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Laplace Transforms (2)
: Properties

Definition of the Laplace Transform

The Inverse Transform

Transforms of Derivatives

Translation Theorems

Additional Operational Properties

The Dirac Delta Function

Systems of Linear Differential Equations

o)
S
o
O
0
S
g
Ly
S
1>
cu
Q
O
L.
2
3
b
Q
2
<
S
<
©
5
<




Definition of the Laplace Transform

M Introduction

B Differentiation and integration are transform
® Transform a function into another function

ix2:2x, { xzdx:lx3+c, f’xzdx:9

m These%wo transform po%sess the linearity property

[ (0+ Ao (] = o () + A'(0)
j [of (X) + Bg(X)]dX = & j f/(x)dx + j B9’ (x)dx
[Tt (0 + pg)ldx = £(x)dx+ [ Bg'(x)dx
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Definition of the Laplace Transform

M Basic Definition

[7K (s, f @dt =lim ['K(s,1) f ()t

If the limit exists, the integral is exist (or convergent)
If the limit does not exists, the integral does not exist (or divergent)

If we choose K{(s, t)=et

Definition 4.1 Laplace Transform

Let f beafunctionfor t > (, then the integral

L (1)} = j:e—st f (t)dt

Is said to be the Laplace transform of f provided the integral converges Y
N _

Result of Laplace transform is function of s, so we can express it as
HEMOF=F(6) {gt)}=G(s) {H(@®)}=h(s)

2008_Lap|ace_ Tra nrsform(2) ;




Definition of the Laplace Transform

M Some examples

_ ast]”
2f13=[Cedi=—| =1 s>0
0 S |, S
4ot
{t}=| etdt= L e e 'dt = lé’i{l} 1 (l) = iz s>0
0 s |, S S S
o - _ a-(s+3)|% 1
gle = [Teste¥tdt = [T e gt = —S =——  s>-3
) jo jo S+3 S+3

2008_Lap|ac :F_rgnsform(Z)




Definition of the Laplace Transform

M Some examples

o0

—e¥sin2t|] 2
+ = j e~ cos2tdt
S 0

S

L{sin 2t} = j: e ¥ sin 2tdt =

0

_2 jwe_StCOStht (s >0)
g 0

st > -~ \
_2|Z¢ cosa _E[[ e sin 2tdt} =%—i2’?£{sin 2t}
S S , S¥ 7 s° S
i 2{sin2ty
: 2
g{sin2t} = ——, s>0
s“+4

2008_Laplace Irgnsform(g)




Definition of the Laplace Transform

M & is a Linear Transform

| “e[af (t)+ Ay (t)]dt = a j: e f (t)dt + B j: e g (t)dt

0

Whenever both integral converges for s>c

at (t)+ p9(t)} = ad{ T (t)}+ f&{9(t) } = aF (s) + SG(s)

— Linearity

For example,

L1+ 5t} = L{L+ S£{t} = % i S%

{4e* —10sin 2t} = 4&{e '} —10&{sin 2t} = 20

s+3 s’ +4

2008_Laplace ll'rgnsform(Z) 7




Definition of the Laplace Transform

M & is a Linear Transform

Transforms of Some Basic Functions
1
(@) 241} =~
. n! " 1
(b) £{t"}=—>,n=123,... () #{e*}=———
2 s—a
: K
d kt}= e) #{coskt}=
(d) X{sinkt}=——7 (¢) #{coskt}=——
: k S
(1) &{sinhkt}= e (g) %{coshkt}= o

&

2008_Lap|ace_Transform(2) ‘




Definition of the Laplace Transform

MSufficient Conditions for Existence of X{f(t)}

Definition 4.2 Exponential Order

A function f is said to be of exponential order c if there exist constants ¢, M>0, and
T >0 such that |f (t)] < Me® forall t >T

f(t)=t, f(t)=e™, f(t)=2cost Are all of exponential order c =1 for ¢ >0
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Definition of the Laplace Transform

M Sufficient Conditions for Existence of Z{f(t)}

Definition 4.2 Exponential Order

A function f is said to be of exponential order c if there exist constants ¢, M>0, and
T >0 such that |f (t)] < Me® forall t >T

2
f(t)=€" Is not of exponential order

151

0.5t

Since it grows faster than > e

any positive linear power of e for ¢ >c >0

1/

055k« e e e r i
-0.2 0 0.2 0.4 0.6 0.8 1

Theorem 4.2 Sufficient Conditions for Existence

If T(t)is piecewise continuous on the interval [0,00) and of exponential order c,
then &{f(t)} exists for s>c.

¥ )

2008_Lap|ace‘Transform(Z) _




Definition of the Laplace Transform

M Example 5
Transform of a ~ solution)
Piecewise-Continuous o
Function C%Q{f(t)}:.0 e f (t)dt
' = ['e ™ (0)dt+ [ e * (2t
Evaluate _ ) )
0, O 3 %
<i< ? =
LE()} for f(t) =1 S
110} (t) {2, t23 - 3
e , $>0
S

2008_Laplace :I'@ns_form(Z)




Inverse Transforms

M The Inverse Problem

Theorem 4.3

n!

: k
d) sinkt=*
(d) {sz+k2}

(f)sinhkt:c%l{ zk 2}
\ s°—k

(b) t"= xl{ﬁ} N=123,...

Some Inverse T

(a) 1= #i:l{l}
S

(c) e* = 36,‘1{

(e) coskt= 3&‘1{

(g) coshkt=

1

S—a

S

:

2

|
)

S

52 _K?2

7]
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Inverse Transforms

M &1lis a Linear Transform

L aF (s)+ fG(s)}=a L{F(s)}+ SLH{G(s)}
M Partial Fractions
B Distinct linear factors

as’+ps+y A ., B C
(s+a)(s+b)(s+c)_(s+a) (s+b) (s+c¢)

i ast+Bs+y o o a1 4. 1 4
RS i Y AT Al ruirs

2008_Lap|acgjr§nsform(2) 7




Inverse Transforms

¥ Example 3 solution)
Partial Fractions and s"+6s+9 A . B C
Linearity (s-D(s-2)(s+4) s-1 s-2 s+4
 AG-2)(s+4)+B(5-1)(s+4)+C(s—1)(s—2)
Evaluate 3 (s-D(s-2)(s+4)
, $° +65+9
e +65+39 1 = AGS-2)(s+4)+B(s—1)(5+4)+C(s—1)(s—2)

(s-D(s—-2)(s+4)"
 set s=1 s=2, s=—4 respectively

16 = A(-1)(5), 25=B(1)(6) 1=C(-5)(-6)

Ao 16 g % o 1
5 6 30

2008_Lap|acgjr§nsform(2) 7




Inverse Transforms

M Example 3
Partial Fractions and
Linearity

Evaluate

S°+65+9
(s—-1D(s—2)(s+4)

LY

2008_Laplace ll'rgnsform(Z) 7

solution)
s°+6s+9 A ,. B C
(s-1)(s-2)(s+4) s-1 s-2 s+4
ao 165 %5 o1
5 6 30
~ s°+65+9
(5= (s-2)(s+4)
16 1 25 1 1 1
=— + +
5s-1 6 s-2 30s+4
7 S°+65+9
(s=1)(s-2)(s+4)

o Eef ) Aol L)
5 s-1 6 s—-2] 30 s+4



Inverse Transforms

¥ Example 3 _ solution)
P.artial. Fractions and cig 2 16540 ,
Linearity (5 D(s_2)(s14)
-2l el el
Evaluate 5 s—1 6 s—-2] 30 s+4
. 16, 5, 1
2 S=—E "
36:1{ S°+6S+9 : 5 6 30

}

(s—-1D(s—2)(s+4)

2008_Lap|ac :F_rgnsform(Z)




Transforms of Derivatives

M Transform of a Derivative
L (1)} = j0°° e f()dt=ef (1) +s j:e—st f (t)dt
= —f(0)+s&{ f (t)}
L' (t)}=sF(s)- f(0)

LLE"(t) )= j: e f(t)dt = f'(t)

— —£'(0)+sZ{ f'(t)}
— s[sF(s) - f (0)]- f'(0)

%{ £"(t)}= s2F(s) —sf (0)— £'(0)

@ ©  _stog
0+sjoe f'(t)dt

2 £"(t)}=s°F (s) —s2 f (0) —sf'(0) — £"(0)

2008_Lap|acgjr§nsform(2) 7




Transforms of Derivatives

M Transform of a Derivative

N
Theorem 4.4 Transform of a Derivative

if f,f'...., f "D are continuous on [0,%) and are of exponential order and
if f(™(t)is piecewise-continuous on [0, ), then

L F O ()= s"F(s) =" (0)—s" 2 f'(0) —---— f "D (0)
Where  F(5) = {f (1)}

2008_Laplace Transform(2)
| = - - ey




Transforms of Derivatives

M Solving linear ODEs
n n-1
a y +a_, d . 2’+ +a,y =g(t) Linear differential equation
dt dt with constant coefficient

Y(0) = Yo, Y'(0) = Yyes Y (0) = ¥y
a,ay,...,a, and y, y,,..., Y, , are constant

@ Laplace transform

d’y 4V a sy = #{g ()

a,. &
" {dt”

From theorem 4.4
a,[s"Y (s)—s""y(0)—...— y"(0)]

+a,,[s"Y(s)—s"*y(0)—...— y" P (0)] +---+a,Y (s) = G(s)
Algebraic equation in Y(s)

2008_Lap|achrgnsform(2) )




Transforms of Derivatives

M Solving linear ODEs

— — — — — — — — — — — — —

— — — — — — — — — — — — — —

+|an_1[s“—1v<s)rs” Zy(O) Y2 (0)] + - +Hagy (5) = G(s)

I e —— —— — — — — — — — —

P(s)Y (s) = Q(S)I—I—G(S) P(s)=as"+a_ 8" +---+a,

X P(s) is the same as the nth degree auxiliary
polynomial in Section 3.3(Homogeneous Linear

Y (S) — Q(S) 4 G(S) equations with constant coefficient)
P(s) P(s)
1) Q) | 41) G(S)
y(t) = £ 1Y (5)} = % {P(S)} { P(S)}

2008_Laplace :I'@ns_form(Z)




Transforms of Derivatives

M Solving linear ODEs

Find unknown y(t)
that satisfies a DE
and initial condition

Solution y(t)
of original IVP

2008_Lap|acg :Frgnsform(Z)

Apply Laplace transform &

)

Apply inverse transform &1

<

Transformed DE
becomes an algebraic
equation in Y(s)

U

Solve transformed
equation for Y(s)




Transforms of Derivatives

M Example 4 Solving a First-Order IVP

Use the Laplace transform to solve the IVP

3¥+3y 13sin2t, y(0)=6

Solution)

take Laplace transform of each member of DE:

x{ﬂ} +3%{y}=13%1{sin 2t}

dt
2 , (s+3)Y(s)=6+ 226
4 S

+4

Y(s) = 26 6s? + 50
_(s+3) (5+3)(s°+4) (s+3)(s2+4)

2008_Lap|acgirr§nsform(2) ;




Transforms of Derivatives

M Example 4 Solving a First-Order IVP

Use the Laplace transform to solve the IVP

%Jr?:y =13sin2t, y(0)=6

6s° +50 A Bs+C
Y(s)= > = +—
(s+3)(s“+4) s+3 s +4

6s° +50 = A(s* +4) +(Bs +C)(s+3)
= (A+B)s*+(3B+C)s+4A+3C

(A+B=6
4A+3C =50 s+3  s"+4

2008_Lap|acgjr§nsform(2) 7




Transforms of Derivatives

M Example 4 Solving a First-Order IVP

Use the Laplace transform to solve the IVP

ﬂ+3y =13sin2t, y(0)=6

dt
8 —2s+6
Y(s)= +
) s+3 s°+4
Y(t)=%1{Y(S)}=8§ﬁl{i}—zsal{ > }+3§61{ 2 }
S+3 32_|_4 32—|—4

- y(t) =8e™ —2cos2t +3sin 2t

2008_Laplace :I'@ns_form(Z)




Transforms of Derivatives

M Example 5 Solving a Second-Order IVP

solve

Solution)

take Laplace transform of each member of DE:

x{d Zy}_%{y}+ 28 {yt =2l !

dt* dt
s%Y (s) —sy(0) — y'(0) —3[SY (s) — y(0)] + 2Y (s) = S%
(s* —3s+2)Y(s) = S424 1
S+4

2008_Laplace ll'rgnsform(Z) 7




Transforms of Derivatives

M Example 5 Solving a Second-Order IVP

solve

(52—?>S+2)Y(s):s+2+L
S+4

S+ 2 1 s°+65+9

Y(S)=-— +— =
(s°—3s+2) (s°—3s+2)(s+4) (s-1)(s—2)(s+4)

A B C
= + +
s—1 s-2 s+4

2008_Lap|ac :F_rgnsform(Z)




Transforms of Derivatives

M Example 5 Solving a Second-Order IVP

solve

S°+6s+9 A B C
Y(s)= = + +
(s-1)(s—-2)(s+4) s-1 s—-2 s+4

S°4+65+9=A(s—2)(s+4)+B(s-1)(s+4)+C(s-1(s-2)
Substituting s=1, s=2, s=-4 respectively,

16 = A(-1)(5), 4+12+9=B(1)(6), 16—24+9=C(-5)(-6)
A g_22 C=2
5 6 30

2008_Lap|acgjr§nsform(2) 7




Transforms of Derivatives

M Example 5 Solving a Second-Order IVP

solve

16 1 +25 1 +1 1
15s-1 6 s—-2 30s+4

Y(s)=-

2008_Lap|ac I@nsform(Z)




Translation on the s-axis | FO | Fe-a)
M Translation on the s-axis \L\
s=a,a>0 E

N
Theorem 4.6 First Translation Theorem |

If &{f(t)}=F(s)and a is any real number, then

g{e* f () }=F(s—a)

| 4

Proof)
£Le™ f ()} = j: e e f (t)dt = j:e—“—a)t f (t)dt =F (s —a)

e Inverse form of Theorem 4.6
LYF(s—a)}=L{F(). _ I=e"f(1)

2008_Lap|ace‘Transform(Z) _
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Translation on the s-axis

M Example 1 Using the First Translation Theorem

Evaluate

(a) £{e>'t°} and (b) £{e™ cos4t}

Solution)
3l 8]
a) &Lt = ¥ it - —
O S
S S+ 2
b) ZLe ' cos4t) = L cos4t — _
. $= 30052 = 7 g e (5+2)2+16

2008_Lap|acgjr§nsform(2) 7




Translation on the s-axis

M Example 2
Partial Fractions and Completing the Square

Evaluate
@ 1 2s+52 and (b) % {s/2+5/3}
(s—3) S°+45+6
solution)
2s+5 A B 2
(a) Multiply (s—3)? both side

(s—3)° 53(53)

25+5= A(s—3)+ B Substitute s=3 gives B=11 and s=4
gives A=2

3@{ 2”5} 2x{i}+113a{ = 2}
(s—3)° s—3 (s—3)

2008_Lap|ati na |4.)|




Translation on the s-axis

M Example 2
Partial Fractions and Completing the Square

Evaluate

(2) ge:l{ 232;} and (b) gﬂ_l{s/2+5/3}

s°+4s+6




Translation on the s-axis

M Example 2
Partial Fractions and Completing the Square

Evaluate

2S+5 s/2+5/3
a) &t and (b) &
(@) { 3)2} (b) {SZ+4S+6}

S/2+5/3 s/2+45/3 (1/2)(s+2)+2/3
s2+4s5+6 (5+2)2+2  (5+2)%+2
:E S+ 2 +g 1

2(s+2)°+2 3(s+2)°+2

(b)

2008_Lap|acgirr§nsform(2) ;




Translation on the s-axis

M Example 2
Partial Fractions and Completing the Square

Evaluate

(2) ge:l{ 232;} and (b) 3&:1{32/2%/3}

S°+4s+6

>+—§ﬁ

S—S+2 J 3\/_

3&1{3/%5/3}—1&% s+2 | 2,44] 1
S°+4s+6) 2 (s+2)°+2] 3 (S+2)° +2
1 :

2

{ J2

52+ (7/2)?

s—>s+2}

cos\/_t+§e tsin /2t

2008_Lap|acgjr§nsform(2) 7




Translation on the s-axis

M Example 3 Initial-Value Problem

Solve

y' -6y’ +9y =t%e”, y0)=2, Yy (0)=17

solution) Sﬂ{y”}—6§ﬁ{y’}+9§€,{y}:sa{tze?’t}

s°Y (s) —sy(0) — y'(0) - B[sY () — y(0)]+9Y (s) = s
2
(s-3)
(s—3) Y(S)—ZS+5—|—(S_3)3

_ 2S+5 R 2
(s—-3)" (s-3)

e ———— = : - P 35

(s°—6s+9)Y(s)=25+17-12 +

3

Y (s)

2008_Laplace ll'rgnsform(Z) 7




Translation on the s-axis

M Example 3 Initial-Value Problem

Solve

y' -6y’ +9y =t%e”, y0)=2, Yy (0)=17

—28+5+ 2 —2(8_3)+11+ 2

(s-3)° (s-3°  (s-3° (s-9)
2 11 2

= + +

s—3 (s-3)° (s=3)

y(t)=0Q’<1{Y(S)}:25al{i}+11%1{ 1 }+3§<1{ 4 }

s—3

Y (s)

(s=3)°

=2 +11te® + it“e?’t
12

2008_Laplace ll'rgnsform(Z) 7




Translation on the s-axis

M Example 4 Initial-Value Problem

Solve

V' +4y'+6y=1+e", y(0)=0, Vy'(0)=0

solution) gﬁ{y”}+ 4§Q{y’}+ 636{y}

I
R
S
——
+
P
c'DI
- A

S%Y (5) - sy(0) — y'(0) +4[sY () - y(o)]+6v(s)_%+i

s+1
25+1
s(s+1)

2s+1 1/6 1/3 s/2+5/3
s(s+1)(s’ +4s+6) S s+1 S°+4s+6

(s° +45+6)Y (S) =

Y(s)=

2008_Lap|acgjr§nsform(2) 7




Translation on the s-axis

M Example 4 Initial-Value Problem

Solve

V' +4y'+6y=1+e", y(0)=0, Vy'(0)=0

Lo, 2
1/6  1/3 s/2+5/3 _1/6 1/3 LA

TS+l $2+45+6 s s+l (s+2)2+2

L[l Loaf 1] 1oaf (42 | 2 ,a) V2
y(t)_Gd% {S}JFB% {s+1} 2(% {(s+2)2+2} 3\/5(% {(s+2)2+2}

:%+;e —Ee cos\/_t—ie sm\/Et

ME)==

2008_Laplace ll'rgnsform(Z) 7




Translati

on on the t-axis

M Unit step Function

Definition 4.3 Unit Step Function U |
|
|
The unit step function (t-a) is defined to be ~—
|
0, O0<t<a |
U(t—-a) = | >

f(t) =

f(t) =+

{g(t),0£t<a —  f(t)=g(t)-gt)U{t—-a)+h{)U(t-a)

h(t), t>a

(0 O0O<t<a
g(t), ast<b = f(t) =gt){u(t—a)—Ut—b)}

2008_Lap|achrgnsform(2) )
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0, t=b




Translation on the t-axis

M Example 5 A Piecewise-Defined Function

20t, 0<t<>5
Express f(t) = 0. t>5 In terms of unit step functions. graph

Solution) f

f (t) = 20t — 20t U(t —5)

~—tV

2008_Lap|ac I@nsform(Z)




Translation on the t-axis

M Translation on the t-axis

Theorem 4.7 Second Translation Theorem

If &{f(t)}=F(s)and a >0, then

{f(t-a)U(t—a)}=e *F(s)

Proof)

£ f (t—a)ua—a)}zjae—st f (t—a)u(t—a)dt+re‘5tf(t—a)u(t—a)dt
0 N a —_—
0 for O<t<a 1fort>a
- ': e f (t—a)dt

= [Te=" () dv

Ja

2008_Lap|ace_ Transform(2) _

—= jO” e f (v)dv =e *&{f (t)} =e *F(s)
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Translation on the t-axis

MTranslation on the t-axis

N
Theorem 4.7 Second Translation Theorem |

If &{f(t)}=F(s)and a >0, then

{f(t-a)U(t—a)}=e *F(s)

A 4

If f(t—a)=1, then F(s)=1/s. So

—as

%LUt —a)h="1

MInverse form of theorem 4.7

e F(s)}=f (t—a)U(t—a)

2008_Laplace Transform(2)
| = - - ey

42
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Translation on the t-axis

LHe *F(s)}= f (t—a)U(t—a)---(15)
M Example 6 Using Formula (15)

Evaluate  (a) xl{%ezs} and (b) 3’;1{ ZS e”s’z}

s°+9

%1{% ezs} _ e4(t—2)u(t ~2)
S —

S

2

o LHF(s)}= f(t) =cos3t

(b)azz,F S) =
; (s)

.%‘1{ > e‘”3’2}=c053(t—%)U,(t—%)

2008_Laplace ll'rgnsform(Z) 7




Translation on the t-axis

M Alternate Form of Theorem 4.7

Theorem 4.7 Second Translation Theorem

If %{f@t)}=F(s) and a >0, then
{f(t—-a)u(t—a)}=e *F(s)

£Lg(t) Ut —a)}= jw eg(t)dt = j°° e g (u+a)du

g Ut-a)l=e *X{g(t+a)}

“Alternate Form of Theorem 4.7"

2008_Lap|acre‘ Transform(Z)

—




Translation on the t-axis

M Example 7
Second Translation Theorem-Alternative form

Evaluate  %{costU(t—7)}

Solution)
&{g®)ut-a)}=e"x{g(t+a)}---(16)

g(t) =cost, a=x,then, g(t+ ) =cos(t + 7) = —cost

L{costU(t — )} = —e & {cost}=—

s +1

2008_Laplace ll'rgnsform(Z) 7




Translation on the t-axis

M Example 8 An Initial-Value Problem

Solve
0, O<t<rm

3cost, t>rx

Solution)
We can rewrite f(t) as f(t)=3costU(t—x)

Ly }+ £{y}=3£{costU(t— =)}

SY (s)— y(0) +Y (s) =—3——e "
s°+1
(s+1)Y(s)=5-3 25 e "
S
Y (s) = 3> g
2008_Lap|ac<_a_:I'@rffng(Z) 7 (S+1) . (S+1)(S +1)

i
S
e S

——

. 519



Translation on the t-axis

M Example 8 An Initial-Value Problem

Solve
0, 0<t
y'+y=1(t), y(0)=5, where f(t):{ =7
3cost, t>rx

Y (s)

= -3 ——¢e
(s+1) (s+1(s°+1)

S A +BS+C_(A+B)52+(B+C)S+A+C
(s+D(s°+1) s+1 s°+1 (s+1)(s* +1)

A+B=0 B+C=1 A+C=0 Az—%,B:E,C !

2 2
S 1 1 1s+1

=4 —
(s+1D(s°+1) 2s+1 2s°+1

2008_Lap|acgjr§nsform(2) 7




Translation on the t-axis

M Example 8 An Initial-Value Problem

Solve
0, 0<t
y'+y=1(t), y(0)=5, where f(t):{ =7
3cost, t>rx

5 3. 1 . 1 .
(s+1) 2 s+1 s°+1 s?+1

Sfil{i e”‘} =e "YU (t—7), %1{ 21 e”s} =sin(t — z)U(t — )

s +1

36,1{ > . e”‘} = cos(t — z)U(t — 7)




Translation on the t-axis

M Example 8 An Initial-Value Problem

Solve
0, 0<t
y'+y=1(t), y(0)=5, where f(t):{ =7
3cost, t>nx

-1 1 3 -1 1 —71S -1 1 —7S -1 S —7S
y(t) =55 {(s+l)}_§[_§a {S—Jrle }+§Q {32+1e }Jﬁ% {32+1e }]

=5e" +ge‘“‘”)u(t —7)— gsin(t — 1)Ut —7) —gcos(t —)U(t —7)

—5e™" + g [e‘“‘”) +sin(z —t) —cos(z — t)]ﬂ&(t —7)

=5e" + g e +sint +cost hi(t - )

2008_Lap|acgjr§nsform(2) 7




Translation on the t-axis

M Example 8 An Initial-Value Problem

Solve

y'+y=1(t), y(0)=5, where f(t):{

O<t<rm
t>nx

y(t)=5e" + g [e‘(t‘”) +sint +cos t]u(t —z) 7

>

Se_t ,OSt<7Z' °

y(t) = 3 3 3

5! +Ee‘(“”) +Esint+§cost 27

=g
0

2008_Laplace Irgnsform(g)
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Translation on the t-axis

M Beams "
4ty Ty N
El === w(x)
dx y
When w(x) is piecewise defined, X=0 X=L

it is useful to use Laplace transform.

But, in order to use Laplace transform,
we have to assume that y(x) and w(x) are defined on (0,)

And this is a boundary-value problem.

2008_Lap|acg :Frgnsform(Z)




Translation on the t-axis

M Example 9 An Boundary-Value Problem

Find the deflection of the beam when the load is given by

w(X)
Wo(l—gx), O<x<L
l l W(X) =+ L 3 2
V > X 0, —<x<L,
2
' Where w, is constant
X=0 X=L
Solution) Boundary conditions are
y(0)=0,y'(0)=0,y(L) =0,y (L) =0
2 2 L., 2w, | L L L
W(X) =W, (1-—=X)—wW,1-—=X)U(X——=) = —2| ==X+ (X—=)U(X——=
09 =2 )~ w0~ £ i(x-5) = 2| Eox (- Dpuce-)|

2008_Lap|achrgnsform(2) )
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Translation on the t-axis

M Example 9 An Boundary-Value Problem

Find the deflection of the beam when the load is given by

w(X)
’ 2 L
W,(1-—x), O0<x<—
/ “ I,X W(x) = 1 L ] 2 W, is constant
| 0, E<X<L’
X=0 XL B.C. y(0)=0,y'(0)=0,y(L)=0,y'(L)=0
2w, [ L L L
w(X) = — =X+ (X——=)U(X——
(0= 20| Eox (- Dpuce-D)|

E1 (5 (9)-5°Y(0) -5y (0) - y'(0) - y"(0) = = [L é c 1,1 e}




Translation on the t-axis

M Example 9 An Boundary-Value Problem

Find the deflection of the beam when the load is given by
/(X)

=

“ L W, 1—%x), O<x<%
. «  W(X)=1 ] w, is constant
0, —<X<L,
y l 2
X=0 =t B.C: Yy(0)=0,y(0)=0,y(L)=0,y'(L)=0

EIL
Let c, =Y"(0),c, =y"(0) then,

2w, [le_ 1,1 eLﬂ

Y (S)-5y'0)-y"0) - oy 2 S e
S

C
2+

C
Y(S)==2+
(5) s° s* EIL

6

s> s

2008_Lap|achr§nsform(2) )




Translation on the t-axis

M Example 9 An Boundary-Value Problem

Find the deflection of the beam when the load is given by
/(X)

=

“ L W, 1—Ex), 0<x<r=
. «  W(X)=1 L ] 2 w, is constant
0, —<X<L,
y \ 2
X=0 =t B.C: Yy(0)=0,y(0)=0,y(L)=0,y'(L)=0
Y(s)= Sy 2w, [L/2 1 1 eLS’Z}
s° s* EIL| & s° ¢°

| | |
+2W0 L %1{%}_££1{%}+£%1{%em2}
EIL| 2-41 S 51 S o). S




Translation on the t-axis

M Example 9 An Boundary-Value Problem

Find the deflection of the beam when the load is given by

w(X)
“ L (wo 1—%x), O<x<%
. «  W(X)=1 ] w, is constant
0, —<X<L,
y \ 2
X=0 =t B.C: Yy(0)=0,y(0)=0,y(L)=0,y'(L)=0

5
y(x) =2 x4+ 253y o 5Lx4—x5+(x—£j ‘U&(x—hj
2 6 60EIL| 2 2 2

According to Boundary condition y(L)=0, y'(L) =0

2 3 4 2 4 C, = 23W0L2
c1£+ L 49wl elet, L 85wl 1~ 960E]
2 6 1920l 2 960El . _ — 9w, L’

5 =
2008_Lap|ac}ea »'I'rgn4sf9rm(2) ) ’ O EI




Translation on the t-axis

M Example 9 An Boundary-Value Problem

Find the deflection of the beam when the load is given by

w(X)
i 2 L
W,(1-—x), O0<x<—
/ “ I,X W(x) = 1 L ] 2 W, is constant
) 0, E<X< L,
X=0 =t B.C: Yy(0)=0,y(0)=0,y(L)=0,y'(L)=0
5
Y(X) = 2 X2 + -2 X° 4 0 5LX4_X5+(X_£) U{X_Lj
2 6 60EIL| 2 2 2
_ 23w, L° 9wl

C, = , C, =
' 060ElI ' *  40El

2 5
Ly = b e MLy, W | SL x4—x5+(x‘£j u(X‘Lj
1920 El 80El 60EIL| 2 2 2

2008_Lap|achr§nsform(2) )




Derivatives of Transform

M Multiplying a Function by ¢”

d d (= ot © O _st © st
— F(s) = jo e f (t)dt = jo g[e f (t)]dt =—j0 e 't (t)dt = —L{tf (1)}

ds
L{tf (1)} =— i F(s)
ds

Similarly, gﬁ,{tz f (t)}: §Q{t -tf (t)}: —%{tf (t)}

d, d d*
=— (- dssa{f ()} =@%{f (t)}

The proceeding two cases suggest the general result

Theorem 4.8 Derivatives of Transform

If &{f(t)}=F(s)and n=1,2,3,..., then

{t" F(1)}= (-1’

n

- F(s)

d
ds

2008_Lap|ace_ Tra nrsform(2) ;




Derivatives of Transform

M Example 1 Using Theorem 4.8 4" () }=(-1)"

dn
F(s
i (s)

Evaluate L{tsin kt}

Solution)

K
s® +Kk

f (t) =sinkt, F(s) =

Z{t sin kt}=—%§€{sin kt} = — d ( : K j: 2ks
S

2008_Laplace :I'@ns_form(Z)




Derivatives of Transform

M Example 2 An Initial-Value Problem

Solve

X"+16x =cos4t, x(0)=0, x'(0)=1

Solution) XY +162{X} = L{cos 4t}
52X () — sX(0) — X'(0) +165X (5) —16X(0) = ——
S°+16
S
$° +16S)X (s) =1+
( )X () s°+16
1 S

X(s) =

= +
s +16s (s*+16)°

2008_Laplace ll'rgnsform(Z) 7




Derivatives of Transform

M Example 2 An Initial-Value Problem

Solve

X"+16x =cos4t, x(0)=0, x'(0)=1

1 S
X(S)= +
5) s +16s (s +16)°

In Example 1,

. 2KS
L{tsinkt} = = ge;l{ stz 2}:tsin kt

(s* +k?)’ (s2+k?)
x(t):lx-l{ 4 }+}%‘1 8 1 Linat+ Ltsinat
4" \s*+16] 8" |(s*+16)7] 4 8

2008_Laplace ll'rgnsform(Z) 7




Transform of Integrals

M Convolution

f* g= j(: f (Z') g (t — Z')d T || Ref : Properties of convolution

Theorem 4.9 Convolution Theorem

If f(t) and g(t) are piecewise continuous on [0,0) and of exponential order,

then
T F) =T (1) }H9(0)}=F(s)G(s)

Proof)

2008_Lap|ace_ TranAsform(Z) )
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Additional Operational Properties

M Example 3 Transform of a Convolution

Evaluate

%{j;efsin(t—r)dr}

S f(t)=e', g(t)=sint

3&{]2 e’ sin(t —)dr }: F(s)G(s) = ¥{e'}¢{sint}
1 1 1

Ts—1 5741 (5-1)(5% +1)

2008_Laplace :I'@ns_form(Z)




Transform of Integrals

.
Theorem 4.9 Convolution Theorem |

If f(t) and g(t) are piecewise continuous on [0,0) and of exponential order,
then

LT *g}=&{T(1)}H9(t)}=F(s)G(s)

M Inverse Form of Theorem 4.9

LH{F(s)G(s)}=f *g

2008_Lap|ace‘Transform(Z) _




Transform of Integrals

M Example 4 Inverse Transform as a Convolution

. 1
Solution) Let E(s) =G(s) =
k 1 .
f(t t) = L‘1 — —sin kt
(t)=9() = {32+k2} ”

%1{(82 1k2)2}:k_12 sinkrsink(t-r)dz
_I_ o
1

_ 'tl[cos(kr—ku kz) —cos(kz +kt —kz)Jdz

2.0

>~

2008_Laplace Transform(2) A




Transform of Integrals

M Example 4 Inverse Transform as a Convolution

t

= 12[ 1 sin k(27—t)—rcoskt}
2k | 2k

0

_ sinkt -kt cos kt

2k*

2008_Lap|ac I@nsform(Z)




Transform of Integrals

M Transform of an integral

a%{ f* g} = aQQ{ f (t)}a”;{g (t)} =F (S)G (S) Convolution Theorem
When g(t) =1, G(s) =1/s So,

Inverse of (7)

wt@ar=-F [t {FDL

By (8)
) 1 t .
L - =_[ sintdz =1-cost
s(s® +1) 0
P A R .
#——5—=] (L—cosr)dr =t—sint
(s°(s°+D ) 0
( A 2
L - >—It(r—sinr)dr:t——1+cost And so on.
S°(s*+1) ] o 2

2008 Laplace Transform(2) 7




Transform of Integrals

M Volterra integral Equation

Unknown

e ittt

f©))=9@® [ [f (Dht-)de

e e e e e e e e e e s e > )

2008_Laplace Transform(2)

: Volterra integral equation for f(t)




Additional Operational Properties

M Example 5 An Integral Equation

Solve  f (1) =3t? —gt — j; f(z)e"dzr for f(t)

Solution) h(t—z)=e'", h(t) = e

2{f (1)) =3%4? -2 fe }—gz{[; f (r)et—fdr}

2! 1 1

F(S)=3—-— —F(s)-—

(5) s s+1 (5) s—1
6 6 1 2
FlEl=—=—F==—

2008_Laplace ll'rgnsform(Z) 7




Additional Operational Properties

M Example 5 An Integral Equation

Solve  f (1) =3t? —gt — j; f(z)e"dzr for f(t)

f(t)= 3%‘1{%} — sa—l{ij} + y:l{l} — 2x—1{i}
S S S s+1

=3t°—t>+1-2¢e"

2008_Laplace :I'@ns_form(Z)




Transform of Integrals

M Series Circuits
R L
I M [
|
©r

Integrodifferential equation

In chapter 3.8 we differentiate equation to eliminate integral, but
by Using Laplace transform, we don’t have to differentiate equation

2008_Lap|ac<_e_ :I'@r)sform(Z)




Transform of Integrals

M Series Circuits
R L
AVAAY a1 [
"
Ldl

= Ri(t)+%j;i(z')dz' _E)

Integrodifferential equation

|

In chapter 3.8 we differentiate equation to eliminate integral, but
by Using Laplace transform, we don’t have to differentiate equation

2008_Lap|acg :Frgnsform(Z)




Transform of Integrals

M Example 6 An Integrodifferential Equation

Determine the current i(t) in a single-loop LRC-circuit
When L=0.1[h], R=2[Q], C=0.1[f], 1(0) =0
and the impressed voltage is

E(t) =120t —120t U(t —1)

Solution) di _ .
0.1_+2i+10 jo i(r)dz =120t —120t U (t 1)

o.m{a} + 23&{i}+10§ﬁ{£ i(r)d r}= 1204t} -120& 4t U(t —1) }

o.1s|(s)+2|(s)+1o@=120{ 12 1 63_165}

S S S

2008_Lap|acre‘ Transform(Z)
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Transform of Integrals

M Example 6 An Integrodifferential Equation

Determine the current i(t) in a single-loop LRC-circuit
When L=0.1[h], R=2[Q], C=0.1[f], 1(0) =0
and the impressed voltage is

E(t) =120t —120t U(t —1)

0.1s1(s) + 21 () +10@ =1zo{ 1 1. _les}

2 2

S° S S
2 1 1 —S —S
(s +203+1OO)I(3):1200[———e —e }
S S
1 (s) =1200 = —— = -6 — = ~€"
s(s+10)° s(s+10) (s+10)

2008_Lap|achrgnsform(2) )




Transform of Integrals

M Example 6 An Integrodifferential Equation

Determine the current i(t) in a single-loop LRC-circuit
When L=0.1[h], R=2[Q], C=0.1[f], 1(0) =0
and the impressed voltage is

E(t) =120t —120t U(t —1)

|(s)=1200{ L 1 e 1 Zes}
s(s+10)°  s(s+10) (s+10)

By partial fraction,
[ (s) - 1200{1/100 1/100  1/10

S s+10 (s +10)°
1100, /100 110 o 1
2008_Lap|acre‘ »'I'ranffgrm(Z) ' S S+ 10 (S + 10) (S + 10)




Transform of Integrals

M Example 6 An Integrodifferential Equation

Determine the current i(t) in a single-loop LRC-circuit
When L=0.1[h], R=2[Q], C=0.1[f], 1(0) =0
and the impressed voltage is

E(t) =120t —120t Ut — 1)

1 (s) - 1200{1/100 1/100  1/10

S s+10 (s+10)
_1/100 ., 17200 ., 1/10 ., 1 }

> €~ > €
S s+10 (s+10) (s+10)
i(t) =12[1— Ut —D]-12[e ™" —e "Dy (t —1)]
—120te ™' —1080(t — 1)e—1°<t—1>u(t ~1)

2008 Laplace Transform(2)




Transform of a Periodic Function

M Periodic function
f(t+T)=f(t) (period:T, T >0)
Transform of a Periodic Function 0

If f(t)is piecewise continuous on [0,), of exponential order, and periodic
with period 7, then

T} =

1_; [lef @t

Proof) ${f()}= J()T e f (t)dt + J‘TOO e f (t)dt
Let t=u+T

jf e~ f (t)dt = jooo e f(u+T)du=¢e"" jo“’ e f (u)du=eTZ{f ()}

Therefore S’i{f (’[)}: jOT p St f (t)dt + e %{f (t)} Solving for &{f(t)}

Proves the theorem

2008_Lap|ace. Transform(2) ‘




Transform of a Periodic Function

M Example 7 Transform of a Periodic Function

Find the Laplace transform of the periodic function shown in Figure

E() 4
: | ] T
| | i i ¢ (‘Square wave’)
1 2 3 4
: 1, 0<t<1
Solution) T=2 E(t)= on0<t<?2
0, 1<t<?2

1 2 1 ¢
HEO}=— = [ e EMdt=—

=@ et

1 1-e° 1

1-e* s s(l+e*)

2008_Lap|acgirr§nsform(2) ;




Transform of a Periodic Function

M Example 8 A Periodic Impressed Voltage
L%+ Ri = E(t)

Determine the i(t) When 1(0) =0 and E(t) isshownin figure
E(t)

7

t (‘Square wave’)

Solution) di - In example 7
L%{dt} +R&{i} = L{E()} Z{E(t)}= o)
1/L 1

Lsl(s)+ RI(s) = s or I(s)=

s(s+R/L).1+e‘S

1
(1+e™)

2008_Laplace ll'rgnsform(Z) 7




Transform of a Periodic Function

M Example 8 A Periodic Impressed Voltage

d| 1 0<t<1l =0
bkl E(t Et+2)=E() +— — —
LoHRI=E@) )= { <t EtTA=EM

Determine the i(t) Wheni(0) =0

X=e"
T R SRV I > 1_ =1-e” +e™° - +...
1+ X 1+e™
1 L/R LIR
s(s+R/L) S S+R/L
|(S): /L . 1_ :i(l_ 1 j(l_es+e25_e3s+...)
s(s+R/L) 1+e” R\s s+R/L

1(1 e e g 1 1 e~ e=%
— | — — + —_ +eee |[—— — + — e
Rls s S S R\s+R/L s+R/L s+R/L




Transform of a Periodic Function

M Example 8 A Periodic Impressed Voltage
di 1, 0<t<1 N
L +Ri=E® EO= {o, et E(t+2)=E()

Determine the i(t) Wheni(0) =0 T2 5

______________________________________________ 20— — Tt 4 ——t Tt ———F

i(t) = (1—‘l£(t—1)+°l£(t—2)—°l£(t—3)+1.;

1
R
_i(e—Rt/L _e ROVt 1)+ e RCE
R

1 & N .
-2 f-e™ o> Eya-eten
R n=1 /// . : g
when R=1L=1and 0<t<4 A S r—

it)=1—e* —(1—e PPt —1)+{1—e 2 hut—2)—(1-e I hut-3)

2008_Laplace ll'rgnsform(Z)




The Dirac Delta Function

M Unit Impulse

B External force of large magnitude that acts only for a very
short period of time

-

0, O0<t<t,-a
[ S.(t—t;)dt=1

->'Unit’ impulse

1
o.(t-t)={—, t,—a<t<t,+a
a( 0) 23. 0 0

0, t>t,+a

.

1/2a +

2008_Laplace ll'rgnsform(Z)
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The Dirac Delta Function
M The Dirac Delta Function
S(t—t,) = lim 5, (t—t,)

/1

: o, =1,
(n)&(t—to)={o L

(ii)joxa(t—to)dt =il

2008_Laplace Transform(2)




The Dirac Delta Function

M The Dirac Delta Function
5(t_t0):|airr(])5a(t_to)

D
Theorem 4.11 Transform of the Dirac Delta Function
Fort,>0 . _ oSt
0 {o(t—-t,)}r=e

A )

Proof) & (t—t,)= 2—1a[°w(t ~(t, —a)) — Ut —(t, +a))]

—-s(t,—a) —-s(ty+a) sa —-sa
e —e
25, (t—1t,)} = Zla {e 8 } - esto( j

S S

Sa

_Li . _Li —stg e” —e _ =Sty
3&{5(t—t0)}—L|m%{5a(t to)}_!ﬂ}e ( o j—e

84
/219



The Dirac Delta Function

M Example 1 Two Initial-Value Problems

Solve y"+y=406(t—2x) subject to
(@) y(0)=1 y'(0)=0 (b) y(0)=0, y'(0)=0

Ly H+&{y}=4&{o(t-2x)}
sY (s) —sy(0) — y'(0) +sY (s) — y(0) = 4"

—275
(@) s°Y(s)—s+Y(s)=4e ™ orY(s) = ZS +4S
s°+1 s°+1

y(t) =cost+4sin(t —27)U(t — 2x)

cost O<Lt<2rx
y(t) = .
cost+4sint t>27

2008_Lap|acgjr§nsform(2) 7




The Dirac Delta Function

M Example 1 Two Initial-Value Problems

Solve y"+y=406(t—2x) subject to
(@) y(0)=1 y'(0)=0 (b) y(0)=0, y'(0)=0

Ly H+&{y}=4&{o(t-2x)}
sY (s) —sy(0) — y'(0) +sY (s) — y(0) = 4"

4e %"

s®+1

(b) s?Y(s)+Y(s)=4e ™ orY(s)=

y(t) =4sin(t —272)U(t — 2x)

00 0<t<2z
YW= 4sint

t>2r




Systems of Linear Differential Equations

M Coupled Spring/Mass System

)

3
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Systems of Linear Differential Equations

M Coupled Spring/Mass System
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Systems of Linear Differential Equations

M Coupled Spring/Mass System
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Systems of Linear Differential Equations

M Coupled Spring/Mass System
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Systems of Linear Differential Equations

M Coupled Spring/Mass System
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Systems of Linear Differential Equations

M Coupled Spring/Mass System
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Systems of Linear Differential Equations

M Coupled Spring/Mass System
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Systems of Linear Differential Equations

M Coupled Spring/Mass System
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Systems of Linear Differential Equations

M Coupled Spring/Mass System
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Systems of Linear Differential Equations

M Coupled Spring/Mass System
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Systems of Linear Differential Equations

M Coupled Spring/Mass System
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Systems of Linear Differential Equations

M Coupled Spring/Mass System
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Systems of Linear Differential Equations

M Coupled Spring/Mass System
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Systems of Linear Differential Equations

M Coupled Spring/Mass System
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Systems of Linear Differential Equations

M Coupled Spring/Mass System
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Systems of Linear Differential Equations

M Coupled Spring/Mass System
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Systems of Linear Differential Equations

M Coupled Spring/Mass System

Z, ::>

3

2008_Laplace :I'@ns_form(Z)




Systems of Linear Differential Equations

M Coupled Spring/Mass System
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Systems of Linear Differential Equations

M Coupled Spring/Mass System
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Systems of Linear Differential Equations

M Coupled Spring/Mass System
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Systems of Linear Differential Equations

M Coupled Spring/Mass System
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M Coupled Spring/Mass System
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Systems of Linear Differential Equations

M Coupled Spring/Mass System
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Systems of Linear Differential Equations

M Coupled Spring/Mass System
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Systems of Linear Differential Equations

M Coupled Spring/Mass System
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Systems of Linear Differential Equations

M Example 1 Example 4 of Section 3.11 Revisited

Use the Laplace transform to solve

X, +10x, —4x, =0 . X,(0)=0, x(0) =1
Subject to ,
4% +X; +4X, =0 X,(0)=0, x;(0)=-1

s*X,(s) —sx,(0) — x{(0) +10X,(s) —4X,(s) =0
—4X,(s)+5°X,(8) —sX,(0) —x,(0)+4X,(s) =0

(s® +10) X,(s) - 4X,(s) =1
—4x1(s)+(52+4)x2(s):—1'"(1)
Xl(S): 2 > 2 XZ(S):_ 2 - +26
(s“+2)(s” +12) (s +2)(s°+12)
1/5 6/5 2/5  3/5

— +
742 s7+12

$2+2 s°+12

2008_Laplace Transform(2)
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Subject to ,
4%, +X; +4X, =0 X,(0)=0, x;(0)=-1
s? 1/5 6/5
Xl(s) =

= — +
(s°+2)(s*+12) s°+2 s°+12

X (t) =— L & ;E + o & ;/E
572  |s?+2| 5J12  |s®+12
:—%sinﬁugsinzﬁt
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Use the Laplace transform to solve

X, +10x, —4x, =0 . X,(0)=0, x/(0)=1
Subject to ,
4%, +X; +4X, =0 X,(0)=0, x;(0)=-1
s’ +6 215  3/5
Xz(s) -

(s* +2)(s* +12) T 5742 $2412

_ 2 )2 3 ) V12
Xz(t)__ﬁgﬁ {32+2}_5\/E§Q {32+12}

V2 sin+/2t —gsin 2\/§t
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Systems of Linear Differential Equations

M Example 2 An Electrical Network

Solve the system under the condition E(t)=60[V], L=1[n], R=50[Q]

C =107*[f]
(:I—I+R|2—E(t)
tdi Subject to 1,(0) =0, 1,(0)=0
RC—+i,—-i, =0
dt
AL | 50i, — 60 60
at 0% sl,(s)+  50l,(s)=—
50(10-4)%“241:0 —2001,(5) + (5 +200)1,(5) = 0
| (5 50s+12000 _6/5_ 6/5 60
: s(s+100)> s s+100 (s+100)°
12000 6/5 6/5 120
|2(S): =

s(s+100)°> s s+100 (s+100)

2008_Lap|achr§nsform(2) )
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Solve the system under the condition E(t)=60[V], L =1[h], R=50[C]

' C =10""[f]
L%-l— Ri, = E(t)
tdi Subject to 1,(0) =0, 1,(0)=0
RC—2+i,—i,=0
dt
i (t) = Q . g o100t _ 5()a 100t
0=8 B e
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Property of Convolution

Commutative law of convolution

(F*g)®) = f(D)gt-7)dr

replace 7=t—7'
dz’
dr

if T Varies 0~t, 7'variest~0

(F*g))=[ f()g(t-7)dz

Differentiate with T 1=-
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Property of Convolution

Commutative law of convolution

t
(f*g)t)=] f()g(t-7)dz
replace 7=t—7'
Differentiate with 7 1:_?212 I:>df=—dr’

if 7 Varies 0~t, 7'variest~0
(F*g))=[ f()g(t-7)dz
= [ ft-2)9(z)(-d7)
= [ f(t-7)g(z)d7
= [ f(t-7)g(z)d7
= [ 9() f (t-7)dz = (g* F)()
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Property of Convolution

Associative law of convolution (f *g)(t) = J‘; f(0)g(t—r7)dz

{(F*a)*vi() =[ (f *g)()v(t-7)dz ,
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r—p:k,lzgk,dr:dk
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{(F*a)*vi() =[ (f *g)()v(t-7)dz ,
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{(F*a)*vi() =[ (f *g)()v(t-7)dz ,
(f*g)(@)=] f(p)g(z-p)dp

= [[[ f(p)a(z - p)dpv(t - 7)dz
o o n :

= Of(p)g(f—p)V(t—z')dpdz- r—p=k, 1 - dr = dk
ot—p if zisO—>t, kis—p—o>t—p

, TP)g(kv(t—(p+k))dkdp
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Property of Convolution

Associative law of convolution (f *g)(t) = J‘; f(0)g(t—r7)dz

{(F*a)*vi() =[ (f *g)()v(t-7)dz ,
(f*g)(@)=] f(p)g(z-p)dp
f(p)g(z - p)dpv(t—7)dz

r—p=k, 1= 47— dk

t(p)9(z — p)v(t—7)dpdz dr

if zisO—>t, kis—p—o>t—p

[ £ (gt~ (p+k))dkdp
[ f(Pa(ky(t - p—k))dkdp
f(p)| " gkv(t—p-k))dkdp

= T(p)-(g*V)(t—p)dp

Q Q Q Q Q
PENGEESS com? o 2 o 2 o A
Q Q

(@)
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Property of Convolution
Associative law of convolution (f *g)(t) = J‘; f(0)g(t—r7)dz
(fg)*vjt) = | (f*g)@)v(t-7)dr

) (f*9)(@) = f(P)g(z—p)dp
f(p)9(r—p)dpv(t—7)dr

r—p=k, 1= 47— dk

t(p)9(z — p)v(t—7)dpdz dr

if zisO—>t, kis—p—o>t—p

" £ (MMt~ (p+K))dkdp
[ f(Pa(ky(t - p—k))dkdp
f(p)| " gkv(t—p-k))dkdp

=), 1(p)-(g*Vv)(t-p)dp
= {f *(g*V)}(t)
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Property of Convolution

Distributive law of convolution

f*(0,+0,)0) =[ f(2)-(g, +9,)t—7)dr
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Property of Convolution

Distributive law of convolution
t
f*(0,+0,)0) = | f(2)-(0,+09,)t-7)dr

=[ 1) {0,t-0)+g,(t-1)de
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Property of Convolution

Distributive law of convolution
f*(0,+0,)0) =[ f(2)-(g, +9,)t—7)dr
=[ 1) {0,t-0)+g,(t-1)de

=[ 1) 0, (t-0)+ (1) g,(t-7)dr
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Property of Convolution

Distributive law of convolution

f*(0,+0,)0) =[ f(2)-(g, +9,)t—7)dr

2008_Laplace Transform(2)

=[ 1(0){o,(t-7)+g,(t-0)jdr
=[ 1) 0, (t-0)+ (1) g,(t-7)dr

[ 1(0)-0,(t-0)dr+[ f(2) g, (t-7)dz

J




Property of Convolution

Distributive law of convolutio
(g, +9,)0) = [ F()-(g, +9,)t—0)dr
=[ 1) {0.t-0)+g,(t-2)}dr
=[ 1) 0, (t-0)+ (1) g,(t-7)dr

[ 1(0)-0,(t-0)dr+[ f(2) g, (t-7)dz

=i*g,(O)+1*9,(t) U
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