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What is Transform ?

conventional analysis transform analysis

Problem solution

Simplified analysis

Table look-up

subtraction

Complex analysis

Long-hand division

Inverse transform

Anti-logarithm

Table look-up

Problem statement

z

x
y 

Transform

zxy logloglog 

complexity 
reduced
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What kind of Transform ?

z

x
y  zxy logloglog log

2xy  xy
dx

d
2

dx

d

2xy  cxydx 
3

3

1

 dx

)(tf dte st






0
)}({)(

0
tfdttfe st L




)(ts dte ti






 
( ) ( )i te s t dt S 







Laplace Transform

Fourier Transform

Ref. Fourier Transform

4
/97



2008_Laplace Transform(1)

Laplace Transform

Definition dttfetf st





0

)()}({L

sufficient conditions for existence 

)(tf : be piecewise continuous on ),0[ 

,provided the integral converges

a b

Piecewise Continuous Function

 A function has a value on a finite interval [a, b].

 It has finite limits as t approaches either endpoints of a interval.
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Laplace Transform

Definitiondttfetf st





0

)()}({L

)(tf : be of exponential order for Tt 

)(1 tf 2t

sufficient conditions for existence 

 The integral existsdtte st


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
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)(1

2 tfe t
te 2

)(1 tf 2t

2t Increase as t
2te st

Converge to 0 as t
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tetf 3
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tt etfe  )(2

2

tetf 3

2 )( 

te 2

 The integral does not existdtte st






0

2

te3
Increase as t

2te st
Diverge to infinite  as t
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Laplace Transform

Definitiondttfetf st





0

)()}({L

)(tf : be of exponential order for Tt 

)(1 tf 2t

sufficient conditions for existence 

 The integral existsdtte st






0
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)(1 tf 2t

te 2
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0 0.5 1 1.5 2 2.5 3 3.5

)(1

2 tfe t
te 2

)(1 tf 2t

2t Increase as t
2te st

Converge to 0 as t

Playing an important role in cooling            

down to be convergent on [0,∞)

)(tf

A function of which absolute value is 

smaller than exponential function g(t)

has Laplace transform.

ktMetf )(

Let g(t)=Mekt and prove the existence 

of Laplace transform

   

 





















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
















ks

ks
ks

M

e
ks

M

dtMedtMeedttge

tks

tksktstst

,

,

)(

0

0

)(

00

The Laplace transform exists for all s>k.
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Dynamic System Modeling : Linear ODE

u(t) : control force

)()( 0 tuzczskmg

Fzm





)(tuzckz 

)(tukzzczm 

8/65

Physical 
Phenomenon

Mathematical 
Equation 0 cosm c k t   z z z F

m  z F

cz k0ks kz k kmg k

cz kkz k

cos t 0F

cos t 0F

m

Dashpot

0

z

kzks  0

mg

m

zc 
z

tFFext cos0
extF

k z
0s

m

Dashpot

0

z z

k z
0s
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)()()()( tutkztzctzm 

)(tu

)(

)()()(

tu

tkztzctzm



 )(tz

Input(control force): u(t) Output: z(t)

)()( 0 tuzczskmg

Fzm





)(tuzckz 

)(tukzzczm 

u(t) : control force

Method to find the solution of the 2nd-order O.D.E

tetz )(

})({ tzL
Laplace Transform

Dynamic System Modeling : Linear ODE

9/65

m

Dashpot

0

z z

k z
0s
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)()( 0 tuzczskmg

Fzm





)(tuzckz 

)(tukzzczm 

Find unknown z(t) that satisfies a D.E.
and initial condition

Transformed DE becomes an algebraic 
equation in Z(s)

Solve transformed algebraic 
equation for Z(s)

Solution z(t) of original D.E

Laplace transform L

inverse transform L-1

Laplace Transform

Solution of Linear ODE by  Laplace Transform

u(t) : control force

m

Dashpot

0

z z

k z
0s
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Solution of Linear ODE by  Laplace Transform

)()()()( tutkztzctzm 

)()()]0()([)]0(')0()([ 2 sUskZzssZczszsZsm 

))(())()()(( tutkztzctzm LL 

Laplace Transform

))(())(())(())(( tutkztzctzm LLLL 

Linearity

00 0
{ ( )} ( ) ( ) ( ) ( ) (0) { ( )}st st stz t e z t dt e z t s e z t dt z s z t

 
          L L

)0()(})({ zssZtz L

)0()]0()([

})({)0()()()(})({
000

zzssZs

tzszdttzestzedttzetz ststst



 








 LL

2{ ( )} ( ) (0) (0)z t s Z s sz z    L

)(})({ sUtu L

)(})({ sZtz L  ( ) ( ) ( ) ( ) ( ) ( )
b bb

aa a
u x v x dx u x v x u x v x dx   

Integrating by Part
)()( 0 tuzczskmg

Fzm





)(tuzckz 

)(tukzzczm 

u(t) : control force

m

Dashpot

0

z z

k z
0s
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Solution of Linear ODE by  Laplace Transform

)()()()( tutkztzctzm 

)()()]0()([)]0(')0()([ 2 sUskZzssZczszsZsm 

))(())()()(( tutkztzctzm LL 

Laplace Transform

))(())(())(())(( tutkztzctzm LLLL 

Linearity

)()()0()()0(')0()(2 sUskZczscsZmzmszsZms 

  )()0()0(')0()(2 sUczmzmszsZkcsms 

 
 )()(

1
)(

2
sUsQ

kcsms
sZ 




D.E.

algebraic equation

)()( 0 tuzczskmg

Fzm





)(tuzckz 

)(tukzzczm 

u(t) : control force

m

Dashpot

0

z z

k z
0s
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Solution of Linear ODE by  Laplace Transform

)()()()( tutkztzctzm 

))(())()()(( tutkztzctzm LL 

Laplace Transform

  )()0()0(')0()(2 sUczmzmszsZkcsms 

 
 )()(

1
)(

2
sUsQ

kcsms
sZ 




  )()()()()()()()( sUsWsQsWsUsQsWsZ 

)()()()()( sUsWsQsWsZ 

)(sW : transfer function

)()( sQsW : the effect on the response that are due to the initial condition

)()( sUsW : the effect on the response that are due to the input function

)()( 0 tuzczskmg

Fzm





)(tuzckz 

)(tukzzczm 

u(t) : control force

m

Dashpot

0

z z

k z
0s
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Solution of Linear ODE by  Laplace Transform

)()()()( tutkztzctzm 

))(())()()(( tutkztzctzm LL 

Laplace Transform

)()()()()( sUsWsQsWsZ 

    )()()()()()()( 10 tztzsUsWsQsWtz  -1-1 LL

)()()( sQsWsZ 

0)( tuIf the input

 )()()()( 0 sQsWtztz -1L Zero-input response

0)0()0(')0()(  czmzmszsQ

)()()( sUsWsZ 

If all the initial conditions are zero, 

 )()()()( 1 sUsWtztz -1L Zero-state response

To see the response due to control force only

)()( 0 tuzczskmg

Fzm





)(tuzckz 

)(tukzzczm 

u(t) : control force

m

Dashpot

0

z z

k z
0s
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Table of Laplace Transform

 tf  fL  tf  fL

1
s

1

t
2

1

s

2t 3

!2

s

nt 1

!
ns

n

at
 

1

1



as

a

ate
as 

1

tcos
22 s

s

tsin
22 



s

atcosh
22 as

s



atsinh
22 as

a



teat cos   22




as

as

teat sin   22




 as
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Mass-Spring-Damper  Linear Mechanical System*

 수레와 지면의 사이의 마찰을 무시함

 초기 상태
 수레의 초기 위치 :

 수레의 초기 속도 :

 수레의 초기 가속도 :

 목표
 수레의 거동 특성을 변경시키는 것

 수레의 위치를 r로 유지시키는 것

 수레의 위치를 변화시키기 위해서 수레에 가하는 제어력 u의 크기를 결정해
야 함

0x

0x

0x

)(tu

)(

)()()(

tu

tkxtxctxm



 )(tx

Katsuhiko Ogata, Modern Control System 4th edition, 2001, Prentice Hall,  Chapter3 Mathematical Modeling of Dynamic System

m
x

r

k

c

xc

x

16/65
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Formulation of Linear Control System by Laplace 
Transform - Proportional Controller(비례 제어기)

)()()()( tutkxtxctxm   )()()( txrKteKtu pp 

)(sU
제어기

)(sE

pK

Laplace 

Transform

)(sX

kcsms 2

1

)()( sEKsU p 
2

1
( ) ( )U s X s

ms cs k
 

 )()( sUsEK p 

)(

)()()(

tu

tkztzctzm



 )(tx)(tu
제어기

)(te

)()( teKtu p 

+

-
r

목표값

)(tx

)()( txrte 

+

-
)(sR

목표값

)(sX

)()()( sXsRsE 

17/65Katsuhiko Ogata, Modern Control System 4th edition, 2001, Prentice Hall,  Chapter3 Mathematical Modeling of Dynamic System
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Formulation of Linear Control System by Laplace 
Transform - Proportional Controller(비례 제어기)

)(sR )(sX

p

p

Kkcsms

K

2

)(

)(
)(

22

p

p

p

p

Kkcsmss

rK

Kkcsms

KsR
sX







 ( ) ( ( )) , ( )
r

R s r t r t r
s

  L

1 1

2
( ) ( ( ))

( )

p

p

rK
x t X s

s ms cs k K

 
 

   
    

L L 1

2

1

( )
p

p

rK
s ms cs k K


 

   
    

L

  rKtxKktxctxm pp  )()()(

전체 거동을 살펴보기 위하여
폐루프 전달함수를 이용하여

미분 방정식을 풀어보자

)(sX)(sU제어기)(sE

pK
+ -)(sR

목표값

)(sX

kcsms 2

1

)()()( sXsRsE 

)()()( sXsRsE 

  )()()( sUKsXsR p 

  )(
1

)()(
2

sX
kcsms

KsXsR p 




18/65Katsuhiko Ogata, Modern Control System 4th edition, 2001, Prentice Hall,  Chapter3 Mathematical Modeling of Dynamic System
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Katsuhiko Ogata, Modern Control System 4th edition, 2001, Prentice Hall,  Chapter3 Mathematical Modeling of Dynamic System

Formulation of Linear Control System by Laplace 
Transform - Proportional Controller(비례 제어기)

 1 1

2

1
( ) ( )

( )
p

p

x t X s rK
s ms cs k K

 
 

    
    

L L

)(

1
2

pKkcsmss 
,

)(

1
*2 Kcsmss 

 *KKk p 

,
))((

1

 


ssms m

mKcc

2

*4
,

2 


 





s

C

s

B

s

A

,
1

*K
A  ,

42

4

*2*

*2

mKcK

mKcc
B




 *2*

*2

42

4

mKcK

mKcc
C






 1 1( ) p

A B C
X s rK L

s s s 

   
    

  
L

)( tt

p CeBeArK  

  rKtxKktxctxm pp  )()()(

CBeAe

txtxtx

tt

ph





21

)()()(



cf. 2nd ODE의 해

19/65
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목표값

Formulation of Linear Control System by Laplace 
Transform - Proportional Controller(비례 제어기)

  rKtxKktxctxm pp  )()()(

m
k
c x

xc 

u

x r

p

p

Kkcsms

K

2

)(sX)(sR

*

1

K
A 

*4*2

*4

2

2

mKcK

mKcc
B






*4*2

*4

2

2

mKcK

mKcc
C






m

mKcc

2

*4
,

2 


*KKk p 
)()( tt

p CeBeArKtx   

10,1,1,1,1  pKkcmr

1,1,1,1,1  pKkcmr

2,1,1,1,1  pKkcmr

3,1,1,1,1  pKkcmr

)(sX)(sU제어기)(sE

pK
+-

)(sR

목표값

)(sX

kcsms 2

1

)()()( sXsRsE 

20/65
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Example of Linear Control System 
- Proportional Controller(비례 제어기)

)()( tuteK p 

2m
1m

2m3/min

0

5

10

15

20

m3/min)(1)()( teteKtu p 

10,1  rK p

문제 : 목표 수위를 유지하기 위하여 수조에
물 몇m3/min을 넣어야 하는가? 

Given: - 수조의 밑 넓이 2m2

- 물이 수조에서 2m3/min씩 흘러나간다.

)(te 목표 물의 높이r(t) – 현재 물의 높이c(t)

목표

분 c(t) r e(t) u(t)=Kpe(t) 물 증가량(u(t)-2))
수위 증가

(물증가량/밑넓이)

0 4 10 6 6 4 2

1 6 10 4 4 2 1

2 7 10 3 3 1 0.5

3 7.5 10 2.5 2.5 0.5 0.25

4 7.75 10 2.25 2.25 0.25 0.125

… …

… 8 10 2 2 0 0

… 8 10 2 2 0 0

다음과 같이 가정한다.

)()( teKtu p1분당 넣는 물의 양 :
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Example of Linear Control System 
- Proportional Controller(비례 제어기)
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물 몇m3/min을 넣어야 하는가? 

Given: - 수조의 밑 넓이 2m2

- 물이 수조에서 2m3/min씩 흘러나간다.

)(te 목표 물의 높이r(t) – 현재 물의 높이c(t)

목표

분 c(t) r e(t) u(t)=Kpe(t) 물 증가량(u(t)-2))
수위 증가

(물증가량/밑넓이)

0 4 10 6 6 4 2

1 6 10 4 4 2 1

2 7 10 3 3 1 0.5

3 7.5 10 2.5 2.5 0.5 0.25

4 7.75 10 2.25 2.25 0.25 0.125

… …

… 8 10 2 2 0 0

… 8 10 2 2 0 0

다음과 같이 가정한다.

)()( teKtu p1분당 넣는 물의 양 :
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The Laplace Transform

1) Comparison
1) Homogeneous  & Nonhomogeneous Solutions.

2) Transient & Steady-state Solutions 

3) Zero-Input & Zero_initial Solutions 
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tFkzzczm cos0

Linear Model 
Spring/Mass Systems: Driven Motion

2

2

dt

zd
z ,)(tzz 

- Solution of 2nd O.E.D.

Linear Model 
(Linear Equation)

General Solution
-Nonghomogeneous

General Solution
- Homogeneous

Particular
Solution

tFkzzczm cos0

ph zzz 

hz
pz

1z 2z

2211 zczczh 
Another 

Superposition

-Linear Combination
-Superposition

-Superposition

-Fundamental
set of solutions

(Basis)

Linearly Independent

0 kzzczm

tez 
Try:

0 cosm c k t   z z z F

m  z F
cz k0ks kz k kmg k

cz kkz k

cos t 0F

cos t 0F

m

Dashpot

0

z

kzks  0

mg

m

zc 
z

tFFext cos0
extF

k z
0s

(z component)
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Linear Model 
Spring/Mass Systems: Driven Motion

Linear Model 
(Linear Equation)

General Solution
-Nonghomogeneous

General Solution
- Homogeneous

Particular
Solution

tFkzzczm cos0

ph zzz 

hz
pz

1z 2z

2211 zczczh 
Another 

Superposition

-Linear Combination
-Superposition

-Superposition

-Fundamental
set of solutions

(Basis)

Linearly Independent

0 kzzczm

tez 
Try:

0)0(,
2

1
)0(

4cos522.12.0





zz

tzzz

2

2

dt

zd
z ,)(tzz 

tFkzzczm cos0

t

Z(t)
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Linear Model 
Spring/Mass Systems: Driven Motion

Linear Model 
(Linear Equation)

General Solution
-Nonghomogeneous

General Solution
- Homogeneous

Particular
Solution

tFkzzczm cos0

ph zzz 

hz
pz

1z 2z

2211 zczczh 
Another 

Superposition

-Linear Combination
-Superposition

-Superposition

-Fundamental
set of solutions

(Basis)

Linearly Independent
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1
)0(
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2

2

dt

zd
z ,)(tzz 

tFkzzczm cos0

t

Z(t)

0 0.5 1 1.5

-1

-0.5

0

0.5

1

zp(t)

0 0.5 1 1.5

-1

-0.5

0

0.5

1

m

Dashpot

0

z

kzks  0

mg

m

zc 
z

tFFext cos0
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Linear Model 
Spring/Mass Systems: Driven Motion

Linear Model 
(Linear Equation)

General Solution
-Nonghomogeneous

General Solution
- Homogeneous

Particular
Solution

tFkzzczm cos0

ph zzz 

hz
pz

1z 2z

2211 zczczh 
Another 
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-Linear Combination
-Superposition

-Superposition

-Fundamental
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(Basis)

Linearly Independent

0 kzzczm

tez 
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tFkzzczm cos0
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Linear Model 
Spring/Mass Systems: Driven Motion

Linear Model 
(Linear Equation)

General Solution
-Nonghomogeneous

General Solution
- Homogeneous

Particular
Solution

tFkzzczm cos0

ph zzz 

hz
pz

1z 2z

2211 zczczh 
Another 

Superposition

-Linear Combination
-Superposition

-Superposition

-Fundamental
set of solutions

(Basis)

Linearly Independent

0 kzzczm

tez 
Try:

0)0(,
2

1
)0(

4cos522.12.0




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2

dt
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Linear Model 
Spring/Mass Systems: Driven Motion

Linear Model 
(Linear Equation)

General Solution
-Nonghomogeneous

General Solution
- Homogeneous

Particular
Solution

tFkzzczm cos0

ph zzz 

hz
pz

1z 2z

2211 zczczh 
Another 

Superposition

-Linear Combination
-Superposition

-Superposition

-Fundamental
set of solutions

(Basis)

Linearly Independent

0 kzzczm

tez 
Try:

2

2

dt

zd
z ,)(tzz 

tFkzzczm cos0

)(tzh

)(tz p

: transient solution

: steady-state solution

When F(t) is periodic function, general solution have

nonperiodic function         

and periodic function

Transient and Steady-State Terms
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Comparison 

Method to find the solution of the 2nd-order O.D.E

tetz )(

})({ tzL
Laplace Transform

)(tukzzczm 

particularshomogeneou , zz
Solution

Solution
state-zeroinput-zero , zz
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Comparison 

Method to find the solution of the 2nd-order O.D.E

tetz )(

})({ tzL
Laplace Transform

)(tukzzczm 

steadytransient, zz
Solution

Solution
state-zeroinput-zero , zz

steadytransientgeneral zzz 

state-zero

input-zero

z

z


input-zero ofsteady input-zero oftransient zz 

state-zero ofsteady state-zero oftransient zz 

|| || ||

+ +

Example    
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②

m  z F

:Gravity force

①

mg

m

g

Action/Reaction, Equilibrium

mg k

By Newton’s second 

law,

z
m

mg

mgN 

③

m  z F

0

By Newton’s second 

law,

mg mg k k

: Static equilibrium

m

mg

mgN 

Free body diagram

desk

action

reaction

k
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0s

0
: static equilibrium

②

m  z F

:Gravity force

①

mg

m

g

0ks

mg

m0

z

Spring/Mass Systems: Driven Motion

m  z F

mg k

mg k

2

2

dt

zd
z ,)(tzz 

0ks k

By Newton’s 2nd law,

z

)0( z

m

Nonlinearity of spring

3

1( )z k k  F z z

spring k F z
F z

constant spring:k

linearize

Hooke’s law

opposite to the direction of 
displacement

k

k
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z
0s

0
: static equilibrium

0s
m0

z

m  z F

mg k

②

m

0ks k

0

z

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

0ks

mg

m

kzks  0

mg

m

③

,
external
static

F

m  z F

0 ,external staticmg ks kz   k k k F

,external statickz  k F)0( z
0 )0( z

k
k
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z
0s

m

0

z

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

kzks  0

mg

m

④

,
external
static

F

m  z F

0mg ks kz  k k k

kz  k

,external staticF

,external staticF

0m k  z z

z
0s

m

0

z

kzks  0

mg

m

③

,
external
static

F

m  z F

0 ,external staticmg ks kz   k k k F

,external statickz  k F

0 )0( z
Oscillation by 
the restoring force

restoring force

Physical Phenomenon

Mathematical Equation

k k
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z
0s

⑤

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

0m c k   z z z

z
0s

m

0

z

kzks  0

mg

m

④

m  z F

0mg ks kz  k k k

kz  k

0m k  z z

restoring 

force

m

Dashpot

0

z

kzks  0

mg

m

zc 
z

m  z F

cz k0ks kz k kmg k

cz kkz k

oscillation by 
the restoring force

restoring 

force

Physical Phenomenon

Mathematical Equation

k k

k
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z
0s

m

Dashpot

0

z

kzks  0

mg

m

zc 

z

z
0s

⑤

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

0m c k   z z z

Physical Phenomenon

Mathematical Equation

m

Dashpot

0
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kzks  0

mg

m

zc 
z

m  z F

cz k0ks kz k kmg k

cz kkz k

cosm c k t    0z z z F

tFFext cos0
extF

⑥

m  z F

cz k
0ks kz k kmg k

cz kkz k

cos t 0F

cos t 0F

restoring 

force

restoring 

force

k k
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z
0s

m

Dashpot

0

z

kzks  0

mg

m

zc 
z

z
0s

⑤

Spring/Mass Systems: Driven Motion 2

2

dt

zd
z ,)(tzz 

0m c k   z z z

Physical Phenomenon

Mathematical Equation

m

Dashpot

0

z

kzks  0

mg

m

zc 
z

m  z F

cz k
0ks kz k kmg k

cz kkz k

0 cosm c k t   z z z F

tFFext cos0
extF

⑥

m  z F

cz k0ks kz k kmg k

cz kkz k

cos t 0F

cos t 0F

restoring 
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restoring 
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Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

m z F

Ex) Heave Motion of a Ship – step 1

Z

X

gravity F

m : mass

g
M

mg  k

k

 Mass-Spring-Damper system 

m  z F

①

mg

m

g

mg k

By Newton’s 2nd law,

z
k
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Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 2

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

: force exerted by the infinitesimal            
fluid element on 

dSPd nF 

dS

dS

Fd

: infinitesimal submerged surface 
area 

n : normal vector of 

dS

dS

0

B

static static

S

P dS gV F n k

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

: static equilibrium0 ( 0)z 

m z F

gravity F

mg  k

0V

0
: static equilibrium

0s
m0

z

m  z F

mg k

②

0ks k

0ks

mg

m

)0( z

k

40
/97



2008_Laplace Transform(1)

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 3

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

0 ( 0)z 

m z F

gravity F

mg  k

0V

z
0s

m

0

z

kzks  0

mg

m

③

,
external
static

F

mz F 

0 ,external staticmg ks kz F   

,external statickz F  

0 )0( z

restoring 

force

0 addtionalbouyancygV k F

z

,external staticF

,external staticF

,external staticFwpgA z

,external staticFwpgA  z

,external staticF

additional
buoyancy caused 
by additional 
displacement z

addtionalbouyancy

WPgA

k

 

 

F

z

z

, WPk gA

if, z is small

,external staticFk  z

m  z F

0 ,external staticmg ks kz   k k k F

,external statickz  k F

0 )0( z

k
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Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 4

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

,external staticF

,external staticF

,external staticFwpgA z

,external staticFwpgA  z

,external staticF

, WPk gA,external staticFk  z

z
0s

m

0

z

kzks  0

mg

m

④

,
external
static

F

m  z F

0mg ks kz  k k k

kz  k

,external staticF

,external staticF

0m k  z z Oscillation by 
the restoring force

restoring 

force

0 ( 0)z 

0 addtionalbouyancygV k F

additional
buoyancy caused 
by additional 
displacement z

addtionalbouyancy

WPgA

k

 

 

F

z

z

, WPk gA

if, z is small

Linearized 
Restoring Force

k
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Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 4

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

k  z

z
0s

m

0

z

kzks  0

mg

m

④

m  z F

0mg ks kz  k k k

kz  k

0m k  z z Oscillation by 
the restoring force

restoring 

force

Ship will oscillate forever?

0

0

WPgV gA

gV k

 



 

 

k z

k z

Energy is dissipated by radiation wave

정수 중 선박의 강제
운동에 의해 발생한 힘

Radiation Force

B

radiation radiation

S

P dS F n

k
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Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 5

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

k  z

0

0

WPgV gA

gV k

 



 

 

k z

k z

정수 중 선박의 강제
운동에 의해 발생한 힘

Radiation Force

B

radiation radiation

S

P dS F n

c  z

z
0s

⑤

m

Dashpot

0

z

kzks  0

mg

m

zc 

z

Fzm 

zc kzks  0
mg

zc kz

restoring 

force

z

radiationF

c z

radiation c F z

c z

c z
opposite to velocity

c : damping coefficient

m  z F

cz k0ks kz k kmg k

cz kkz k

k
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am z

Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 5

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

k  z

0

0

WPgV gA

gV k

 



 

 

k z

k z

정수 중 선박의 강제
운동에 의해 발생한 힘

Radiation Force

B

radiation radiation

S

P dS F n

c  z

c : damping coefficient

z
0s

⑤

m

Dashpot

0

z

kzks  0

mg

m

zc 

z

Fzm 

zc kzks  0
mg

zc kz

restoring 

force

radiationF

c z

c z

c z
opposite to velocity

opposite to acceleration

am z

am z

am z

am z

ma : added mass

z

radiation c F z

z

m  z F

cz k0ks kz k kmg k

cz kkz k

k
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Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 6

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

k  z

0

0

WPgV gA

gV k

 



 

 

k z

k z

c : damping coefficient

radiationF

c z

c z

c z

am z

am z

am z

ma : added mass

m

Dashpot

0

z

kzks  0

mg

m

zc 

z
tFFext cos0

extF

⑥

Fzm 

zc kzks  0
mg

zc kz
0 cosF t

0 cosF t

z
0s

restoring 

force



Wave force

Froude-Kriloff Force Diffraction Force

B

wave exciting

wave exciting

S

P dS 

F

n

 excitingF

excitingF

excitingF

excitingF

excitingF

excitingF

am zradiation c F z

z z

m  z F

cz k0ks kz k kmg k

cz kkz k

cos t 0F

cos t 0F

k
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Nonlinearity
Nonlinearity of the nature Nonlinear Mathematical Model

Linearization

Linear Mathematical Model Analytic Solution

Numerical Method

Ex) Heave Motion of a Ship – step 6

Z

X

 Mass-Spring-Damper system 

M

gravity

mg 

F

k

g

B

static static

S

P dS F n

k

staticF

m : mass
V0 : submerged volume
SB : submerged surface area
Awp : waterplane area

ρ : density of sea water

0gV k

 Archimedes’ Principle
0static gVF k

m z F

gravity F

mg  k

0V
z

wpgA z

wpgA  z

k  z

0

0

WPgV gA

gV k

 



 

 

k z

k z

c : damping coefficient

radiationF

c z

c z

c z

am z

am z

am z

ma : added mass

m

Dashpot

0

z

kzks  0

mg

m

zc 

z
tFFext cos0

extF

⑥

Fzm 

zc kzks  0
mg

zc kz
0 cosF t

0 cosF t

z
0s

restoring 

force

excitingF

excitingF

excitingF

excitingF

0 cosm c k t   z z z F( )a excitingm m c k   z z z F

excitingF

am zradiation c F z

z z

m  z F

cz k0ks kz k kmg k

cz kkz k

cos t 0F

cos t 0F

k
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선박의 6자유도 운동 방정식

① Coordinate system 정의
(Global & Body-fixed coordinate)

② Newton’s 2nd Law

 FxM  surfacebody FF 

RDKFstaticgravity FFFFF  .

xBxAFF   excitingrestoring

  excitingrestoring FFxBxAM  

cf) 선형화 된 복원력

  excitingFCxxBxAM  

)( CxF restoring

Linear Model 
Spring/Mass Systems: Driven Motion

Identical

2

2

dt

zd
z ,)(tzz 

 Mass-Spring-Damper system 

m

Dashpot

0

z

kzks  0

mg

m

zc 

z
tFFext cos0

extF

⑥

Fzm 

zc kzks  0
mg

zc kz
0 cosF t

0 cosF t

z
0s

restoring 

force

0 cosm c k t   z z z F

m  z F

cz k0ks kz k kmg k

cz kkz k

cos t 0F

cos t 0F

k
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tFkzzczm cos0

• Step1. homogeneous solution

0 kzzczm

Spring/Mass Systems: Driven Motion

m

mkcc
where

2

4
,

2

2,1


)( 21

212211

tt
ececzczcz




are you sure                   are linearly independent?
21, zz

There could be three cases depending on the condition

tez 
homogeneous

tez  :try 
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Spring/Mass Systems: Driven Motion

cases Root

Case I Distinct Real Roots

Case II Repeated Real Roots

Case III Conjugated Complex Roots

21,

1

 i1

 i2

tFkzzczm cos0

• Step1. homogeneous solution

0 kzzczm

mkc 42 

042  mkc

042  mkc

042  mkc

m

mkcc
where

2

4
,

2

2,1


)( 21

212211

tt
ececzczcz




are you sure                   are 

linearly independent?
21, zz

There could be three cases depending on the condition

tez 
homogeneous

tez  :try 
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Spring/Mass Systems: Driven Motion

tFkzzczm cos0

• Step1. homogeneous solution

0 kzzczm

cases Root

Case I Distinct Real Roots

Solution

tt
ececz 21

21




a

acbb

a

acbb

2

4

2

4

2

2

2

1










t

ez 1

t
ez 2

Linearly independent

Linear 
combination

mkc 42 

042  mkc 21  

02

21  tt ecec
Satisfied only when 021  cc
Linearly Independent 

Recall the example

m

mkcc

2

42

2,1




tez 
homogeneous

tez  :try 
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Spring/Mass Systems: Driven Motion

tFkzzczm cos0

• Step1. homogeneous solution

0 kzzczm
m

mkcc

2

42

2,1




cases Root

Case II Repeated Real Roots

Solution

a

b

a

acbb

22

42

1 


 t
ez 1

1




1
mkc 42 

042  mkc

To create another linearly independent solution , multiply    to    
1zt

t
tez 1

2




Reduction of order

tez 
homogeneous

tez  :try 

52
/97



2008_Laplace Transform(1)

Spring/Mass Systems: Driven Motion

tFkzzczm cos0

• Step1. homogeneous solution

0 kzzczm
m

mkcc

2

42

2,1




cases Root

Case II Repeated Real Roots

Solution

tt
tececz 11

21




a

b

a

acbb

22

42

1 


 t
ez 1

1




1
mkc 42 

042  mkc

t
tez 2

2




Linearly independent

Linear 
combination

tez 
homogeneous

tez  :try 
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cases Root

Case III Conjugated Complex Roots

Solution

Spring/Mass Systems: Driven Motion

tFkzzczm cos0

• Step1. homogeneous solution

0 kzzczm
m

mkcc

2

42

2,1




mkc 42 

042  mkc
 i1

 i2





i
a

bac
i

a

b

a

acb

a

b

i
a

bac
i

a

b

a

acb

a

b





























2

4

22

4

2

2

4

22

4

2

22

2

22

1

tiez )(

1



tiez )(

2



Linearly independent
Linear 
combination

2211 zCzCz 

 

tez 
homogeneous

tez  :try 
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cases Root

Case III Conjugated Complex Roots

Solution

Spring/Mass Systems: Driven Motion

tFkzzczm cos0

• Step1. homogeneous solution

0 kzzczm
m

mkcc

2

42

2,1




mkc 42 

042  mkc
 i1

 i2

titi eCeCz )(

2

)(

1

  

Linear combination

Two solutions by the choices

1,1 21  CC

titi eez )()(

1

  

1,1 21  CC

titi eez )()(

2

  

tez 
homogeneous

tez  :try 
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cases Root

Case III Conjugated Complex Roots

Solution

Spring/Mass Systems: Driven Motion

tFkzzczm cos0

• Step1. homogeneous solution

0 kzzczm
m

mkcc

2

42

2,1




mkc 42 

042  mkc
 i1

 i2

tetitetiteeez

tetitetiteeez

ttttiti

ttttiti








sin2)sin(cos)sin(cos

cos2)sin(cos)sin(cos

)()(

2

)()(

1









New fundamental set of solution

titeit sincos 

Euler’s formular

tez 
homogeneous

tez  :try 
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cases Root

Case III Conjugated Complex Roots

Solution

Spring/Mass Systems: Driven Motion

tFkzzczm cos0

• Step1. homogeneous solution

0 kzzczm
m

mkcc

2

42

2,1




mkc 42 

042  mkc
 i1

 i2

)coscos( 21 tctcey t  

tez

tez

t

t








sin2

cos2

2

1




Linearly independent

Linear 
combination

te t  cos

te t  sin

tez 
homogeneous

tez  :try 
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tFkzzczm cos0

• Step1. homogeneous solution

0 kzzczm

Case 1 042  mkc

Case 2 042  mkc

Case 3 042  mkc
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• Step2. particular solution

tbtatzp  cossin)( 

tbtatzp  sincos)( 22 

tFkzzczm cos0

tbtatzp  sincos)( 

By the method of Undetermined Coefficient, we choose that 
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)sincos( xMxKe x  

)(xrbyyay 

      tFtbtaktbtactbtam  cossincoscossinsincos 0

22 
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tFtbmkcatcbamk  cossin])([cos])[( 0

22 

0)( 2  bmkca 
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)()()( tztztz ph 

• Step3. general solution
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Spring/Mass Systems: Driven Motion

Transient and Steady-State Terms

When F is periodic function, general solution

have nonperiodic function         and periodic 
function 

tFtFkzzczm cos)( 0

)(tzh

)(tz p

)(tzh

)(tz p

: transient solution

: steady-state solution
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ttytyty 2sin)(2)(3)(   5)0(,1)0(  yy 

)()()( tytyty ph 

example*

solution

0)(2)(3)(  tytyty 

1) Homogeneous Solution

Homogeneous

0)23(  mtemm 

mt

h ety )(

Try :

2,1

0)2)(1(





mm

mm

mt

h ety )(

e-t and e-2t : linearly independent

tt

h ececty 2

21)(  

*Zill & Cullen, Advanced Engineering Mathematics,3rd Edition p204, example 5 modified

Comparison : example

)(),( tyty ph

)(),( 10 tyty

! Notation changed in the example

steadytransient, zz

state-zeroinput-zero , zz

)(tz )(ty

)(),( tztz  )(),( tyty 
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)()()( tytyty ph 

Solution

ttytyty 2sin)(2)(3)(  

2) Particular Solution

Try : yp(t) =Asin2t+Bcos2t

L.H.S.:

L.H.S. = R.H.S. 

R.H.S.:

ttytyty 2sin)(2)(3)(   5)0(,1)0(  yy 
example

tBtAyp 2cos42sin4 

tBtAyp 2sin22cos2 

      tBAtBAtBtAtBtAtBtA 2cos)26(2sin)62(2cos2sin22sin2cos62cos2sin4 

t2sin

162  BA

026  BA 20

3
,

20

1
 BA

tty p 2cos
20

3
2sin

20

1


Comparison : example

64
/97



2008_Laplace Transform(1)

)()()( tytyty ph 

solution

3) General Solution

Initial condition : 5)0(,1)0(  yy 

ttytyty 2sin)(2)(3)(   5)0(,1)0(  yy 
example
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3
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:)0( 21  ccy

5
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2
2:)0( 21  ccy
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25
2 c

5

37
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2sin
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1

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h ececty 2

21)(  

,
4

25

5

37
)( 2tt

h eety   ttty p 2cos
20

3
2sin

20

1
)( 

Comparison : example
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0)(2)(3)(  tytyty 

5)0(,1)0(  yy 

Zero Input

ttytyty 2sin)(2)(3)(  

0)0(,0)0(  yy 

Zero State

1) 

Homogeneous 

Solution

0)(2)(3)(  tytyty 

0)2)(1(  mtemm

mt

h ety )(_0

tt

h ececty 2

21_0 )(  

0)(2)(3)(  tytyty 

0)2)(1(  mtemm

mt

h ety )(_1

tt

h ececty 2

21_1 )(  

ttytyty 2sin)(2)(3)(   5)0(,1)0(  yy 
example

tteety tt 2cos
20

3
2sin

20

1

4

25

5

37
)( 2  

Comparison : example
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0)(2)(3)(  tytyty 

5)0(,1)0(  yy 

Zero Input

ttytyty 2sin)(2)(3)(  

0)0(,0)0(  yy 

Zero State

2) Particular 

Solution

1) 

Homogeneous 

Solution

ttytyty 2sin)(2)(3)(   5)0(,1)0(  yy 
example

0)(_0 ty p

ttytyty 2sin)(2)(3)(  0)(2)(3)(  tytyty 
tBtAy p 2cos2sin_1 

L.H.S.:

L.H.S. = R.H.S. 

R.H.S.:

tBAtBA 2cos)26(2sin)62( 

t2sin

tty p 2cos
20

3
2sin

20

1
_1 

tteety tt 2cos
20

3
2sin

20

1

4

25

5

37
)( 2  

0)(2)(3)(  tytyty 

tt

h ececty 2

21_0 )(  

0)(2)(3)(  tytyty 

tt

h ececty 2

21_1 )(  

20

3
,

20

1
 BA

Comparison : example
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0)(2)(3)(  tytyty 

5)0(,1)0(  yy 

Zero Input

ttytyty 2sin)(2)(3)(  

0)0(,0)0(  yy 

Zero State

2) Particular 

Solution

3) General 

Solution

Initial 

condition

1) 

Homogeneous 

Solution

ttytyty 2sin)(2)(3)(   5)0(,1)0(  yy 
예제

tt

g ececty 2

21_0 )(  

5)0(,1)0(  yy 

52

1

21

21




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0)0(,0)0(  yy 

ttececty tt

g 2cos
20

3
2sin

20

1
)( 2

21_1  

1
20

3
:)0( 21  ccy

5
20

2
2:)0( 21  ccy

4

1
2 c

5

2
1 c

tteety tt 2cos
20

3
2sin

20

1

4

25

5

37
)( 2  

0)(_0 ty p

ttytyty 2sin)(2)(3)(  0)(2)(3)(  tytyty 

tty p 2cos
20

3
2sin

20

1
_1 

0)(2)(3)(  tytyty 

tt

h ececty 2

21_0 )(  

0)(2)(3)(  tytyty 

tt

h ececty 2

21_1 )(  

Comparison : example
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0)(2)(3)(  tytyty 

5)0(,1)0(  yy 

Zero Input

ttytyty 2sin)(2)(3)(  

0)0(,0)0(  yy 

Zero State

2) Particular 

Solution

tt

g eety 2

_0 67)(  

1) 

Homogeneous 

Solution

General 

Solution

ttytyty 2sin)(2)(3)(   5)0(,1)0(  yy 
example

tteety tt

g 2cos
20

3
2sin

20

1

4

1
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2
)( 2

_1  

tteety tt 2cos
20

3
2sin

20

1

4

25

5

37
)( 2  

tt

g ececty 2

21_0 )(  

5)0(,1)0(  yy 

0)(_0 ty p

ttytyty 2sin)(2)(3)(  0)(2)(3)(  tytyty 

tty p 2cos
20

3
2sin

20

1
_1 

0)(2)(3)(  tytyty 

tt

h ececty 2

21_0 )(  

0)(2)(3)(  tytyty 

tt

h ececty 2

21_1 )(  

0)0(,0)0(  yy 

ttececty tt

g 2cos
20

3
2sin

20

1
)( 2

21_1  3) General 

Solution

Initial 

condition

Comparison : example
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0)(2)(3)(  tytyty 

5)0(,1)0(  yy 

Zero Input

ttytyty 2sin)(2)(3)(  

0)0(,0)0(  yy 

Zero State

tt

g eetyty 2

0_0 67)()(  

ttytyty 2sin)(2)(3)(   5)0(,1)0(  yy 
example

tteetyty tt

g 2cos
20

3
2sin

20

1

4

1

5

2
)()( 2

1_1  

tteety tt 2cos
20

3
2sin

20

1

4

25

5

37
)( 2  

0)(_0 ty p tty p 2cos
20

3
2sin

20

1
_1 

tt

h eety 2

_0 67)(   tt

h eety 2

_1
4

1

5

2
)(  

2) Particular 

Solution

1) 

Homogeneous 

Solution

3)General 

Solution

Comparison : example
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0)(2)(3)(  tytyty 

5)0(,1)0(  yy 

Zero Input

ttytyty 2sin)(2)(3)(  

0)0(,0)0(  yy 

Zero State

tt

g eetyty 2

0_0 67)()(  

ttytyty 2sin)(2)(3)(   5)0(,1)0(  yy 
example

tteetyty tt

g 2cos
20

3
2sin

20

1

4

1

5

2
)()( 2

1_1  

tteety tt 2cos
20

3
2sin

20

1

4

25

5

37
)( 2  

0)(_0 ty p tty p 2cos
20

3
2sin

20

1
_1 

tt

h eety 2

_0 67)(   tt

h eety 2

_1
4

1

5

2
)(  

2) Particular 

Solution

1) 

Homogeneous 

Solution

3)General 

Solution

)
4

25

5

37
( 2tt ee   )2cos

20

3
2sin

20

1
( tt 

)67( 2tt ee   )
4

1

5

2
( 2tt ee   )2cos

20

3
2sin

20

1
( tt 
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)(0 ty

)(1 ty

 




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



)0(

Comparison : example
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0)(2)(3)(  tytyty 

5)0(,1)0(  yy 

Zero Input

ttytyty 2sin)(2)(3)(  

0)0(,0)0(  yy 

Zero State

tt

g eetyty 2

0_0 67)()(  

ttytyty 2sin)(2)(3)(   5)0(,1)0(  yy 
example

tteetyty tt

g 2cos
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2sin
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2) Particular 

Solution

1) 

Homogeneous 

Solution

3)General 

Solution
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)()()()( tutkytyctym  

byay  )0(,)0( 

)()()( 10 tytyty 

)2(0,0,  ba

)1(0)(, tu

0)()()( 000  tkytyctym 

byay  )0(,)0( 00


Zero Input solution : )(0 ty

)()()()( 111 tutkytyctym  

0)0(,0)0( 11  yy 
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Fourier Transform 
Transform between time domain and frequency domain.

ex) Interpretation of the Fourier transform

t

ttf 2sin)( 

ttf sin2)( 

Time

Domain

Frequency

Domain

Inverse

Fourier Transform

Fourier Transform

Frequency와 Amplitude로 표현됨

=> 시계열의 운동 복원 가능
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