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Definition of the Laplace Transform

 Introduction

Differentiation and integration are transform
 Transform a function into another function

 These two transform possess the linearity property
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Definition of the Laplace Transform

 Basic Definition

Laplace Transform

Let       be a function for , then the integral

Is said to be the Laplace transform of     , provided the integral converges

Definition 4.1
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If the limit exists, the integral is exist (or convergent)
If the limit does not exists, the integral does not exist (or divergent) 

If we choose K(s,t)=e-st

Result of Laplace transform is function of s, so we can express it as
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Definition of the Laplace Transform

 Some examples
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Definition of the Laplace Transform

 Some examples
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Definition of the Laplace Transform

 L is a Linear Transform
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→ Linearity

For example,
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Definition of the Laplace Transform

 L is a Linear Transform

Transforms of Some Basic Functions
Theorem 4.1

s
a

1
}1{)( L

,...3,2,1,
!

}{)(
1




n
s

n
tb

n

nL
as

ec at




1
}{)( L

22
}sin{)(

ks

k
ktd


L

22
}sinh{)(

ks

k
ktf


L

22
}cos{)(

ks

s
kte


L

22
}cosh{)(

ks

s
ktg


L

8
/219



2008_Laplace Transform(2)

Definition of the Laplace Transform

Sufficient Conditions for Existence of L{f(t)}

Exponential Order

A function      is said to be of exponential order c if there exist constants c, M>0, and 

T >0 such that                       for all t >T

Definition 4.2

f
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Definition of the Laplace Transform

 Sufficient Conditions for Existence of L{f(t)}

Exponential Order

A function      is said to be of exponential order c if there exist constants c, M>0, and 

T >0 such that                       for all t >T

Definition 4.2

f
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Since it grows faster than 
any positive linear power of e for t >c >0

Sufficient Conditions for Existence

If         is piecewise continuous on the interval [0,∞) and of exponential order c, 
then L{f(t)} exists for s>c.

Theorem 4.2

)(tf
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Definition of the Laplace Transform

 Example 5 
Transform of a 
Piecewise-Continuous 
Function

Evaluate
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Inverse Transforms

 The Inverse Problem

Some Inverse T
Theorem 4.3
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Inverse Transforms

 L-1 is a Linear Transform

 Partial Fractions
 Distinct linear factors
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Inverse Transforms

 Example 3 
Partial Fractions and 
Linearity

Evaluate

solution)
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Inverse Transforms

 Example 3 
Partial Fractions and 
Linearity

Evaluate

solution)
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Inverse Transforms

 Example 3 
Partial Fractions and 
Linearity

Evaluate

solution)
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Transforms of Derivatives

 Transform of a Derivative
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Transforms of Derivatives

 Transform of a Derivative

Transform of a Derivative

If                           are continuous on [0,∞) and are of exponential order and 
if           is piecewise-continuous on [0, ∞), then

Where 

Theorem 4.4
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Transforms of Derivatives

 Solving linear ODEs
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Algebraic equation in Y(s)

Linear differential equation 
with constant coefficient

From theorem 4.4
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Transforms of Derivatives

 Solving linear ODEs
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equations with constant coefficient)

),()()()( sGsQsYsP 

)(

)(

)(

)(
)(

sP

sG

sP

sQ
sY 

0

1

1)( asasasP n

n

n

n  

 

 

















 

)(

)(

)(

)(
)()( 111

sP

sG

sP

sQ
sYty LLL

20
/219



2008_Laplace Transform(2)

Transforms of Derivatives

 Solving linear ODEs

Find unknown y(t) 
that satisfies a DE 
and initial condition

Transformed DE 
becomes an algebraic 
equation in Y(s)

Solve transformed 
equation for Y(s)

Solution y(t) 
of original IVP

Apply Laplace transform L

Apply inverse transform  L-1
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Transforms of Derivatives

 Example 4   Solving a First-Order IVP

Use the Laplace transform to solve the IVP

Solution)
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Transforms of Derivatives

 Example 4   Solving a First-Order IVP

Use the Laplace transform to solve the IVP
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Transforms of Derivatives

 Example 4   Solving a First-Order IVP

Use the Laplace transform to solve the IVP
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Transforms of Derivatives

 Example 5   Solving a Second-Order IVP

solve
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Transforms of Derivatives

 Example 5   Solving a Second-Order IVP
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Transforms of Derivatives

 Example 5   Solving a Second-Order IVP

solve
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Transforms of Derivatives

 Example 5   Solving a Second-Order IVP

solve
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Translation on the s-axis

 Translation on the s-axis

Proof)
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First Translation Theorem

If                          and a is any real number, then

Theorem 4.6
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Translation on the s-axis

 Example 1 Using the First Translation Theorem

Evaluate
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Translation on the s-axis

 Example 2 

Partial Fractions and Completing the Square

Evaluate
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Translation on the s-axis

 Example 2 

Partial Fractions and Completing the Square

Evaluate
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Translation on the s-axis

 Example 2 

Partial Fractions and Completing the Square

Evaluate
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Translation on the s-axis

 Example 2 

Partial Fractions and Completing the Square

Evaluate
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Translation on the s-axis

 Example 3  Initial-Value Problem

Solve
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Translation on the s-axis

 Example 3  Initial-Value Problem

Solve

17)0(,2)0(,96 32  yyetyyy t
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Translation on the s-axis

 Example 4  Initial-Value Problem

Solve
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Translation on the s-axis

 Example 4  Initial-Value Problem

Solve

0)0(,0)0(,164   yyeyyy t
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Translation on the t-axis

 Unit step Function

Unit Step Function

The unit step function            is defined to be 

Definition 4.3
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Translation on the t-axis

 Example 5  A Piecewise-Defined Function

Express
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Translation on the t-axis

 Translation on the t-axis

Second Translation Theorem

If                          and a >0, then

Theorem 4.7
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Translation on the t-axis

Inverse form of theorem 4.7

Second Translation Theorem

If                          and a >0, then

Theorem 4.7
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Translation on the t-axis

42
/219



2008_Laplace Transform(2)

Translation on the t-axis

 Example 6  Using Formula (15)

Evaluate
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Translation on the t-axis

 Alternate Form of Theorem 4.7

Second Translation Theorem

If                          and a >0, then

Theorem 4.7

)()}({ sFtf L

)()}()({ sFeatatf as UL







 
a

aus

a

st duaugedttgeattg )()()}()({ )(UL

)}({)}()({ atgeattg as   LUL

“Alternate Form of Theorem 4.7”
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Translation on the t-axis

 Example 7  

Second Translation Theorem-Alternative form

Evaluate  .)(cos tt UL

Solution)
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tttgattg cos)cos()(then,,,cos)(  
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Translation on the t-axis

 Example 8  An Initial-Value Problem

Solve
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Translation on the t-axis

 Example 8  An Initial-Value Problem

Solve
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Translation on the t-axis

 Example 8  An Initial-Value Problem

Solve
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Translation on the t-axis

 Example 8  An Initial-Value Problem

Solve
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Translation on the t-axis

 Example 8  An Initial-Value Problem

Solve
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Translation on the t-axis

 Beams

)(
4

4

xw
dx

yd
EI 

When w(x) is piecewise defined, 
it is useful to use Laplace transform.

X=0 X=L

w(x)

y

x

But, in order to use Laplace transform,
we have to assume that y(x) and w(x) are defined on (0,∞)

And this is a boundary-value problem.
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Translation on the t-axis

 Example 9  An Boundary-Value Problem

Find the deflection of the beam when the load is given by
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Boundary conditions are
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Translation on the t-axis

 Example 9  An Boundary-Value Problem

Find the deflection of the beam when the load is given by
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Translation on the t-axis

 Example 9  An Boundary-Value Problem

Find the deflection of the beam when the load is given by
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Translation on the t-axis

 Example 9  An Boundary-Value Problem

Find the deflection of the beam when the load is given by
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Translation on the t-axis

 Example 9  An Boundary-Value Problem

Find the deflection of the beam when the load is given by
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Translation on the t-axis

 Example 9  An Boundary-Value Problem

Find the deflection of the beam when the load is given by
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Derivatives of Transform

Multiplying a Function by t n 

Derivatives of Transform

If                          and n=1,2,3,…, then

Theorem 4.8

)()}({ sFtf L

)()1()}({ sF
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000
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Similarly,

The proceeding two cases suggest the general result
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Derivatives of Transform

 Example 1  Using Theorem 4.8

Evaluate }sin{ kttL
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Derivatives of Transform

 Example 2  An Initial-Value Problem

Solve
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Derivatives of Transform

 Example 2  An Initial-Value Problem

Solve

1)0(,0)0(,4cos16  xxtxx
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Transform of Integrals

 Convolution

Convolution Theorem

If         and       are piecewise continuous on [0,∞) and of exponential order, 
then

Theorem 4.9

)(tf

)()()}({)}({}*{ sGsFtgtfgf  LLL

)(tg

 
t

dtgfgf
0

)()(*  Ref : Properties of convolution

Proof)
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Additional Operational Properties

 Example 3  Transform of a Convolution

Evaluate

  
t

τ τ)dτ(te
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sinL

Solution)
ttgetf t sin)(,)( 

 

)1)(1(

1

1

1

1

1

}{sin}{)()(sin

22

0












ssss

tesGsFτ)dτ(te t
t

τ
LLL

63
/219



2008_Laplace Transform(2)

Transform of Integrals

 Inverse Form of Theorem 4.9

Convolution Theorem

If         and       are piecewise continuous on [0,∞) and of exponential order, 
then

Theorem 4.9

)(tf

)()()}({)}({}*{ sGsFtgtfgf  LLL

)(tg

gfsGsF *)}()({1 L
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Transform of Integrals

 Example 4  Inverse Transform as a Convolution

Evaluate
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Transform of Integrals

 Example 4  Inverse Transform as a Convolution

Evaluate
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Transform of Integrals

 Transform of an integral
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Transform of Integrals

 Volterra integral Equation

Unknown

 
t

dthftgtf
0

)()()()(  : Volterra integral equation for f(t)
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Additional Operational Properties

 Example 5  An Integral Equation

Solve
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Additional Operational Properties

 Example 5  An Integral Equation

Solve
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Transform of Integrals

 Series Circuits

E

R L C

I

Integrodifferential equation

In chapter 3.8 we differentiate equation to eliminate integral, but 
by Using Laplace transform, we don‟t have to differentiate equation 
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Transform of Integrals

 Series Circuits

E

R L C

I

)()(
1

)(
0

tEdi
C

tRi
dt

di
L

t

  

Integrodifferential equation

In chapter 3.8 we differentiate equation to eliminate integral, but 
by Using Laplace transform, we don‟t have to differentiate equation 
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Transform of Integrals

 Example 6  An Integrodifferential Equation

Determine the current in a single-loop LRC-circuit 
When L=0.1[h], R=2[Ω], C=0.1[f],            
and the impressed voltage is            

)1(120120)(  ttttE U

Solution)
)1(120120)(1021.0

0
  tttdii

dt

di t

U

)(ti

0)0( i

      )1(120120)(1021.0
0










 tttdii
dt

di t

ULLLLL 









  ss e

s
e

sss

sI
sIssI

111
120

)(
10)(2)(1.0

22

73
/219



2008_Laplace Transform(2)

Transform of Integrals

 Example 6  An Integrodifferential Equation

Determine the current in a single-loop LRC-circuit 
When L=0.1[h], R=2[Ω], C=0.1[f],            
and the impressed voltage is            

)1(120120)(  ttttE U
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Transform of Integrals

 Example 6  An Integrodifferential Equation

Determine the current in a single-loop LRC-circuit 
When L=0.1[h], R=2[Ω], C=0.1[f],            
and the impressed voltage is            

)1(120120)(  ttttE U
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By partial fraction,
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Transform of Integrals

 Example 6  An Integrodifferential Equation

Determine the current in a single-loop LRC-circuit 
When L=0.1[h], R=2[Ω], C=0.1[f],            
and the impressed voltage is            
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Transform of a Periodic Function

 Periodic function

Proof)

Transform of a Periodic Function

If          is piecewise continuous on [0,∞), of exponential order, and periodic 
with period T, then

Theorem 4.10
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Transform of a Periodic Function

 Example 7  Transform of a Periodic Function

Find the Laplace transform of the periodic function shown in Figure
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Transform of a Periodic Function

 Example 8  A Periodic Impressed Voltage

Determine the 

t
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1 432

Solution)

(„Square wave‟)
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Transform of a Periodic Function

 Example 8  A Periodic Impressed Voltage

Determine the When )(ti 0)0( i
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Transform of a Periodic Function

 Example 8  A Periodic Impressed Voltage

Determine the When )(ti 0)0( i
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The Dirac Delta Function

 Unit Impulse
 External force of large magnitude that acts only for a very 

short period of time
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The Dirac Delta Function

 The Dirac Delta Function
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The Dirac Delta Function

 The Dirac Delta Function
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