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. Demonstration
-

» B O« M ) ) | X

= EzSHIP - [EzHULL] - D:WEIAL: 2WBadCBD U Hwhn1621 -8000TEU. xan]
F| File Miew Edit Build Window Help

O | w || = $EQN @ HMEHMHEH # XKEE® | H 8/ Q& &&a& &
f ? }E)y\r.l‘fa ﬁ;‘::!i T ES 4'} <|> —3&3&-*}‘:{ 5"45 y h_-k‘;%‘f.é ‘E'&«S- ‘@@ L\'f 1\! .D*HF .D*F-F insi.H*F-L
% B bt B | (L o ] A X [ea ~| & % [asurt <] || B st cd

[EzHULL ]| =
2 asurf ~

¥2, stem_profile
¥, stern_profile_1
S BOS5.1 J
& BOSS2.1 =
= FOB %
% FOB_2 A
L FOB_

72 Deck_l

72, KNU35, 000

% FOS

¥, bridge

&7 LPPER

X7, Sec-5,900

%7, Transam_|

37, TAN149,265_]
77, zz0.08zz_1

7o, zz0,12z2_1

7¢, zz0,20zz_1

¥z, ww0.06yy_t

¥z, w0 10yy.1

Yo, vl ldyy_1

Yo, v 18yy_t
oL

< >
EzHULLY

X lcommand> f A~
h3G: Fit done,
command> v

|< >
Ready - PO 021 007 18500, 00, 00 1,000 |+ (X= 206630138, Y= -65, 617709, £= 35.000000 |Long.=14.8, Lat =0.! . ) q L 11

W wwmL A
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1.1.2 M HHE Aot £ =M - Water Line M (1)

5t.19.75 St.19 St..15

| wz=a WO Z=Q IM U OE section
-~ - lineS 10| WA HIME S0H waterline A4A

=\ 7 = a0lIM O] waterline MMM 9Bt
mpARs
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- Water Line A4 (2)
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Ch 2. @M (Curves)
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.2.1.1 Explicit / Implicit / Parametric function
-

Explicit function(et44l)

o Il y=f(x) 2l SEHHE LIEHHOIX|® Sets-chal &

o XJHFOININ yE EH 7Y 5 US

Implicit function(S&t44l

o WIlx,yFIHY W, &= f(x,y)=02% &S
WHZ BYE = AlE SSca &

o FOXI MOl JMO R E=QAR, AR &=
PEE)| %=Xl TWHHOL Irl%

o f(x,y) =02 &= y0
SEHOL A0 XIS et
Sgx)l ez HE

(i HIJE

Parametric function(OiJH ¥4 StAl)

. ZE’-F st271 INJH B4 = 0120101, x -
=g(t)= |-|EH.H01I|':'1 0IF ODH B St &
H | i~ tE DHIHZE OO xQ yE HEOl= YAl

= QBN I 2 BRA0S W) Jhs2

H JI)|

ex) y=+r’—x’

ex) x’+y° —r’=0

ex) (0 +(0) —=r* <0
(r)2 + (r)2 —7*>0

ex) y= m

y

"\, (rcost, rsint)
y I
t
= X
r }

ex) x(t)=rcost, y(t)=rsint




|

:2.1.2 IR 8= (Parametric function)] E& (1)

NS ) ) s QHIXMO| Sk
— ’/o | M | M
o OILIO| x k0l [Hﬁﬂ y 240l & JHOI& LS = US

X e OIZ HIxE HEUOWI A2 BRIASE — =

= OiOH B S
o OHLIS| OHJH H== aX0fl CHOH OFLE2] axBH0l Lh=

x(t)=rcost, y(t) =rsint

X Tty
(multi-value function)
xz+yz:r2 y:i\/rz—x2
x‘ / dy
N\

rcost,rsint
______ ( ) . miz AsE BooD HE

Computer Aided Sht

>dy/dx& Z} QAEE U5 0 M HI&HEE: dy/dt, dx/dt
SDAL

X dx . d
X — = —rSint, —yzrcost
dt dt

p Design 2008 - PART I: Curve & Surface http fasdal.s
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C

:2.1.2 I B4 (Parametric function)9] 2!
4
= y=f(x)0] LA
o Aol YL NS )
5|1M,015 S 5010} ~ / = -
©aot S 0|S CHA /N //
/.f

.
|
-
>

L 4

got+ Juoz gu- "/ > 7 =

X
0b71 ol & \_/
RHAHS v=a,tax'ta,x+ax y =77
" f(x, y) = 02 A
e [ YO HE =XHCE N2 =+ gl
o X =01 018

" x=f(t),y = g(t)Q BN B4
o [iJH B8 S0l =M &9 MS =XI1H
o XIAE Al &AE = AL
» CAD A|AHINIM O HAE B0l AH20l= 0l

|0

2 Hlarg 3 QUL

SDAL
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2.1.2 DI L= B4 (Parametric function)Q] E& (3)

W

® The curve is defined by parametric functions

x| [t |
v| |20-26*

m |f the curve is rotated by 90°,
Y2 HOHX| S, X9 S

e

Computer Aided Ship Design 2008 - PART I: Curve & Surface
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Given: y =2x° —4x” +2x +1

YA

"% (QSPAL

Adva dShpD gAtmat n Lab.
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!2.1.3 &t S9] M8+ 8 HHA (2)
W
y=2x"—4x>+2x+1 - 012t @At

H=2,-4,2,1 2=

b1 x(2) t :HHH—I TS
r(t)= = =| ) “XIpx” O
v o |\y@ ] |26 -4 +2t+1 RS

4

e {1 i {X(t)} _| 0=07x +300=0"x +3C (1=, +x,
= B y(t) - (=1) y, +3t(1— 1)y, +32(1 1)y, + 2y,

{ ¢ (1 O x 31— x, 362 (1 -
2t3—4t2+2t+1 (1 t) 3t(1—t) 3¢%(1—1 +t

SDAL »
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!2.1.3 Qiul Sk20| QIR Bt HE (3) Jv

(1—1)x, +3t(1-1)’x, +3t°(A—t)x, +t’x, =t

Ano| & X, =0 x, =0
O] HIZ: —3x, +3x, =1 » x, =1/3
20] Hi%:  3x,—6x, +3x,=0 x,=2/3
29| HiZ: — X, +3x;, —=3x,+x; =0 X, =
bl — y — i Linef.;\r.
i i Precision

Gerald E. Farin, The Essentials of CAGD, 2000, p. 29. SDAL 31
* Linear precision: If the control points b, and b, are evenly spaced on the straight line between b, and b, the "1 o .
. . . . . Advanced Ship Design Automation Lab.
cubic Bezier curve is the linear interpolant between b, and b;. http://asdal.snu.ac.kr



(=1 y, +3t(A=1)y, +3t°(1=1)y, +Ly, =26 —4t> + 2t +1

ALO| H%: Vo =1 Yo =
2] Hl=: =3y, +3y =2 » y, =5/3
29 Hlx: 3y, —6y +3y, =4 Y, =
YA AT~y +3y =3y, +yy =2 y, =

SDAL  *

dShpD gAtmat n Lab.
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N

4
=4t +2t+1

I

(1-¢)’-0+3t(1—-1)°

a £) -1+ 3t(1—1)

3

-—+3z(1 )1+ 1

—(1—_+) 2 % 201 %_ 3
=(1-1) |:1:|+3f(1 1) {y}—k.’)t (1 t)L_H

0 ! 2 1
B (t) . |H+B (¢ % +B; (¢ 7 + B (1)

1 % | 1| 1
ME2 &S0l 20 XI= HI+-SE de=
JIAISH OtY, XM& &l OiX9} 82 JME
IILI'._LL
dS2 FMe=E JAQIH, fM9| B} Hi
HEHAS & + ALL

%+3t2(1—t)-%+t3-1




x| | x(@) t (1 1)’ -0+3t(1-1)° 5+3t (1-1)- —+t 1
L0 N (PO
vy | @] [26 -4 +2t+1 (1 1) 14 3t(1-1)* g+3t (1-1)-1+2-

- IJHE = = AZH0l2ta] SZ0HH, r(n= (T S M (rigid body)Jt 01S0t=

HI & (trajectory)E HETt A2 T W2Zie + AL

I'

- o, S UTAUIME 01S0l=s SHIC HIA2 &0 HAE = X8
B S+A O 2 = 01S0l= S M2l HIA 2 &2 0t oLl
SHAIZE IO AT r(02] HISSSS SHHl ATHE & AL
r(): 249 AF, 1) ZAY S, ¥ =AQ 71
———————— -‘-__—_~-~~‘~_ 7
,/"/ t =lsec \‘*\\\ /,x’
o B ”




[2 1.4 0K ¥ &9 AU HE GH

W

®  For any polynomial degree, on the cubic case n =3

—(1—=t)’ +¢
r(t):|:x:l: ( )2 5
y 3A1—-t)"t—-3(1—-1)t
et 20| Oet 2= M Y+ U= S = AS. AU r(¢
Ao XIUMOZ AMO| WALZ (A O3

S
m!
0%
1>
0
HU
b
g
o
rIF

<ZH 71> 01 & Ot S8 ZAUNOZ 20} E = U BYS = USSR
. . : ANE ZHEHDY 2 ZFFS
= The polynomial in terms of a combination of points; 2 A0 2 XI5HD,
THEES
® [1 —(1=1)’ +¢° O 25t Al Mo| B0l Ror
r = = A S &
Y| [3(-1)t=3(1-0)t H == 8F & AH0ICH
0 0 . > XFFHOoR BH| HEE
—1 i 5t A Ol2
=(1-0)}|  [+30-0%]  |+3(1-0)}| |+¢ Hamokioty & 9l8
0 1 -1 0
3| 1 3| 0 3| 0 3| 1 A
= B, + B} |+B; + B; > BEZA ELIISKIO 5
0 1 -1 O] aIxjuoio! p.Bezierdt
(=13
= B)b, + B’b, + Blb, + B’b, 19713 24
Ad st A 012

—

20| M (point)&2 3K St “blending”0l0 FMES
ot Olgie M2 SE01H MO W0l Hol2Z, M9 X
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2.2 Bezier curves

2.2.4 Bezier Curve Interpolation / Approximation




2.2.1 Definition &
Characteristics of
Bezier curves

- @ .11 Definition of Bezier curves
~2.2.1.2 1%t Derivatives of Cubic Bezier curves
ooo002,.2.1.3 Characteristics of Bezier curves
- 2.2.1.4 Higher order Bezier curves
2.2.1.5 13t Derivatives of higher order Bezier curves
2.2.1.6 Matrix form of Bezier curves

A\ dvanced 2.2.1.7 Sample code of Bezier curve class
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|

b ]

2.2.1.1 Definition of cubic “Bezier” curves

| — — : : —
= The cubic Bezier curve is defined by i aBy () + B () +eB (1) +e, B (1) =0,

then ¢, =c,=c;=¢, =0

()
r(t)={x(t)} or |y(®)|=(1-1)b, +30—1)’tb, +3(1—1)t’b, +1’ b, I

2] _ B (1)b, + B (t)b, + B2 (1) b, + B (1) b,

Wearly independent

where, b. : Bezier control points (b, b;,) or (b, b,,, b..)

x> ~iy x) i) Yiz
B'(t) : cubic
() or " B(=1, B(®)=0

0<¢<1: Bezier curve parameter

b, t=1




[

b ]

2.2.1.2 15t Derivatives of Cubic Bezier Curves (1)

W

r(t)=(1-1)’b, +3(1—1)’tb, +3(1-1)t’b, + b,
First derivatives: Tangent vector of the curve

A2t M8l E XIS £E7

dl;l(tt) ==3(1-1)"b, +[3(1-1)" = 6(1-1)t1b,

+[6(1-1)t—3¢*1b, +3t°b,

=3[b, —b,](1-1)*> +6[b, —b J(1-#)t+3[b, —b, ¢’
=3Ab,(1-1)* +6Ab,(1—¢)t +3Ab, ¢’
=3(Ab,B; +Ab B’ + Ab,B’)

where, Abi — bl,+1 —bl. : forward differences

SDA

Advanced Ship Design Automation
ht

Computer Aided Ship Design 2008 - PART I: Curve & Surface tp://asdal.snu.ac.kr
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[

b ]

2.2.1.2 15t Derivatives of Cubic Bezier Curves(2)

4
= The derivative of the cubic curve is quadratic curve.
P(6) = d’;l(tt ) —3(Ab, B? + Ab, B + Ab, B2)

e where, B? :quadratic Bernstein basis function.

= Most important
Endpoints tangent vectors:

#(0) =3Ab, =3(b, -b,),
i(1)=3Ab, =3(b, —b,)

SDAL  *

Advanced Ship Design Automation Lab.
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|
:2.2.1.3 Characteristics of Bezier Curves (1)
) —

= Bezier M2 X|Q|Zt ZMHEZE ML= Convex Hull LHOI EIHE ”)(-: > B?(r):l)
= NS F IS XE8E 0K 5 o XEECZ=FH AIMAE X & 0IAC &M
HIE{O] WIUS A = US
bl
‘\
AEEMAM G .. Convex Hull
HM HE9] N
4ol )

; b,
Bezier ZAMM2
A=0| S
=e-° TENAMO]
9 M diE| 9|

ISk
oo

b

2
) Convex Hull Property: For all t, the point r(t) is in the convex hull of the cd

41
ntrol polygon. SDAL
Computer Aided Ship Design 2008 - PART I: Curve & Surface

Advanced Ship Design Automation Lab.
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2.2.1.3 Characteristics of Bezier Curves (2)

3

; cusp b,
SDAL *

Advanced Ship Design Automation Lab.
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2.2.1.4 Higher order Bezier Curves (1)
-
m A Bezier Curve of degree n can be defined by;
r(¢)=b,B,(t)+b,B/'(*)+....... +b, B’ ().

=  where, B/(f) :Bernstein Polynomial Function.

ny . .
B'(t) = ( .Jtl (1-0)"",
i

|
n - ifo<i<n
FL G =il (n—0)!
! 0 else

B'(t)=tB" (t)+(1—-1)B'™'(t) with B} (¢)=1

m  For cubic case, the Bezier curve as:

r(t)=b,B;(t)+b,B’ (t)+b,B; (t) +b,B;(1).



|

b ]

2.2.1.4 Higher order Bezier Curves (2)
S

e Bernstein Polynomial Function:

[(1—t)+¢f = —¢) +2(1—2)+2° 1
= B, (t)+ B} () + B; (1), 1 1
1 2 1
0—2)+] =[(1—2)+ ][0 —1)+1] 1 3 3 1

1 4 6 4 1

:(1—1‘)3+3(1—t)2t+3(1—f)f2+t3 IIA 20| Ab2bed

= By (t)+ B} (1) + By (1) + B (1),

[(0—2)+¢] =[(1=1)+ ][0 —2)+¢]
=(1—1) +4(1—1)t+6(1—2) > +41—1) +¢*
=By (1) + B () + B, (t) + By () + B, (1)



.2.2.1.4 Higher order Bezier Curves (3)
S

5th-degree Bezier curve 6th-degree Bezier curve
ﬁw

7th-degree Bezier curve 7t"-degree Bezier curve
45
SDAL

O O
0O 0
%\/ < m
dShpD gAtmat n Lab.
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2.2.1.5 Derivatives of Higher Order Bezier Curves (1)
) —
®m  For Cubic Case (n = 3),
r(t)=3[Ab,B; + Ab,B’ + Ab,B;].
" For degree = n,
r(t)=n[Ab,B,”" + Ab,B/™" +......... +Ab _B"].
where  Ab.=b., —b, :forward difference.

m  Bezier Curve—> differentiated by more than one by parameter ‘¢’.

m  For the k" times derivative:

d r(?) _nl

R — [A'D B} (t)+ A'D,B' " (1).....+ A'b__ B" (1)].

SDAL  *

Advanced Ship Design Automation Lab.
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.2.2.1.5 Derivatives of Higher Order Bezier Curves (2)

L -

m where, A*:forward operator.

m  we can get Atb, = A¢-b,  —Ak-'b,.
where, A’b, =b,.
m fork=2:b.,-2b_, +Db..

i+2 i+l

m fork=3:b,,-3b._,+3b_, -b..

m fork=4:b,_,-4b. ,+6b, ,-4b_, +b..

i+1

m the k# derlvatlve of r(0)andr(l);

n!

(0)—(n 'k) A'b, and r (1)—(n b

e For n=3, k=2;

r’(0)= > A’b r’()= 3 A’b
3-2 3-2)

= 6(A'b, —A'b,)

=6((A’p, —=A’b,)—(A’b, —A’b,))
=6(A’b, —2A’b, + A’b,)
=6(b,—2b, +b,)

=6(A'b, —A'b))

=6((A’b, —A’b,)—(A’b, — A'b)))
=6(A’b, —2A’b, + A'Db))

=6(b, —2b, +b))

Computer Aided Ship Design 2008 - PART I: Curve & Surface
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2.2.1.6 Matrix form of Bezier curves(1)
S

m  Cubic Bezier Curve

r(t)=(1-1)’b, +3(1—1)°tb, +3(1-1)t’b, + b,

m  applying the dot product to above equation;

_ (1—t)3 _
r(t):[bﬂ b, b, bs] 3(1_02
3(1—1)¢
£3

@ SDAL *
Computer Aided Ship Design 2008 - PART I: Curve & Surface e
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.2.2.1.6 Matrix form of Bezier curves

W

m The Matrix form of Bezier Curve is

r(t):[bo b, b, b3]

e
3(1—1)°t
3(1-¢) ¢

3

4

[ B,(1) ]
Bl(t)
B;(t)

| BI(t) ]

:[bo b, b, b3]

(2)

Conversion to the monomial form: r(¢)=a, +a+a,t’ +a,r’

r(t):[bo b, b, bs]

ey
3(1-1)°t
3(1-1)t*

f3

:[bo b, b, bs]




|

.2.2.1.6 Matrix form of Bezier curves(3)
) —

m The Matrix form of Monomial Curve is 1]

1
2 3 4
r(f)=a,+as+a,t’+a =[a, a, a, a,] ;
f3
Conversion to the Bezier form: L

r(t)=(1-1b, +3(1—1)’tb, +3(1-1)t’b, +’b,
- Bg(t) b, +Bl3(t) b, +B§(t) b, +Bs3(t) b,

1 -3 3 —-11]1
0 3 -6 30| ¢
:[bo l:’1 bz bs]o 0 3 _3|| ¢
_O 0 0 1_ £ )




|

.2.2.1.7 Programming Bezier Curve class
W

b,

b, b,

b3

Computer Aided Ship Design 2008 - PART I: Curve & Surface

1) Bezier Curve9| 1
* Degree
 Control Point

Menber Variables of Bezier Curve Class

int n: degree of Bezier Curve
Vector* m_ControlPoint: Control Point
int m_nControlPoint: the number of Control Point

2) Bernstein Polynomial H|&t

n,\ . :
Bi"(l‘)=( .Jfl(l—f)”_’,
l

n!
n -
(.J:nci =3il(n—1i)!
! 0

if0<i<n

else

3) Bezier Curve &&
«ZME Line SegmentE U5 0 =T
«Parameter tE 0~-1IX| nS2010{ 2} t0ll (St M
ALO| M2 T8}t
o a3

-QI0IA 7O HS MMOZ I

IIIIO

Ot} sME HH




.2.2.1.7 Programming Bezier Curve class

Computer s
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2.2.1.7 Sample code of Bezier Curve class(1)
IR

#ifndef __ BezierCurve_h__

#define _ BezierCurve_h__

#include “vector.h”

class BezierCurve {

public:

Member Variables

int n; // degree of Bezier Curve
’ g int n: degree of Bezier Curve

Vector* m_ControlPoint; int m_nControlPoint; Vector* m_ControlPoint: Control Point
int m_nControlPoint: the number of Control Point

BezierCurve();

~BezierCurve();

void SetDegree(int degree);
void SetControlPoint(Vector* pControlPoint, int nControlPoint);
Vector CalcPoint(double t);
double B (int i, double t); // Bernstein Polynomial
5
#endif




|

b ]

2.2.1.7 Sample code of Bezier Curve class(2)
.

BezierCurve::BezierCurve () {
m_ControlPoint = 0; n=0;
m_nControlPoint = 0;

3

BezierCurve::~BezierCurve () {
if(m_ControlPoint) delete[] m_ControlPoint;

3

void BezierCurve::SetControlPoint(Vector* pControlPoint, int nControlPoint) {
SetDegree( nControlPoint-1 );
if(m_ControlPoint) delete[] m_ControlPoint;
m_ControlPoint = new Vector[nControlPoint];
for(int i=0; i < nControlPoint; i++) {

m_ControlPoint[i] = pControlPoint[i];

3

void BezierCurve::SetDegree(int degree){

n = degree;
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2.2.1.7 Sample code of Bezier Curve class(3)

Vector BezierCurve:: CalcPoint(double t) {
Vector PointOnCurve(0,0,0);
if(t<0.0]]t>1.0){

return PointOnCurve;

3
for(int i = 0; i < m_nControlPoint; i++){
}

return PointOnCurve;

double BezierCurve:: B (int i, double t) {

double result = 0;

return result;

r(1)=b,B; () +b,B (1) +

....... +b, B’ ().

// Calculate ith Berstein Polynomial at parameter t

result = comb(n, i) * pow(t, i) * pow(1.0 - t, n-i);

PointOnCurve = PointOnCurve + m_ControlPoint[i] * B(i,t);

n) . .
B'(t) = ( _jt’ (1-0)"",
i

n!
n -
(,}HC,. =1il(n—1)!
! 0

if0<i<n

else
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D esign
A utomation
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[

.2.2.2.1 Degree Elevation (1)
| —

. SN

e MZ UE X2 RUS E2 XA AEEZ W A8
( 3Kl Bezier M + 4Kl Bezier M > 4X} Bezier &M + 4X} Bezier 2M)

e H[ B2 xddCE JUME HU XIIRESAH &l
)

= &l
n Xl B-spline M2 FHAl =E UM FEEH HEE
n Xt Bezier 419/ &/2f0|clil & + UU.
2t M, B-spline 2MO| X+ ST WHE
Bezier 2MO| Kl S GO Z AMWE 4~ QUL

oud—-1IL

SDAL
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2.2.2.1 Degree Elevation (2)
S—

m 2X} Bézier curve -> 3X} Bézier curve

r(f)=(1-17)*b, +2(1-1)tb, + b, ‘) x [t+(1-0)]

r()=[t(1—1)° +(1—1t) b, +2[*(1—1) + (1 —1)’t]b, +[£ +*(1-1)]b,

o I O I o T I

> | =, | Z M2 control point2 3¢& 3XF Bézier curve

@ SDAL *
Computer Aided Ship Design 2008 - PART I: Curve & Surface Netpiltastat ety LB
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2.2.2.1 Degree Elevation (3)

3
A b1 = |:3}
¢ /.\02

r(1)=(1-1)°b, +2(1—1t)th, +t°b,

r(t)=(1-1t)b, +3(1- t)zt[%bo +§b1] +3(1- t)tz[%bl +%b2] +t'b,

Computer Aided Ship Design 2008 - PART I: Curve & Surface

@Advanced Ship Design Automation Lab.
http://asdal.snu.ac.kr



|

.2.2.2.1 Degree Elevation (4)

W

®b...b, E control point® JIXI= nX} Bézier curveE
n+1XI= degree elevationOt™

b,

1¢e, 1 b,
2|—|2

e L B e o o o o o o o o o e e e e = e e e = = = = =

Co Zbo,

i i

Hein e

! n+1

i €, =b, b, =c¢, b, =c,

SDAL  ®

Adva dShpD gAtmat n Lab.
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2.2.2.1 Degree Elevation (5)
-

= by....b, & control point® JtXI= nXl Bézier curveE
n+1XI& degree elevationOtH

n+1 colums

_________________________________ AN

—_— \ —
Co—bo 1

[* * o
! : - | b
¢, =——b,_ +(1———)b,, ! % x 0
l n+l n+l 1 n+2 rows o C =

bn

crH—l_bn * * |- - B
................................... \ ]




b ]

2.2.2.1 Degree Elevation (6)
-

3
A blz{?’} c0 _bO’
| 2
¢, =[=b,+=b,],
Cl Cz 3 3
2 1
¢, _[_b1+_b2]9
B b |6 33
0 2
0 0 C; =b,
¢ —
CO C3
DB =C
_ _ 0 0]
oo 0 0 2 2
/2 0 _
A 3 _ C=
o N {Z ic 2
0 0 I | 16 0]

SDA >

Advanced Ship Design Automation Lab.
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2.2.2.2 Degree Reduction

W 3 I |
i . :L} i C) = b09 E
1 2
Cl /\02 ¢, = [gbo + 3 bl]
2 |
b —(0} b —{6} c2:[§b1+ bz]a
()—O 2—0
. — ¢; =b,
cO CS ““““““““““““““
1 0 0] 0 0]
1 2 0
DB=C D:3231,C:22
0 2 A 4 2
_O 0 1_ 6 0
T T (10 2 0] (2 2]
D'DB=DC 1 . 1
D’D=—|2 8 2| D'C=—[12 8| -
1 9 3
~B=(D"D)'D'C 0 2 10, 2 2

N W O
S W O




[

.2.2.2.3 Repeated Degree Elevation

o

ol Bt=0olt&™ polygonO| curvelil 2 & ol 2Lk,

=
T

SDAL ™
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2.2.3 de Casteljau algorithm

F%E '_ D 2231 de Casteljau algorithm & Bezier curves
2.2.3.2 Parameter Transformation
2233 Linear Interpolation on [a,b]
St -1 2.2.3.4 de Casteljau algorithm at u=u, of [ug, u,]
2.2.3.5 de Casteljau algorithm©] EA!
2.2.3.6 Sample code of de Casteljau algorithm
A dvanced
S hip
D esign
A utomation

|- aboratory



.2.2.3.1 de Casteljau algorithm & Bezier curves (1)
S

Linear interpolation

b, (1) =(1-1)b) +1b)
bi(t) =(1-1)b] +1b)
bl(t) =(1-1)b) +1b)

SDAL »

Adva dShpD g A utomation Lab.
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.2.2.3.1 de Casteljau algorithm & Bezier curves (2)
S

Linear interpolation

b, (1) =(1-1)b) +1b)
bi(t) =(1-1)b] +1b)
bl(t) =(1-1)b) +1b)

b.(t) =(1—-1)b} +tb;
bZ(t) =(1—1)b! +1b,

SDAL o

Adva dShpD g A utomation Lab.
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.2.2.3.1 de Casteljau algorithm & Bezier curves (3)

Linear interpolation

b, (1) =(1-1)b; +1b!
bi(t) =(1-1)b] +1b)
bl(t) =(1-1)b) +1b)

b.(t) =(1—-1)b} +tb;
bZ(t) =(1—1)b! +1b,

by(t) =(1-1)b2 + b’




[2.2.3.1 Example of de Casteljau algorithm (1)
* - de Casteljau algorithm at t = 0.4

W

=04 Linear interpolation

b,(0.4)=(1-0.4)b) +0.4b!
b;(0.4)=(1-0.4)b} + 0.4b)
b’ (0.4)=(1-0.4)b + 0.4b]

SDA »

Advanced Ship Design Automation Lab.
ht

Computer Aided Ship Design 2008 - PART I: Curve & Surface tp://asdal.snu.ac.kr



[2.2.3.1 Example of de Casteljau algorithm (2)
V- de_Casteljau algorithmatt=0.4

W

=04 Linear interpolation

b,(0.4)=(1-0.4)b) +0.4b!
b;(0.4)=(1-0.4)b} + 0.4b)
b’ (0.4)=(1-0.4)b + 0.4b]

b.(0.4)=(1-0.4)b} +0.4b,
b2(0.4)=(1-0.4)b! +0.4b;

@ SDAL ™
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[2.2.3.1 Example of de Casteljau algorithm (3)
* - de Casteljau algorithm at t = 0.4

W | |
=04 Linear interpolation
b0, b,(0.4)=(1-0.4)b) +0.4b!
b;(0.4)=(1-0.4)b} + 0.4b)
b’(0.4)=(1-0.4)b) +0.4b)
b.(0.4)=(1-0.4)b} +0.4b,

Npo, b2(0.4)=(1-0.4)b' +0.4b}

. SRR _ b3(0.4)=(1-0.4)b2+0.4b]
O

&
N
—_

b;(0.4)=(1-0.4)’by +3-0.4(1-0.4)’b] +3-0.4°(1-0.4)b) + 0.4°b



[2.2.3.1 Example of de Casteljau algorithm (1)
* - de Casteljau algorithm at t = 0.7

e i Linear interpolation

b,(0.7)=(1-0.7)by +0.7b?
b;(0.7)=(1-0.7)b} +0.7b)
b} (0.7)=(1-0.7)b; +0.7b;

SDA 2

Advanced Ship Design Automation Lab.
ht
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[2.2.3.1 Example of de Casteljau algorithm (2)

* - de Casteljau algorithm at t = 0.7

W

e i Linear interpolation

Computer Aided Ship Design 2008 - PART I: Curve & Surface

b,(0.7)=(1-0.7)by +0.7b?
b;(0.7)=(1-0.7)b} +0.7b)
b} (0.7)=(1-0.7)b; +0.7b;

b2(0.7)=(1-0.7)b.+0.7b;
b2(0.7)=(1-0.7) bl +0.7b;

@Advanced Ship Design Automation Lab.
http://asdal.snu.ac.kr



[2.2.3.1 Example of de Casteljau algorithm (3)
* - de Casteljau algorithm at t = 0.7

W

e i Linear interpolation

b0, b,(0.7)=(1-0.7)by +0.7b?
b;(0.7)=(1-0.7)b} +0.7b)
e @ B b}(0.7)=(1-0.7)b) +0.7b}

) b2(0.7)=(1-0.7)b.+0.7b;
Npo, b2(0.7)=(1-0.7)b!+0.7b}

0o 0.7 1:0.7=0.3 b2(0.7) = (1—0.7) b? i’
e em - m e L =010-=-0.7)b:+0.7
S 3 5 ’ !
0 0.7 1

b;(0.7)=(1-0.7)’by +3-0.7(1-0.7)°b] +3-0.7°(1-0.7)b3 +0.7°b]



|

.2.2.3.1 Example of de Casteljau algorithm

g —

Given
0 0 0 0
bO’ bl b b29 b3

Points on bezier curve
at t=0.0, 0.4,0.7, 1.0

O O O O
0 0.4 0.7 1

b2(0.0) = (1-0.0)’b? +3-0.0(1-0.0)*b? +3-0.0>(1-0.0)b? + 0.0°b? = b’

b2(0.4) = (1-0.4)°b? +3-0.4(1-0.4)*b° +3-0.42(1- 0.4)b" + 0.4°b"

b;(0.7)=(1-0.7)’by +3-0.7(1-0.7)*b} +3-0.7°(1-0.7)b; +0.7°b]

b2(0.0) = (1-1.0)°b? +3-1.0(1-1.0)*b* +3-1.0°(1-1.0)b% +1.0°b? = b’ SDAL

dShpD g Atmat n Lab.
[: Curve & Surface http asdat.s
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[2.2.3.1 de Casteljau algorithm & Bezier curves (4)
-
= de Casteljau 2112|E: “Constructive Approach”

Input: b, (Bezier control points)
‘linear interpolation’

Processor: ntH & XA

Output : nX} ZMAO| A
- Bernstein basis function(polynomial) ¥t B& &

m Bezier A2MAl: “Bernstein Function evaluation Approach”
Input: b, (Bezier control points)

Processor: 32t 49| & b. @l Bernstein Basis function
“blending”0l0] &5 S HlLOIH JMY

8 = US
Output: Bernstein basis function(polynomial) 1t b, 9]
=g 2 U= Hd

(=]
=
o] Mg

76
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.2.2.3.2 Parameter Transformation

W

® Parameter Transformation
m the affine map for the interval of ¢ €[0,1] > u €[a,b],
. We get

m U - global parameter, - local parameter
m the process of changing interval is called parameter transformation.

SDAL "

Adva dShpD g A utomation Lab.
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.2.2.3.3 Linear Interpolation on[a, 6]

4
A A
P " o 1
4/ u

S @

u—a:b—u=A;:A,
Ay(b-u)=A(u—a)
(A, +ADu=Aa+Ab

Aa+ADb
A, + A,

AI A0
7 — a—+
A, + A, A, +A,

b

oY
A, SDAL ”

Adva dShpD g A utomation Lab.

Computer Aided Ship Design 2008 - PART I: Curve & Surface hetp://asdal.s

ratio(a,u,b) =



12.2.3.4 IHBIZ 22401 [ uy , 1, 191 B, = 1, QMO
-E.'Hé,*gl S -_r‘UUI de Casteljau Algorithm
U, —u

by (1) = b +

79

SDAL
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12.2.3.4 IHSBIZ 2401 [ uy , 1, 191 B, = 1, QMO
-E.'Hé,*gl S -_r‘UUI de Casteljau Algorithm
U, —u

by (1) = b +

SDAL  *

dShpD gAtmat n Lab.
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12.2.3.4 ININIZ T2 [ ug, u, 190 2L, u = u, HIMO]
y AMAYO| M J15})]: de Casteljau Algorithm

U, —u u-—u
2 bg+ 0
u, —u, u, —u,
A A
=—Lb,+—Lb;
A A

by () = b;

A A
b} () = 5-b} + b

A A
b} (u) =le2 +X0b§

A A
b3 () = b} + = b}

A A
b? (u) =le} +X°b;

A=u,—u,, A =u,—u,

u, A, AL, A

. u—
ratio(b;,b;,b) = v - A b, (u) = Al b; +—"b}
3 Xt Bezier curves 2F S 2 8t & =46 111
u—u
Let 7= » _uo , | biw)=r@®)=>0-1)’b, +3(1—-1)’tb, +3(1—1)t’b, +1’b,
2 0




. 2.2.3.5 de Casteljau Algorithm9|

|
Uu=u,
A =u, —u, A=A, +A,
_u—uy A,
U, A,

r,(1)=(1—-1)by +3(1—1)°tby, +3(1—1)t’b, + '), t

r(t)=0-1)’b, +30-1)°tb; +3(1—-1)t’b, +£'b}, ¢

sS4 (1)
)

. Bezier M| 4 =u,0{lA{9]

3 Al

Ny
[
=
==
= I
N
Nl
— —
L=
o
O]
N
(0]
-

F, AXE M r (HS Bezier

points b%,, b!,, b%,, b}, F
0IF01Xia,

PEZE IM r () Bezier

points b3,, b2, bl,, b, OF
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2.2.3.5 de Casteljau Algorithm©@| EA (2)
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2.2.3.6 Sample code of de Casteljau algorithm (1)

B

#ifndef _ BezierCurve_h__

#define __BezierCurve_h__

#include “vector.h”

class BezierCurve {

public:
int m_nDegree;
Vector* m_ControlPoint; int m_nControlPoint;
BezierCurve();

~BezierCurve();

void SetDegree(int nDegree);
void SetControlPoint(Vector* pControlPoint, int nControlPoint);
Vector CalcPoint(double t);
Vector deCasteljau(double t); // CalcPoint by de Casteljau algorithm
double B (int i, double t);
I
#endif
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2.2.3.6 Sample code of de Casteljau algorithm (2)

Vector BezierCurve:: deCasteljau (double t) {
Vector* TmpControlPoint = new Vector [m_nControlPoint];

for(int i = 0; i < m_nControlPoints; i++) TmpControlPoint[i] = m_ControlPoint[i];

for(i = 1; i < m_nControlPoint; i++){
for(int j = 0; j < m_nDegree - i; j++){
TmpControlPoint[j] = (1-t)*TmpControlPoint[j] + t*TmpControlPoint[j+1];
// b;’ b, by,
0 1 2
3 b, b, by
Vector result = TmpControlPoint[0]; // b,? 0 1 2
bl bl bl
delete[] TmpControlPoint;
b b:
return result; 2 2
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2.2.4.1 Introduction to Curve Interpolation (1)

B

13.0.0(1-0.0
1 3.0.4(1-0.4
3.0.7(1-0.7

+3.1.0(1-1.0)

Given

Points on bezier curve
at t =0.0, 0.4, 0.7, 1.0

(Po> P1> P2» P3)
Find: Cubic Bezier Curve

by, by, by, b

If we are given fitting points P,
and we wish to pass a curve
through them. There, the points
are 2D, but the curve might as
well be 3D. This is called “curve
interpolation”.

We choose

among many kinds

may

b0 }3.0.02(1-0. )bgto.b3bg _p?  of curves; for right
now, we will use a
’b) $3-0.4°(1-0.4)b] § 0.4°b3 cubic Bezier curve.
- “cubic Bezi
’b? |3-0.7>(1-0.1)b2 | 0.7° b nterpolation”
by 43-1.0°(1-1.0 1.0{b3 =|b]
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2.2.4.1 Introduction to Curve Interpolation (2)

S .
Py~ =16 b; m  Every points on a Bezier curve has
p-pl-12 10 a parameter val.ue t; in order to
I solve interpolation problem, we
py—pof=12 B e have to assign a parameter value ¢,

to every P,.

O0=1t,<t,<t,<t; =1

(=) P; " A natural choice is to associate the

Po P 02 ) 1 2_ ratio of distances between each P,
O - {— {—
0:0 974 07 1t0 fo = OO, f3 =1.0 ©
r(t)=(1-1)’b, +3(1—-1)’tb, +3(1—1)t’b, + b, f =16 _04 % Set parameter t
Given I L6+1.2+412 - ™7 using chord length
Points on bezier curve t, =3202-=0.7/
at t =0.0, 0.4,0.7,1.0
(Po> P1> P2 P3) = Then, we want a cubic Bezier
Find curve such that:
by, by, b3, b; r¢)=p,; i=0,1,2,3
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2.2.4.2 Cubic Bezier curve interpolation (1)
) —

m  The cubic Bezier curve of the form:

r(t)= B} ()b, + B ()b, + B; (t)b, + B; (t)b,.

m  All interpolation conditions are:

Py = B; (¢ @"‘ B; (to@"' B; (to@"' B; (to
P, =B; (t1@+ B} (tl B; U1@D+ B (¢, )@
P, = B;(s, + B} (tz"' B; (tz@"' B3 (tz@
p; =5; (%@"’ B} (13@4' B; (Q@"' B3 (1, @

4 Unknown Vectors, 4 Vector Equations

@ SDAL
Computer Aided Ship Design 2008 - PART I: Curve & Surface Netpiltastat ety LB
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2.2.4.2 Cubic Bezier curve interpolation (2)
W
®m  To find the solution of these four equations for four unknowns, we can
write in matrix form:

Py | [Bi(t) Bi) B3, Bi)|b,
P, | | Bi(t) Bi(t) B() Bi() |b,
P B Bj(t,) Bi(t,) B;(t,) B;(,) (b,
Ps| | Bi(t) Bi() Bi(t) Bi(t;) || bs_

m  To abbreviate the above form as: P = MB.
m The solution is: B=M"'P.

m  Although it looks like the solution to one linear system but it is the two
or three systems depending on the dimensionality of the . P;

ex) po:[xo yo]T or [xo Yo ZO]T
SDA ”
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2.2.4.2 Cubic Bezier curve interpolation (3)
p —

Cubic Bezier interpolation.

Computer Aided Ship Design 2008 - PART I: Curve & Surface @’h‘?é,"..i'fffdi','."fnﬁ’.":i?ﬂ"”’°"°"‘"’" e
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. 2.2.4.3 Bezier curve interpolation beyond Cubics (1)
S

Polynomial interpolation can also works for more than four data points.

Given: points Po>---P, and
corresponding parameter values 0=¢,<¢ <...<t, , <t, =1.

If we choose a Bezier curve of degree n for interpolation,
we have “m+1 vector equations” for “n+1 unknown vectors”.

n>m . underdetermined system,
We need additional conditions to solve the interpolation problem

n=m : determinate linear system -> “Interpolation problem”

n<m : overdetermined system - “Approximation problem”

SDAL  *

dShpD gAtmat n Lab.

Computer Aided Ship Design 2008 - PART I: Curve & Surface http fasdal.s



.2.2.4.3 Bezier curve interpolation beyond Cubics (2)
-
" Given: points Py.-----P, and
corresponding parameter values o0=¢ <z <..<t <t =1.

® |f we use a Bezier curve of degree n (=m),
we have a linear system: P = MB.

m M isan (m+1)x(m+1) matrix with elements;

€; = B}n (ti)

® |t can be solved with any linear solver.

= Polynomial interpolation does not provide satisfied result for
higher degrees. Figure in the next slide should be convincing
enough.

SDAL ™

Advanced Ship Design Automation Lab.

Computer Aided Ship Design 2008 - PART I: Curve & Surface http://asdal.snu.ac.kr
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2.2.4.3 Bezier curve interpolation beyond Cubics (3)

e

Before After

slightly move to the left

Top: Data from a circle; Bottom: one point slightly modified.

"  The processes of a small change in data can lead large change in the
interpolating curve is called ill-conditioned.

m  Different polynomial forms will give the identical result.
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. 2.2.4.4 Bezier curve approximation (1)
-
® One is given more data points than should be interpolated

by a polynomial curve (i.e. number of data points more than
degree of curve)

- We can solve the problem
by interpolating with a higher degree Bezier curve,
but higher degree interpolation becomes ill-conditioned.

® |n such cases, an approximating curve will be needed,
which does not pass through the data points exactly;
rather it passes near them.

e the best technique to find such curves
e - ‘least squares approximation’.

SDAL  **

. . . Advanced Ship Design Automation Lab.
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2.2.4.4 Bezier curve approximation (2)
W
" Given: points Ppy.----P,and
corresponding parameter values 0=t <¢ <..<t <t =1.

m We wish to find a polynomial curve r(¢) of a given degree n (< m)
such that

P, — I'(fl.)

— minimize  (or) p,=r(t); i=0,1,...,m
i=l1

®m Polynomial curve is of the Bezier form:
r(¢)=b,B,(t)+b B/ (t)+......... +b B (?).

SDA iy

Advanced Ship Design Automation Lab.
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2.2.4.4 Bezier curve approximation (3)

W

" We would like the following to hold:

P, =b,B;(¢,)+......... +b B'(¢,)

p,=b,B;(¢)+......... +b, B'(¢) |:>

p,=b,B,(, )+...... +b B'(¢,)

Bl (t,)

By (2,)

B! (t,) ]

B, (t,)

MB=P

Po

P

(m+1)*(2 or 3) Unknowns < (n+1)*(2 or 3) Equations

Computer Aided Ship Design 2008 - PART I: Curve & Surface

SDA

Advanced Ship Design Automation
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2.2.4.4 Bezier curve approximation (4)
A 4
® Multiply both sides by :Mm”

M'MB=M'P. < Normal equation

where M'M s a square and symmetric matrix,
which is always invertible.

= The curve B minimizes the sum of the |p, —r(z,)

, 1=01,......m
. B=(M"M) ' MP.

note that any modification of the #; would result
in an entirely different solution.

SDA >

Advanced Ship Design Automation Lab.
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2.2.4.4 Bezier curve approximation (5)
| —

. ® ® &

Least square approximation to a wing.
A quintic Bezier curve with chord length
parameters assigned to the data.

SDAL 0
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,[. 2.2.4.5 Finding the right parameters (1)
S
® |n both interpolation & approximation curve,

in practice, the parameter value ¢, are not normally given,
and have to be made up.

®m There are two types to be made up:

(1) Uniform sets of parameters;
m |f there are (m + 1) points p,,
m then set t. = i/l.

(2) chord length parameters; t,=0

m if the distance between two points is t, =t, +Hp1 _pOH
relatively large, then their parameter :
values should also be fairly different. '

=10+ sz _Pz—1H

SDAL "
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2.2.4.5 Finding the right parameters (2)
S

m |f desired (it makes no difference to the interpolation or
approximation result), the parameters may be normalized by
scaling the parameters to live between zero and one:

® In general, chord length parameterization method is superior to
the uniform method, because it takes into account the geometry
of the data.

SDAL ™
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2.2.4.6 Sample code of Interpolation/Approximation (1)
B

#include “vector.h”

class BezierCurve {
public:
int m_nDegree;

Vector®* m_ControlPoint; int m_nControlPoint;

void SetDegree(int nDegree);

void SetControlPoint(Vector* pControlPoint, int nControlPoint);

Vector CalcPoint(double t);

double B (int i, double t);

int Approximation(int nDegree, int nType, Vector* FittingPoint, int nPoint);
int Interpolation(int nType, Vector® FittingPoint, int nPoint);

void Parameterization(int nType, Vector* FittingPoint, int nPoint, double* t);

b
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2.2.4.6 Sample code of Interpolation/Approximation (2)

void BezierCurve:: Parameterization (int nType, Vector* FittingPoint, int nPoint, double® t){
// assume t is allocated out of function
if( nType == 1) { // Uniform Set
for (int i = 0; i < nPoint; i++)
t[i] = 1./(nPoint-1);
} else if ( nType == 2) { // Chord length
t[0] =0.;
for (int i=0; i < nPoint-1; i++)
t[i+1] = t[i] + (FittingPoint[i+1] - FittingPoint[i]).Magnitude();
double t0 = t[0], tm = t[nPoint-1];
for (int i=0; i < nPoint; i++)

t[i] = (t[i] - t0)/(tm - t0); // Normalize
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2.2.4.6 Sample code of Interpolation/Approximation (3)
.

int BezierCurve:: Approximation(int nDegree, int nType, Vector® FittingPoint, int nPoint){
m_nDegree = nDegree;
m_nControlPoint = m_nDegree+1;
if(m_ControlPoint) = delete[] m_ControlPoint;

m_ControlPoint = new Vector[m_nControlPoint];

double* t = new double[nPoint];

Parameterization(nType, FittingPoint, nPoint, t);

// Solve normal equation

delete[] t;
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2.2.4.6 Sample code of Interpolation/Approximation (4)

L

int BezierCurve:: Interpolation(int nType, Vector* FittingPoint, int nPoint){
double** M = new double*[nNumOfPoint];
for (i=0; i<nNumOfPoint; i++) M[i] = new double[nNumOfPoint];

for (i=0; i<nNumOfPoint; i++) {
for (j=0; j<nNumOfPoint; j++) {

MLiI[] = B(, t[il); <€
h — )
1 P, B;(t,) Bi(t,) B(t) Bi(t,) |[b,
P | By(t) Bi() By(t) Bi(1) ||b,
// Solve MB = P P.| || Bi() B'(t,) Bi(5) Bi(t)||b:
GaussElimination(nNumOfPoint, M, p_x, b_x); P3| || B3(t,) B’(t,) BX(t) B(t) |IPs
GaussElimination(nNumOfPoint, M, p_y, b_y); P—-MB
GaussElimination(nNumOfPoint, M, p_z, b_z); N
B=M'P




