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Laplace Transforms (1)
: Applications

Linear ODE Solution
Linear Control
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What is Transform ?

complexity
reduced

v'transform analysis

v'conventional analysis

( )

Problem statement

( )

Transform

logy =logx—logz
. J

s

Simplified analysis

[ |
=
[ )
: J

Complex analysis

Long-hand division

[ Problem solution J
2008_|—ap|a —
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Inverse transform

Anti-logarithm
Table look-up




What kind of Transform ?

logy =logx—logz

| Laplace Transform |

j:e—st f (t)dt = £{ f (1)}

| Fourier Transform |

[~ e “s(t)dt = S(w)

E Ref. Fourier Transform




Laplace Transform
DEflnltlon gﬁ{f (t)}: J:O e St f (t)dt ,provided the integral converges

sufficient conditions for existence

Piecewise Continuous Function
A function has a value on a finite interval [a, b].
It has finite limits as t approaches either endpoints of a interval.

A 4
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Laplace Transform
£ f )= [ e f (1)t Definition

sufficient conditions for existence

2
t“ Increaseas T — o0 e3t Increaseas { — o0
) _ _ L
e Stt Convergeto Oas { — 00 e Sttz Diverge to infinite as T —» 00
©  _sty?2 - : 2 5
e't°dt 2 Theintegral exists j e t?°dt 9 Theintegral does not exist
2008_LaplgceIf§nsform(l | 0




Laplace Transform
2L f (1)} = Iof wat Definition

sufficient conditions for existence , , , o f
Playing an important role in cooling (t)

down to be convergent on [0,)

Let g(t)=Mekt and prove the existence
of Laplace transform

J:O e—Stg('[)dt — J;:o e—StMektdt _ J'OOO Me-(s_k)tdt
o M
I:_le(sk)tj| —k, (S > k)

:S_
S o o, (s<K)

A function of which absolute value is
smaller than exponential function g(t)

t2 Increaseas { — o0 has Laplace transform.
e—stt2 ConvergetoOas t —> 00 ‘ f (t)‘ S Mekt
X sty
_ = The integral exists
et dt g The Laplace transform exists for all s>k.

2008_Lap|9ce :I'rgnsform(l)




Dynamic System Modeling : Linear ODE

L1

u(t) : control force

I ILI Dashpot

/171777777

mz" =F

[

IFext = F, cos wt

'1 —cZ’

=
Dashpot
mg

=mg —Kk(s, +2z)—cz'+u(t)

=—kz —cz' Hu(t)

mz" +cz'+ kz =

2008_Laplace Trgnsform(l)

u(t)

/177777777
mz"=F
Physical — mgk —CZ'k +F0 COS wt

Phenomenon

—cz'k +F, coswt




Dynamic System Modeling : Linear ODE

L1000 e e e e mmmeemo -,
mz"(t) +cz'(t) + kz(t) = u(t)

Input(control force): u(t) Output: z(t)

[ [
I I
I I
[ [
I I
I I
0 ol ISO ......... : |
I
| [ [R— U0 | ) e e 20
Z Zt l u(t) : control force i = u(t) :
I I
§ Dashpot L :
/117777777
mz"=F Method to find the solution of the 2nd-order O.D.E
=mg —Kk(S, +2z)—cz'+u(t) Laplace Transform
= —kz —cz' +u(t) &{z(t) }
mz" +cz'+ kz = u(t)
Z(t) =e*

2008_Laplace Trgnsform(l)




Solution of Linear ODE by Laplace Transform

/////////// ; Laplace Transform

Find unknown z(t) that satisfies a
: and initial condition
.................................... Lap|ace transfor

0 ISy _
K IIZ ......................... il Transformed DE becomes an
Z u(t) : control force :
‘1 Dashpot Solve transformed
/1177777777 :

mz"=F
=mg —Kk(S, +2z)—cz'+u(t)
=—kz —cz"+u(t)

mz" +cz'+ kz = u(t)

2008_Laplace Transform(1)
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Solution of Linear ODE by Laplace Transform

mz"(t) +cz'(t) + kz(t) = u(t)

Laplace Transform

L(mz"(t) +cZ'(t) + kz(t)) = Z(u(t))

Linearity

%(%()%(@%)\\

m[s2Z(s) — s2(0) — z' (0)] + ¢[SZ (s) — z(0)]+ KZ (s) =U (5)

Lu(t)}=U(s)
Lz()}=Z(s)

Integrating by Part

[ U0V EIax =[uCWOI L - [ U V()

LU

ntrol Torce
u Dashpot

/111177777

mz"=F
=mg—k(s, +2z)—cz'+u(t)
=—kz—cz'+u(t)

mz" +cz'+kz = u(t)

£{7'(t)}= j:’ e 7/ (t)dt =ez(t)| - j: (—s)e *z(t)dt = —z(0) +s&{ z(t)}
S L' (t)}y=sZ(s)—z(0)
{z"(t)} = j: e Sz"(t)dt = e‘Stz’(t)‘: +5 jooo e Sz'(t)dt =—z'(0) + s&{z'(t)}
= s[sZ(s)—z(0)]-z'(0)
S E{72"()}=5s°Z(s)—sz(0)—z'(0)

11
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Solution of Linear ODE by Laplace Transform

mz"(t) +cz'(t) + kz(t) = u(t)

Laplace Transform

L(mz"(t) + cz'(t) + kz(t)) = Z(u(t))

Linearity

c%(+5€,()+§a( ) o@f;@\l\

D.E.

m[s°Z(s) —sz(0) —z'(0)]+c[SZ(s) — z(0)]+ KZ (sh =U (s)

ms*Z (s) —msz(0) —mz' (0) +csZ (s) —cz(0) + kZ (k) =U (s)
I

(ms;2 +CS+ k)Z (s)
1 \ 4

(0) +mz' (0) + cz(0)* U (:5)

Z(s):(

ms” + cs + Kk

2008_Laplace Trgnsform(l)

)[Q(S)+U(S)]

algebraic equation

LU

u(t) : control force

% L
u Dashpot
/111777777

mz"=F
=mg—k(s, +2z)—cz'+u(t)
=—kz—cz'+u(t)

mz" +cz'+kz = u(t)



Solution of Linear ODE by Laplace Transform

mz"(t) +cz'(t) + kz(t) = u(t)

Laplace Transform

L(mz"(t) + cz'(t) + kz(t)) = Z(u(t))

(ms2 +CS+ k)Z (s) = msz(0) +mz'(0) + cz(0) +U (s)

Z(s) =

Z(s) =W(s)[Q(s) +U (5)]=W (s)Q(s) +W (s)U ()
Z(s) =W (s)Q(s) +W(s)U(s)

W (s) : transfer function

Q(s) +U (s)]

LU

So..

T

zt u(t) : control force

Dashpot

/111177777

mz"=F
=mg—k(s, +2z)—cz'+u(t)
=—kz—cz'+u(t)

mz" +cz'+kz = u(t)

W (s)Q(S) :the effect on the response that are due to the initial condition

W (s)U(s) : the effect on the response that are due to the input function

2008_Laplace Trgnsform(l)




Solution of Linear ODE by Laplace Transform

mz"(t) +cz'(t) + kz(t) = u(t)

Laplace Transform

L(mz"(t) + cz'(t) + kz(t)) = Z(u(t))

Z(s) =W (s)Q(s) +W (s)U(s)

= z(t) =L W (S)Q(S) |+ L W (S)U (8)} = z, (1) + 2, (1)

If the inputu(t) =0
Z(s) =W (s)Q(s)

5. 2(t) = 2, (1) = £ W (5)Q(S)

Zero-input response

Z(s) =W (s)U(s)

L) =z, =L WS ()}

If all the initial conditions are zero,Q(s) =msz(0)+mz'(0)+cz(0) =0

Zero-state response

2008_Laplace Trgnsform(l)

LU

So..

-

7t u(t) : control force

Dashpot

/111177777

mz"=F
=mg—k(s, +2z)—cz'+u(t)
=—kz—cz'+u(t)

mz" +cz'+kz = u(t)

To see the response due to control force only




Table of Laplace Transform

2008_Laplace Transform(1) _




Mass-Spring-Damper Linear Mechanical System*

mx"(t) + cxX'(t) + kx(t)|  X(t)
E— .Il =u(t)

M 2|2 X|H2| Alo|2| OjES FA|E
M 7| SEN

sl £7] X : X
2Ho £7| £ ¢ X =
Aol £7] 712 E : X
H

2B HE EAS HANTE X
22| YUK r2 SXINT|E H

-’FFEiIfll XIS HHA7|7] ISHM a0l 7toks Mo vel 27|E 2’86l
Of &

LLLLLLLLLls
I %
P

X
Ill-“'ulll

2008 Laplace Transform(l)
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Katsuhiko Ogata, Modern Control System 4t edition, 2001, Prentice HaII Chapter3 Mathematical Modeling of Dynamic System g 197



Formulation of Linear Control System by Laplace
Transform - Proportional Controller(t]| |0{7])

mx”(t) +cx'(t) + kx(t) = u(t) <==u(t) = K e(t) = K, (r—x(t))

e(t) =r—x(t)
, e(t) - u(t) : mz"(t)+cz'(t)+kz(t) [ X(t) :
2o u(t) =K, -e(t) =u(t)
I ()
Laplace U(s)= Kp E(s) U(s) - — 1 = X (9)
Transform K, -E(s)=U(s) ms® +cs+Kk
E(s) =R(s)— X(s)
R(S) E(s) 11019 U(s) : 1 X(8) :
SHgt K, ms® +cs +k

X(s)

2008 Laplace Transform(l) I
. [ T . b — .
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Katsuhiko Ogata, Modern Control System 4t edition, 2001, Prentice Hall, Chapter3 Mathematical Modeling of Dynamic System g 197




Formulation of Linear Control System by Laplace

Transform - Proportional Controller(t] 2] X|0{Z])

E(s) =R(s)— X (s)

mx”(t) +cx’(t) + (k + K, Jx(t) = K_r

MY HN=ES AHBI| 95+
RS E(s) 012 ues) 1 X(s) 22X MLs42 0| 26H0
253t Kp i m32_|_cs_|_k g D'“i_ gFJSM% %O'IEIP

1 X(s) %
E(s) =R(s)— X (s)
{R(s) =X (8)}K, =U(s) R(S) K, X(s) .
1 ’ 2 ]
{R(S)—X(S)}Kp . ZX(S) ms +CS+k+Kp
ms“ +¢s + k

R(s)K rk

X (s) = OLY: = -

ms®+cs+k+K,  s(ms®+cs+k+K))

R(s) = Z(r(t)) :2,(-.- rt)=r)

rK

X(t) = L(X(3)) = xl( p

2
s(ms” +cs+k+K))

2008_Laplace Transform(1)

-

=K, x X" - -
s(ms”+cs+k+K))
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ER—— . -~
Katsuhiko Ogata, Modern Control System 4t edition, 2001, Prentice Hall, Chapter3 Mathematical Modeling of Dynamic System =. g /33



Formulation of Linear Control System by Laplace
Transform - Proportional Controller(t] 2] X|0{Z])

1
X(t) =L (X(s))=rK_ xL*
® (X)) P [S(mSZ+CS+k+Kp)]
( 1 1 )
S(mSZ-I-CS-i-k-i—Kp) _S(mSZ+CS+K*)’ k_|_Kp:K
_ 1 | _—c+c?—AmK*
< ms(s—a)(s—p) %P o
A B C
= +
S S—a s—-p
2 *
P c+vc—4mK™ = c—/C’ —4mK
\ ST ok e amke | 2KTdef —amK”

cf. 2nd ODEZ| off

S A B C
L (X(s))=rK xL*| —+ +
mx" () + ox'(t) + (k + K, Jx(t) = K, S S—a S-pf
X(t) =X, (£) + X, (t)

= Ae™ +Be™ +C

_ i
=rK_ x(A+Be™ +Ce”)

-

— — _ _‘E e 19
Katsuhiko Ogata, Modern Control System 4t edition, 2001, Prentice Hall, Chapter3 Mathematical Modeling of Dynamic System =. 197



Formulation of Linear Control System by Laplace

Transform - Proportional Controller(t] 2] X|0{Z])
mx” (t) +ox’(t) + (k + K, x(®) = K, r

$ K E(s) =R(s) - X (s)
A~ SOt v CE IR TR CICN R S ECREION I T EEUR
N\ E —> m U =gy K, ‘© ms”+cs+k m52+(:s+k+Kp
J % -
15 LX ........... ,rl
- k+K, =K*
X(t)=rK x(A+Be“" +Ce”
) p % ) . _—ci\/cz—4mK*
S 2m
SEZ 1
A= _—_
K*
é; - c++/c2 —4AmK *
2K *+/c? — 4mK *
osb-t-- C— C—\/CZ—4mK*
2K *+Jc? — 4mK *




Example of Linear Control System
- Proportional Controller(d|2f| X|0{7])

u(t) = K e(t) =1-e(t)m3min

B

IIIITIIII%IIl

Jjo
El
=
||||1J

(6

=M =

T A
=i T T

-=20] =

IE SIS |5t =0
= Zm3/mine €0 0f 3t=J}?2
Given: - 4‘—2&9 9l W0l 2m?

=0l A 2m3/min#!

SciUtZtth

K, e(t) =u(t)

1im

CtS D 20| LA BHCE
e(t) === 29 =0Irt) - 8 22 =0lc(t) — >
m
12g9 9= 29 2uU(l): K e(t)
K,=1r=10
=9 S0t

MO

c(t)

u(t)=Ke(t)

E S3u®-2)

(ES)IS/E=

01)

0 S }
2008_Laplace Trgnsform(l) 2m3/min




Example of Linear Control System
- Proportional Controller(d|2f| X|0{7])

K, e(t) =u(t)

ZH =H %= || /A3H =0
2 Zm3min2 200t ot= DP
u(t) = er(t) =1-e(t)m¥min Given: - £=2x2| & 0| 2m

- 20| =20 A 2m3/min 531 L+2 H}

] j E CH2 D 200] JFEBHCE.
A e(t) =22 29 S0ir)) - M 22 =0lc() : (A
2m
8 129 2= 29 gu(t): Ke(t)
] K,=1r=10
15—
u - _ - = %9l =t
= mg 0| 4 |10] 6 6 4 2
7 1| 6 |10] & 4 2 1
] 2 7 (10| 3 3 1 05
o 3|75 |10 25 25 05 0.25
_ 4 |775|10(225| 225 0.25 0.125
7 .| 8 [10] 2 2 0 0
0 _ .| 8 (10| 2 2 0 0
2008_Laplace :Frgnsform(l) 2m3/m'n




The Laplace Transform

1) Comparison
1) Homogeneous & Nonhomogeneous Solutions.
2) Transient & Steady-state Solutions
3) Zero-Input & Zero_initial Solutions
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Linear Model 1= a), 2= 47
Spring/Mass Systems: Driven Motion dt*

/////////// - Solution of 2nd O.E.D.

Linear Model
(Linear Equation)

mz"+cz'+kz = F, cosat

ISO General Solution
...................... IZ Tlems e e e
IF .................... EIFM s z2=7,+2,]
. -Superposition
“—CZ’ mz"+cz' +kz=0 Zh- -Zp
General Solution Particular
Dash pot m g - Homogeneous Solution
LLLLLLL Z, =C2,+C,Z,] -
mZ” — F -Linear Combination Another
, -Superposition Superposition
= mgk —cz'k +F, cos wt
. Try:
= —c7'k +F, cosawt set of solutios 2 L |z=¢"
(Basis)
mZ” + CZ’ + kZ = FO COS wt Linearly Independent

mz" +cz'+kz = F, coswt t
2008 _Lapld—e—rrrrrorrrrremy—— (z component)




Linear Model

2=2(t),2" =

Spring/Mass Systems: Driven Motion

YA

Dashpot mg

Linear Model
(Linear Equation)

Mz

"+cz'+kz = F, coswt

0.2z2"+1.272' + 2z =5c0s4t

|l—°Z' mz"+cz'+kz = F, cosawt

2(0) :%, 2(0)=0

/171177717
General Solution
-Nonghomogeneous
2=17,+2,]
-Superposition Z(f) 1
mz'+cz’+kz=0 |Zj Z,
General Solution Particular 08
- Homogeneous Solution N
@: 14 +Cy4, L\ |
-Linear Combination Another /
-Superposition Superposition v
05 ¥
-Fundamental 7 7 -t Zh(t)
set of solutions 2 Z=¢€
(Basis) v -1
Linearly Independent 0 6.5 1

2008_Laplace Trgmsform(l)




Linear Model 1= 2(0), 2 —
Spring/Mass Systems: Driven Motion

mz" +cz' +kz = F, cos wt

—ks, —kz e S sttt ittt ittt tieieln ettt ittty
Lineaidodel 0.22"+1.27'+2z = 5cos4t
Z (Linear Equation)
E, . I F« = Fycosat 1
|l—°Z' mz" +cz' +kz = F, cos et 2(0)=—,2'(0)=0
Dashpot mg 0 2
/1/11/7/17/
General Solution
-Nonghomogeneous
2=17,+2,]

-Superposition
mz"+cz'+kz =0

General Solution Particul 3

- Homogeneous Solution
-Linear Combination Another
-Superposition Superposition
-Fundamental 7 7 Try: o
set of solutions 2 Z=¢€

(Basis) v -1 1 ,
Linearly Independent 0 0.5 1 15

2008_Laplace Trgnsform(l)




° 2
Linear Model 1= 2(t) 27 = 92

[ ] [ ] [ ] 2
Spring/Mass Systems: Driven Motion at
mz" +cz' +kz = F, cos wt

—ks, —kz e S sttt ittt ittt tieieln ettt ittty
Lineaidodel 0.22"+1.27'+2z = 5cos4t
Z (Linear Equation)
E, . I F« = Fycosat 1
|l—°Z' mz" +cz' +kz = F, cos et 2(0)=—,2'(0)=0
Dashpot mg 0 2
/1/11/7/17/
General Solution
-Nonghomogeneous
2=17,+2,]

-Superposition
mz"+cz'+kz =0

General Solution Particul 3

- Homogeneous Solution

@: €12, +Cy 2, |
-Linear Combination Another
-Superposition Superposition
-Fundamental 7 Z f At
set of solutions 2 Z=¢€

(t)
(Basis) v -1 . ,
Linearly Independent 0 6.5 I1 15

2008_Laplace Trgnsform(l)




Linear Model
Spring/Mass Systems: Driven Motion

mz" +cz' +kz = F, cos wt

—ks, —kz s Y- aieie ittt ittt ittt ettt
R 0.2z"+1.27' + 2z =5c0s 4t
Z (Linear Equation)
.IF =F,cosat

— |l < mz"+cz' +kz = F, cosmt 2(0)=—,2'(0)=0

777070777 mgy
General Solution
-Nonghomogeneous
z, +z, i
-Superposition S Z(f)— z (U.,«.Z () -
h
mz"+cz' +kz=0 |y, Z, 20
General Solution Particular 0.5
- Homogeneous Solution B
-Linear Combination Another
-Superposition Superposition
-0.5 .
-Fundamental 7 Try: o 4

set of solutions Z 2 Z=¢€

(Basis) v -1 |

Linearly Independent 0 6.5 I1 15

2008_Laplace Trgmsform(l)

2=2(t),2"=—



Linear Model

2=2(t),2"=—

Spring/Mass Systems: Driven Motion dt”

—ks, —kz

7770000777 mg

Linear Model
Z Linear Equation
.IFM =F,cosat ( q )

I L ll_"z' mz" +cz' + kz = F, cos wt

General Solution

-Nonghomogeneous
2=17,+2,]
-Superposition
mz'+cz’+kz=0 |Zj Z,
General Solution Particular
- Homogeneous Solution
-Linear Combination Another

-Superposition

-Fundamental yA Z
set of solutions 2

(Basis) v
Linearly Independent

2008_Laplace Trgnsform(l)

Superposition

mz" +cz' +kz = F, cos wt

Transient and Steady-State Terms

When F(t) is periodic function, general solution have

z, (1) nonperiodic function
Z, (t) and periodic function
A EN - | |
Z(U] i. Z(f) Zh(f)+ Zp(f)

e
%
-’

: t
0 0.5 1 15
Zh (t) : transient solution

Z,(t) : steady-state solution

29
197



Comparison

Method to find the solution of the 2nd-order O.D.E

At
Z(t) =€ N Zhormgeneous’ Zparticular
N
7
mz" +cz'+kz = u(t) (}‘.';
N
Solution 7 7

Laplace Transform

z(0)}

zero-state

Vv

zero-input ?

2008_Laplace Transform(1)




Comparison

Method to find the solution of the 2nd-order O.D.E

Solution

mz" +cz'+kz = u(t) @if}

\ Solution 7
Laplace Transform zero-input ? zero -state

1z(t)}

/ Z(t) =™ : > Ziransientr £ steady

— ] Example
deneral ZtranS|ent + Zstead g
y
| | |

VA _

zero-input = Zyancientof zero-input T Zsteadyof zero-input

+ + +

Zzero -state — Ztransientof zero-state + Zsteadyof zero-state

2008_Laplace Transform(l)



Action/Reaction, Equilibrium

® @ @

T

\mg e

:Gravity force

Free body diagram

N =-mg

'mg

By Newton’s second By Newton’s second

law| : "_ law,

2008_Laplace Transorm(l)

mm— J — oo % k- p = 3 — - 32
—_— = 3 — = - 1 = == ‘ﬂx 197




2
. d°z

Z -
dt?

Spring/Mass Systems: Driven Motion*=*"
& © 11111100007 21011000077

T @
[ o

:Gravity force * mg

Nonlinearity of spring

. F(z) =ckz ok’

y Newton’s 2"¢ |aw, "
linearize Mz = F
mz"=F Hooke’s law _ mgk
Focz
— m k = A —
9 Foing =Kz =0 (~2"=0)
Kk : spring constant . static equilibrium

2008_Laplace Transform(1)
T — : 4 O opposite to the direction of g
— displacement e




d?z

ZII e
dt?

Spring/Mass Systems: Driven Motion*=*"
1111111111/

@ ®

L1

=0 (-2"=0)
. static equilibrium =0 (. Z":O)

2008_Laplace-Transformt1)
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2
, d°z

.l =——
dt?

Spring/Mass Systems: Driven Motion*=*"
O 111010000/ ® i)

I?{mg Zkf [ z . m

F
“ mg

F

external
,static

+F

external ,static

+F

external ,static
_ O (. o« o2l __ O) " Physical Phenomenon
— . Z — Mathematical Equation

_|_ kz — O Oscillation by
2008_Laplace Transform(1)

restoring force

the restori force




d?z

Spring/Mass Systems: Driven Motion*=*V" *~ 4
© ©

force

—CZ
3 Dashpot
/1177777777 mg
mz"=F
=mgk —cz'k
= —Ccz'k

| Physical Phenomenon
Mathematical Equation

2008 mZ” + kZ — :I:;ilrlzzic?)?i:g force mz” + CZ’ + kZ — O




d?z

Spring/Mass Systems: Driven Motion*=*V" *~ 4
® ///////// )/ ® ///////////
restoring restoring
force 55’
I?I F,. = F,cosat
cz' \ ,
) —CZ
m Dashpot
7777000777 J 7777000777 mg
mz"=F mz"=F
=mgk —cz'k = mgk —C7'K +F, cos at
— —cz’k — —C7'k +F, cos wt

| Physical Phenomenon

Mathematical Equation
" q mz" +cz' +kz = F, cos ot

. — Eemmmee———
. Ty o $ ot 7 - -.“ . — 37

0

omz"+cz'+kz =




d?z

Spring/Mass Systems: Driven Motion*=*V" *~ 4
iy © iy

K

I F IEI F,. = F,cosat
“ —cZ'

7. 14

//////.///5 et T mg //////.///3 et T mg
mz"=F mz"=F

=mgk —cz'k = mgk —c7'k +F, cos wt

= —cz'k = —c7'k +F, coswt

Mathematical Equation
" q mz" +cz' +kz = F, cos ot

. — Eemmmee———
- T ¥ e - -‘“ s - 38

0

omz"+cz'+kz =




Nonlinearity

\Nonlinearity of the nature Nonlinear Mathematical Model Numerical Method
Linearization

Linear Mathematical Model Analytic Solution

Ex) Heave Motion of a Ship —step 1

. v Mass-Spring-Damper system

kf_x l ] / l\l/l @

ok
m : mass i Z 17 .
mz=F \ l 9
= |:gravity i mg
- —mgk By Newton’s 29 |aw,
mz"=F

2008_Laplace Transform(1)




Nonlinearity

Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model

Numerical Method

Analytic Solution

Ex) Heave Motion of a Ship — step 2 Foaic = H P....ndS = pgV,k
SB

Vo

k
yf X | /
= l g / M >

m: mass p : density of sea water F
V,: submerged volume RIS
Sp : submerged surface area _ —mgk
mz=F
— T gravity +Fstatic
=-mgk +pgV Kk

=0 (- Z=0) : static equilibrium

dS :infinitesimal submerged surface
area
: force exerted by the infinitesimal
fluid element on dS

N :normal vector of dS

2008_Laplace Trgnsform(l)

v Archimedes’ Principle F__. = pgV, K

v Mass-Spring-Damper system

@ 11000000

= mgk—ks,k
=0 (-2"=0)

. static equilibrium




Nonlinearity

Nonlinearity of the nature

Nonlinear Mathematical Model

Linearization

Linear Mathematical Model

Numerical Method

Analytic Solution

Ex) Heave Motion of a Ship — step 3

StatIC - J-J. staticl!

F .
external ,static
z X ! ‘ - ,0 gV k + addtional bouyancy
— X / additional
- | > /. M buoyancy caused
vV 1 by additional
0 g F displacement z
external ,static P
m: mass p : density of sea water oo
V,: submerged volume Fgravity ';Z DRl
Sg : submerged surface area _ :
Awp : waterplane area B mgk addtional bouyancy
mZ=F =—pgArZ
_ =—kz
gravity +Fstat|c I:external,static k g AN
= _mgk +pgVk —p gANpZ +Fexternal static : PE e

=—p gA\NpZ +Fexternal static
=—kz +F, external ,static

—0 (. 2=0)

2008_Laplace Transform(1)

v" Archimedes’ Principle Fstatlc =

v Mass-Spring-Damper system

® LU

“horce”
S O
kf m _____ 1z
Z
o l mg
-

mz"=F

=mgK —ks,K —kzk +F, . i static

=—kzk + Fextemal il

=0 (z"=0)




Nonlinearity

Nonlinearity of the nature

Nonlinear Mathematical Model

Linearization

Linear Mathematical Model

Numerical Method

Analytic Solution

Ex) Heave Motion of a Ship — step 4

. I:external ,static '

StatIC - J-J. staticl!

—ng k+F

addtlonal bouyancy

LkL X // additional
= | buoyancy caused
I V, l g 21 / i by additional
|:external static LT el 2
m : mass p : density of sea water if zi
V,: submerged volume FgraVitY I;Z is small
Sg : submerged surface area _ :
Awp : waterplane area _ mgk addtional bouyancy
mZ=F =—pgArZ
_ =—kz
FgfaVI |:statlc |:external ,Static k g AN
= _mgk ‘|‘,0gV k _pgANpZ +Fexterna| static : P :

=—p gANpZ +Fexternal static

Linearized

= 7=0)

2008_Lap|ace Trgnsform(l)

|:external,static k= ,OQANP

{

Restoring Force

~

J

v Archimedes’ Principle Fstatlc =

v’ Mass-Spring-Damper system
@

restoring
force

Z
Fecema u mg

-
7
mz" =F
+ I:external ,static
+ I:external ,static
/4 AT
— Oscillation by
Z + kZ 0 the restoring force




Nonlinearity

Zr/ + kZ - 0 Oscillation by

the restoring force

=—kz €
%)2 Ship will oscillate forever? Fragiation = || Pradiation”

Energy is dissipated by radiation wave

\Nonlinearity of the nature Nonlinear Mathematical Model Numerical Method
Linearization
Linear Mathematical Model Analytic Solution
EX) Heave Motion of a Shlp = Step 4 StatIC = J-J. statlc v Archimedes’ Principle Fstatlc = pgvok
7 = ng K—pgApZ v/ Mass-Spring-Damper system
v—kL X 7 = pgV,k —kz '@
= I |
— l Z7 M !
VO g i restoring
' force
m : mass p : density of sea water F :
V,: submerged volume gravity i o
Sg : submerged surface area _ = !
Aﬁ/vp: waterplane area =—mgk o;gg'k_ S )':_—1%2 ?‘__’I'I.I_I,_ | .
: S50 ojs LMY |
mzZ=F | l mg
= & =) :
gravity +Fstat|c :
=—mgk +pgV K —pgA,z i |mz"=F
= _pgANpZ sati i
Radiation Force :

2008_Laplace Trgnsform(l)




Nonlinearity

Nonlinearity of the nature

Nonlinear Mathematical Model

Linearization

Linear Mathematical Model

Numerical Method

Analytic Solution

Ex) Heave Motion of a Ship —step 5

StatIC - J-J. staticl!

= ng K—pgApZ

’ Z
t

= pgV,k —kz

;LkL X

I

m: mass
V,: submerged volume
Sg : submerged surface area
Awp : waterplane area

| - /. . M
VO l ’ T / |:radiation =—CZ

p : density of sea water

v Archimedes’ Principle Fstatlc = ngok

v Mass-Spring-Damper system

© L/

mZ=F

gravity statlc

+F

radiation

=—mgk +ng0k —p9A,,Z —CZ

- _pgA\NpZ_CZ
=—-kz—CZ

2008_Laplace Trgnsform(l)

. restoring
1 force
A S —ks, —kz
Fgravity ! ] 0
Qe cflomn oo _ Cz’
= —mgk M 3 Mol ZH |1
=0 o5 wAlst &l i U5 S
VA 5}
. yA
== ; mg
i . Dashpot
: /171717777
imz"=F
Radiation Force — mgk —ks,k —kzk —cz’k
opposite tw radlatlon Ij radiation | i = —kzk—cz'k
¢ : damping coefficient




Nonlinearity

Nonlinearity of the nature

Nonlinear Mathematical Model

Linearization

Linear Mathematical Model

Numerical Method

Analytic Solution

v Archimedes’ Principle Fstatlc = ngok

v Mass-Spring-Damper system
® L1111

restoring
force

Ex) Heave Motion of a Ship —step 5 Foatic = J-J. aticl]
7 = = - pgv k pgANP
: 2,7
v § X 1 7z = pgV,k —kz
I l Z T M
VO g F = —CZ .e
radiation —maZ
m: mass p : density of sea water F
V,: submerged volume gravity
Sg : submerged surface area _ =
Aﬁ/vp: waterplane area =—mgk }*Eﬁﬂsolgdﬂuii H%:-X!LI
m.z — F [Ler=) - EoL O
= — =
gravity +Fstat|c Fradiation
= —mgk +pgVk —pgA,z —CZ-m,Z

=—pgA,,2—CZ —m_ Z
=-kz —CZ —m,Z

2008_Laplace Trgnsform(l)

Radiation Force

opposite tw radlatlon j_[ radiation|1
Sg

. Dashpot

/111171777
mz"=F
= mgk —ks,k —kzk —cz'’k
= —kzk—cz'k

¢ : damping coeffici

m. : added mass




Nonlinearity

\Nonlinearity of the nature Nonlinear Mathematical Model Numerical Method
Linearization
Linear Mathematical Model Analytic Solution
Ex) Heave Motion of a Ship — step 6 Foatic = j J. aticl] v Archimedes’ Principle F__. = pgV K
z 7 Z = ng K—p9ApZ v Mass-Spring-Damper system
"B(t x 1 = pgV,k —kz ' © L/
— z T M |:exciting E .
VO g F - a . I re;storlng
radiation — —CZ —m,Z i orce
m: mass p : density of sea water F | Y —ks, —kz
V,: submerged volume gravity i 0 | So '
Sg : submerged surface area — _mak ! K W N CZ
Awp : waterplane area T g i T : F— F. cosat
m7 =F Wave force , Z 1 1
; mg
- Fgraw FStath Fradiation +Fexc|t|ng * + i DaShpOt
—_maK 400V K —pOA 7 07 —M.F4F . 77777
— mg +,Og 0 pgANp a exciting !
. .e Froude-Kriloff Force Diffraction Force || mz”" = F
=— Z—CZ —m,Z +F, :
POA,Z—CZ S F " ! = mgk —ks,k —kzk —Cz'K +F, cos et
wave exciting |
=—kz —CZ — m, y4 +Fx0|t|ng i = —kzk —cz'’k +F, cos ot
= _“. I:)Wave exciting ndS i
Sg
mci gg?ergnrgacszefficient (: Fexciting)
2008_Laplace Trgnsform(l) 7 ¢




Nonlinearity

Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model

Numerical Method

Analytic Solution

Ex) Heave Motion of a Ship — step 6 Foatic = J-J. vtaticl
, = ng K—p9AZ
A 1 = pgV,k —kz
| I vV l 0 ZT / M |:exciting _
0 |:radiation =—CZ _maz
m : mass p : density of sea water F
V,: submerged volume gravity
Sz : submerged surface area — —mak
Awp : waterplane area B g
mzZ =F
~ Tgravity +Fstat|c Fradiation +Fex0|t|ng )
= —mgk —I—ngOI( _,OgANpZ —CZ — maz_H:exciting
— —PgANpZ—CZ = m Z +Fexcmng
= _kZ _CZ m Z +Fxcmng
— ¢ : damping coefficient
2008 La (m +M )Z + CZ + kZ excmng m, : added mass

v Archimedes’ Principle Fstatlc = ngok

v’ Mass-Spring-Damper system
© L1100/

restoring
force

—ks, —kz

0 S 4 SO _Cz'
k 122t
Z 1 ) 1I—ex‘=F0 cosat
™
Dashpot

/171777777

mz"=F
= mgk —ks,k —kzk —cz'k +F, cos at

= —kzk —cz'k +F, cosat

mz" +cz'+kz = F, cos wt




Linear Model

d’z

2=2(t),2" =
[ ] [ ] [ ) ! 2
Spring/Mass Systems: Driven Motion at
v Mass-Spring-Damper system
®© ///////////
restoring
force

vHEO 6XIRE 25 YHA )

@ Coordinate system & 2|

(Global & Body-fixed coordinate)

ext = @ Newton’s 2"d Law
\ mg MX ZF ody surface
Dashpot = I:grawty + Fstatlc + |:F.K + |:D + |:R
~ ~ ~
/’ ///F////// £ - |:restoring + I:exciting —AX—-BX
= mgk —ksok —kzk —cz'k +FO COS wt [(M + A) restorlng + I:excmng ]
— _ka _CZ,k +F0 COS a)t Cf) t cd -?:I (Frestorlng = CX)
" / M+A Bx+C F
mz" +cz' +kz = F, cos wt | (M AR B Cx =P y
< Identical |
20Us_raprace TTaMSTOTTIIL)




homogeneous

Spring/Mass Systems: Driven Motion z=e

mz"+cz'+kz = F, cosat

« Stepl. homogeneous solution

mz"+cz'+kz=0 try:z=e"

_ A At At :—Ci\/cz—,\4mk
Z=CZz,+C,Z,(=Cce™ +c,e?) where 4, o

9
i are you sure Zl’ 22 are linearly independent?

There could be three cases depending on the condition

2008_Laplace Trgnsform(l)
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homogeneous

Spring/Mass Systems: Driven Motion z=e

mz"+cz'+kz = F, cosat

. (5
« Stepl. homogeneous solution (}ié are you sure L1, £ are

linearly independent?

mz"+cz'+kz=0 try:z=e"

—c=*4/c® —4mk
Z=C,2,+C,2,(=ce™ +c,e™) where 2, = —

There could be three cases depending on the condition

cases c? —4mk Root

Case | C2 —4mk > O Distinct Real Roots ﬂ’l’ /12
Case ll 02 —4m k =0 Repeated Real Roots 21

Case lll C2 —4Amk < O [(Conjugated Complex Roots j; ZZJ::'Z

2008_Laplace Trgnsform(l)




homogeneous

Spring/Mass Systems: Driven Motion z=¢

mz"+cz'+kz = F, cosat

« Stepl. homogeneous solution

. At
mz"+cz'+kz=0 try:z=e" _c+c?—amk
2 2m
cases CZ —4mk Root Solution
Case | C2 — 4mk > (Distinct Real Roots 2‘1 = 12 = Cleﬂlt + Czeﬂzt
2
ﬂ,l _ _ b+ \/b —4ac = eﬂlt Linear
2a \ combination
Linearly independent
2
2 = —b— \/b —4ac 7 —|pht / Recaltl the exagt\ple
2 23 - ce +c,e” =0
Satisfied only when C; =C, =0

2008_Laplace Transform(l) Linearly Independent




homogeneous

Spring/Mass Systems: Driven Motion z=¢

mz"+cz'+kz = F, cosat

« Stepl. homogeneous solution

. At
mz"+cz'+kz=0 try:z=¢" _c+JcZ_amk
2 2m

cases c? —4mk Root Solution
Case ll C2 — 4Amk = QRepeated Real Roots //11

ﬂl_—b+\/b2—4ac_ b L _ gt

2a 2a '
To create another linearly independent solution , multiply { to Z L, = teﬂlt

Reduction of order

2008_Lap|ace Trgnsform(l)

197



homogeneous

Spring/Mass Systems: Driven Motion z=¢

mz"+cz'+kz = F, cosat

« Stepl. homogeneous solution

. At
mz"+cz'+kz=0 try:z=€" _ciJc?z_amk
2 2m
cases c? —4mk Root Solution
Case I C2 — 4AmKk = O Repeated Real Roots //11 / = Cleﬂlt + Czteﬂlt
2
ﬂlz_b+\/b —4ac :_£ 7 __eﬂit Linear
23 23 177 \ combination
Linearly independent——
Z, = te™

2008_Lap|ace Trgnsform(l)




homogeneous

Spring/Mass Systems: Driven Motion z=¢"

mz"+cz'+kz = F, cosat

« Stepl. homogeneous solution

mz"+cz'+kz=0 try:z=e"

—c+A+c?—4mk

2

2m
cases c? —4mk Root Solution
Case Il C2 — 4mk < O Conjugated Complex Roots 2 zgtii[;
Alz—bJr\/b2—4ac:—bJri\Mac—b2 —atip lee(a”ﬁ)t\ Z=C121+C222
2a 2a 2a 2a . ) Linear
, b \/b2 “aac |—b i \/4ac—b2 y Linearly mdependent%comloination
= — = — =0 —
> 2a 2a 2a 2a 7 e(a—iﬁ)t/
, =
a Y

2008_Lap|ace Trgnsform(l)




homogeneous

Spring/Mass Systems: Driven Motion z=¢

mz"+cz'+kz = F, cosat

« Stepl. homogeneous solution

mz"+cz'+kz=0 try:z=e" _ciJc?_amk
2 2m
cases | c2 —4mk Root Solution
case lll |c2 — 4mk < O Conjugated Complex Roots 21 2 z ii,g
Linear combination
2 =C el 4 C el
Two solutions by the choices
C,=1C,=1 C =1C,=-1
Z, = (@Bt | ala-ip)t Z, = alatif)t _ ala-if)t

2008_Lap|ace Trgnsform(l)




homogeneous

Spring/Mass Systems: Driven Motion z=¢"
Euler’s formular

mz" +cz'+kz = F, cos at e" =cost +isint

« Stepl. homogeneous solution

mz"+cz'+kz=0 try:z=e" _ciJc?_amk

2

2m

cases c? —4mk Root Solution

Case lll C2 — 4mk < O Conjugated Complex Roots A =a+if

h=a-if

z, = el 4 lenP — e (cos St +isin Bt) +e™(cos Bt —isin pt) = 28” cos pt
2, =Pt _gle )t — e (cos St +isin pt) —e™ (cos Bt —isin Bt) = 2e“ sin ft

—

New fundamental set of solution

2008_Laplace Trgnsform(l)




homogeneous

Spring/Mass Systems: Driven Motion z=¢

mz"+cz'+kz = F, cosat

« Stepl. homogeneous solution

At

mz"+cz'+kz=0 try:z=e" _c+Jc?_amk
2 2m
cases c? —4mk Root Solution
Case C2 — 4mk < O Conjugated Complex Roots g =a+1p y — e“t (Cl COS,Bt + C2 COS ﬂt)

h=a-if

e cos A& \ T

Linearly independent—+Llnear

combination
e” sin ft /

Z, = 2e“ cos f3t
z, = 2e“ sin St

2008_Lap|ace Trgnsform(l)




homogeneous

Spring/Mass Systems: Driven Motion z=e

mz"+cz'+kz = F, cosat

« Stepl. homogeneous solution
mz"+cz'+kz=0 try: z=e" - al’+bl+c=0

Case 1l C°—4mk >0

_ At At —c++/c? —4mk
Z, =CE +C292 '(/11,2: o J ,(/11,12<0)

Case?2 C°—4mk=0

—C

.t _
20 =(+C; e (o)

Case3 ¢’ —4mk <0




particular

Spring/Mass Systems: Driven Motion

mz" +cz'+ kz = F, cos wt

« Step2. particular solution
By the method of Undetermined Coefficient, we choose that

y"+ay'+by=r(x)

. - Term in r(x) Choice for y, (x)
Z,(t) =acosat +bsin ot - .
- kx"(n=0,,--- K X"+ K X"+ + KX+ K,
Z(t) = —awsin at + bwcoswt oo
" 2 5 . t;(:z;; K cos ax + M sin ax
Z (1) =—aw” cosat —bw”sin ot
tez C_oswx e” (K cos wx + M sin ax)

m(— w?acoswt — w?bsin et )+ c(— wasin et + wbcosat)+ k(acosat +bsin at) = F, cos et

2008_Laplace Trgnsform(l)
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particular

Spring/Mass Systems: Driven Motion

mz" +cz'+kz = F, cosat
Z,(t) =acosat +bsin at

m(— ?acosat — w’bsin at )+ ¢(— wasin et + wbcosaet )+ k(acosaet +bsin a)t) = F, cos ot

(k—mw?®)a+awch=F,
{—a)ca+(k—mco2)b:0

2 2
a=Fk m@s @) . b=F oc

\

z,(t) =acosat + bsin at

m*(w° —w°)* + w’c’ * m?(0? — 0?)? + w’c?

2008_Laplace Trgnsform(l) 7




Nonhomogeneous general

Spring/Mass Systems: Driven Motion

mz" +cz'+kz = F, coswt

« Step3. general solution

Z(t) = z,(t) +z,(t)

_(i_i«/c2—4mk)t _(i+i\/c2—4mk)t 5
ce 4m2m +c,e 2m 2m , (¢ —4mk > 0)

2 (t)=1(c, +c,t)e 2 ,(c?—4mk =0)

C C

e 2" (Acosayt + Bsinamt) = Ce 2™ cos(ayt—5) ,(c? —4mk <0)

: m(w’ — @°) @C
Z (t) =acosat + bsin |a=F , F
IO() bsin ot [ 0 mz(a)zo_a)z)z 1 w2c? j

ast — o0, z,(t) >0, so z(t) > z,(t)

2008_Laplace Trgnsform(l)




Nonhomogeneous general

Spring/Mass Systems: Driven Motion

MTransient and Steady-State Terms
mz"+cz'+kz = F(t) = F, cosat

B When Fis periodic function, general solution

have nonperiodic functiorz, (t) and periodic

functior (t) 20= 200+ 2,00 Tzh(t)

L (t) . transient solution

z,(t) :steady-state solution

2008_Laplace Trgnsform(l) :




Comparison : example yO=%0+y,0

example*

y(t) +3y(t)+2y(t)=sin2t y(0)=1y(0)=5
9 LR I Notation changed in the example
1) Homogeneous Solution
Homogeneous z (t) —) y(t)
4+ 35() +29() =0 Z(1),2'(t) —m Y'(8), Y (1)
Try : Ya(t)=€"
(m+3n:+2)em‘ ~0 Ztransient’ Zsteady —) yh (t), yp (t)
(Mm+D(m+2)=0 Zzero-input ’ Zzero-state —) yo (t); y1 (t)
SMm=-1m=-2
Y () =e™

et and €2'; linearly independent
Sy (t)=cet +c.e™

2008_Laplace Transform(1)

| *Zill & Cullen, Advanced Engineering Mathematics,3™ Edition p204, example 5 modified




Comparison : example yO=%0+y,0

example

y(t) +3y(t) +2y(t) =sin2t y(0)=1y(0)=5
Solution
2) Particular Solution
y(t) +3y(t) +2y(t) =sin 2t
Try 1 y,(t) =Asin2t+Bcos2t
Yy, =—4Asin 2t —4Bcos2t
Yy, =2Acos2t —2Bsin 2t
L.H.S.: —4(Asin 2t + Bcos2t)+6(Acos2t — Bsin 2t)+ 2(Asin 2t + Bcos2t) = (-2A—6B)sin 2t + (6A— 2B) cos 2t

R.H.S.: sin2t
L.H.S. =R.H.S.
—-2A-6B=1
> A-—Lt g3
6A-2B=0 20 20

1 . 3
. = ———SIn 2t ———cos 2t
Yo 20

2008_Laplace Trgnsform(l)




Comparison : example yO=%0+y,0

example

y(£)+3y(t) +2y(t) =sin2t y(0)=1,y(0) =5

3) General Solution
y, () =ce " +c,e ™

Yo = —isin 2t—icos 2t
20 20

1 . 3
ty=ce'+c.e? ——sin2t——cos 2t
y(t) 1 2 50 50

Initial condition : Y(0) =1,y(0)=5

3
y():c,+c,——=1 c,=—

20 |:> 5
. 2 _ 25
Y(O)-—Cl—202—2—0—5 Co ==

1 . 3
) =— ——e “, t) = ———sIin 2t — —cos 2t

y(t) = 3—7e‘t —ée‘2t —isin 2t —icos 2t
20 20

2008_Laplace Trgnsform(l)
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Comparison : example

ex?‘.m%'e 3V(t) 4 2 _cin? . 37 . 25 1., 3
y(t) +3y(t) +2y(t) =sin2t y(0)=1,y(0)=5 y(t) = Z-e ' = e ——sin 2t ——cos 2t
Zerolnput . Zero State
y(t)+3y(t)+2y(t) =0, y(t)+3y(t) + 2y(t) =sin 2t
Y0 =1y(©0)=5 y(0) =0} y(0) =0
Homogenequls) y(t) + 3y(t) + Zy(t) - O y(t) o 3y(t) + 2y(t) = O
Solution yo_h (t) — emt y1_h (t) — emt
(m+1)(m+2)e™ =0 (Mm+1)(m+2)e™ =0

yO_h (t) = Cle_t + C2e_2t yl_h (t) = Cle_t + Cze_Zt

2008_Laplace Transform(1)




Comparison : example

example 3\ 5 _cin? . 37 25 1o 3 s
y(t) +3y(t) +2y(t) =sin2t y(0)=1, y(0)=5 y(t)—?e - 8 mogsin2t——scos2t
Zerolnput . Zero State
y(t) +3y(t) +2y(t) 50 y(t)+3y(t) +2y(t) =sin 2t
yO=1,y0)=5 y(0) =0 y(0) =0
Homogeneouls) y(t) + 3y(t) + 2y(t) - O y(t) o 3y(t) + Zy(t) = O
Solution

Yo n()=ce™ + e Yy n(t) = ce ' +ce”

2 Solton yO+3y(M)+2y(®) =0 y(t)-3y(t) +2y(t) =sin 2t
Y1 , = Asin 2t + Bcos2t
L.H.S.: (-2A-6B)sin2t+(6A—2B)cos2t

R.H.S.: sin 2t . 5
L.H.S. = ;e_.H.s_ A:_ZO,ZZ_ZO
)=0 = ——sin 2t ———cos 2t
yO_p( ) yl_p 0 =D

67
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Comparison : example

Ol Kl

y(t)+3y(t) +2y(t) =sin2t y(0)=1,y(0) =5

1)
Homogeneous
Solution

Zero Input .
y()+3y(®) +2y(t) =0
y(0)=1,y(0)=5

y(t)+3y(t) +2y(t) =0
Yo n (t)= Cle_t + Cze_zt

37 ., 25 , 1
t)=—e ——e

y(®) 5 4 20

Zero State

y(t)+3y(t) +2y(t) =sin 2t

y(t)—3y(t)+2y(t) =0
yl_h (t) — Cle_t + Cze_2t

2) Particular

y(t)+3y(t) +2y(t) =0

y(t) —3y(t) + 2y(t) =sin 2t

Solution
1 . 3
t)=0 = _———sin2t——cos 2t
yO_ p ( ) yl_ p 20 20
3) General y, (t)=ce " +c.e™ y, ,(t)=ce "t +c,e* — isin 2t — icos 2t
Solution 0= 1 2 19 ! 2 20
Initial y(0)=1,y(0)=5 y(0)=0,y(0)=0
condition - )
C1+C2:1 C1:7 y(O):Cl+Cz—2—0=1 Cl:g
o 4 . 2 =4
~-¢,-2¢,=5 c,=—6 y(O):—cl—202—2—0=5 sz_%

2008_Laplace Trgnsform(l)

——sin 2t —icos 2t
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Comparison : example

example

y(t)+3y(t)+2y(t) =sin2t y(0) =1, y(0)=5 y(t) = %e‘t —?e‘” —2—1Osin 2t —2—?;)cos 2t
Zerolnput . Zero State
y(t) +3y(t) +2y(t) 50 y(t)+3y(t) +2y(t) =sin 2t
yO=1y0)=5 y(0) =0, y(0) =0}
Homogeneouls) y(t) + 3y(t) + 2y(t) - O y(t) o 3y(t) + Zy(t) = O
Solution
Yo n(t) = Cerrcen Y n(0) = ce ' +ce”
2P oon y(t)+3y(t)+2y(t)=0  y(t)-3y(t) +2y(t) =sin 2t
yO_p(t):O Y1 p =—2—1osin2t—2—950052t
_ . L e 1 . 3
3 General Yo (1) =ce ‘+ce™ y, o) =cet +ce? —2—Osm 2t—2—ocos 2t
o T y(0)=1,y(0) =5 y(0)=0,y(0)=0
Solution Yo 4(t)=7e" —6e™ VROE % e — % e — 2—1Osin 2t — 2—% cos 2t

2008_Laplace Trgnsform(l)




Comparison : example

eXfﬂ'n&l)e+3'(t)+2 (t)=sin2t v(0)=1 y(0)=5 @) =Let_Rea_Lgino_ 3 cosat
y y yi) = y(0)=1,y(0) = A 4 20 20
Zerolnput Zero State
y(t)+3y(t)+2y(t) = LO, y(t)+3y(t)+2y(t) sin 2t
y0)=1y©0=5 y(0) =0 y(0) =0
i _ : 1
Homogeneouls) yO_h (t) = 7e - 6e a : yl h (t) - g e — Z € 2t
Solution I
. . 1 . 3
2) Particular _ _ .
Solution yO_ p (t) =0 i Yi p = —20 sin 2t —20 cos 2t
eneral | 2 ¢ 1 _2t 1 . 3
3)golutionl Yo g (t) Yo (t) 7e™ —6e Y1 g (t) =y, (t) = g e - Z e — 2—05|n 2t — 2—0 cos 2t

2008_Laplace Transform(1)
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Comparison : example

P : . 37 . 25 . 1 . 3
YO +3y(t)+2y(t) =sin2t y(0)=1y(0)=5 yOAFe" - e *(-_ssin2t——cos2t)
Zerolnput . Zero State
y(t)+3y(t)+2y(t) =0, y(t)+3y(t) + 2y(t) =sin 2t
y(0)=1,y(0)=5 y(0) =0; y(0) =0}
) o 2 .1
omogencor) Yo n()=7e" -6 1y (O=Fe' ;e
_Solution 1
e Yo_»(®) =0) Vi, = gsin2t—_cos2t
eneral — 2ty 2 _t 1 _ t 1 . 3
3)§olutionl Yo g (t) =y, (t) «(7e ' —6e Zt) Y1 4 (1) =Yy, (t) :(ge _Ze 2 0—2—03|n 2t—2—OCOS 2t)
y(t) = +
| | |
Yo (t) = +
+ —+ +
y.(t) = +

71
197

2008_Laplace Trgnsform(l)




Comparison : example

example .
y(t)+3y(t) +2y(t) =sin 2t y(0)=1,y(0)=5 y(t) = %e‘t —%e‘” —2—1Osin 2t —2—?6003 2t

Zerolnput . Zero State
y(t) +3y(t) +2y(t) j0 y(t) + 3y(t) +2y(t) =sin 2t
y(0)=1,y(0)=5 y(0) =0; y(0) =0
Homogeneouls), yO_h (t) = 7e_t - 6e_2t i yl_h (t) = % e_t - % e_Zt
Solution I
Ri el Yo ,(t)=0 Yy, =——-sin2t— 2—3;) cos 2t
I
oo Yo o(t) =Y, (t) =7e" —6e™ | Vi () =Yy (1) = 2ot Loa_ L ginor_ 3 cosa
Solution g . g 5 2 20 20
37 i 25 I 3
y(t) = (5e 7 ¢ )+ ( 20sm2t 20cosZt)
| | |
Yo (t) = (7Te'-6e*) 4 (0)
+ + +
1
yl(t) — (Ee t_Ze ) + (—isinZt——coszt)

2008_Laplace Trgnsform(l)




Comparison : example-proof y©=%0+%0

my(t) +cy(t) +ky(t) =u(t) ,u(t) =0 ---(1)

y(0)=a,y(0)=Db ,az0,b=0 ---(2)
Zero Input solution : Yo (t) Zero state solution : Y, (t)
(Mo (t) +¢%, (1) +kyo (1) =0 | My, (1) + 03, (0) + ky, () =u ()
¥:(0)=2{y,(0) =b 1,0 =0%,(0)=0
assum. : Y(t) =y, (t) + y, (t) TOESAOESAV,
y=2 (1) : Y (@)
SRS - y(0) =Y, (0)1+y:(0)) =a 0.
mMy(e) +cy(t) +ky(t) - Y(0) = ¥,(0) +1y,(0) =b +0

= M(J (1) + ¥:() + Yo ) + () + K (Yo (1) + Y, 1)
= [, (6) + 3 (1) + kyo (O] +[m¥, () + ¢, (0 + ky, (0]

R.H.S.: u(t)
2008_£aplaeH_r§f_f§Rnh!)-S “(1) satisfied” L _
= . 8 . _;-_*"A—.: —— == -




Comparison : graph

— %y wy

\\\ y(t) =y, )+ yp(t)

il yp(t),/\ > o
“1 /" —————————
&_// ™~

TV =0y, 1 vo-Te Ber tuna e

2008_Laplace Tr_ansorm(l)




Comparison : graph

y(®) = Yo (1) + (D)

|
I
|
' |
Zero input solution |
u()=0 C Yo (t):
| +
|
I

Y, (1)

Zero state solution
y(0)=0,y(0)=0
2008_Laplace Transform(1) '

_m—

yl(lt) =5 1

y,(t)=7e" —6e™

37 25

1
20

——sin 2t—icos 2t
20




Comparison : graph

y(®) = Yo (1) + (1)

|
I
|
' |
Zero input solution |
u()=0 C Yo (t):
| +
|
I

AUR

Zero state solution
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yl(lt) =5 1

yo(t)=7e" —6e™
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Comparison : graph
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— YNy
-

c

y(®) = Yo (1) + (1)

|
I
|
' |
Zero input solution |
u()=0 C Yo (t):
| +
|
I

AUR

Zero state solution
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yl(lt) =5 1

yo(t)=7e" —6e™
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Comparison : graph

y(®) = Yo (1) + (1)

|
I
|
' |
Zero input solution |
u()=0 C Yo (t):
| +
|
I

AUR

Zero state solution
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yl(lt) =5 1

yo(t)=7e" —6e™
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Comparison : graph

y(®) = Yo (1) + (1)

|
I
|
' |
Zero input solution |
u()=0 C Yo (t):
| +
|
I

AUR

Zero state solution
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_m—

yl(lt) =5 1

yo(t)=7e" —6e™
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Comparison : graph

L

— W'l

0 50

Zero input solution
u()=0

Zero state solution
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Comparison : graph

L
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0 50

Zero input solution
u()=0

Zero state solution
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Comparison : graph

L
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0 50

Zero input solution
u()=0

Zero state solution
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7 .
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Comparison : graph

w— = Yyt

3
|
|
|
|
Zero input solution I ( )
u(t)=0 | yO t !
|
Zero state solution |
2008 Laplate Tiaktorm@ !

_m—

yt)y =l et

y,(t)=7e" —6e™

1

——sin 2t—icos 2t
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Comparison : graph

w— = Yyt

3
|
|
|
|
Zero input solution I ( )
u(t)=0 | yO t !
|
Zero state solution |
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yt)y =l et

y,(t)=7e" —6e™
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Comparison : graph

L

— W'l

0 50

Zero input solution
u()=0

Zero state solution
y(0)=0
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Comparison : graph

L

— W'l

0 50

Zero input solution
u()=0

Zero state solution
y(0)=0
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YO =y, )y, 1)

L
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t)="=¢e" — —sin2t——cos 2t
y(t) 0
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Comparison : graph

yH(t) = th(t) + yTl(t)
Zero Inup(;t:%olution yO (t) — yO_h (t) + yO_ 5 (t)
, " + + +
SR 0=y, 0+, 0

2008_Laplace ransform(l)

25 .

37
t)="—e
y(t) = 7

yo(t)=7e" —6e™

2 —t 1 —2t
t)=—e ——e
y, (1) c 1

—isin 2t—icos 2t
20

20
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——sin 2t —icos 2t
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Comparison : graph

Zero Input solution
u()=0

Zero state solution
y(0)=0,y(0)=0
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Comparison : graph

Zero Input solution
u()=0

Zero state solution
y(0)=0,y(0)=0
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Comparison : graph

Zero Input solution
u()=0

Zero state solution
y(0)=0,y(0)=0
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Comparison : graph

YO =%0+%0

Zero Input solution
u()=0

Zero state solution
y(0)=0,y(0)=0
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Comparison : graph

YO =%0+%0

Zero Input solution
u()=0

Zero state solution
y(0)=0,y(0)=0
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yl(t) Y1 h(t)+y1 p(t)
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ty)=—"e'——e - —sin2t——cos 2t
¥.(t) 5 4 20 20




Comparison : graph

YO =%0+%0

Zero Input solution
u()=0

Zero state solution
y(0)=0,y(0)=0

2008_Laplace Transform(l) '

(t)' §h||(t$+ 9Tl(t>
m®+whm+wp®
+ + o+

yl(t) Yy h(t)+y1 p(t)

y(t) = 3—7e‘t —ée‘2t _ L sinat —icos 2t
5 4 20 20

y,(t)=7e" —6e™

2 . 1 ., 1 .
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Comparison : graph

YO =%0+%0

Zero Input solution
u()=0

Zero state solution
y(0)=0,y(0)=0

2008_Laplace Transform(l) '

(t)' §h||(t$+ 9Tl(t>
m®+whm+wp®
+ + o+

yl(t) Yy h(t)+y1 p(t)

25

37
t)=—e ——e
y(t) = 7

y,(t)=7e" —6e™
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Comparison : graph

YO =%0+%0

Zero Input solution
u()=0

Zero state solution
y(0)=0,y(0)=0

2008_Laplace Transform(1) '

(t)' §h||(t$+ yTl<t>
Y, (t) Vo n(®)+ Y5 o)
T

yl(t) =ly, h(t)l+ % p(t)

37
t)=—e ——e
y(t) = 7

25

y,(t)=7e" —6e™

-2t —isin 2t —icos 2t
20 20

(2 1 .1 1

yl(t)—_[ 5e -
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Reference slides

Fourier Transform
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Fourier Transform

Transform between time domain and frequency domain.

ex) Interpretation of the Fourier transform

Frequency®@ Amplitude® BHE
=> AlHIE0 23 58 JIs

Inverse
Time ) Fourier Transform Frequency
Domain ) > Domain
Fourier Transform
to, | ()
5l f(t)=2sinat i '
/ i 2 A
L § I —— 1
| 1 2 o
f (t) =sin 2t E

2008_Laplace Transform(1) _ - _ U
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