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xeyyy  2)1( xeyy  sin xeyy  2)4(
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Taylor Series : 미분 가능핚 어떤 함수를 다항식의 형태로 근사하는 방법.
n≥0 인 정수 n에 대하여, x=x*인 지점에서 n번 미분 가능핚 함수 f는 아래와 같이 나타낼 수 있다

Rxx
dx

xfd
xx

dx

xdf
xfxf  2*

2

*2
*

*
* )(

)(

2

1
)(

)(
)()(

주어짂 점 에서 f(x)의 Taylor Series
*x

나머지항(Remainder)

:     가 에 충분히

가까우면 그 값이 매우 작음

*xx

Taylor Series How to linearize the nonlinear model?
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Given : ),(, ** xfx

Find : )( * xxf 













i

i

x

xf )( *

에서의 i차 미분 계수
*x
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Given : ),(, ** xfx

Find : )( * xxf 













i

i

x

xf )( *

에서의 i차 미분 계수
*x

* * * * 21
( ) ( ) ( ) ( ) ...

2
f x x f x f x x f x x        

※ 1변수 함수의 Taylor Series Expansion
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Given : ),(, ** xfx

Find : )( * xxf 













i

i

x

xf )( *

에서의 i차 미분 계수
*x

* * * * 21
( ) ( ) ( ) ( ) ...

2
f x x f x f x x f x x        

※ 1변수 함수의 Taylor Series Expansion

x*x xx *

xxf  )( *

)( * xxf 

)( *xf

x

y
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Given : ),(, ** xfx

Find : )( * xxf 













i

i

x

xf )( *

에서의 i차 미분 계수
*x

* * * * 21
( ) ( ) ( ) ( ) ...

2
f x x f x f x x f x x        

※ 1변수 함수의 Taylor Series Expansion

x*x xx *

xxf  )( *

)( * xxf 

)( *xf

x

y

*let 0,x x x  

21
( ) (0) (0) (0) ...

2
f x f f x f x      

Maclaurin Series
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Ex) Continuity Equation

x

y

z

x

y

z

u

w

v

1

2
x



21
( ) (0) (0) (0) ...

2
f x f f x f x    Maclaurin Series
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( ) ( ) ( ) ( ) ...

2
f x x f x f x x f x x        

Ex) Continuity Equation*

x

y

z

x

y

z

u

w

v



Given :
( )

( , , ) ( , , ) and at ( , , )
u

x y z u x y z x y z
x







Find : 오른쪽 면을 통해 검사체적으로부터 빠져나갂 유체의 질량

( )
( , , ) ( , , )

2

(

2 2

) ( )

u x
x y z u x y z y z

x

u x
u y z

x

u x
u y z

x





 



  
      

  
     

  
      

 단위 시갂당 왼쪽 면을 통해 들어온 유체의 질량

21
( ) (0) (0) (0) ...

2
f x f f x f x    Maclaurin Series

x
2

x
x




2

x
x




( , , ) ( , , )
2 2

x x
x y z u x y z y z

 
   

( , , ) ( , , )
2 2

x x
x y z u x y z y z

 
   

( )
( , , ) ( , , )

2

( )

2

( )

2

u x
x y z u x y z y z

x

u x
u y z

u x
u y z

xx










   
       

   

     
 

 
      

  
     

   

*Dean R.G., Dalrymple R.A., Water Wave Mechanics for Engineers and Scientists, Advanced Series on Ocean Engineering World Scientific, 1994, p9
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Ex) Continuity Equation*

x

y

z

x

y

z

u

w

v



21
( ) (0) (0) (0) ...

2
f x f f x f x    Maclaurin Series

x
2

x
x




2

x
x




 the net flux of mass into the cube in the x direction

(+ : mass flow rate in)

( ) ( )

2 2

u x u x
u y z u y z

x x

 
 
       

                

( )u
x y z

x


    



 the net flux of mass into the cube in the y direction 

 the net flux of mass into the cube in the z direction 

( )v
x y z

x


   



( )w
x y z

x


   



 the net rate of mass accumulation inside the control volume

( ) ( ) ( )u v w
x y z

x x x

     
         

*Dean R.G., Dalrymple R.A., Water Wave Mechanics for Engineers and Scientists, Advanced Series on Ocean Engineering World Scientific, 1994, p9
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Ex) Continuity Equation*

x

y

z

x

y

z

u

w

v



21
( ) (0) (0) (0) ...

2
f x f f x f x    Maclaurin Series

x
2

x
x




2

x
x




Given : ( ) and at ( )t t
x







Find : the increase in mass for a time increment

t x y z
t

t x y z
t

  
 

 
        

   

 ( ) ( )t t t x y z     

*Dean R.G., Dalrymple R.A., Water Wave Mechanics for Engineers and Scientists, Advanced Series on Ocean Engineering World Scientific, 1994, p9
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Ex) Continuity Equation*

x

y

z

x

y

z

u

w

v



21
( ) (0) (0) (0) ...

2
f x f f x f x      Maclaurin Series

x
2

x
x




2

x
x




Mass conservation 

: the increase in mass for a time increment 

must be due to 

the net inflow rate occurring over a time increment

( ) ( ) ( ) ( )
0

u u v w

t x x x

      
    

   

( ) ( )v w
t x y z x y z t

t x x x

         
                    

*Dean R.G., Dalrymple R.A., Water Wave Mechanics for Engineers and Scientists, Advanced Series on Ocean Engineering World Scientific, 1994, p9

assumed as given at first  

but we need to find them in the result. 
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Given :   ),,(,, *

2

*

1

*

2

*

1 xxfxx

Find : ),( 2

*

21

*

1 xxxxf 

















 

ji

ji

xx

xxf

21

*

2

*

1 ),(
에서의 미분 계수

*x
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...2
2

1

),(),(

2

22

2

2

21

21

2
2

12

1

2

2

2

1

1

*

2

*

12

*

21

*

1





































x
x

f
xx

xx

f
x

x

f

x
x

f
x

x

f
xxfxxxxf

※ 2변수 함수의 Tayler Series Expansion

Given :   ),,(,, *

2

*

1

*

2

*

1 xxfxx

Find : ),( 2

*

21

*

1 xxxxf 

















 

ji

ji

xx

xxf

21

*

2

*

1 ),(
에서의 미분 계수

*x
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2

1

),(),(

2

22

2

2

21

21

2
2

12

1

2

2

2

1

1

*

2

*

12

*

21

*

1





































x
x

f
xx

xx

f
x

x

f

x
x

f
x

x

f
xxfxxxxf

※ 2변수 함수의 Tayler Series Expansion
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2
2
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1

2

2

2

1

1

*

2

*

12

*

21

*

1





































x
x

f
xx

xx

f
x

x

f

x
x

f
x

x

f
xxfxxxxf

※ 2변수 함수의 Tayler Series Expansion








































2

1

2

1** )()(
x

x

x

f

x

f

f

T

T
xxx
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2

1
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2

22

2

2

21

21

2
2

12

1

2

2

2

1

1

*

2

*

12

*

21

*

1





































x
x

f
xx

xx

f
x

x

f

x
x

f
x

x

f
xxfxxxxf

※ 2변수 함수의 Tayler Series Expansion








































2

1

2

1** )()(
x

x

x

f

x

f

f

T

T
xxx

   

  


























































































2

1

2

2

2

12

2
21

2

2

1

2

21

2

1

22

2

2

1

21

2

2

12

2
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Taylor Series
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2변수 함수의 전미분
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방향의 변화량2x
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실제 구해야 하는 것:
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21   , xx  가 아주 작다면

라 볼 수 있음
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
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 2변수 함수의 전미분
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속도

위치가 고정일 때, 시갂 변화에 따른 속도 변화량

시갂이 고정일 때, 위치 변화에 따른 속도 변화량

x1가 고정일 때 x2의 변화에 따른 f 의 변화량

x2가 고정일 때 x1의 변화에 따른 f 의 변화량

2변수 함수의 전미분
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삼각함수 Taylor 전개
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삼각함수 Taylor 전개
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Ex) 탄성선의 미분 방정식

Deflection of a beam

M
x

y

M

중립면

* 중립면 : 보의 볼록 핚 쪽의 재료는 늘어나고, 오목핚 쪽의 재료는 줄어든다.
이 때, 보의 상면과 하면 사이의 어딘가는 길이가 변하지 않는 재료들의 층이 존재핛 것이다. 
그와 같은 섬유들이 이루는 면을 중립면이라 핚다.
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Ex) 탄성선의 미분 방정식

Deflection of a beam

M
x

y

M

M M

y

x

중립면

중립면

* 중립면 : 보의 볼록 핚 쪽의 재료는 늘어나고, 오목핚 쪽의 재료는 줄어든다.
이 때, 보의 상면과 하면 사이의 어딘가는 길이가 변하지 않는 재료들의 층이 존재핛 것이다. 
그와 같은 섬유들이 이루는 면을 중립면이라 핚다.
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Ex) 탄성선의 미분 방정식

ds

M M

y

d

y

x

dx

d

중립면

* 중립면 : 보의 볼록 핚 쪽의 재료는 늘어나고, 오목핚 쪽의 재료는 줄어든다.
이 때, 보의 상면과 하면 사이의 어딘가는 길이가 변하지 않는 재료들의 층이 존재핛 것이다. 
그와 같은 섬유들이 이루는 면을 중립면이라 핚다.



ds


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Ex) 탄성선의 미분 방정식

ds

M M

y

d

y

x

dx

d

중립면

 E
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Ex) 탄성선의 미분 방정식

ds

M M

y

d

y

x

dx

d

중립면

① dsd  


 1


ds

d
 E
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Ex) 탄성선의 미분 방정식

ds

M M

y

d

y

x

dx

d

중립면

① dsd  


 1


ds

d

② 중립면에서 y만큼 떨어짂 곳의 변형율 (ε)

 E
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Ex) 탄성선의 미분 방정식

ds

M M

y

d

y

x

dx

d

중립면

① dsd  


 1


ds

d

② 중립면에서 y만큼 떨어짂 곳의 변형율 (ε)

ds : 원래 길이

 E
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Ex) 탄성선의 미분 방정식

ds

M M

y

d

y

x

dx

d

중립면

① dsd  


 1


ds

d

② 중립면에서 y만큼 떨어짂 곳의 변형율 (ε)

ds : 원래 길이 dy  : 늘어난 길이

 E
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Ex) 탄성선의 미분 방정식

ds

M M

y

d

y

x

dx

d

중립면

① dsd  


 1


ds

d

② 중립면에서 y만큼 떨어짂 곳의 변형율 (ε)

ds : 원래 길이 dy  : 늘어난 길이






y

ds

dy





원래길이

늘어난길이

 E
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Ex) 탄성선의 미분 방정식

ds

M M

y

d

y

x

dx

d

중립면

① dsd  


 1


ds

d

② 중립면에서 y만큼 떨어짂 곳의 변형율 (ε)

ds : 원래 길이 dy  : 늘어난 길이






y

ds

dy





원래길이

늘어난길이

 E

③ 중립면에서 y만큼 떨어짂 곳의 응력(σ)
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Ex) 탄성선의 미분 방정식

ds

M M

y

d

y

x

dx

d

중립면

① dsd  


 1


ds

d

② 중립면에서 y만큼 떨어짂 곳의 변형율 (ε)

ds : 원래 길이 dy  : 늘어난 길이






y

ds

dy





원래길이

늘어난길이

 E

③ 중립면에서 y만큼 떨어짂 곳의 응력(σ)




y
EE 
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Ex) 탄성선의 미분 방정식

ds

M M

y

d

y

x

dx

d

중립면

① dsd  


 1


ds

d
 E

중립면

<보의 단면>

dA

y

y

x

④ 미소면적에 작용하는 힘 : 

dA
y

EdAdF


 

③ 중립면에서 y만큼 떨어짂 곳의 응력(σ)




y
EE 
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Ex) 탄성선의 미분 방정식

ds

M M

y

d

y

x

dx

d

중립면

① dsd  


 1


ds

d
 E

④ 미소면적에 작용하는 힘 : dA
y

EdAdF


 
⑤ 미소면적에 작용하는 모멘트

x

y

M
2

1

dA

• 상면 ‘압축’, 하면 ‘인장’
• 선박의 경우 sagging condition

•응력이 양인 곳에서의 모멘트

dAydM 
 0  0  0  0

•응력이 음인 곳에서의 모멘트

dAydM 
 0  0  0  0

dAydM 
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Ex) 탄성선의 미분 방정식

ds

M M

y

d

y

x

dx

d

중립면

① dsd  


 1


ds

d
 E

④ 미소면적에 작용하는 힘 : dA
y

EdAdF


 

⑤ 미소면적에 작용하는 모멘트 dM y dA 
⑥ 단면에 작용하는 모멘트 : 

2

A A

A A

M dM ydF

y E
y E dA y dA

 

  

    

 

 

 A
dAyI 2Define



EI
M then,



1


EI

M
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Ex) 탄성선의 미분 방정식

ds

M M

y

d

y

x

dx

d

중립면

dsd  


 1


ds

d

dA
y

EdAdF


 

dM y dA  

1


EI

M

dy

E

d

Ids

M
  
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Ex) 탄성선의 미분 방정식

ds

M M

y

d

y

x

dx

d

중립면

dy

dsd  


 1


ds

d

dA
y

EdAdF


 

dM y dA  

1


EI

M
E

d

Ids

M
  
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ds

M M

y

d

y

x

dx

d

중립면

dy

⑦ Assume that

 
dx

dy
dxds   tan,

2

2

d

d

d

s xd

y
 

dsd  


 1


ds
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EdAdF
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 
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Ex) 분포하중 을 고려한 탄성선의 미분 방정식

EI

M

dx

yd


2

2

y 방향의 합력 : 

  0)(  dxxfVdVV

0)(  dxxfdV

)(xf
dx

dV


모멘트 (파란색 축 기준): 

  0
2

1
)(  dxdxxfVdxMdMM

  0,
2
dx0 VdxdM

)(xV
dx

dM


dMM M

y

x

dx

V

dxxf )(

dVV 

분포하중:)(xf

양의
모멘트
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Ex) 분포하중 을 고려한 탄성선의 미분 방정식

( )
dV

f x
dx

  ( )
dM

V x
dx



dMM M

y

x

dx

V

dxxf )(

dVV 

분포하중:)(xf

양의
모멘트

)(
11

3

3

xV
EIdx

dM

EIdx

yd


EI

M

dx

yd


2

2

: 탄성선의 미분방정식

)(
11

4

4

xf
EIdx

dV

EIdx

yd


)(
4

4

xf
dx

yd
EI 
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)(xy

Lx 0x


Ex) Rotating String

1

1T

2T

2

xx x

y

( )y x

( )y x x

r

ρ : string density 
ω : string angular velocity
T : magnitude of tension 

r r 

s

2ra 

2 2 1 1sin sinyF    T T

1 2tan , tan
x x x

dy dy

dx dx
 



 

2 1

2 1

2 1

sin sin

cos cos

tan tan

T T

T T

 

 

 

 

 

1 1 2 2cos cos 0xF     T T

1 1 2 2cos cos T  T T

1 1 2 2cos cos T  T T

[ ( ) ( )]T y x x y x    
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Ex) Rotating String

1

1T

2T

2

xx x

y

( )y x

( )y x x

r

ρ : string density 
ω : string angular velocity
T : magnitude of tension 

r r 

s

2ra 

m s x    Mass: 
2a r Centripetal acceleration: 

2( )yF ma x y     

2 2,a r y    

When Δx is small, 

r r r y  

linearization

linearization

Acceleration point 
in the direction 
opposite to the 

positive y direction
1xassum.: 

[ ( ) ( )]yF T y x x y x   

r r r r x y y x          
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Ex) Rotating String
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1T

2T

2

xx x

y

( )y x

( )y x x

r

ρ : string density 
ω : string angular velocity
T : magnitude of tension 

r r 

s

2ra 

2( )yF ma x y    

[ ( ) ( )]yF T y x x y x   

2[ ( ) ( )] ( )T y x x y x x y       

0
)()( 2 




y

x

xyxxy
T 

2

2)()(

dx

yd

x

xyxxy






02

2

2

 y
dx

yd
T 
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Ex) Rotating String

1

1T

2T

2

xx x

y

( )y x

( )y x x

r

ρ : string density 
ω : string angular velocity
T : magnitude of tension 

r r 

s

2ra 

2, ( )ma x y   [ ( ) ( )]yF T y x x y x   

02

2

2

 y
dx

yd
T 

What if ..

2
2 2

2
0

dx
x

d y
T y y     

r r r r x y y x          

2 2, ( ) ( )then a r r y y x       

2[ ( ) ( )] ( )( )T y x x y x x y y x          

Not a form of         or polynomial of x 
dy

dx

0xy  1, means y (=dy/dx) is small toox s x    

2
2

2
0

d y
T y

dx
  

123
/266



2008_Introduction

②①

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

z
k

124
/266



2008_Introduction

②①

m

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

z
k

125
/266



2008_Introduction

②①

m

g

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

z
k

126
/266



2008_Introduction

②

:Gravity force

①

mg

m

g

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

z
k

127
/266



2008_Introduction

②

m  z F

:Gravity force

①

mg

m

g

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

By Newton’s 2nd law,

z
k

128
/266



2008_Introduction

②

m  z F

:Gravity force

①

mg

m

g

Spring/Mass Systems: Driven Motion

mg k

2

2

dt

zd
z ,)(tzz 

By Newton’s 2nd law,

z
k

129
/266



2008_Introduction

②

m  z F

:Gravity force

①

mg

m

g

Spring/Mass Systems: Driven Motion

mg k

2

2

dt

zd
z ,)(tzz 

By Newton’s 2nd law,

z
k

130
/266



2008_Introduction

0s

②

m  z F

:Gravity force

①

mg

m

g m0

z

Spring/Mass Systems: Driven Motion

mg k

2

2

dt

zd
z ,)(tzz 

By Newton’s 2nd law,

z
k

k

131
/266



2008_Introduction

0s

②

m  z F

:Gravity force

①

mg

m

g

0ks

mg

m0

z

Spring/Mass Systems: Driven Motion

mg k

2

2

dt

zd
z ,)(tzz 

By Newton’s 2nd law,

z

m

k

k

132
/266



2008_Introduction

0s

②

m  z F

:Gravity force

①

mg

m

g

0ks

mg

m0

z

Spring/Mass Systems: Driven Motion

mg k

2

2

dt

zd
z ,)(tzz 

By Newton’s 2nd law,

z

m

Nonlinearity of spring

3

1( )z k k  F z z

k

k

133
/266



2008_Introduction

0s

②

m  z F

:Gravity force

①

mg

m

g

0ks

mg

m0

z

Spring/Mass Systems: Driven Motion

mg k

2

2

dt

zd
z ,)(tzz 

By Newton’s 2nd law,

z

m

Nonlinearity of spring

3

1( )z k k  F z z

spring k F z
F z

constant spring:k

linearize

Hooke’s law

k

k

134
/266



2008_Introduction

0s

②

m  z F

:Gravity force

①

mg

m

g

0ks

mg

m0

z

Spring/Mass Systems: Driven Motion

mg k

2

2

dt

zd
z ,)(tzz 

By Newton’s 2nd law,

z

m

Nonlinearity of spring

3

1( )z k k  F z z

spring k F z
F z

constant spring:k

linearize

Hooke’s law

opposite to the direction of 
displacement

k

k

135
/266



2008_Introduction

0s

②

m  z F

:Gravity force

①

mg

m

g

0ks

mg

m0

z

Spring/Mass Systems: Driven Motion

m  z F

mg k

2

2

dt

zd
z ,)(tzz 

By Newton’s 2nd law,

z

m

Nonlinearity of spring

3

1( )z k k  F z z

spring k F z
F z

constant spring:k

linearize

Hooke’s law

opposite to the direction of 
displacement

k

k

136
/266



2008_Introduction

0s

②

m  z F

:Gravity force

①

mg

m

g

0ks

mg

m0

z

Spring/Mass Systems: Driven Motion

m  z F

mg k

mg k

2

2

dt

zd
z ,)(tzz 

0ks k

By Newton’s 2nd law,

z

m

Nonlinearity of spring

3

1( )z k k  F z z

spring k F z
F z

constant spring:k

linearize

Hooke’s law

opposite to the direction of 
displacement

k

k

137
/266



2008_Introduction

0s

0
: static equilibrium

②

m  z F

:Gravity force

①

mg

m

g

0ks

mg

m0

z

Spring/Mass Systems: Driven Motion

m  z F

mg k

mg k

2

2

dt

zd
z ,)(tzz 

0ks k

By Newton’s 2nd law,

z

)0( z

m

Nonlinearity of spring

3

1( )z k k  F z z

spring k F z
F z

constant spring:k

linearize

Hooke’s law

opposite to the direction of 
displacement

k

k

138
/266



2008_Introduction

0
: static equilibrium

0s
m0

z

m  z F

mg k

②

0ks k

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

0ks

mg

m

③

)0( z

k

139
/266



2008_Introduction

z
0s

0
: static equilibrium

0s
m0

z

m  z F

mg k

②

m

0ks k

0

z

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

0ks

mg

m

③

)0( z

k
k

140
/266



2008_Introduction

z
0s

0
: static equilibrium

0s
m0

z

m  z F

mg k

②

m

0ks k

0

z

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

0ks

mg

m

kzks  0

mg

m

③

,
external
static

F

)0( z

k
k

141
/266



2008_Introduction

z
0s

0
: static equilibrium

0s
m0

z

m  z F

mg k

②

m

0ks k

0

z

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

0ks

mg

m

kzks  0

mg

m

③

,
external
static

F

m  z F

)0( z

k
k

142
/266



2008_Introduction

z
0s

0
: static equilibrium

0s
m0

z

m  z F

mg k

②

m

0ks k

0

z

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

0ks

mg

m

kzks  0

mg

m

③

,
external
static

F

m  z F

0 ,external staticmg ks kz   k k k F

)0( z

k
k

143
/266



2008_Introduction

z
0s

0
: static equilibrium

0s
m0

z

m  z F

mg k

②

m

0ks k

0

z

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

0ks

mg

m

kzks  0

mg

m

③

,
external
static

F

m  z F

0 ,external staticmg ks kz   k k k F

,external statickz  k F)0( z

k
k

144
/266



2008_Introduction

z
0s

0
: static equilibrium

0s
m0

z

m  z F

mg k

②

m

0ks k

0

z

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

0ks

mg

m

kzks  0

mg

m

③

,
external
static

F

m  z F

0 ,external staticmg ks kz   k k k F

,external statickz  k F)0( z
0 )0( z

k
k

145
/266



2008_Introduction

z
0s

m

0

z

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

kzks  0

mg

m

④

,
external
static

F

m  z F

0mg ks kz  k k k

kz  k

,external staticF

,external staticF

z
0s

m

0

z

kzks  0

mg

m

③

,
external
static

F

m  z F

0 ,external staticmg ks kz   k k k F

,external statickz  k F

0 )0( z

k k

146
/266



2008_Introduction

z
0s

m

0

z

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

kzks  0

mg

m

④

,
external
static

F

m  z F

0mg ks kz  k k k

kz  k

,external staticF

,external staticF

z
0s

m

0

z

kzks  0

mg

m

③

,
external
static

F

m  z F

0 ,external staticmg ks kz   k k k F

,external statickz  k F

0 )0( z

k k

147
/266



2008_Introduction

z
0s

m

0

z

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

kzks  0

mg

m

④

m  z F

0mg ks kz  k k k

kz  k

z
0s

m

0

z

kzks  0

mg

m

③

,
external
static

F

m  z F

0 ,external staticmg ks kz   k k k F

,external statickz  k F

0 )0( z

k k

148
/266



2008_Introduction

z
0s

m

0

z

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

kzks  0

mg

m

④

m  z F

0mg ks kz  k k k

kz  k

0m k  z z

z
0s

m

0

z

kzks  0

mg

m

③

,
external
static

F

m  z F

0 ,external staticmg ks kz   k k k F

,external statickz  k F

0 )0( z
Oscillation by 
the restoring force

Physical Phenomenon

Mathematical Equation

k k

149
/266



2008_Introduction

z
0s

m

0

z

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

kzks  0

mg

m

④

m  z F

0mg ks kz  k k k

kz  k

0m k  z z

z
0s

m

0

z

kzks  0

mg

m

③

,
external
static

F

m  z F

0 ,external staticmg ks kz   k k k F

,external statickz  k F

0 )0( z
Oscillation by 
the restoring force

restoring force

Physical Phenomenon

Mathematical Equation

k k

150
/266



2008_Introduction

z
0s

⑤

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

z
0s

m

0

z

kzks  0

mg

m

④

m  z F

0mg ks kz  k k k

kz  k

0m k  z z

restoring 

force

m

0

z

kzks  0

mg

m

z

m  z F

0ks kz k kmg k

kz k

oscillation by 
the restoring force

restoring 

force

Physical Phenomenon

Mathematical Equation

k k

k

151
/266



2008_Introduction

z
0s

⑤

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

z
0s

m

0

z

kzks  0

mg

m

④

m  z F

0mg ks kz  k k k

kz  k

0m k  z z

restoring 

force

m

Dashpot

0

z

kzks  0

mg

m

z

m  z F

0ks kz k kmg k

kz k

oscillation by 
the restoring force

restoring 

force

Physical Phenomenon

Mathematical Equation

k k

k

152
/266



2008_Introduction

z
0s

⑤

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

z
0s

m

0

z

kzks  0

mg

m

④

m  z F

0mg ks kz  k k k

kz  k

0m k  z z

restoring 

force

m

Dashpot

0

z

kzks  0

mg

m

zc 
z

m  z F

0ks kz k kmg k

kz k

oscillation by 
the restoring force

restoring 

force

Physical Phenomenon

Mathematical Equation

k k

k

153
/266



2008_Introduction

z
0s

⑤

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

z
0s

m

0

z

kzks  0

mg

m

④

m  z F

0mg ks kz  k k k

kz  k

0m k  z z

restoring 

force

m

Dashpot

0

z

kzks  0

mg

m

zc 
z

m  z F

cz k0ks kz k kmg k

kz k

oscillation by 
the restoring force

restoring 

force

Physical Phenomenon

Mathematical Equation

k k

k

154
/266



2008_Introduction

z
0s

⑤

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

0m c k   z z z

z
0s

m

0

z

kzks  0

mg

m

④

m  z F

0mg ks kz  k k k

kz  k

0m k  z z

restoring 

force

m

Dashpot

0

z

kzks  0

mg

m

zc 
z

m  z F

cz k0ks kz k kmg k

cz kkz k

oscillation by 
the restoring force

restoring 

force

Physical Phenomenon

Mathematical Equation

k k

k

155
/266



2008_Introduction

z
0s

m

Dashpot

0

z

kzks  0

mg

m

zc 

z

z
0s

⑤

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

0m c k   z z z

Physical Phenomenon

Mathematical Equation

m

Dashpot

0

z

kzks  0

mg

m

zc 
z

m  z F

cz k0ks kz k kmg k

cz kkz k

⑥

m  z F

cz k
0ks kz k kmg k

cz kkz k

restoring 

force

restoring 

force

k k

156
/266



2008_Introduction

z
0s

m

Dashpot

0

z

kzks  0

mg

m

zc 

z

z
0s

⑤

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

0m c k   z z z

Physical Phenomenon

Mathematical Equation

m

Dashpot

0

z

kzks  0

mg

m

zc 
z

m  z F

cz k0ks kz k kmg k

cz kkz k

extF

⑥

m  z F

cz k
0ks kz k kmg k

cz kkz k

restoring 

force

restoring 

force

k k

157
/266



2008_Introduction

z
0s

m

Dashpot

0

z

kzks  0

mg

m

zc 

z

z
0s

⑤

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

0m c k   z z z

Physical Phenomenon

Mathematical Equation

m

Dashpot

0

z

kzks  0

mg

m

zc 
z

m  z F

cz k0ks kz k kmg k

cz kkz k

tFFext cos0
extF

⑥

m  z F

cz k
0ks kz k kmg k

cz kkz k

restoring 

force

restoring 

force

k k

158
/266



2008_Introduction

z
0s

m

Dashpot

0

z

kzks  0

mg

m

zc 

z

z
0s

⑤

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

0m c k   z z z

Physical Phenomenon

Mathematical Equation

m

Dashpot

0

z

kzks  0

mg

m

zc 
z

m  z F

cz k0ks kz k kmg k

cz kkz k

tFFext cos0
extF

⑥

m  z F

cz k
0ks kz k kmg k

cz kkz k

cos t 0F

restoring 

force

restoring 

force

k k

159
/266



2008_Introduction

z
0s

m

Dashpot

0

z

kzks  0

mg

m

zc 

z

z
0s

⑤

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

0m c k   z z z

Physical Phenomenon

Mathematical Equation

m

Dashpot

0

z

kzks  0

mg

m

zc 
z

m  z F

cz k0ks kz k kmg k

cz kkz k

tFFext cos0
extF

⑥

m  z F

cz k
0ks kz k kmg k

cz kkz k

cos t 0F

cos t 0F

restoring 

force

restoring 

force

k k

160
/266



2008_Introduction

z
0s

m

Dashpot

0

z

kzks  0

mg

m

zc 

z

z
0s

⑤

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

0m c k   z z z

Physical Phenomenon

Mathematical Equation

m

Dashpot

0

z

kzks  0

mg

m

zc 
z

m  z F

cz k0ks kz k kmg k

cz kkz k

cosm c k t    0z z z F

tFFext cos0
extF

⑥

m  z F

cz k
0ks kz k kmg k

cz kkz k

cos t 0F

cos t 0F

restoring 

force

restoring 

force

k k

161
/266



2008_Introduction

z
0s

m

Dashpot

0

z

kzks  0

mg

m

zc 
z

z
0s

⑤

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

0m c k   z z z

Physical Phenomenon

Mathematical Equation

m

Dashpot

0

z

kzks  0

mg

m

zc 
z

m  z F

cz k
0ks kz k kmg k

cz kkz k

⑥

m  z F

cz k0ks kz k kmg k

cz kkz k

restoring 

force
restoring 

force

k k

162
/266



2008_Introduction

z
0s

m

Dashpot

0

z

kzks  0

mg

m

zc 
z

z
0s

⑤

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

0m c k   z z z

Physical Phenomenon

Mathematical Equation

m

Dashpot

0

z

kzks  0

mg

m

zc 
z

m  z F

cz k
0ks kz k kmg k

cz kkz k

extF

⑥

m  z F

cz k
0ks kz k kmg k

cz kkz k

restoring 

force
restoring 

force

k k

163
/266



2008_Introduction

z
0s

m

Dashpot

0

z

kzks  0

mg

m

zc 
z

z
0s

⑤

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

0m c k   z z z

Physical Phenomenon

Mathematical Equation

m

Dashpot

0

z

kzks  0

mg

m

zc 
z

m  z F

cz k
0ks kz k kmg k

cz kkz k

tFFext cos0
extF

⑥

m  z F

cz k
0ks kz k kmg k

cz kkz k

restoring 

force
restoring 

force

k k

164
/266



2008_Introduction

z
0s

m

Dashpot

0

z

kzks  0

mg

m

zc 
z

z
0s

⑤

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

0m c k   z z z

Physical Phenomenon

Mathematical Equation

m

Dashpot

0

z

kzks  0

mg

m

zc 
z

m  z F

cz k
0ks kz k kmg k

cz kkz k

tFFext cos0
extF

⑥

m  z F

cz k
0ks kz k kmg k

cz kkz k

cos t 0F

restoring 

force
restoring 

force

k k

165
/266



2008_Introduction

z
0s

m

Dashpot

0

z

kzks  0

mg

m

zc 
z

z
0s

⑤

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

0m c k   z z z

Physical Phenomenon

Mathematical Equation

m

Dashpot

0

z

kzks  0

mg

m

zc 
z

m  z F

cz k
0ks kz k kmg k

cz kkz k

tFFext cos0
extF

⑥

m  z F

cz k
0ks kz k kmg k

cz kkz k

cos t 0F

cos t 0F

restoring 

force
restoring 

force

k k

166
/266



2008_Introduction

z
0s

m

Dashpot

0

z

kzks  0

mg

m

zc 
z

z
0s

⑤

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

0m c k   z z z

Physical Phenomenon

Mathematical Equation

m

Dashpot

0

z

kzks  0

mg

m

zc 
z

m  z F

cz k
0ks kz k kmg k

cz kkz k

0 cosm c k t   z z z F

tFFext cos0
extF

⑥

m  z F

cz k
0ks kz k kmg k

cz kkz k

cos t 0F

cos t 0F

restoring 

force
restoring 

force

k k

167
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

m z F

Ex) Heave Motion of a Ship – step 1

Z

X

gravity F

m : mass

g
M

mg  k

k

 Mass-Spring-Damper system 

m  z F

①

mg

m

g

mg k

By Newton’s 2nd law,

z
k

168
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 2

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

k

m : mass
V0 : submerged volume
SB : submerged surface area

ρ : density of sea water

m z F

gravity F

mg  k

0
: static equilibrium

0s
m0

z

m  z F

mg k

②

0ks k

0ks

mg

m

)0( z

k

169
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 2

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

k

m : mass
V0 : submerged volume
SB : submerged surface area

ρ : density of sea water

m z F

gravity F

mg  k

0V

0
: static equilibrium

0s
m0

z

m  z F

mg k

②

0ks k

0ks

mg

m

)0( z

k

170
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 2

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

: force exerted by the infinitesimal            
fluid element on 

dSPd nF 

dS

dS

Fd

: infinitesimal submerged surface 
area 

n : normal vector of 

dS

dS

k

m : mass
V0 : submerged volume
SB : submerged surface area

ρ : density of sea water

m z F

gravity F

mg  k

0V

0
: static equilibrium

0s
m0

z

m  z F

mg k

②

0ks k

0ks

mg

m

)0( z

k

171
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 2

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

: force exerted by the infinitesimal            
fluid element on 

dSPd nF 

dS

dS

Fd

: infinitesimal submerged surface 
area 

n : normal vector of 

dS

dS

0

B

static static

S

P dS gV F n k

k

m : mass
V0 : submerged volume
SB : submerged surface area

ρ : density of sea water

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V

0
: static equilibrium

0s
m0

z

m  z F

mg k

②

0ks k

0ks

mg

m

)0( z

k

172
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 2

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

: force exerted by the infinitesimal            
fluid element on 

dSPd nF 

dS

dS

Fd

: infinitesimal submerged surface 
area 

n : normal vector of 

dS

dS

0

B

static static

S

P dS gV F n k

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area

ρ : density of sea water

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V

0
: static equilibrium

0s
m0

z

m  z F

mg k

②

0ks k

0ks

mg

m

)0( z

k

173
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 2

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

: force exerted by the infinitesimal            
fluid element on 

dSPd nF 

dS

dS

Fd

: infinitesimal submerged surface 
area 

n : normal vector of 

dS

dS

0

B

static static

S

P dS gV F n k

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V

0
: static equilibrium

0s
m0

z

m  z F

mg k

②

0ks k

0ks

mg

m

)0( z

k

174
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 2

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

: force exerted by the infinitesimal            
fluid element on 

dSPd nF 

dS

dS

Fd

: infinitesimal submerged surface 
area 

n : normal vector of 

dS

dS

0

B

static static

S

P dS gV F n k

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

: static equilibrium0 ( 0)z 

m z F

gravity F

mg  k

0V

0
: static equilibrium

0s
m0

z

m  z F

mg k

②

0ks k

0ks

mg

m

)0( z

k

175
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 2

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

: force exerted by the infinitesimal            
fluid element on 

dSPd nF 

dS

dS

Fd

: infinitesimal submerged surface 
area 

n : normal vector of 

dS

dS

0

B

static static

S

P dS gV F n k

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

: static equilibrium0 ( 0)z 

m z F

gravity F

mg  k

0V

0
: static equilibrium

0s
m0

z

m  z F

mg k

②

0ks k

0ks

mg

m

)0( z

k

176
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 3

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V

z
0s

m

0

z

kzks  0

mg

m

③

,
external
static

F

mz F 

0 ,external staticmg ks kz F   

,external statickz F  

0 )0( z

restoring 

force

m  z F

0 ,external staticmg ks kz   k k k F

,external statickz  k F

0 )0( z

k

177
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 3

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V

z
0s

m

0

z

kzks  0

mg

m

③

,
external
static

F

mz F 

0 ,external staticmg ks kz F   

,external statickz F  

0 )0( z

restoring 

force

,external staticF

m  z F

0 ,external staticmg ks kz   k k k F

,external statickz  k F

0 )0( z

k

178
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 3

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V

z
0s

m

0

z

kzks  0

mg

m

③

,
external
static

F

mz F 

0 ,external staticmg ks kz F   

,external statickz F  

0 )0( z

restoring 

force

z

,external staticF

m  z F

0 ,external staticmg ks kz   k k k F

,external statickz  k F

0 )0( z

k

179
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 3

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V

z
0s

m

0

z

kzks  0

mg

m

③

,
external
static

F

mz F 

0 ,external staticmg ks kz F   

,external statickz F  

0 )0( z

restoring 

force

z

,external staticF

,external staticF

m  z F

0 ,external staticmg ks kz   k k k F

,external statickz  k F

0 )0( z

k

180
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 3

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V

z
0s

m

0

z

kzks  0

mg

m

③

,
external
static

F

mz F 

0 ,external staticmg ks kz F   

,external statickz F  

0 )0( z

restoring 

force

z

,external staticF

,external staticF

,external staticF

m  z F

0 ,external staticmg ks kz   k k k F

,external statickz  k F

0 )0( z

k

181
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 3

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V

z
0s

m

0

z

kzks  0

mg

m

③

,
external
static

F

mz F 

0 ,external staticmg ks kz F   

,external statickz F  

0 )0( z

restoring 

force

z

,external staticF

,external staticF

,external staticF

m  z F

0 ,external staticmg ks kz   k k k F

,external statickz  k F

0 )0( z

k

182
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 3

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V

z
0s

m

0

z

kzks  0

mg

m

③

,
external
static

F

mz F 

0 ,external staticmg ks kz F   

,external statickz F  

0 )0( z

restoring 

force

0 addtionalbouyancygV k F

z

,external staticF

,external staticF

,external staticF

additional
buoyancy caused 
by additional 
displacement z

m  z F

0 ,external staticmg ks kz   k k k F

,external statickz  k F

0 )0( z

k

183
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 3

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V

z
0s

m

0

z

kzks  0

mg

m

③

,
external
static

F

mz F 

0 ,external staticmg ks kz F   

,external statickz F  

0 )0( z

restoring 

force

0 addtionalbouyancygV k F

z

,external staticF

,external staticF

,external staticF

additional
buoyancy caused 
by additional 
displacement z

if, z is small

m  z F

0 ,external staticmg ks kz   k k k F

,external statickz  k F

0 )0( z

k

184
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 3

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V

z
0s

m

0

z

kzks  0

mg

m

③

,
external
static

F

mz F 

0 ,external staticmg ks kz F   

,external statickz F  

0 )0( z

restoring 

force

0 addtionalbouyancygV k F

z

,external staticF

,external staticF

,external staticF

additional
buoyancy caused 
by additional 
displacement z

addtionalbouyancy

WPgA

k

 

 

F

z

z

, WPk gA

if, z is small

m  z F

0 ,external staticmg ks kz   k k k F

,external statickz  k F

0 )0( z

k

185
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 3

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V

z
0s

m

0

z

kzks  0

mg

m

③

,
external
static

F

mz F 

0 ,external staticmg ks kz F   

,external statickz F  

0 )0( z

restoring 

force

0 addtionalbouyancygV k F

z

,external staticF

,external staticF

wpgA z

,external staticF

additional
buoyancy caused 
by additional 
displacement z

addtionalbouyancy

WPgA

k

 

 

F

z

z

, WPk gA

if, z is small

m  z F

0 ,external staticmg ks kz   k k k F

,external statickz  k F

0 )0( z

k

186
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 3

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V

z
0s

m

0

z

kzks  0

mg

m

③

,
external
static

F

mz F 

0 ,external staticmg ks kz F   

,external statickz F  

0 )0( z

restoring 

force

0 addtionalbouyancygV k F

z

,external staticF

,external staticF

,external staticFwpgA z

,external staticF

additional
buoyancy caused 
by additional 
displacement z

addtionalbouyancy

WPgA

k

 

 

F

z

z

, WPk gA

if, z is small

m  z F

0 ,external staticmg ks kz   k k k F

,external statickz  k F

0 )0( z

k

187
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 3

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V

z
0s

m

0

z

kzks  0

mg

m

③

,
external
static

F

mz F 

0 ,external staticmg ks kz F   

,external statickz F  

0 )0( z

restoring 

force

0 addtionalbouyancygV k F

z

,external staticF

,external staticF

,external staticFwpgA z

,external staticFwpgA  z

,external staticF

additional
buoyancy caused 
by additional 
displacement z

addtionalbouyancy

WPgA

k

 

 

F

z

z

, WPk gA

if, z is small

m  z F

0 ,external staticmg ks kz   k k k F

,external statickz  k F

0 )0( z

k

188
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 3

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V

z
0s

m

0

z

kzks  0

mg

m

③

,
external
static

F

mz F 

0 ,external staticmg ks kz F   

,external statickz F  

0 )0( z

restoring 

force

0 addtionalbouyancygV k F

z

,external staticF

,external staticF

,external staticFwpgA z

,external staticFwpgA  z

,external staticF

additional
buoyancy caused 
by additional 
displacement z

addtionalbouyancy

WPgA

k

 

 

F

z

z

, WPk gA

if, z is small

,external staticFk  z

m  z F

0 ,external staticmg ks kz   k k k F

,external statickz  k F

0 )0( z

k

189
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 3

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

0 ( 0)z 

m z F

gravity F

mg  k

0V

z
0s

m

0

z

kzks  0

mg

m

③

,
external
static

F

mz F 

0 ,external staticmg ks kz F   

,external statickz F  

0 )0( z

restoring 

force

0 addtionalbouyancygV k F

z

,external staticF

,external staticF

,external staticFwpgA z

,external staticFwpgA  z

,external staticF

additional
buoyancy caused 
by additional 
displacement z

addtionalbouyancy

WPgA

k

 

 

F

z

z

, WPk gA

if, z is small

,external staticFk  z

m  z F

0 ,external staticmg ks kz   k k k F

,external statickz  k F

0 )0( z

k

190
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 4

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

,external staticF

,external staticF

,external staticFwpgA z

,external staticFwpgA  z

,external staticF

, WPk gA,external staticFk  z

z
0s

m

0

z

kzks  0

mg

m

④

,
external
static

F

m  z F

0mg ks kz  k k k

kz  k

,external staticF

,external staticF

restoring 

force

0 ( 0)z 

0 addtionalbouyancygV k F

additional
buoyancy caused 
by additional 
displacement z

addtionalbouyancy

WPgA

k

 

 

F

z

z

, WPk gA

if, z is small

k

191
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 4

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

,external staticF

,external staticF

,external staticFwpgA z

,external staticFwpgA  z

,external staticF

, WPk gA,external staticFk  z

z
0s

m

0

z

kzks  0

mg

m

④

,
external
static

F

m  z F

0mg ks kz  k k k

kz  k

,external staticF

,external staticF

restoring 

force

0 ( 0)z 

0 addtionalbouyancygV k F

additional
buoyancy caused 
by additional 
displacement z

addtionalbouyancy

WPgA

k

 

 

F

z

z

, WPk gA

if, z is small

k

192
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 4

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

,external staticF

,external staticF

,external staticFwpgA z

,external staticFwpgA  z

,external staticF

, WPk gA,external staticFk  z

z
0s

m

0

z

kzks  0

mg

m

④

m  z F

0mg ks kz  k k k

kz  k

,external staticF

,external staticF

restoring 

force

0 ( 0)z 

0 addtionalbouyancygV k F

additional
buoyancy caused 
by additional 
displacement z

addtionalbouyancy

WPgA

k

 

 

F

z

z

, WPk gA

if, z is small

k

193
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 4

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

,external staticF

,external staticF

,external staticFwpgA z

,external staticFwpgA  z

,external staticF

, WPk gA,external staticFk  z

z
0s

m

0

z

kzks  0

mg

m

④

m  z F

0mg ks kz  k k k

kz  k

restoring 

force

0 ( 0)z 

0 addtionalbouyancygV k F

additional
buoyancy caused 
by additional 
displacement z

addtionalbouyancy

WPgA

k

 

 

F

z

z

, WPk gA

if, z is small

k

194
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 4

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

,external staticF

,external staticF

,external staticFwpgA z

,external staticFwpgA  z

,external staticF

, WPk gA,external staticFk  z

z
0s

m

0

z

kzks  0

mg

m

④

m  z F

0mg ks kz  k k k

kz  k

0m k  z z Oscillation by 
the restoring force

restoring 

force

0 ( 0)z 

0 addtionalbouyancygV k F

additional
buoyancy caused 
by additional 
displacement z

addtionalbouyancy

WPgA

k

 

 

F

z

z

, WPk gA

if, z is small

k

195
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 4

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

,external staticF

,external staticFwpgA z

,external staticFwpgA  z

,external staticF

, WPk gA,external staticFk  z

z
0s

m

0

z

kzks  0

mg

m

④

m  z F

0mg ks kz  k k k

kz  k

0m k  z z Oscillation by 
the restoring force

restoring 

force

0 ( 0)z 

0 addtionalbouyancygV k F

additional
buoyancy caused 
by additional 
displacement z

addtionalbouyancy

WPgA

k

 

 

F

z

z

, WPk gA

if, z is small

k

196
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 4

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

,external staticF

,external staticFwpgA z

,external staticFwpgA  z

, WPk gA,external staticFk  z

z
0s

m

0

z

kzks  0

mg

m

④

m  z F

0mg ks kz  k k k

kz  k

0m k  z z Oscillation by 
the restoring force

restoring 

force

0 ( 0)z 

0 addtionalbouyancygV k F

additional
buoyancy caused 
by additional 
displacement z

addtionalbouyancy

WPgA

k

 

 

F

z

z

, WPk gA

if, z is small

k

197
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 4

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

, WPk gAk  z

z
0s

m

0

z

kzks  0

mg

m

④

m  z F

0mg ks kz  k k k

kz  k

0m k  z z Oscillation by 
the restoring force

restoring 

force

0 ( 0)z 

0 addtionalbouyancygV k F

additional
buoyancy caused 
by additional 
displacement z

addtionalbouyancy

WPgA

k

 

 

F

z

z

, WPk gA

if, z is small

k

198
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 4

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

, WPk gAk  z

z
0s

m

0

z

kzks  0

mg

m

④

m  z F

0mg ks kz  k k k

kz  k

0m k  z z Oscillation by 
the restoring force

restoring 

force

0 addtionalbouyancygV k F

additional
buoyancy caused 
by additional 
displacement z

addtionalbouyancy

WPgA

k

 

 

F

z

z

, WPk gA

if, z is small

k

199
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 4

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

, WPk gAk  z

z
0s

m

0

z

kzks  0

mg

m

④

m  z F

0mg ks kz  k k k

kz  k

0m k  z z Oscillation by 
the restoring force

restoring 

force

0 addtionalbouyancygV k F

additional
buoyancy caused 
by additional 
displacement z

addtionalbouyancy

WPgA

k

 

 

F

z

z

, WPk gA

if, z is small

Linearized 
Restoring Force

k

200
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 4

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

k  z

z
0s

m

0

z

kzks  0

mg

m

④

m  z F

0mg ks kz  k k k

kz  k

0m k  z z Oscillation by 
the restoring force

restoring 

force

0

0

WPgV gA

gV k

 



 

 

k z

k z

k

201
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 4

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

k  z

z
0s

m

0

z

kzks  0

mg

m

④

m  z F

0mg ks kz  k k k

kz  k

0m k  z z Oscillation by 
the restoring force

restoring 

force

Ship will oscillate forever?

0

0

WPgV gA

gV k

 



 

 

k z

k z

k

202
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 4

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

k  z

z
0s

m

0

z

kzks  0

mg

m

④

m  z F

0mg ks kz  k k k

kz  k

0m k  z z Oscillation by 
the restoring force

restoring 

force

Ship will oscillate forever?

0

0

WPgV gA

gV k

 



 

 

k z

k z

Energy is dissipated by radiation wave

정수 중 선박의 강제
운동에 의해 발생핚 힘

Radiation Force

B

radiation radiation

S

P dS F n

k

203
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 4

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

k  z
Ship will oscillate forever?

0

0

WPgV gA

gV k

 



 

 

k z

k z

Energy is dissipated by radiation wave

정수 중 선박의 강제
운동에 의해 발생핚 힘

Radiation Force

B

radiation radiation

S

P dS F n

204
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 5

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

k  z

0

0

WPgV gA

gV k

 



 

 

k z

k z

z
0s

⑤

m

Dashpot

0

z

kzks  0

mg

m

zc 

z

Fzm 

zc kzks  0
mg

zc kz

restoring 

force

m  z F

cz k0ks kz k kmg k

cz kkz k

k

205
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 5

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

k  z

0

0

WPgV gA

gV k

 



 

 

k z

k z

정수 중 선박의 강제
운동에 의해 발생핚 힘

Radiation Force

B

radiation radiation

S

P dS F n

c  z

z
0s

⑤

m

Dashpot

0

z

kzks  0

mg

m

zc 

z

Fzm 

zc kzks  0
mg

zc kz

restoring 

force

z

opposite to velocity

m  z F

cz k0ks kz k kmg k

cz kkz k

k

206
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 5

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

k  z

0

0

WPgV gA

gV k

 



 

 

k z

k z

정수 중 선박의 강제
운동에 의해 발생핚 힘

Radiation Force

B

radiation radiation

S

P dS F n

c  z

z
0s

⑤

m

Dashpot

0

z

kzks  0

mg

m

zc 

z

Fzm 

zc kzks  0
mg

zc kz

restoring 

force

z

opposite to velocity

c : damping coefficient

m  z F

cz k0ks kz k kmg k

cz kkz k

k

207
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 5

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

k  z

0

0

WPgV gA

gV k

 



 

 

k z

k z

정수 중 선박의 강제
운동에 의해 발생핚 힘

Radiation Force

B

radiation radiation

S

P dS F n

c  z

z
0s

⑤

m

Dashpot

0

z

kzks  0

mg

m

zc 

z

Fzm 

zc kzks  0
mg

zc kz

restoring 

force

z

radiation c F z

opposite to velocity

c : damping coefficient

m  z F

cz k0ks kz k kmg k

cz kkz k

k

208
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 5

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

k  z

0

0

WPgV gA

gV k

 



 

 

k z

k z

정수 중 선박의 강제
운동에 의해 발생핚 힘

Radiation Force

B

radiation radiation

S

P dS F n

c  z

z
0s

⑤

m

Dashpot

0

z

kzks  0

mg

m

zc 

z

Fzm 

zc kzks  0
mg

zc kz

restoring 

force

z

radiationF

radiation c F z

opposite to velocity

c : damping coefficient

m  z F

cz k0ks kz k kmg k

cz kkz k

k

209
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 5

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

k  z

0

0

WPgV gA

gV k

 



 

 

k z

k z

정수 중 선박의 강제
운동에 의해 발생핚 힘

Radiation Force

B

radiation radiation

S

P dS F n

c  z

z
0s

⑤

m

Dashpot

0

z

kzks  0

mg

m

zc 

z

Fzm 

zc kzks  0
mg

zc kz

restoring 

force

z

radiationF

c z

radiation c F z

opposite to velocity

c : damping coefficient

m  z F

cz k0ks kz k kmg k

cz kkz k

k

210
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 5

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

k  z

0

0

WPgV gA

gV k

 



 

 

k z

k z

정수 중 선박의 강제
운동에 의해 발생핚 힘

Radiation Force

B

radiation radiation

S

P dS F n

c  z

z
0s

⑤

m

Dashpot

0

z

kzks  0

mg

m

zc 

z

Fzm 

zc kzks  0
mg

zc kz

restoring 

force

z

radiationF

c z

radiation c F z

c z

opposite to velocity

c : damping coefficient

m  z F

cz k0ks kz k kmg k

cz kkz k

k

211
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 5

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

k  z

0

0

WPgV gA

gV k

 



 

 

k z

k z

정수 중 선박의 강제
운동에 의해 발생핚 힘

Radiation Force

B

radiation radiation

S

P dS F n

c  z

z
0s

⑤

m

Dashpot

0

z

kzks  0

mg

m

zc 

z

Fzm 

zc kzks  0
mg

zc kz

restoring 

force

z

radiationF

c z

radiation c F z

c z

c z
opposite to velocity

c : damping coefficient

m  z F

cz k0ks kz k kmg k

cz kkz k

k

212
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 5

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

k  z

0

0

WPgV gA

gV k

 



 

 

k z

k z

정수 중 선박의 강제
운동에 의해 발생핚 힘

Radiation Force

B

radiation radiation

S

P dS F n

c  z

c : damping coefficient

z
0s

⑤

m

Dashpot

0

z

kzks  0

mg

m

zc 

z

Fzm 

zc kzks  0
mg

zc kz

restoring 

force

radiationF

c z

c z

c z
opposite to velocity

z

radiation c F z

z

m  z F

cz k0ks kz k kmg k

cz kkz k

k

213
/266



2008_Introduction

am z

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 5

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

k  z

0

0

WPgV gA

gV k

 



 

 

k z

k z

정수 중 선박의 강제
운동에 의해 발생핚 힘

Radiation Force

B

radiation radiation

S

P dS F n

c  z

c : damping coefficient

z
0s

⑤

m

Dashpot

0

z

kzks  0

mg

m

zc 

z

Fzm 

zc kzks  0
mg

zc kz

restoring 

force

radiationF

c z

c z

c z
opposite to velocity

opposite to acceleration

z

radiation c F z

z

m  z F

cz k0ks kz k kmg k

cz kkz k

k

214
/266



2008_Introduction

am z

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 5

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

k  z

0

0

WPgV gA

gV k

 



 

 

k z

k z

정수 중 선박의 강제
운동에 의해 발생핚 힘

Radiation Force

B

radiation radiation

S

P dS F n

c  z

c : damping coefficient

z
0s

⑤

m

Dashpot

0

z

kzks  0

mg

m

zc 

z

Fzm 

zc kzks  0
mg

zc kz

restoring 

force

radiationF

c z

c z

c z
opposite to velocity

opposite to acceleration

ma : added mass

z

radiation c F z

z

m  z F

cz k0ks kz k kmg k

cz kkz k

k

215
/266



2008_Introduction

am z

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 5

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

k  z

0

0

WPgV gA

gV k

 



 

 

k z

k z

정수 중 선박의 강제
운동에 의해 발생핚 힘

Radiation Force

B

radiation radiation

S

P dS F n

c  z

c : damping coefficient

z
0s

⑤

m

Dashpot

0

z

kzks  0

mg

m

zc 

z

Fzm 

zc kzks  0
mg

zc kz

restoring 

force

radiationF

c z

c z

c z
opposite to velocity

opposite to acceleration

am z

ma : added mass

z

radiation c F z

z

m  z F

cz k0ks kz k kmg k

cz kkz k

k

216
/266



2008_Introduction

am z

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 5

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

k  z

0

0

WPgV gA

gV k

 



 

 

k z

k z

정수 중 선박의 강제
운동에 의해 발생핚 힘

Radiation Force

B

radiation radiation

S

P dS F n

c  z

c : damping coefficient

z
0s

⑤

m

Dashpot

0

z

kzks  0

mg

m

zc 

z

Fzm 

zc kzks  0
mg

zc kz

restoring 

force

radiationF

c z

c z

c z
opposite to velocity

opposite to acceleration

am z

am z

ma : added mass

z

radiation c F z

z

m  z F

cz k0ks kz k kmg k

cz kkz k

k

217
/266



2008_Introduction

am z

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 5

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

k  z

0

0

WPgV gA

gV k

 



 

 

k z

k z

정수 중 선박의 강제
운동에 의해 발생핚 힘

Radiation Force

B

radiation radiation

S

P dS F n

c  z

c : damping coefficient

z
0s

⑤

m

Dashpot

0

z

kzks  0

mg

m

zc 

z

Fzm 

zc kzks  0
mg

zc kz

restoring 

force

radiationF

c z

c z

c z
opposite to velocity

opposite to acceleration

am z

am z

am z

ma : added mass

z

radiation c F z

z

m  z F

cz k0ks kz k kmg k

cz kkz k

k

218
/266



2008_Introduction

am z

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 5

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

k  z

0

0

WPgV gA

gV k

 



 

 

k z

k z

정수 중 선박의 강제
운동에 의해 발생핚 힘

Radiation Force

B

radiation radiation

S

P dS F n

c  z

c : damping coefficient

z
0s

⑤

m

Dashpot

0

z

kzks  0

mg

m

zc 

z

Fzm 

zc kzks  0
mg

zc kz

restoring 

force

radiationF

c z

c z

c z
opposite to velocity

opposite to acceleration

am z

am z

am z

am z

ma : added mass

z

radiation c F z

z

m  z F

cz k0ks kz k kmg k

cz kkz k

k

219
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 6

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

k  z

0

0

WPgV gA

gV k

 



 

 

k z

k z

c : damping coefficient

radiationF

c z

c z

c z

am z

am z

am z

ma : added mass

m

Dashpot

0

z

kzks  0

mg

m

zc 

z
tFFext cos0

extF

⑥

Fzm 

zc kzks  0
mg

zc kz
0 cosF t

0 cosF t

z
0s

restoring 

force
am zradiation c F z

z z

m  z F

cz k0ks kz k kmg k

cz kkz k

cos t 0F

cos t 0F

k

220
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 6

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

k  z

0

0

WPgV gA

gV k

 



 

 

k z

k z

c : damping coefficient

radiationF

c z

c z

c z

am z

am z

am z

ma : added mass

m

Dashpot

0

z

kzks  0

mg

m

zc 

z
tFFext cos0

extF

⑥

Fzm 

zc kzks  0
mg

zc kz
0 cosF t

0 cosF t

z
0s

restoring 

force
am zradiation c F z

z z

m  z F

cz k0ks kz k kmg k

cz kkz k

cos t 0F

cos t 0F

k

221
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 6

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

k  z

0

0

WPgV gA

gV k

 



 

 

k z

k z

c : damping coefficient

radiationF

c z

c z

c z

am z

am z

am z

ma : added mass

m

Dashpot

0

z

kzks  0

mg

m

zc 

z
tFFext cos0

extF

⑥

Fzm 

zc kzks  0
mg

zc kz
0 cosF t

0 cosF t

z
0s

restoring 

force



Wave force

Froude-Kriloff Force Diffraction Force

B

wave exciting

wave exciting

S

P dS 

F

n

 excitingF

am zradiation c F z

z z

m  z F

cz k0ks kz k kmg k

cz kkz k

cos t 0F

cos t 0F

k

222
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 6

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

k  z

0

0

WPgV gA

gV k

 



 

 

k z

k z

c : damping coefficient

radiationF

c z

c z

c z

am z

am z

am z

ma : added mass

m

Dashpot

0

z

kzks  0

mg

m

zc 

z
tFFext cos0

extF

⑥

Fzm 

zc kzks  0
mg

zc kz
0 cosF t

0 cosF t

z
0s

restoring 

force



Wave force

Froude-Kriloff Force Diffraction Force

B

wave exciting

wave exciting

S

P dS 

F

n

 excitingF

excitingF

am zradiation c F z

z z

m  z F

cz k0ks kz k kmg k

cz kkz k

cos t 0F

cos t 0F

k

223
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 6

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

k  z

0

0

WPgV gA

gV k

 



 

 

k z

k z

c : damping coefficient

radiationF

c z

c z

c z

am z

am z

am z

ma : added mass

m

Dashpot

0

z

kzks  0

mg

m

zc 

z
tFFext cos0

extF

⑥

Fzm 

zc kzks  0
mg

zc kz
0 cosF t

0 cosF t

z
0s

restoring 

force



Wave force

Froude-Kriloff Force Diffraction Force

B

wave exciting

wave exciting

S

P dS 

F

n

 excitingF

excitingF

excitingF

am zradiation c F z

z z

m  z F

cz k0ks kz k kmg k

cz kkz k

cos t 0F

cos t 0F

k

224
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 6

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

k  z

0

0

WPgV gA

gV k

 



 

 

k z

k z

c : damping coefficient

radiationF

c z

c z

c z

am z

am z

am z

ma : added mass

m

Dashpot

0

z

kzks  0

mg

m

zc 

z
tFFext cos0

extF

⑥

Fzm 

zc kzks  0
mg

zc kz
0 cosF t

0 cosF t

z
0s

restoring 

force



Wave force

Froude-Kriloff Force Diffraction Force

B

wave exciting

wave exciting

S

P dS 

F

n

 excitingF

excitingF

excitingF

excitingF

am zradiation c F z

z z

m  z F

cz k0ks kz k kmg k

cz kkz k

cos t 0F

cos t 0F

k

225
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 6

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

k  z

0

0

WPgV gA

gV k

 



 

 

k z

k z

c : damping coefficient

radiationF

c z

c z

c z

am z

am z

am z

ma : added mass

m

Dashpot

0

z

kzks  0

mg

m

zc 

z
tFFext cos0

extF

⑥

Fzm 

zc kzks  0
mg

zc kz
0 cosF t

0 cosF t

z
0s

restoring 

force



Wave force

Froude-Kriloff Force Diffraction Force

B

wave exciting

wave exciting

S

P dS 

F

n

 excitingF

excitingF

excitingF

excitingF

excitingF

am zradiation c F z

z z

m  z F

cz k0ks kz k kmg k

cz kkz k

cos t 0F

cos t 0F

k

226
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 6

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

k  z

0

0

WPgV gA

gV k

 



 

 

k z

k z

c : damping coefficient

radiationF

c z

c z

c z

am z

am z

am z

ma : added mass

m

Dashpot

0

z

kzks  0

mg

m

zc 

z
tFFext cos0

extF

⑥

Fzm 

zc kzks  0
mg

zc kz
0 cosF t

0 cosF t

z
0s

restoring 

force



Wave force

Froude-Kriloff Force Diffraction Force

B

wave exciting

wave exciting

S

P dS 

F

n

 excitingF

excitingF

excitingF

excitingF

excitingF

excitingF

am zradiation c F z

z z

m  z F

cz k0ks kz k kmg k

cz kkz k

cos t 0F

cos t 0F

k

227
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 6

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

k  z

0

0

WPgV gA

gV k

 



 

 

k z

k z

c : damping coefficient

radiationF

c z

c z

c z

am z

am z

am z

ma : added mass

m

Dashpot

0

z

kzks  0

mg

m

zc 

z
tFFext cos0

extF

⑥

Fzm 

zc kzks  0
mg

zc kz
0 cosF t

0 cosF t

z
0s

restoring 

force

excitingF

excitingF

excitingF

excitingF

0 cosm c k t   z z z F( )a excitingm m c k   z z z F

am zradiation c F z

z z

m  z F

cz k0ks kz k kmg k

cz kkz k

cos t 0F

cos t 0F

k

228
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 6
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X
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Ex) Roll Motion of a Ship

m

x

y

 ,
O

r

IL 
2,where I m r :moment of inertia

Angular momentum defined : 

[Dynamics for roll motion]

( )t 
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Ex) Roll Motion of a Ship
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constant):(I
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dt
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Rate of change of Angular momentum : 

[Dynamics for roll motion]
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Euler’s Equation:

[Dynamics for roll motion]
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Rate of change of Angular momentum : 
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[Dynamics for roll motion]

Euler’s Equation for roll motion:
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[Dynamics for roll motion]
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[Dynamics for roll motion]

Euler’s Equation for roll motion:

body surfaceI M M  

( )t 

237
/266



2008_Introduction

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

r

Sd

r

dSPPdd nSF 
(미소 면적)

(미소 면적에 작용하는 힘)

(     : wetted surface)
BS



y

z z
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OO

BS

 Hydrostatic Moment : (모멘트)=(거리) X (힘)

  

BS

dSP nrM

 미소 면적에 작용하는 모멘트 :

 dSPdSPdd nrnrFrM 

 Total moment :

Ex) Roll Motion of a Ship
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Ex) Roll Motion of a Ship

242
/266



2008_Introduction

y

z



)(

O

B

G

z

y

K
CL

y

z

F

B1

 g1

g
W

MT



Z

restoringτ

y

z



)(

MT : B1을 통한 부력 작용선과

선체 중심선과의 교점

coordinateGlobaloyz

coordinatefixedBodyzoy

:

:''

G: 수직방향 무게중심

B: 수직방향 부력 중심

W : 선박 무게

: 부력ΔF

Z : B1을 통한 부력작용선과 G를

지나고 y축과 평행한 선이 만나는 점

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

1) 00)(  WM gravity

body surfaceI M M  

( ) ( )body static dynamic external

gravity buoyancy damping added external

M P ds P ds M

M M M M M

     

    

 r n r n

Ex) Roll Motion of a Ship

243
/266



2008_Introduction

y

z



)(

O

B

G

z

y

K
CL

y

z

F

B1

 g1

g
W

MT



Z

restoringτ

y

z



)(

MT : B1을 통한 부력 작용선과

선체 중심선과의 교점

coordinateGlobaloyz

coordinatefixedBodyzoy

:

:''

G: 수직방향 무게중심

B: 수직방향 부력 중심

W : 선박 무게

: 부력ΔF

Z : B1을 통한 부력작용선과 G를

지나고 y축과 평행한 선이 만나는 점

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

1) 00)(  WM gravity

2) GZM buoyancy 

body surfaceI M M  

( ) ( )body static dynamic external

gravity buoyancy damping added external

M P ds P ds M

M M M M M

     

    

 r n r n

Ex) Roll Motion of a Ship

244
/266



2008_Introduction

y

z



)(

O

B

G

z

y

K
CL

y

z

F

B1

 g1

g
W

MT



Z

restoringτ

y

z



)(

MT : B1을 통한 부력 작용선과

선체 중심선과의 교점

coordinateGlobaloyz

coordinatefixedBodyzoy

:

:''

G: 수직방향 무게중심

B: 수직방향 부력 중심

W : 선박 무게

: 부력ΔF

Z : B1을 통한 부력작용선과 G를

지나고 y축과 평행한 선이 만나는 점

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

1) 00)(  WM gravity

2) GZM buoyancy 

 bM damping3)

body surfaceI M M  

( ) ( )body static dynamic external

gravity buoyancy damping added external

M P ds P ds M

M M M M M

     

    

 r n r n

, b:damping coeff.

Ex) Roll Motion of a Ship

245
/266



2008_Introduction

y

z



)(

O

B

G

z

y

K
CL

y

z

F

B1

 g1

g
W

MT



Z

restoringτ

y

z



)(

MT : B1을 통한 부력 작용선과

선체 중심선과의 교점

coordinateGlobaloyz

coordinatefixedBodyzoy

:

:''

G: 수직방향 무게중심

B: 수직방향 부력 중심

W : 선박 무게

: 부력ΔF

Z : B1을 통한 부력작용선과 G를

지나고 y축과 평행한 선이 만나는 점

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

1) 00)(  WM gravity

2) GZM buoyancy 

 bM damping3)

4)   addadded IM

body surfaceI M M  

( ) ( )body static dynamic external

gravity buoyancy damping added external

M P ds P ds M

M M M M M

     

    

 r n r n

, b:damping coeff.

, : added Mass moment of inertiaaddI

Ex) Roll Motion of a Ship

246
/266



2008_Introduction

y

z



)(

O

B

G

z

y

K
CL

y

z

F

B1

 g1

g
W

MT



Z

restoringτ

y

z



)(

MT : B1을 통한 부력 작용선과

선체 중심선과의 교점

coordinateGlobaloyz

coordinatefixedBodyzoy

:

:''

G: 수직방향 무게중심

B: 수직방향 부력 중심

W : 선박 무게

: 부력ΔF

Z : B1을 통한 부력작용선과 G를

지나고 y축과 평행한 선이 만나는 점

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

1) 00)(  WM gravity

2) GZM buoyancy 

 bM damping3)

4)   addadded IM

5) externalM : external moment

body surfaceI M M  

( ) ( )body static dynamic external

gravity buoyancy damping added external

M P ds P ds M

M M M M M

     

    

 r n r n

, b:damping coeff.

, : added Mass moment of inertiaaddI

Ex) Roll Motion of a Ship

247
/266



2008_Introduction

y

z



)(

O

B

G

z

y

K
CL

y

z

F

B1

 g1

g
W

MT



Z

restoringτ

y

z



)(

MT : B1을 통한 부력 작용선과

선체 중심선과의 교점

coordinateGlobaloyz

coordinatefixedBodyzoy

:

:''

G: 수직방향 무게중심

B: 수직방향 부력 중심

W : 선박 무게

: 부력ΔF

Z : B1을 통한 부력작용선과 G를

지나고 y축과 평행한 선이 만나는 점

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

1) 00)(  WM gravity

2) GZM buoyancy 

 bM damping3)

4)   addadded IM

5) externalM : external moment

extadd MIbGZWI  )()()(0)( 

body surfaceI M M  

( ) ( )body static dynamic external

gravity buoyancy damping added external

M P ds P ds M

M M M M M

     

    

 r n r n

, b:damping coeff.

, : added Mass moment of inertiaaddI

Ex) Roll Motion of a Ship

248
/266



2008_Introduction

y

z



)(

O

B

G

z

y

K
CL

y

z

F

B1

 g1

g
W

MT



Z

restoringτ

y

z



)(

MT : B1을 통한 부력 작용선과

선체 중심선과의 교점

coordinateGlobaloyz

coordinatefixedBodyzoy

:

:''

G: 수직방향 무게중심

B: 수직방향 부력 중심

W : 선박 무게

: 부력ΔF

Z : B1을 통한 부력작용선과 G를

지나고 y축과 평행한 선이 만나는 점

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

( ) 0 ( ) ( ) ( )add extI W GZ b I M              W  

 Archimedes’ Principle
Ex) Roll Motion of a Ship

249
/266



2008_Introduction

y

z



)(

O

B

G

z

y

K
CL

y

z

F

B1

 g1
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
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restoringτ

y

z


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MT : B1을 통한 부력 작용선과

선체 중심선과의 교점

coordinateGlobaloyz

coordinatefixedBodyzoy

:

:''

G: 수직방향 무게중심

B: 수직방향 부력 중심

W : 선박 무게

: 부력ΔF

Z : B1을 통한 부력작용선과 G를

지나고 y축과 평행한 선이 만나는 점

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

( ) 0 ( ) ( ) ( )add extI W GZ b I M              W  

 Archimedes’ Principle

( )add externalI I b GZ M      

Ex) Roll Motion of a Ship

250
/266



2008_Introduction

y

z



)(

O

B

G

z

y

K
CL

y

z

F

B1

 g1

g
W

MT



Z

restoringτ

y

z



)(

MT : B1을 통한 부력 작용선과

선체 중심선과의 교점

coordinateGlobaloyz

coordinatefixedBodyzoy

:

:''

G: 수직방향 무게중심

B: 수직방향 부력 중심

W : 선박 무게

: 부력ΔF

Z : B1을 통한 부력작용선과 G를

지나고 y축과 평행한 선이 만나는 점

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

( ) 0 ( ) ( ) ( )add extI W GZ b I M              W  

 Archimedes’ Principle

( )add externalI I b GZ M      

restoring GZ   ,  Δ W

Consider restoring moment for the point G

Ex) Roll Motion of a Ship
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MT : B1을 통한 부력 작용선과

선체 중심선과의 교점

coordinateGlobaloyz

coordinatefixedBodyzoy

:

:''

G: 수직방향 무게중심

B: 수직방향 부력 중심

W : 선박 무게

: 부력ΔF

Z : B1을 통한 부력작용선과 G를

지나고 y축과 평행한 선이 만나는 점

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

( ) 0 ( ) ( ) ( )add extI W GZ b I M              W  

 Archimedes’ Principle

( )add externalI I b GZ M      

restoring GZ   ,  Δ W

sinTGZ GM   

TGM : Metercenter Height

Consider restoring moment for the point G

Assum.          doesn’t change for small
TM ( 10 ) 

Ex) Roll Motion of a Ship
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MT : B1을 통한 부력 작용선과

선체 중심선과의 교점

coordinateGlobaloyz

coordinatefixedBodyzoy

:

:''

G: 수직방향 무게중심

B: 수직방향 부력 중심

W : 선박 무게

: 부력ΔF

Z : B1을 통한 부력작용선과 G를

지나고 y축과 평행한 선이 만나는 점

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

( ) 0 ( ) ( ) ( )add extI W GZ b I M              W  

 Archimedes’ Principle

( )add externalI I b GZ M      

( ) sinadd T externalI I b GM M       

restoring GZ   ,  Δ W

sinTGZ GM   

TGM : Metercenter Height

Consider restoring moment for the point G

Assum.          doesn’t change for small
TM ( 10 ) 

Ex) Roll Motion of a Ship
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MT : B1을 통한 부력 작용선과

선체 중심선과의 교점

coordinateGlobaloyz

coordinatefixedBodyzoy

:

:''

G: 수직방향 무게중심

B: 수직방향 부력 중심

W : 선박 무게

: 부력ΔF

Z : B1을 통한 부력작용선과 G를

지나고 y축과 평행한 선이 만나는 점

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

W  

 Archimedes’ Principle

 sinFor small 

( ) sinadd T externalI I b GM M       

( )add T externalI I b GM M      

3 5

sin
3! 5!

 
    

T externalGM M 

정적 평형상태 서는 가속도와 속도 성분이 사라지므로,

양변의 모멘트가 같아지는  까지 기울어 짂다.

Ex) Roll Motion of a Ship
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MT : B1을 통한 부력 작용선과

선체 중심선과의 교점

coordinateGlobaloyz

coordinatefixedBodyzoy

:

:''

G: 수직방향 무게중심

B: 수직방향 부력 중심

W : 선박 무게

: 부력ΔF

Z : B1을 통한 부력작용선과 G를

지나고 y축과 평행한 선이 만나는 점

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

W  

 Archimedes’ Principle

 sinFor small 

( ) sinadd T externalI I b GM M       

( )add T externalI I b GM M      

3 5

sin
3! 5!

 
    

T externalGM M 

정적 평형상태 서는 가속도와 속도 성분이 사라지므로,

양변의 모멘트가 같아지는  까지 기울어 짂다.

( )add T externalI I b GM M        Second order Linear Ordinary Differential 
Equation

Ex) Roll Motion of a Ship
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Numerical Method

Ex) 해양파 Free surface Boundary Condition

z

x
Lateral B.C.

Lateral B.C.

Bottom B.C.
u

w

Dynamic Free Surface B.C. Kinematic Free Surface 

B.C. 

Boundary condition(B.C.)

 txz ,

* : z방향 변위

h

L

④ Lateral B.C.

),,(),,(

),,(),,(

tzLxtzx

Ttzxtzx





① Kinematic Free Surface B.C.(KFSBC) 

0


















xxtz



③ Dynamic Free Surface B.C. (DFSBC)

0
2

1 2





g

t

② Bottom B.C. (BBC)

0




 hzz

<Summary of the 2-D periodic water wave boundary condition>

)z(on  )z(on 
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Ex) 해양파 Free surface Boundary Condition

① Kinematic Free Surface B.C.(KFSBC) 

0


















xxtz


)z(on 

0..
00
























































































TOH
xxtzzxxtzxxtz zzz








Tayler series로 전개하면,

여기서 파장에 비해 파고가 작다고 가정했으므로, 1

1,1
0

0
0

0


















z
z

z
z z

w
x

u

작은 텀이 두 개 이상 곱해진 경우를 무시하면,

0
0



















ztz


=> Linearized Kinematic Free Surface B.C.(KFSBC) 

(High Order Term)
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Ex) 해양파 Free surface Boundary Condition

③ Dynamic Free Surface B.C. (DFSBC)

0
2

1 2





g

t
)z(on 

0..
2

1

2

1

2

1

0

2

0

22

















































TOHg
tz

g
t

g
t zzz




Tayler series로 전개하면,

여기서 파장에 비해 파고가 작다고 가정했으므로, 1

1,1
0

0
0

0


















z
z

z
z z

w
x

u

작은 텀이 두 개 이상 곱해진 경우를 무시하면,

0
0















z

g
t



=> Linearized Dynamic Free Surface B.C.(DFSBC) 

tg 




1
 )0z(on 

(High Order Term)
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Ex) hydrostatics : 복원력(모멘트)의 선형화

초기 자세(   ,   ,   )에서
복원력(     ), 횡 방향 복원 모멘트( ), 종 방향 복원 모멘트(         )를 알고 있을 때,

미소 변화된 자세(              ,              ,              )에서의

복원력(     ), 횡 방향 복원 모멘트(         ), 종 방향 복원 모멘트(         )는?

z  

z z       
F TM LM

F TM
LM

(Roll)



y

zz

y


CL

x x

(Heave)
z
z

x

x


y

y

z

z z

x
x



y y

(Pitch)


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Ex) hydrostatics : 복원력(모멘트)의 선형화

초기 자세(   ,   ,   )에서
복원력(     ), 횡 방향 복원 모멘트( ), 종 방향 복원 모멘트(         )를 알고 있을 때,

미소 변화된 자세(              ,              ,              )에서의

복원력(     ), 횡 방향 복원 모멘트(         ), 종 방향 복원 모멘트(         )는?

z  

z z       
F TM LM

F TM
LM

( , , )z  F

( , , )T z  M

( , , )L z  M

(Roll)



y

zz

y


CL

x x

(Heave)
z
z

x

x


y

y

z

z z

x
x



y y

(Pitch)


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Ex) hydrostatics : 복원력(모멘트)의 선형화

초기 자세(   ,   ,   )에서
복원력(     ), 횡 방향 복원 모멘트( ), 종 방향 복원 모멘트(         )를 알고 있을 때,

미소 변화된 자세(              ,              ,              )에서의

복원력(     ), 횡 방향 복원 모멘트(         ), 종 방향 복원 모멘트(         )는?

z  

z z       
F TM LM

F TM
LM

( , , )z  F

( , , )T z  M

( , , )L z  M

( , , )z z      F

( , , )T z z      M

( , , )L z z      M

?

(Roll)



y

zz

y


CL

x x

(Heave)
z
z

x

x


y

y

z

z z

x
x



y y

(Pitch)


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Ex) hydrostatics : 복원력(모멘트)의 선형화

초기 자세(   ,   ,   )에서
복원력(     ), 횡 방향 복원 모멘트( ), 종 방향 복원 모멘트(         )를 알고 있을 때,

미소 변화된 자세(              ,              ,              )에서의

복원력(     ), 횡 방향 복원 모멘트(         ), 종 방향 복원 모멘트(         )는?

z  

z z       
F TM LM

F TM
LM

( , , )z  F

( , , )T z  M

( , , )L z  M

( , , )z z      F

( , , )T z z      M

( , , )L z z      M

?
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Ex) hydrostatics : 복원력(모멘트)의 선형화

초기 자세(   ,   ,   )에서
복원력(     ), 횡 방향 복원 모멘트( ), 종 방향 복원 모멘트(         )를 알고 있을 때,

미소 변화된 자세(              ,              ,              )에서의

복원력(     ), 횡 방향 복원 모멘트(         ), 종 방향 복원 모멘트(         )는?

z  

z z       
F TM LM

F TM
LM

( , , )z  F

( , , )T z  M

( , , )L z  M

( , , )z z      F

( , , )T z z      M

( , , )L z z      M

?

Taylor series expansion

( , , ) ( , , )z z z z
z

       
 

  
             

  

F F F
F F

( , , ) ( , , ) T T T
T Tz z z z

z
       

 

  
             

  

M M M
M M

( , , ) ( , , ) L L L
L Lz z z z

z
       

 

  
             

  

M M M
M M
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Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) hydrostatics : 복원력(모멘트)의 선형화

초기 자세(   ,   ,   )에서
복원력(     ), 횡 방향 복원 모멘트( ), 종 방향 복원 모멘트(         )를 알고 있을 때,

미소 변화된 자세(              ,              ,              )에서의

복원력(     ), 횡 방향 복원 모멘트(         ), 종 방향 복원 모멘트(         )는?

z  

z z       
F TM LM

F TM
LM

( , , )z  F

( , , )T z  M

( , , )L z  M

( , , )z z      F

( , , )T z z      M

( , , )L z z      M

?

Taylor series expansion

( , , ) ( , , )z z z z
z

       
 

  
             

  

F F F
F F

( , , ) ( , , ) T T T
T Tz z z z

z
       

 

  
             

  

M M M
M M

( , , ) ( , , ) L L L
L Lz z z z

z
       

 

  
             

  

M M M
M M

선형화

선형화

선형화
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Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) hydrostatics : 복원력(모멘트)의 선형화

초기 자세(   ,   ,   )에서
복원력(     ), 횡 방향 복원 모멘트( ), 종 방향 복원 모멘트(         )를 알고 있을 때,

미소 변화된 자세(              ,              ,              )에서의

복원력(     ), 횡 방향 복원 모멘트(         ), 종 방향 복원 모멘트(         )는?

z  

z z       
F TM LM

F TM
LM

( , , ) ( , , )z z z z
z

       
 

  
           

  

F F F
F F

( , , ) ( , , ) T T T
T Tz z z z

z
       

 

  
           

  

M M M
M M

( , , ) ( , , ) L L L
L Lz z z z

z
       

 

  
           

  

M M M
M M
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Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) hydrostatics : 복원력(모멘트)의 선형화

초기 자세(   ,   ,   )에서
복원력(     ), 횡 방향 복원 모멘트( ), 종 방향 복원 모멘트(         )를 알고 있을 때,

미소 변화된 자세(              ,              ,              )에서의

복원력(     ), 횡 방향 복원 모멘트(         ), 종 방향 복원 모멘트(         )는?

z  

z z       
F TM LM

F TM
LM

( , , ) ( , , )z z z z
z

       
 

  
           

  

F F F
F F

( , , ) ( , , ) T T T
T Tz z z z

z
       

 

  
           

  

M M M
M M

( , , ) ( , , ) L L L
L Lz z z z

z
       

 

  
           

  

M M M
M M

z
z

 
 

  
      

  

F F F
F

L L L
L z

z
 

 

  
      

  

M M M
M

T T T
T z

z
 

 

  
      

  

M M M
M
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Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) hydrostatics : 복원력(모멘트)의 선형화

초기 자세(   ,   ,   )에서
복원력(     ), 횡 방향 복원 모멘트( ), 종 방향 복원 모멘트(         )를 알고 있을 때,

미소 변화된 자세(              ,              ,              )에서의

복원력(     ), 횡 방향 복원 모멘트(         ), 종 방향 복원 모멘트(         )는?

z  

z z       
F TM LM

F TM
LM

z
z

 
 

  
      

  

F F F
F

L L L
L z

z
 

 

  
      

  

M M M
M

T T T
T z

z
 

 

  
      

  

M M M
M
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Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) hydrostatics : 복원력(모멘트)의 선형화

초기 자세(   ,   ,   )에서
복원력(     ), 횡 방향 복원 모멘트( ), 종 방향 복원 모멘트(         )를 알고 있을 때,

미소 변화된 자세(              ,              ,              )에서의

복원력(     ), 횡 방향 복원 모멘트(         ), 종 방향 복원 모멘트(         )는?

z  

z z       
F TM LM

F TM
LM

z
z

 
 

  
      

  

F F F
F

L L L
L z

z
 

 

  
      

  

M M M
M

T T T
T z

z
 

 

  
      

  

M M M
M T T T

T

L

L L L

z
z

z

z

 


 



 

   
 

       
      

                   
 

   

F F F

F
M M M

M

M
M M M

 Matrix로 표현 Axb 

변수 3개, 식 3개
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T T T
T

L

L L L

z
z

z

z

 


 



 

   
 

       
      

                   
 

   

F F F

F
M M M

M

M
M M M

T T T
T

L

L L L

z
z

z

z

 


 



 

   
 

       
      

                   
 

   

F F F

F
M M M

M

M
M M M

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) hydrostatics : 복원력(모멘트)의 선형화

초기 자세(   ,   ,   )에서
복원력(     ), 횡 방향 복원 모멘트( ), 종 방향 복원 모멘트(         )를 알고 있을 때,

미소 변화된 자세(              ,              ,              )에서의

복원력(     ), 횡 방향 복원 모멘트(         ), 종 방향 복원 모멘트(         )는?

z  

z z       
F TM LM

F TM
LM

z
z

 
 

  
      

  

F F F
F

L L L
L z

z
 

 

  
      

  

M M M
M

T T T
T z

z
 

 

  
      

  

M M M
M

1. 자세의 변화량이 주어져 있을 때, 힘(모멘트)의 변화량을 구하는 경우

Given GivenFind

Axb 

2. 힘(모멘트)의 변화량이 주어져 있을 때, 자세의 변화량을 구하는 경우

GivenGiven Find

xAx
1

A※    가 선형화되어 있
기 때문에 반복 계산
(iteration)을 해야 함
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