
L= |ds= |y1+(W)*dx~ | (1+=(W)*)dx
Jas= [Ni+ @) axx [ @ Z007)

0

L—Al L—Al 1L
L=L-A+ [ Z(w)’dx—>A= [ Z(w)’dx~[(w)?dx for A<<L
0 2 0 2 20

® Principle of the Minimum Potential Energy

I g2 e | =5 2 e | o | e | o e | o5 |
thlj-d (W 2+w) £l d(w 2er)dx_lj-d(w +W)Qd(W +W)dx—J'(we+v_v)qu
29 dx dx 2% dx dx
1 dzwe dw _dwe dwe dw dw® _ dw
= dx — | weqdx Q—)dx
ZJ;( dx2 dx2 dx ) -[ f +J‘( dx2 dx dx)
d W dW d_W)d
dx
d“we d?we 1 d’w W dw _ dw
=I1°+ | W(El — = —)dx
I ( dx* +Q dx? Qe 2! dx dx)
_ d w dW ﬂ)dx

® The principle of minimum potential energy holdsif and only if

_[( dW d\Tv ﬂ)dx>0forallpossublew

e The principle of the minimum potential energy is not valid for the following cases.

|
j( d w_dw £)dx<0forsomew
dx? dx

0

Structural Analysis Lab.
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® The critical status of a structure is defined as

-[(d d_W_ﬂQﬂ)d -0
X

0

® Approximation
— Approximation of displacement: W = z ag
i=1
— Critical Status

I(_Zn]agDEl (i a,g)dx— Pj(i@ g;)(z": a,g!)dx =

n n |

2. 2.4 | g'Elg/dxa, QZZan’g'dxa ZZ@K a, —QZH:ZH“@K”Gaj =

i=1 j=1 0 i=1 j=1 0 i=1 j=1 i=1 j=1

()" (K-K®)(@)" =0— Det(K-K®)=0

e Example - Simple Beam

—withaparabolaa w=ax(x-1) > g, =2x-1, g/=2
| |
[ g'Elgldx = [ 2E1 2dx = 4El
0 0
| | | 4 1
[giElgidx = [ (2x—1)7dx = [ (4x® - 4x] +1%)dx = (——2+1)|3 =Z|3
0 0

0

2
@ (exact : EI =9.86 IIEI error = 22%)

Det(4Ell —Q%I =0-Q, =

. . . TX , o . TIX
— with one sine curve: w=asm|——> gl—l—cos ,gl (I—) sml—

[ grElgax = EI (- )jsm X i = EI(—) —

|
Elg/d —cosznxd =) —
{g gx()j x=(7 2

2El

T4 ol
Det(El (I_) E—Q(l—) E)_O_)Q (exact)

Prof. Hae Sung L ee, http://strana.snu.ac.kr
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e Example — Cantilever Beam

Q

R,
A
O

>

— with one unknown:

w=ax> - g, =2x, g/ =2

| | | |

[ g'Elglax = [ 2E1 2dx = 4Ell ,jgi’EIgi’dx:J'4X2dng|3
0 0 0 0

2
Det(4EIll — le )=0-Q, = % (exact: n4||§l = 2.46:5—2', error = 22%)

— with two unknowns;

w=ax’+bx’ > g/ =2x,g,=3%", g/=2, g; =6X

| | |
G _ 2 _43 G _ G _ 3 _64 G _ 4 _95
Kll_J;4x dx_gl , KlZ_K21_.(|;6x dx_zl , Kzz_J;9x dx_gl

| | |
Ky = [4dx =41, K;, = K, = [12xdx =61, K,, = [36x°dx =121°
0 0 0

2 3 4 _ 3 2 4
Det(El 4|2 6|3 _Qi 40|4 45|5 )20 4|2 40|:x 6|3 45 50, _o. _1Q
61> 12| 30| 45* 54 61> —45 % 121° -541°a 30 El
(4 —401°a)(121° - 541 °a) — (61> — 451 “0)® =0 — 41* —521°a + 451 °a® =0
6 4 2112 12 +
228 ++/26212 18012 26+22.27 0.0829 o L0727 Q, = 2.487 ||£_2| or 32181 ||£_2|

45|8 o452 2 | 2

Qo = 2.49:5—,: (error =1.2%) or Q.o = 22.19:5—2I (error = 45%)

Structural Analysis Lab.
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6.5 Approximation with the Homogeneous Beam Solutions

e Homogeneous Solution of Beam
Uzi_1\ uz'{”_A_\

z u2i u2i+2 P
2 = 0 <
i-th member

3,
_ L
W =N, +N,0; +N3J+N,07 = (N, N, N, N,)| 2 1= (N)(4) = (N)(A;)
y
eR
3x*  2x x> X 3x* 2x x> X
Nt e M= o=
6.5.1 Beam Analysis
e Total Potential Energy
P 1bdw _ d’w P 1 rdw dw LI
0= | —dx— ) =Q|——dx— w, g dx
,Z:;ZI dx? dx? EZQJ; dx dx izlJ(; R
P 1 d’w d?w, P 1 ¢ dw , dw
=) = L)' El dx— = —ax W, dx
izzl“ZJ;(dx ) dx? EZQ-([(dX dx ;-([( )'a
P 1 ¢ d°N d2N P 1 :
=) =(A)T TEl dx(A) - =Q(A)" X(A, A)TI(N)T g dx
2580 {(dxz) g XD -25Q) {(dx> X(A,) - Z( )j( ),
l P
EZ(A) (K1-[KF)(A) - Z(A) (f)
i=1
1
—E(u)TZ[Ci]T([K?]—[K?])[Ci](u)—Z(u)T[Ci]T(fi)
i=1 i=1
1 TV T TV T
=§(u) D ICTIKIIC 1(w) - (u)" Y [C T (F;)
i=1 i=1
1
=5 (u) " [K](u) - (u)" (P)
e (6 1 & 1]
L LLL 5. 10 5L 10
6 4, _6 5 1 2L 1 L
o _Elil L L, 6 _ 10 15 10 30
S U ST S R T I |
> L L 5, 10 5, 10
6 L, _6 4 1 L 12
L L, ] . 10 30 10 15|

Structural Analysis Lab.
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e Principle of Minimum Potential Energy for Q <Q,

n

=—(u) [K](w)—(u)" (P) = ZuZKu - 2UR

i=1 j=1 i=

1 n n 1 n n n
a4 LY KU += 0 YK,
E? Xvo JUURE SO e ML
1L 1L 1
=E;Kkjuj+§iZuiKik—Pk:§ZKkjuj+§;Kkiui—Pk
1 n

=Y Kyu += ZKkH P = ZKkH P. =0 for k=1---,n—[K](u) = (P)

23
® Calculation of the Critical Load

Det([K]) = Det([K°]-[K®]) =0

® Frame Members

.I:L

(L A O 0 A O 0 0 0 0 0 0
y o 2. 8, , _12, 8l 6 1 6
c L 2 L | |° s w0 s
m" o Y 4 o 8 g 12, 5 1
=(E L L. _p 10 15 10
LIA O 0o A O 0 0O 0 0 0O
fR o 2. 6, 12 6l.| |o - & 1 o 6
L Z L 5L, 10 5L,
1 L 1
(R 6l, 6, o L L, _1
y T T B R VR ¥ 10
R
L R
p— A0
L

Prof. Hae Sung L ee, http://strana.snu.ac.kr
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6.6 Nonlinear Analysis of Truss

fr oy

f)lz 8; e ﬁ —_— foSS

® Force — Displacement relation at Member ends

X

fr=-=0r-ah)

£R = E—LA(Ss—Bt)

X

SR —5"
fyRZ—fyLz yl y.I:XR
® Member Stiffness Matrix
i) 10-10 0 00 O
f,| EA/| 00 0 0| 87-8,/0 10 -1
fRl 1]|-10 10 l |0 00 O
fr 00 00O 0 -10 1

()" = (KIS + £, [k15)(8)° = ([k]5 + PTKI)()°

® Equilibrium Analysis

()7 = ([k]o + pITk]5) ()7

8- )
8L

6R
6R

(F)* =[IT (f)° =[IT"[K]°(8)° = [T ([KI5 + PIKIG)II1(A)® =[K]*(A)®

® Successive substitution

(F)7y = [T (K15 + palKIHITT(A)® =[K]7,(A)°

(P) = ([K], +[K(p71]s)(w),

Prof. Hae Sung L ee, http://strana.snu.ac.kr
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® Newton-Raphson Method

()7 = ([K]g + PITK]5)()7
= ([k]s + (P21 + AP))[K])(87, + ASY)
= ([K]g + PZalKIG)ST . + ([K]s + pra[K]g)AST + APTK]G (87, + AST)
~ ([K]o + PTA[K]G)ST, + ([K]g + pra[K]G)AST + ApTk]G 87 ,
= (07, + ([K]o + pTa[K]g +[k]5)AS7

([K]g + palk]g +[K])AST = () — ()7, = (AF)

(K], +[K(p: )]s +[K],)Au = (AP),

0 0 0 0]
EA|0 1 0 —-1|85| As8R-ASt
Agkes_e - y X X
PIkI3L =710 0 0 o |
0 -1 0 1)38;)
o Y ASSY
Eal 8t — 57 ASE
"l o | COLO G
8y -8y ) ASy )
00 0 0]astY
—E—A(SR—SL)? 1 0 -1 0] A8
127y VT 0 0 0 0f ASK
-1 0 1 0fAst

Structural Analysis Lab.
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