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Vector Calculus (2)
: Vector Functions, Vector
Fields

Vector Functions

Partial Derivatives

Directional Derivatives

Tangent Planes and Normal Lines
Vector Fields and Fluid Mechanics
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Vector Functions

®m Parametric Curve B Vector Function
/y i (X(to), Y(t)) B r(t) =<X(t),Y(t)>
—D /\ = f(t)i+g(t)]
Cl ) =(xtt). yw) x(t) = f (t)
0
\ X ) y(t) =9g(t)
4 Z r\(tg:<x(to),y(to),z<to)> C\ r(t) = (x(t), y(t), z(t))
“‘\ 0(\)\;(t0),y(t0),z(t0)) _ .I:(t)i + g(t)j 4+ h(t)k
3-D Yy
0 X(t) = f(t)

/ y y() =9 (0
X y 2(t) = h(t

For a given parameter {, |, r'(t ) is a position vector of a point P on a curve C
2008_V g L
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Vector Functions
Limit of a Vector Function

If ||m f(t) , Itlm g(t) , and Itlm h(t) exist, then
t—oa —a —a

imr(®)=(lim £ 0.lma @) i)

*\\\
Theorem 9.1 Properties of Limits

If |t|m rl(t) = |_1 and ![T; I, (t) = |—2 , then
(1) Itim cr(t)=cL,, cisascalar

(i)) fim[r,(®)+r,0)]=L,+L,

(i) limr,)-r, () =L, L,

\\\\:7 /V //’/
2008 _Vector _CaIcqus(Z) 7




Vector Functions
Sy

A vector function [ issaidto be continuous at { =Q if
(1) r(a) is defined
(ii) r(t) exists, and
(i) limr (t) = r(a)
t—a

Definition 9.3 Derivatives of Vector Function

.1
The derivative of a vector [ is r’(t) = i!rrg A_’[ [r(t + At) == r(t)]

for all { for which the limit exists

2008 _Vector Qalculus(Z) _
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Vector Functions

Differentiation of Components
If r(t) — < f (X), g(X), h(X)> where f , J and h are differentiable, then

r'(t) =(f'(x),9'(x),h'(x))

B Proof

R _

r'(t) = lim X [r(t+At)—r(t)]
:Em)Ait<f(t+At),g(t+At),h(t+At)>—<f(t),g(t),h(t)>
_"m<f(t+At)—f(t) g(t+At) —g(t) 5 f(t+At)—h(t)>
 At>0 At ’ At | At

2008_Vector Calculus(2) -

B

6/159



Vector Functions

B Smooth curve

When the component function of a vector function I’ have continuous first
derivatives and I'(t) = Qforall 1 in the open interval (@,0) , then
I' is said to be a smooth function and the curve C traced by I is

called a smooth curve

2008_Vector Cgl_fcglus(Z)




Vector Functions

B Not Smooth curve ex.)
| F(t):(2t3+(4—§7r)t2—47zt+27zji+[—%c052tjj+(sint)k




Vector Functions

Differentiation of Components
If r(t) — < f (X), g(X), h(X)> where f , J and h are differentiable, then

r'(t) =(f'(x),9'(x),h'(x))

B High-Order Derivatives

Also obtained by differentiating its components.

Ex) Second-order

r'(t) =(f"(x),9"(x),h"(x))

2008_Vector Calculus(2) -
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Vector Functions

r'(t) = —2sin 2ti + costj

M Example 4 F0) =]
Tangent Vectors E_J Ne
r'(gj = _\/§| + 7]

Graph the curve C that is traced
by a point P whose position is
given by r(t)=cos2ti+sintj, 0<t<2m.
Graph r'(0) and r'(n/6). |

Solution)
- X=c0s2t =cos’t—sin“t (0<t<2rx)

= (L—sin®t) —sin’t
=1-2sin°t

L y=sint

x=1-2y*, -1<x<1

T3

2008 Vector Cg.lﬁcglus(Z)
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Vector Functions

r(3)+r'(3)-t =(9i+6j—21k )+ (6i + 5j— 7k )-t

M Example 5
=(9+6t)i+(6+5t)j+(—21- Ttk

Tangent Line

Find parametric equations of the X=9+6t, y=6+5t, z=—21—Tt
tangent line to the graph of the

curve C whose parametric equations

are x=t?, y=t2-t, z=-7t at t=3.

Solution)
r(t) =t%i+ (t* —t)j— 7tk
r(3) =9i+6j—21k

r'(t) = 2ti + (2t —1)j— 7k
r'(3) = 6i+5j— 7k

e S

2008 Vector Calculus()
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Vector Functions

M Example 6
Derivative of a Vector
Function

If r(t)=(t-2t2)i+4tj+ek,

then r’ (t)=(3t%-4t)i+4j-ek
and r"(t)=(6t-4)i+ek.

2008_Vector Calculus(2)




Vector Functions
U A

If I is adifferentiable vector function and § = u(t) is a differentiable scalar function,

then, the derivatives of r(S) with respectto | is

dr dr ds
= =r'(s)u’(t
dt ds dt (S)ut)

2008 _Vector Qalcurlus(Z)
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Vector Functions

M Example 7
Chain Rule

If r(s)=cos2si+sin2sj+e3k, where s=t4,

then
% = [— 2sin 2si +2c0s 2sj —3e‘3sk]4t3

= —8t3sin(2t*)i +8t° cos(2t*) j —12t°%e k.

2008_Vector Calculus(2) 5 ) S
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Vector Functions
Rules of Differentiation

Let r'land r2 be differentiable vector functions U(t) a differentiable scalar function.

(i)%[n(t)w ] =)+ ()

() S TR O] = UOF® + U ORO

(iii)%[n(t)-rz ] = £ 1, 0) + 1,0 - 1)

(iv)%[rl(t)xrz ()] = E(1) <1, () + 1, (O < 13

D Differentiation of Cross Product

15/159



Vector Functions

B Integral of Vector Functions

If f, g and h are integrable, then the indefinite and definite integrals

of a vector function r(t) = f (t)i+ g(t)j+h(t)k are defined, respectively, by

[ryat=([ f@dt)i+([ g®at)i+([ eyt Jc
[r@at =[] fodt i+ [ o@at )i+( [ et |

j r(t)dt =R +c, where R'(t) =r(t)

2008 Vector CaIcqus(Z)
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Vector Functions

M Example 8
Integral of a Vector
Function

If r(t)=6t%i+4e-2j+8cos4tk then

[rdt=[6t?dtf+|[4e 2 dt]j+|[8cosatatk
= [Zt3 +c1]i + [— 2e % +cz]j +[2sin4t +¢, k
= 2t°i —2e"*'j+ 2sin 4tk +c,

where c=c,i+c,j+c;k.

2008 Vector C_gjglus(Z)
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Vector Functions 9.1 Example 1.

r(t) 2 costi + 2sintj +tk, t>O
M Example 9 o .

Consider the helix of Example 1.
Find the length of the curve from
r(0) to an arbitrary point r(t).
Find the parametric equations of
the helix.

Solution)
r(t) = 2costi + 2sintj +tk = - . .
'(t) — _Dcin ti : Er(s):ZCos—|+23|n—J+—k
r'(t) =-2sinti+ 2costj + K NG NG

—\/(—Zsint)z+(2cost)2+12 f(s) = 2c05__

J5
—J4sin?t+4cos’t+1=+/5 :
S)=2sin—
g(s) T
. h(s)
2008_Vector Calculus( h _ \/g
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Partial Derivatives

Function of two variables Z = f (X1 y)

z 1 (%Y,2) where 2= f(x,y)

x\
(X, Y)

« (x.Y) X, Y independe
Domain of Z = f (X, y)

Z : dependent
variable

2008_Vector Cgl_fcglus_Z)




Partial Derivatives

Ordinary Derivatives
y e y = 1(x)
dy lim f(X+Ax)— f(x)
dx Ax-0 AX
Partial Derivatives 7 — f (X, y)
oz _ o frAxy) - f(xy) 2 f(x,y+Ay)-f(x,y)
ax Ax—>0 AX ay AX—0 Ay
ax E ay y y
partial derivative with respect to X partial derivative with respect to Y
treating Y as a constant treating X as a constant

2008_Vector Cal LCE lus(2)

S 20/159



Partial Derivatives

M Example 3
Partial Derivatives

If z=4x3y2-4x?+yb+1, find 0z/0x and 0z/0y.

2008 Vector CI_us(2)
_—
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Partial Derivatives

M Example 4
Partial Derivatives

If F(x,y,t)=e3" cos4x sin6y, then the
partial derivatives with respect to x, v,
and t are, in turn,

F (X, y,t)=—4e~"sin4xsin6y
F,(x,y,t) =6e" cos4xcos6y
F.(X, y,t) = 372" cos4xsin 6.

2008 Vector C_gjglus(Z)
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Partial Derivatives

Chain Rule y — f (U) ,U — g(X)
—y = f(g9(x))
dy oydu
dx oOu dx

it Z= f (U, V) is differentiableand U =g (X, Y) and V=h(X, y) have
continuous first partial derivatives, then

0z 0z ou 8zav 0Z 0z ou azév

OX  OU OX 8v6x oy 6uay avay

z=1(u,v)=1(g(x,y).h(x,y))

2008_Vector Calculus(2) _
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Partial Derivatives

M Example 5
Chain Rule

If 2212-v® and u=e?¥, v=sin(¢-y?), find ozlox
and 0z/oy. :

Solution)
0z 0z ou 8zav

OX Ou OX Ov OX
= 2u-(26% )-3v2[2x cos(x* — y?)

2x-3y

= 4ue®*% —6xv° cos(x’ — y?)

0z 0z ou az ov

oy ou dy v oy
= 2u- (-3e¥"¥) —3v?[(-2y) cos(x? - y?) |
= —6ue”* > +6yv’ cos(x* —y?)

2008 Vector C_gjglus(Z)
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Partial Derivatives
Chain Rule z="T(u,v) ,u=9(x,y),v=h(xy)
z=f(u,v)="1(9(x,y),h(x y))
0z 0z ou 6zav 0z 0z ou 828v

OX  OU OX avax oy ou oy avay

special case 7 =f (U,V) , U= g(t) V= h(t)

z=1(u,v)=1(g(t),h(t))
dz o6z du ozdv

= +
dt oudt ovdt

2008_Vector Cgl_fcglus_Z)
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Partial Derivatives

Chain Rule

example)
If r(x,y,z) = x2+y°z3
and x(u,v)=uveZ, y(u,v)=u?-v3s, z(u,v)=sin(uvs?),

find or/os.

or  or oX @r&y or 0z
05 OX 05 8yas 8265

= 2x(2uve®) +5y** (—v?) +3y°z* (2uvs cos(uvsz))

2008_Vector Cgl_fcglus_Z)
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Partial Derivatives

special case 7=f (U,V) , U= g(t) , V= h(t)

z=1(u,v)=1(g(t),h(t))
dz oz du+8z dv
dt oudt ovdt

generalization z="f (Ul, U2,...,Un) U, = gl(t)

U, = g,(t)

Uy = g, (1)
dz oz duy az du 62 du,
dt ou, dt 6u dt 8u dt

2008 Vector C_a‘lgglus()
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Partial Derivatives

chain Rule Z = T(U,V) , U=9g(X,y),V=N(Xy)

z=f(u,v)=f(g(t), h(t))
6z 0z ou 826v 0z 0z ou 826v

OX  Ou OX 6v@x oy ou oy avay

generalization Z = f(Ul,Uz,...,Un) ulzgl(xl’XZ"“’Xk)

U, = gz(xl’XZ""’Xk)

Uy = G (% X X,)

dz oz oy, N 0z ou, 0z ou,

= + -4
dx. ou, o, ou, OX ou, OX

2008_Vector Cal LCE lus(2)
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Gradient of a Function

Introduce a new vector based on partial differentiation

Gradients of function
Differentiable

function af _ af )
z=f(X,Y) Vf(X,Y)=&I+5J
A= F(X’ Y Z) IApply Vector differential operatgr oF . oF . OF
5 5 VF(x,y,z)=8—|+—J+—k
v=iljl X oy oz
X "oy
V= |£+jg+kg
X "oy 0z

V :“del” or “nabla”

Vf :"gradf “

2008_Vector Cgl_fcglus(Z)
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Directional Derivatives

of

— :Rate of change of f in the | -direction

OX

A

/
z=f(X,y)

2008_Vector Calculus(2) _ _
mm— - = , ‘:}' . P e T, R = v . 30/159




Directional Derivatives
of

oy

:Rate of change of f in the _] -direction

/
z=1(X,y)

A\ %

ve.

2008_Vector Calculus(2) _ _
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Vf(x,y):g—in@j

Directional Derivatives oy

1
C;.’; The rate of change of f in the direction given by the vector U: D, f

— |
z=1(xy) | The rate of change of f in the direction of X :ﬂ

OX

f f
The component of Z— in the direction of U : 2—0086’
X X

of

The rate of change of f in the direction of y: 8_y

o . —
The component of @ in the direction of U : %cos(g—e)

=ﬂsin¢9

The rate of change of f in the direction given by the vector U: D, f

= +

of of .
= —Ccosf + —sino
OX oy

= (ﬂi +ﬂj)-(cosei +sin@j)=Vf -u
2008_Ve):(ctor (.az}fculus(Z)

S
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Directional Derivatives

z=T(X,Y)

~F(X+AX, y+AY)— T (X,Y)

:0)

Slope of indicated
secant line is

f(X+AX,y+Ay)-f(x,y) f(x+hcos@,y+hsing)—f(x,y)
h B h —




Directional Derivatives

z=T(X,Y)

~f(X+AX, y+Ay)— f(X,Y)

Slope of indicated
secant line is

f(X+AX,y+Ay)-f(x,y) f(x+hcos@,y+hsing)—f(x,y)
h ; h —




Directional Derivatives

z=1(x,y)

S (X+AX, Y+AY)— T (X,Y)

As h — 0 we expect the slope of secant line would be tangent line
f(X+AX,y+Ay)-f(x,y) f(x+hcos@,y+hsing)—f(x,y)
h B h —




Directional Derivatives

Slope of secant line

f(x+AX,y+Ay)-f(x,y) f(x+hcosd,y+hsind)— f(x,y)
h h

Definition 9.5

The directional derivative of Z = f (X, y) in the direction of a unit vector
u=cosédi+singdj is

Directional Derivative

f(x+hcos@,y+hsind)— f(x,y)

D, f(x,y)=lim "

provided the limit exists.

6 =0 implies D, f (x, y) = lim XY= T y) _ &
h—0 h 8X

6’:% implies D, f (x, Y)=|hi”(} T y+h)-Txy) o

h oy
2008 _Vector gal_cullus(Z) )
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Directional Derivatives

-
Theorem 9.6 Computing a Directional Derivative |

i 7= f (x, y) is differentiable function of x and y and U =Cc0S@i+Sin @ j

then,
| Duf(X,y):Vf(X,y)°U |
< 4
Proof)

g(t) = f(x+tcosd,y+tsinb)

by definition of a derivative
g(0+h)—-g(0) _ lim f(Xx+hcosd,y+hsing)— f(x,y)

h—0 h

g'(0) =lim =D, f(x,y)

by the Chain Rule,

g'(t)= f,(x+tcosd,y+tsin 9)%(x+tcos€)+ f,(x+tcoséd,y+tsin 9)%(y+tsin 0)
= f,(x+tcosd,y+tsinf)cosf+ f,(x+tcosh,y+tsing)sin g

-.9'(0) = f,(x,y)cos &+ f (X, y)sing

2008_Vector Calculus(2) _
{;‘ - - Ay

37/159



Directional Derivatives

Theorem 9.6 Computing a Directional Derivative

f 7= f (x, y) is differentiable function of x and y and U =Cc0S@i+Sin @ j
then,

Duf(X’ y):Vf (X’ y)U

\

Proof)

g(t) = f(x+tcosd,y+tsino) Vf(x,y):ﬂn—j
ox oy

D, f(x,y)=9'(0) = f,(x,y)cos &+ f (X, y)sin&
=[ £, )1+ f,(% y)J]-(cos @1 +sin 6 J)
=VI(x,y)-u

2008 _Vector Qalcurlus(Z)
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Directional Derivatives

M Example 2
Gradient at a Point

If F(x,y,2)=xy?+3x%-23, find V' F(x,y,2)

Solution)

VFE(X,Y,2) = i(xy2 +3x* - 2%)i
OX
0 2 2 _3y:
+—(Xy“+3x°=2°)]
dy
+£(xy2 +3x° -2k
dz
= (y* +6x)i +2xyj—3z°k
VF(2,-1,4) =13i — 4j— 48k

2008 Vector C_gjglus(Z)
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Directional Derivatives ox oy

Theorem 9.6 Computing a Directional Derivative

2= f (X, y) is differentiable function of x and y and U =Cc0S@i+Sin g j

e D, f(x,y)=Vf(x,y)-u
D, f(x,y)=[f. 0 y)i+f,(xy)]]-(cos@i+sind )
=VI(x,y)-u
2 Z = £ (x,Y)
N
T L | y
...................... j
gﬁj .......

2008 _Vector gal_cullus(Z)
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Directional Derivatives

| Example 3 u:cosei+sin9j=cos%i+sin%j
Directional Derivative 5

Find the directional derivative of By 1060} = WAL

f(x,y)=2x?y3+6xy at (1,1) in the direction . (V3. 1.
of a unit vector whose angle with the = (101+12))- 7' +§J
positive x-axis is n/6. :

................................................................................................................... :5\/§+6

Solution)

of . of .
Vf(x,y):&ng

= (4xy° +6Y)i+ (6X°y* +6X)j

Vf (L1) =10i +12j

2008_Vector Cgl_fcglus(Z)
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Directional Derivatives

M Example 4 — 1. 1.
. . . . PQ=u-= | +—]
Directional Derivative J2. 2
Consider the plane that is
perpendicular to the xy-plane and D,f(2,1)=Vf(21)eu
passes through the points P(2,1) and o 1 1 .
Q(3,2). What is the slope of the tangent = (161 +2J)‘(\/§ I+ \/Ejj
line to the curve on intersection of this
plane with the surface f(x,y)=4x?+y? at =92

(2,1,17) in the direction of Q?

Solution)
f(Xx,y)=4x"+y*
VT (X, y)=8xi+2yj
Vf(2,1) =16i +2j

2008 Vector Cg.lﬁcglus(Z)
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Directional Derivatives

M Example 5 |61 +2j+3K| =7

Directional Derivative u:%-(6i+2j+3k)=gi+%j+§k

Find the directional derivative of
F(X,y,2)=xy?-4x?y+z° at (1,-1,2) in the

direction of 6i+2j+3k. o 6. 2. 3
................................................................................................................... DUF(l,_l,Z):(9|_6J+4k)‘(?|+?_l+;k}

Solution) :
f(X,V,2)=xy*—4x°y+z° 54
VH(X,Y,2) =2 (xy* 4y + 2) T
X

a 2 2 -
+—(Xy —4x°y+12)]j
oy

+£(xy2 —4x°y +7)k
0z

= (y* —8xy)i+ (2xy —4x?)j+2zk
Vi (1,-1,2) = 9i — 6j+ 4k

2008_Vector Calculus(2)
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Directional Derivatives

VI Points in the direction of maximum increase of f at P

The rate of change of f in the direction given by the vector U :
D, f(xy)=[f,(x,y)i+f (X y)j]-(cos@i+sindj) =VI(x,y)-u

D, f =|Vf||u|cos¢ =|Vf|cos¢, ¢:angle between VF and u
—1<cos¢ <1

The maximum value of Du f Du f = ‘Vf ‘ , When COS¢ = 1, ¢ = O

U has the same direction of Vf

VT is the direction of maximum increase of fat P

—V/ T is the direction of maximum decrease of fatp

2008_Vector “Cg‘lécg I‘us(2)
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Directional Derivatives

M Example 6
Max/Min of Directional
Derivative

In Example 5 the maximum value of the directional derivative at F at (1,-1,2) is

|VF (1-1,2)] = v133.

The minimum value of D, F(1,-1,2) is then —+/133.

e S

2008 Vector Calculus()
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Directional Derivatives

M Example 7
Direction of Steepest

Ascent

Each year in Los Angeles there is a
bicycle race up to the top of a hill by a
road known to be the steepest in the
city. To understand why a bicyclist with
a modicum of sanity will zigzag up the
road, let us suppose the graph of

- Thus the steepest ascent up the hill is a
. straight road whose projection in the

5 - xy-plane is a radius of the circular base.
fxy)=4-24x*+y", 0<z<4, - Since D, f=comp,Vf, a bicyclist will

- zigzag, or seek a direction u other than

shown in Figure (a) is a mathematical : , ,
- Vf, in order to reduce this component.

model of the hill. The gradient of f is

-y J}: 213 r

VIi(x,y)=—
53 [w/x +y? w/x +y? X+ y°
where r=-xi-yj is a vector pointing to

the center of the circular base.
2008_Vector a(;aﬁlﬁcg‘!q.s(Z)
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Directional Derivatives

M Example 8 VT(%,l,l)z%k
Direction to Cool Off
Fastest . To cool off most rapidly, the mosquito

. should fly in the direction of -1/4k;

The temperature in a rectangular box is : that is, it should dive for the floor of
approximated by - the box, where the temperature is

T(x,V,2)=xyz(L—x)(2—-y)(3-2) T(x,y,0)=0.
0<x<1,0<y<2 0<z<3.

If a mosquito is located at (¥2,1,1), in
which direction should it fly to cool off
as rapidly as possible?

Solution)

VT(X, y, Z) _ 8T(X, Y, Z) i—l—aT(X’ Y, Z)j—|—5T(X’ Y, Z) "

OX oy Py _
=-yz(2-y)(3-12)(1-2x)i
+xz2(1—xX)(3-2)(2-2Y)j

+xy(1—x)(2-Yy)(3-22)k
2008_Vectorg(23|ﬁcg[9_s\_(§)
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Directional Derivatives

Level Curves

surface

z=1(xy)

increasing
value of f

<
>
\%

@ Level Curves
f(x,y)=c

2008_Vector Calculus(2)
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Directional Derivatives

Level Curves

increasing
value of f

2008_Vector Calculus(2)
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Directional Derivatives

Level Curves

Z Fae
surface
/ B Ty Y
A
@ increasing
f(x,y)=c value of f
X Surface

The rate of change of f in the direction U
given by the vector : D _f (X, V)

1=

% D, f(xy) =0
f(P)-f(P) 10-10
- PR PP,

2008 Vector C_gjglus(Z)
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Directional Derivatives

Level Curves

Z Fae
surface
/ B Ty )

A

@ increasing
f(x,y)=c value of f

X Surface N
X

The rate of change of f in the direction U
given by the vector : D _f (X, V)

% D, f(xy) Vs. D f(xY)

f(R)-(R) _f(R)-f(R)
PZPO P3PO

' P,P, is the shortest path between c=10 and c=1

2008_Vector Calculus(2)
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Directional Derivatives

Level Curves

P

surface y

/ N \ Z=T(xy)
“Agec

X Surface ' -\
- 10 \evel Curves X

U,

Z

increasing
value of f

Vv

The rate of change of f in the direction U
given by the vector: D f (X, Y)

Vi is the direction of
maximum increase of T at P,

. I} Ref : Optimization — Steepest Descent Method
e S — -

~— "
 —

2008 Vector C_ilhc__uusr(Z) -
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Gradient as Curve Normal Vector

f (x(t),y(t))=c : A curve passes through a specified point P(X,, Y,)

r = (X(t), y(t)) . A position vector of a point on the curve.

f(x(®),y®)=c =

dt

of dx of dy

Lhs - OF (x(®). y(©) _
dt

 ox dt

"oy dt

(af of j (dx.
+—] | +
oX oy dt

=VI(Xx,Y)
S VE(X, y)er(t) =0

2008_Vector “Cg‘lécg I‘us(2)

dy .
dt Jj

= r (t) Tangent vector

df (x(t), () _

r(t)

curve

Vi (X, y) is normal to the curve at the point P.

. 53/159



Gradient as Curve Normal Vector

M Example 1
Gradient at a Point

Find the level curve of f(x,y)=-x2+y?
passing through (2,3). Graph the
gradient at the point.

Solution)

f(2,3)=—22+32 =5

Level curve : —X2 + y2 — 5 VI

VI (X, y) =-2XI+2V]
VI(2,3)=-2-21+2-3]

SN 54/159



Gradient as Surface Normal Vector

Tangentplane F = const

surface S: F(x,Vy,2)=c )
curve C on the surface:

ri)=x(t)i+y(t)j+z(t)k
F(x(t),y(t).z(t))=c

dF (x(t), y(t), z(t))
dt

=0

oF dx oF dy oF dz oF. OF . OF
LHS: =li—14+—01+—k ]e
xdt oy ot e o [axHayH@zk (Xi+yj+2K)
/i =1(t)
RHS 0 = VF (x(t), y(), 2(t)) |

Tangent vector to curve C at the point P on the surface
The tangent vectors of all curves on S passing through P
will generally form a plane, called tangent plane of S at P

.VFer=0 V F iIs normal to the Surface at the point P.

2008_Vector gail'_cuﬂlqs(Z) )
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Gradient as Surface Normal Vector

M Example 2

Level surface : X* +y° +2° =3
VE(X,Y,2)=2xi+2y)+2zk

Gradient at a Point !
Find the level surface of i 4 LS
F(X,y,2)=x2+y2+z2 passing through | W e
(1,1,1). Graph the gradient at the - 174;471, L 1)
point. L — ;t L g——y
................................................................................................................... SN

- |

Solution) / i Ry = 3
F(111) =1°+1°+1° =3 4 i

VF(LL1Y) =2-1i +2-1j+2-1K

2008_Vector Calculus(2)
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Tangent Planes and Normal Lines

Tangent Plane

Definition 9.6 Tangent Plane

Let P(X,, Yy, Z,) be apoint on the curve of F(X,Y,Z)=Cwhere VF is notO0.

| The tangent plane at P is that plane through P that is perpendicularto VVF evaluatedatP
A %

VF (X, szo)/

\ / Tangent Plane

F(x,y,z)=c

(xy,2)

' Yor Zo

i Normal Line

The line containing P(Xy, Y1 Zo) that is parallel to VF(X,, Yy, Z,) is called normal line

2008_Vector Calculus(2)
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Tangent Planes and Normal Lines

VF (X Yo» Zo)/

\ / Tangent Plane
F(x,y,z)=cC
(X, Y,2)
» Yor Zo
4 VE (X5, Yo, Z0) - (r—rp) =0
Z t
y
X i
Equation of Tangent Plane A

Let P(X,, Yo:2Z,) be apoint on the graph of F(X,Y,Z) =C where VF is not 0. Then
an equation of the tangent plane at P is

F (Xos Yor Zo) (X—=Xo) + F, (%01 Yor Zo)(Y = Vo) + F, (X1 Yo, Z5)(2 = 24) =0
A\

)
2008 _Vector galcuAlus(Z) )

>
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Tangent Planes and Normal Lines

M Example 3 equation of the tangent plane :
Equation of Tangent Plane F.(Xy, Yo, Zo)(X—X,)
Find an equation of the tangent +Fy (X0, Yo, Zo)(Y = ¥o)
g)la(r;’eljcdc;.the graph of x2-4y2+72=16 +F, (X, Vo, 2,)(z = 2,) = 0
solutiom - A(x—2)—8(y 1) +8(z— 4) = 0
F(X,y,2)=%x"—4y° +2° X—2y+2z=8

F(21114) — 22 _4’12 +42 :16
|:x (X1 y! Z) — 2X; FX (2,1,4) =2
F, (% y,2)=-8y, F,(214)=-8

|:z (X1 Y, Z) =21, FZ (2,1,4) =3

2008 Vector CaIcqus(Z)
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Tangent Planes and Normal Lines

M Example 4 s;
Equation of Tangent -:

|
Plane
VECL.<1,5) i

|
!
Find an equation of the tangent plane |

’Ecl) tlhg)graph of z_%x +1y +4 at o 728 | >
Solution) equation of the tar:gent plane :
F(x, y,z)=%x2+%y2—z+4 F (Xg, Yor Zo)(X—X,)
” 15)_3 +£ 15140 -+ F (X0 Yor Zo)(Y = Yo)
2 2 +F, (%01 Yo, Z0)(2—2,) =0
VE(X,Y,2) = Xi + yj—K  (x+D)=(y-1)—(z-5)=0
VF(L-15)=i-j-k Xty+z=T

2008_Vector Calculus( )

< 60/159



Tangent Planes and Normal Lines

~ Example 4.

M Example 5 1.1, .
. i ==X +— + =T
Normal Line to a Surface 2 2’ 9
Find parametric equation for the VEL-L5 | T
normal line to the surface in Example 4 ' i L
at (1,-1.3). (1,=1,0) “ B

Solution)

1 1
F(X,V,2)==X*+=-Vy°—z7+4
(X, Y,2) S
VE(X,y,2) =xi+yj—k

— X=1+t
y=-1-t
— z=5-t

2008_Vector Calculus(2)
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Tangent Planes and Normal Lines

The tangent plane at I =r(U,,V,) contains

or or

two tangent vectors — =
ou ov

So the normal to the surface is a multiple of

their vector product.

2008_Vector Cal LCE lus(2)




Tangent Planes and Normal Lines
n:i(gx@j/
ou ov

Ex) On the paraboloid of revolution given by
r =r(t, ) = 2at cos gi + 2at sin ¢j + at’k

We have

i J Kk
gxﬂ: 2acos¢g 2asing 2at
o o —2atsing 2atcos¢ O

= —4a*t® cos gi — 4a’t’ sin ¢j + 4a’tk
or or|

— X —

ot

Then

—16a’t2(1+1?)

Hence

n=

(—tcosg,-tsing,1)
J1+t?
2008_VectorMCE|AcLi|_us(2) 7

=

. 63/159



Lines and Planes in 3-Space

B Lines: Vector Equation

P(x,y,2)
I:)2 (X2’ y2’ 22)

To find an equation of the line through
P, and P, , assume P is any point on
the line.

r—=r, =t(|’2 _rl)
a="r—r
Vector equation for the line £, is

r=r, +ta

|

direction vector

r=r,+ta, r=r, +t(-a), r= a +t(ka), Are also equation of &,

2008_Vector Cgl_fcglus(Z)
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Lines and Planes in 3-Space

B Example 1 Vector Equation of a Line

Find a vector equation for the line through (2,-1,8) and (5,6,-3)

o) et a=(2-5,-1-6,8—(-3)) =(-3,7,11)

Then, The three possible vector equations for the line :

(2,-1,8)+t(-3,-7,11)
(5,6,-3)+1t(-3,—7,11)
(5,6,-3)+1(3,7,-11)

(%,Y.2)
(% Y:2)
(%,Y.2)

2008_Vector “Cg‘lécg I‘us(2)

S—
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Lines and Planes in 3-Space
B Parametric Equations

r=r,+ta

Write this equation by component,

<X’ Y, Z> — <X2 +t(X2 — Xl)’ Y, +t(y2 _ yl)’ Z, +t(22 _ 21)>
= (X, +at,y, +a,t, z, + a;t)

X=X, +atl, y=y,+at, z=2z,+ajt

This is called parametric equations

2008 Vector C_gjglus(Z)
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Lines and Planes in 3-Space

B Example 2 Parametric Equations of a Line
Find a parametric equations for the line in Example 1

<X, y,z> =<2,—l,8>+t<—3, —7,11> . Line in Example 1

Sol)
(X ¥,2)

(2-3t,—1-7t,8+11t)

X=2-3t, y=-1-7t, z=8+11t

2008_Vector Cal LCE lus(2)
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Lines and Planes in 3-Space

B Example 3 Vector Parallel to a Line

Find a vector a that is parallel to the line &, whose parametric equations are

X=4+0t, y=-14+5t, z=1-3t

Sol) The coefficients of the parameter in each equation are the components of
a vector that is parallel to the line.

sa=91+5)-3k

2008_Vector Cgl_fcglus(Z)
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Lines and Planes in 3-Space

B Symmetric Equations

From X=X,+at, y=y,+at, z=z,+at

x—x2:y—y2_z—zz

& a, ds

t =

X_Xzzy_Y2_Z_Zz

a a, ds

Are said to be symmetric equations for the line through P, and P,

2008 Vector C_ilhc__uusr(Z) -
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Lines and Planes in 3-Space

B Example 4 Symmetric Equations of a Line

Find a symmetric equations for the line through (4,10,-6) and (7,9,2)

Sol) X—X, y—y2_2—22 . .
= = Symmetric equation

a, a4
a,=4-7=-3, a,=10-9=1 a,=—6-2=-8

X—7 y=-9 17-2
3 -1 8

2008_Vector Cal LCE lus(2)
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Lines and Planes in 3-Space

B Example 5 Symmetric Equations of a Line

Find a symmetric equations for the line through (5,3,1) and (2,1,1)

X—X, Y-V, Z1-12
Sol) 2 = 2 = 2 Symmetric equation

& d, dg
Comes from X=X, +al, y=Y,+at, z=12,+aj

a=5-2=3, a,=3-1=2, a,=1-1=0

X_—5:t’ y_—3:t’ 7 -1

X=X, +at, y=y,+at, z=z,+at

3
a, =3, a2=2,a3=0J

(X;,Y,,2,) =(5,31) X-5_y-3

cz=1

3 2

. 71/159



Lines and Planes in 3-Space

B Example 6 Line Parallel to a Vector

Write vector, parametric, and symmetric equations for the line through (4,6,-3) and

parallel to @ ="51—-10]+ 2K

Sol) <X, Y, Z> = <X2 + alt, Y, + 8.2'[, Z,+ a3t> Vector equation

X=X +at, y=Y,+at, Z=7Z,+al Pparametric equation
X=X Y=Y _ 275 Symmetric equation
& d, A
Vector : (X,y,z)=(4,6,-3)+1(5,-10,2)
8 =9 8,=-10,a,=2 pParametric: x=4+5t, y=6-10t, z=-3+2t

X=X _ Y=Y _2-4

Symmetric:

al a'2 a3

2008 Vector CaIcqus(Z)
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Lines and Planes in 3-Space

B Planes: Vector Equation

4 D L 2

% :

I'n P .yyo P(X,}y, 2)
l r—r,
iy

\_ /

Through a given point If point and normal are n - (r —r ) =0
there pass an infinite specified, only one 1
number of planes plane is determined. “Vector equation of plane”

73/159



Lines and Planes in 3-Space

B Cartesian Equation

4 I”\

o
Pl%.)’%ﬁ P(x,y,2)
\_ _/

2008 Vector C_gjglus(Z) .

n-(r—r)=0
If normal Vector is N = al + b_] +ck

a(x—x1)+b(y—y1)+c(z—zl)=0

“Cartesian Equation” of plane
containing P.(X,Y;,2)
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Lines and Planes in 3-Space

B Example 7 Plane Perpendicular to a Vector

Find an equation of the plane that contains the point (4,-1,3) and is perpendicular
to the vector N = 21+ 8] —5K

Sol)

2(x—4)+8(y+1)-5(z-3)=0
or 2x+8y—-5z2+15=0

Y
Plane with Normal Vector
The graph of any equation gy + by +cz+d =0,a,b,cnotall zero, is a plane with the
. normal vector n — gj + bj +ck )

2008 _Vector galcuAlus(Z)

>
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Lines and Planes in 3-Space

B Three noncollinear points

(r,— rl)X (,—n)

n-(r— rl) =0 “Vector Equation”

n=(r,—r)x(;-n)

[(r,—r)x(r,-r)]-(r-r)=0

Three noncollinear points P, P, and P,
also determine a plane

2008_Vector Cal LCE lus(2)
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Lines and Planes in 3-Space

B Example 9 Three Points That Determine a Plane

Find a equation of the plane that contains (1,0,-1),(3,1,4) and (2,-2,0)

(3,1,4)
(2,-2,0)

soy (1,0,-1)

}v:i+3j+4k
(3,1,4)

}u =21+ J+5K

(X,y,2) . _
(2’_2,0)}W=(X—2)I+(y—|—2)j+2k
I ] K
uxv=2 1 5
1 3 4
(UxV)-W =0 yields

—11(x—2)-3(y+2)+5z2=0 or —11x- 3y+52+16 0

2008 Vector Calculus( )

= —11i-3j+5k
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Lines and Planes in 3-Space
B Graphs

To graph a plane, we should try to find

(1) the X-,y-, and z-intercept

If necessary,

(I1) The trace of the plane in each coordinate plane

2008 Vector C_ilhc__uusr(Z) -
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Lines and Planes in 3-Space
B Example 10 Graph of a Plane

Graph the equation 2X+3y+6z=18

Sol) y:O, 7=0 gives X=9 x—intercept:9
x=0,z=0 gives y=6 — Yy—Intercept==6
x=0, y=0 gives z=3 Z —intercept =3

Z A
3

2X+3y+6z=18 /T

2008_Vector Cal LCE lus(2)
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Lines and Planes in 3-Space
B Example 11 Graph of a Plane

Graph the equation 66X +4Yy =12

Sol) X— intercept =2 In three dimensions, it is the trace of a plane in the
. xy-coordinate plane.
y—intercept=3 g

Since z is not specified, it can be any real number /

6x+4y =12 1

v

2

2008_Vector Cal LCE lus(2)
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Lines and Planes in 3-Space
B Example 12 Graph of a Plane

Graph the equation X+ Yy —2Z = 0

Sol) Trace in xz-plane(y=0) is z=x

Trace in yz-plane(x=0) is z=y
Z T

X+y—-z=0

v

2008_Vector Calculus(2)
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Lines and Planes in 3-Space

B Example 13 Line of Intersection of Two Planes

Find parametric equations for the line of intersection of
2x—3y+4z=1
X—Yy—2=95

Sol) In a system of 2 equations and 3 unknowns, we choose one variable
arbitrary, 7 =t

Then 1447t

y =9+06t
Z=1

2008_Vector Cgl_fcglus(Z)
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Lines and Planes in 3-Space

B Example 14 Point of Intersection of a Line and Plane

Find the point of intersection of the plane 3x —2y +z =-5
and the line X=1+t,y=-2+2t,z =4t

Sol) For some number 1;, plane and line are intersect in a point (XO, Yo Zo)
So, 2(1+t,)—2(—2+2t,)+4t,=—5 or t,=—4 \

X, =-3, ¥, =-10, z, =-16

-

ulus(2) 7 _ \

2008 _Vector C_a.lﬁc
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Vector Fields

Vector Fields : Vector Functions of two or three variables
F(x,y)=P(x,y)i+Q(X,y)j

F(X,y,2)=P(X,y,2)1+Q(X,Y,2)J+ R(X, Y, 2)k

¥ $1/Z
— SN Yy
& s \\l/
v <<
= iE & N
\ a7 S
— 77N

Air flow around Magnitude of

an airplane win e Force around two
P 2 attractive foree equal positive charge

2008 Vector (;_aal.cuus()
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Vector Fields

Exambple \/x +y® =1 : At the points (1,0), (0,1), (-1,0),
P . . - (0,-1), the corresponding vectors j, -i, -j, i
Two-dimensional Vector have the same length 1.
Field w/x +y? =2 : At the points (1,1), (-1,1), (-1
- 1), (1,-1), the corresponding vectors —i+j, -I-j,
Graph the two-dimensional vector -J i+j have the same length /2.
field  IX*+y? =4 : At the points (2,0), (0,2), (-2,0),
F(X,y)=-yi+X]. - (0,-2), the corresponding vectors 2j, -2i, -2j,
................................................................................................................... 2| have the same length 2.
Solution) | y
FLY) =—i+]j
F(X,y)=-Yyi+X]
[FOG Y)Y =+ y? + %7 =4/x2+y? .
Vectors of the same length k must lie 2 X

along the curve defined by /x?+y? =k.

2008 Vector Calculus( )

e
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Vector Fields and Fluid Mechanics

Fluid Kinematics* : how fluids flow and how to describe fluid motion
‘Lagrangian Description

S,

losed system analysis

Keeping track of

the position vector X, (t), Xg (t), Xc (t), e
and the velocity vector V/, (t), V; (), V. (), ...

of each fluid particle, . . .

2008_Vector Calculus(2)
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Vector Fields and Fluid Mechanics

Fluid Kinematics* : how fluids flow and how to describe fluid motion

*Lagrangian Description *Eulerian Description

closed : system analysis

Keeping track of

the position vector X, (t), Xg (t), Xc (t), e
and the velocity vector V/, (t), V; (), V. (), ...

of each fluid particle, ' . .

2008_Vector Calculus(2)

*Cimbala J.M., Cengel Y.A,, Essential of Fluid Mechanlcs Fundamental and Appllcatlon McGraw Hill, 2008 p90~95
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Vector Fields and Fluid Mechanics

Fluid Kinematics* : how fluids flow and how to describe fluid motion
sLagrangian Description -Eulerian Description

P /
ppen system analysis

Define Field Variables

Keeping track of

the position vector (t) X (t)’ X, (t)’ The field variables at a particular location and
and the velocity vector V, (1), V; (1), V. (1), ... agantculantimei=
¢ each fluid ticl the value of the variable for whichever
of each fluid particle,
P . . . fluid particle happen to occupy that location
2008_Vector CaIcqus(») ‘ at that time -
" TR — 88/159
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Vector Fields and Fluid Mechanics

Fluid Kinematics* : how fluids flow and how to describe fluid motion
Eulerian Description

Define Field Variables

The field variables at a particular locati

P(X, ¥y, 2,1)
V(X, Y, 2,t)
a(x, ¥y, 2,1)

A particular time is...
the value of the variable for whichever

fluid particle happen to occupy that location EERER R ol volume

e

.
e W% -

at that time

T 2 P(X,,Y,,Z,,1)
open system analysis V(X,,Y,,2,t)

. - a(XZ’y2’22’t)

2008_Vector Calculus(2) _
o —— Tois . . .. EERSSTT]
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Vector Fields and Fluid Mechanics

Fluid Kinematics* : how fluids flow and how to describe fluid motion
Eulerian Description

Define Field Variables

The field variables at a particular locati

P(X, ¥y, 2,1)
V(X, Y, 2,t)
a(x, y;,z,,t)

A particular time is...
the value of the variable for whichever

fluid particle happen to occupy that location s
- s P
Ve ')‘:‘f A-..g“

¢+

ontrol volume

at that time

-~

4- -
- : p(leyzlzzlt)
open system analysis V(X,,Y,,2,,1)
. - a(XZ’yZ’ZZ’t)

2008_Vector Calculus(2)
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Vector Fields and Fluid Mechanics

Fluid Kinematics* : how fluids flow and how to describe fluid motion

*Eulerian Description

P(Xs Vis 215 tp)
V(% Y1 23, 1)
a(x, ¥;,2,t)

\

.

(1.3,2)

ACRAYAY

r.2()(2’ y2’ ZZ’tO)

r:position, p:pressure
'V :velocity, a:acceleration

P0G, Y21 22,1)
V(X5, Yy, 2,.1)

a(X,, ¥», 25, 1)
2008_Vector CI_uIs(Z)

T at— - [y S IS
*Cimbala J.M., Cengel Y.A, Essential of Fluid Mechanics : Fundamental and Application, McGraw Hill, 2008, p90~95
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Vector Fields and Fluid Mechanics

Fluid Kinematics* : how fluids flow and how to describe fluid motion

*Eulerian Description

p(xl’ y1’21’to)= 2
V(X Y1, Z1’t0)=(3,2,3)
a(x, Y1, 21, %) =(1,2,2)

ACRAYAY

r.2()(2’ y2’ ZZ’tO)

r:position, p:pressure
'V :velocity, a:acceleration

P0G, Y21 22,1)
V(X5, Yy, 2,.1)

a(X,, ¥», 25, 1)
2008_Vector CI_uIs(Z)

S a— - L e S R ——
*Cimbala J.M., Cengel Y.A, Essential of Fluid Mechanics : Fundamental and Application, McGraw Hill, 2008, p90~95
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Vector Fields and Fluid Mechanics

Fluid Kinematics* : how fluids flow and how to describe fluid motion

*Eulerian Description

r:position, p:pressure
'V :velocity, a:acceleration

2008_Vector Calculus(2)
_ = 3

*Cimbala J.M., Cengel Y.A, Essential of Fluid Mechanics : Fundamental and Application, McGraw Hill, 2008, p90~95

D> | Ref. Lagrangian & Eulerian Description

P(X, Y1, 2,4) = 2.5
V(X ¥, 2,1) =(1,2,1)
a(xi’ yl’ Zl’tl) =(3'3'1

ACHTAN

(%) Y2, 2, 4)

P(Xs, Yy, 250 1)
V(X,,Y,,2,,t)
a(Xy, ¥z, 25, 4)

P ol R e
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Vector Fields and Fluid Mechanics
B Example 4-1* A Steady Two-Dimensional Velocity Field

A steady, incompressible, two-dimensional velocity filed is given by

V =(u,v) =(0.5+0.8x)i+(1.5-0.8y)]

A stagnation point is defined as a point in the flow field where the velocity is
identically zero.

(a) Determine if there are any stagnation points in this flow filed and, if so, where?

(b) Sketch velocity vectors at several locations in the domain between x=-2 to 2 and
y=0to 5

Sol) @) u=05+08x=0 — x=-0.625

Stagnation point
v=15-08y=0 —» y=1.875 }

2008_Vector Calculus(2)
= _— - 4 - -
*Cimbala J.M., Cengel Y.A, Essential of Fluid Mechanics : Fundamental and Application, McGraw Hill, 2008, p91
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Vector Fields and Fluid Mechanics

B Example 4-1* A Steady Two-Dimensional Velocity Field
V=(u,v)=(0.5+0.8x)i+(1.5-0.8y)]

(b) Sketch velocity vectors at several locations in the domain between x=-2 to 2 and

y=0to 5
4— / j
S—Tr * 4
y Stagnation point
2 1 = « 0O » — >
1 = KA A z
oL " \\| ¥ /7
] ] ] | | 1
= | I
-3 -2 -1 0 1 2 3
2008 _Vector S:»alCUA!LVJ.SA(Z) ) X

i - = M'._; — -
*Cimbala J.M., Cengel Y.A, Essential of Fluid Mechanics : Fundamental and Application, McGraw Hill, 2008, p91
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Curl of a Vector Fields

Definition. Curl (introduced by Maxwell*)
Let V(X Y,2)=[v,Vv,,V;]=Vvii+V,]J+V;K be a differentiable vector
function of Cartesian coordinates X, Y, z.

Then the curl of the vector function v or of the vector field
given by v is defined by the “symbolic” determinant

I ] K
curlv=Vxv= 0 0 9
oXx oy 01
Vl V2 V3

_ oV, OV, i+(av1—6v3jj+ v, oV K
oy oz oz OX OX oYy

2008_Vector “Cg‘lécg I‘us(2)

S—

SN 96/159



o, ov,). (ov, oavy). (ov, ov

Curl of a Vector Fields C“”V:(E‘E]”(E‘&j”[a‘a

Let v=[yz,3zx,z]=yzi+3zxi+zk with right-handed x,y,z.
Find curl v.

Solution)

curly =| Y _ e i+(a"1—a"3jj+ Ny _ M e
oy oz 0z OX ox oy

[0z 03X i+(ayz_azjj+ 03zx _oyz ),
oy 0z 0L OX oX oy

=—3XI + Y]+ 2zK

2008_Vector Cal LCE lus(2)
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Curl of a Vector Fields

Paddle device
oA

If a paddle device is inserted in a flowing fluid,
then the curl of the velocity field vis a measure &>
of the tendency of the fluid to turn the device
about its vertical axis w.

Paddle device

Physical Interpretations

—Xg—=Xs—>X5 = Xa=X =X
Irrotational flow Rotational flow
(curl F=0) (curl F=0)

2008_Vector Calculus( )
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Curl of a Vector Fields

revolution
—

‘ In a tornado the winds are rotating about the eye,
and a vector field showing wind velocities would have a

non-zero curl at the eye, and possibly elsewhere.

~

i ] kK rotation

V(X y,z)=yi+X] vav=lL 9 91 gjs0j—2k = -2k
oXx oy 0z
y - y —-x 0

-
.
\
X
\
1
¥
t
'
’
’
’
s
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http://en.wikipedia.org/wiki/Image:Curl_of_uniform_curl.JPG

Curl and Rotation in Fluids

Ay |
oV
V+— AX
y Vv ‘ OX
‘ AX

2008 Vector C_ilhc__uusr(Z) -

vV A 22 2% Ot yEe SEE
vell g 0, X'EOE Ax B2 B
KEOACS yetsr &

(Tayler Series Expansion)

I'

v=Vv(xY,1)
lytj}_ﬂ X 0|2He,

v =V(X)

l Tayler Series Expansion
2

oV oV 2
V(X + AX) =V(X) +—AX+—=(AX) +
( ) =Vv(x) OX ax2( )

l AxJ}ECHD 7101,

V(X +AX) =Vv(X)+ il AX
OX



Curl and Rotation in Fluids

ou
u+—Ay
oy

»
»

AX

2008 _Vector C‘ilgyls

)

vV S A4S 2% Otche xEe S&
U2 & [, ySOZ Ay B2 BOIX
NEUH AL xEeF S&
(Tayler Series Expansion)
u=u(xy,t)
lx,t ot DHOIHY,

I'

u=u(y)

l Tayler Series Expansion
2

ou o°u 2
u(y+Ay)=u(y)+—Ay+—(Ay) +
ay ayZ( )
l Ay} ECET JH01E,
ou
u(y +Ay) =u(y)+—Ay
oy




Curl and Rotation in Fluids

N (B XI0HS He 2M)
5U 7 2hes s T
u-+-—Ay
oy . _AG _tanAg _avat 1
” At At AX At
™ oV
/\ V+—AX—-V ov
A | — X _ (BFAIH 2 &)
y AX OX
vV J V+—AX| A6 _ tanAg, __AuAt 1
| A6, OX 27 At At Ay At

AX u auA —
‘ u ’ oy At ou
== = __y (AL &)

X
Y & 0| 3} 04

2008 Vector (;_aal.cuus()




Curl and Rotation in

W+%AX
OX

f\
AX 1
AD, X

x A@_/)

e

Z

A 4

u+a—qu
0z

2t
=

o
I

o
ou

0z
oW

ox

v y=0l t

(BHAI 8 @, =
X

(N 28 @, =—

Fluids

v+@Az

N

v xF0 Uiet 25

(BHAIH 28l Oy =

(AIH &)

o
oy

ov

oz

w+@Ay
oy




1) Cengel & Cimbala, Fluid Mechanics Mc Graw Hill,2005, pp46~50,pp426-431
2) kundu,P.K., Fluid Mechanics, Academic Press, 2008, pp.100~105

_II__I_ IE_.I _I?r x_" 1) (N ewt o n i a n FI d ila,)%“—’.'El ot A0| QHIBSAAS" , 22, 2002, pp258-264

y . .
velocity profile v Ol F2OlA S JEHEEE
............ " d dt
------------ L, df~tandf = dudt _ du dt
dy dy
ay 199/ /| veowmso Anwsige 2c D9 28
' 9N g
dt dy

v =& S Ml (Newtonian fluid)
: dEHSEH0| dHBHE S AlIZHES S0 didl
do

Dilatant TX— cae(®

dt

v 58 S Ml (Newtonian fluid)2 S&
: O,@0 2o, dHSEHe S=FHHol didlig
Hldl &= p: B4 A=)

du du

do Toc—— » =4

Newtonian

Pseudoplastic

Ca]cgl_u_s(Z) 7 > dt

e
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e e 9 ) Cengel & Cimbala, Fluid Mechanics Mc Graw Hill,2005, pp46~50,pp426-431
u r a n Otat I 0 n I n u I kundu,P.K., Fluid Mechanics, Academic Press, 2008, pp.100~105
Yz, “FSTE 9ok 20| QMBS |, =2Y, 2002, pp258-264

: &St & (shear stram) 8| & (rotation)
u (y) d ar” | a +
— ] SN MEHHEOZ
=/* LIEIL =~ UAS d 6?1
o | Ty
Txy_"’ :‘;‘f d g]_

P

yL TV(X) —da:—d02+d01 e @D

x__» i dB=do, +d6, - @
Given : da,dp

Find : 3|&d25E o,

(3) MHHEE9| Al BstE2 & PHIY 28

(1) @2t ®& OOIM, dp-da= 2dg
d@lzé(dﬂ—da)

_ - N 1(ou ow
» Zz=0f U8 3|F 2t » yS0f CHst 825 E @, :E 5_&j
dé,
2)dt2 LI5&H —L=
@ o dt > xS0 (8 B AASE a)xzé @—?]
VA
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Curl and Rotation in Fluids

7 @i 2 xEO O s
] K 1(8W avj
: Oy = | — —
curlv=Vxv= g 2 ¢ | 2\ oy 0Oz
OX oy oz | o
Uy w - ys0lgE 2ss
ow_ov) (ou_ow). (ov_du g, _Lfou_ow
"t P A K i Y2\ ox
8y 0z 0z OX OX Oy i

{1(8\/\/ avj 1(8u aw). 1(8v auj } 1(5\/ auj
=2 _— — )= K| o, =—| ———
oy o) 2\az ox) 2\ex oy) | > 2(ox oy

=200 +20,)+20,K =20

=>curlv3Jll=e = SH X2 38 2S5Ex20 HE
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Curl and Rotation in Fluids

v curle &9

I ] kK
0o o0 O
curlv=Vxv=
OX oy oz
u Vv W
(ow_ov)i (au_aw) (ov_au)
oy o0z 0z OX oX oy
See also
Streeter VL Fluid Mechanics,
v Irrotational Flow : Vxv=0(dw _ov 5_U ow ov _au D15, . otational Flow,
ay 82 0z 8x 5X 8}/ Velocity Potential’
vVxv=0 2 M,v=V®d 9l Scalar Functiond J} EM& |  Velocity Potential

2008 Vector C_gjglus(Z)




Curl and Rotation in Fluids

For any scalar function @ =9(X,Y,2), cu rl(grad¢) =0 is always true.

oXx oy 0oz

_ 82¢_82¢ i_ 62¢_82¢ j+ 82¢_82¢ k:O
oyoz ooy OX0Z 010X OXOy  OyoOX

Velocity Vector : V =ui+Vvj+wk and curlV=0

curl(gradg) = 4 )

curlV = O}V gradg V ’ ¢

- (Vector, 3 unk (1 unknown)
¢ =p(x,y,z) : Velocity Potential | components)

components)

N

curl(gradg) = curl[ 9;, 90 j+ 9 kj

J

We can reduce the unknowns from 3 to 1.

2008_Vector Calculus(2)




Divergence of a Vector Fields

Definition. Divergence

Let v(Xx,y,2) be a differentiable vector function, where x,y,z are
Cartesian coordinates. And let v, v,, v; be components of v.

Then the function
divv =

aVl aV2 aV3
+—=+ :
ox oy oz

(]_)

IS called the divergence of v or the divergence of the vector
field defined by v.

divv=Vev= : , : , : o[v,V,,V,]
OX o0y oz
- gi+£j+gk o (V,i+V,j+V.K) :8\/1+8V2+8V3
ox oy 0z oXx oy oz

2008_Vector a(;aﬁI_AchIL‘Js(Z)




Divergence of a Vector Fields

divergence of v : divy = Mo | N, -1
oX oy oz
of of of | of . of . of
If v=gradf = ,—, =—I1+—]+—K,
OX 0y 0z| OX oy oL
| | CAA A s
divv =div(gradf ) = —+—; =V*f.
oX° oy 82 —

2008 Vector C_ilhc__uusr(Z) -
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Divergence of a Vector Fields : Continuity Eqn.

at time t

y A Control Volume l/
: i
1
1

density : p

dy

__________________________________
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Divergence of a Vector Fields : Continuity Eqgn.

attimet + At
density : p
y A Control Volume l/
V

1

W
%
Sox dX 0Xigh

><V
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Divergence of a Vector Fields : Continuity Eqn.

attime t+ At

density : p
y / Control Volume /

ﬁ___________-____

< dx o= (1) oyl
X ;( u—a(pu)dx)dd
OX
[ C——
dy
Y,
X
yA

2008_Vector Calculus(2)
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Divergence of a Vector Fields : Continuity Eqn.

(pu)leftdydZ
:( —a(pu)djdd
ox 2

I
?

0 dz
’ dx ldx
2
X

e S

2008 Vector Calculus()

v 2EZ HE Soll AANEH L 2R E WXLz 42| £
dVright - (dydz)dxright - (dydz)urightdt
v 2ER HE SOl AMME2RE LIz FHQ| REY

Prightdvright = Pright (dydz)urightdt = (pu )right dydz - dt

v EHQ| AIZHY Q2 F Mg Sof WHLIZ QMo B

dVv

right

dt

v (,OU)“ght £ Tayler Series2 F7l|5H,

(o) = +M%+152("“)(dsz Ve

= Pright (dydz)uright = (Pu )right dydz

Pright

ox 2 21 ox° 2
~ pu+Md_2X (1XFS NEX| 2 LEH)

OX
v ERI AHE 2 2F HE SOl WXLz Ao HE
0 dx
(pu )right dydz=| pu + (A) _jdydz

oxXx 2




Divergence of a Vector Fields : Continuity Eqn.

Flow of a Compressible Fluid. Physical meaning of Divergence

v Bl Al 2 HE SOl ML fHel E

G(pu)%
ox 2

Right(+x) ( ,ou)right dydz = [ pu+

0z

F_él:

dydz

Top(+y) : (pv)topdxdz = (pv+ Md—gjdxdz

Front(+2) : (law)fronthdy; ('D\N_i_a(ﬁ;’Z\N)%j

v 9| AV 2 g S 5012 |

II2




Divergence of a Vector Fields : Continuity Eqgn.

Mass conservation

v EHQ AIZHE HAL HIH S SM SHO RUY (S0IR YS +E B)

—M dxdydz— olpv) dxdydz— o\ow) dxdydz ---------
OX oy oz

v (AAHY Ui5o| R HELg)= Z—fdxdydz --------- @

®-oV

% dxdydz=— _a(pu ) dxdydz— M dxdydz— M dxdydz
ot OX oy 0z

ﬂdxdydz o= YHE LIFH,

See also
a_p - a(pu) _ a(IOV) _ a(p\N) Streeter V.L., Fluid Mechanics,
o McGraw-Hill, 1948,
at aX ay az p14, ‘7. Equation of Continuity’

U

., olew) , o), opw) o
0 —+VelpV)=0

o x| oy | a = |5tV Y)

2008 Vector C_g)glus(Z)




Mass Conservation

Continuity Equation

%0+V0(pV):O

HI2t=A SHl(Incompressible fluid)dial 71E0HH,

(p = const)
Vev—o (U & aw_ |
(ax o > Divergence

HI®I® S (Irrotational flow)0l2t1l J1EOHH,
(V=vVD) > Gradient

VeVD=V?®=0
Lach 6@ ach_OJ

n n > Laplace Equation
ox* oy® oz’

(2)

2008_Vector CEIVAc:ulus
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F=Pi+Qj+Rk
divF=V-F

Further Applications of the Divergence Theorem

:Potential Theory, Harmonic Function =§p(x,y,z)+

» Potential theory : the theory of solutions of Laplace’s equation QQ(X y.2)+
o QY
o°f o°f o°f
sz:az+8y2+az:0 s
X Z

= Harmonic function : A solution of Laplace’s equation with continuous 2" order
partial derivatives

A basic property of solutions of Laplace’s equation ”J-diVFdV = J-J. F-ndA
f F=grad f, divF =div(grad f)=V*f ! >

And, Fen=neF =ne(grad f)=;i of
- " [[[v?fdv = [[-dA
Thus the formula in the divergence theorem becomes . $ on

2008_Vector Cal LCE lus(2)




Further Applications of the Divergence Theorem F=Pl+QI+Rk

divF=V-F
:Potential Theory, Harmonic Function

%,
=&P(x, Y, Z)+
» Potential theory : the theory of solutions of Laplace’s equation

) ) ) Q)+
v2f =Y ]; 49 Z AL, ZRxy.2)
ox°> oy* oz’ ‘

= Harmonic function : A solution of Laplace’s equation with continuous 2" order
partial derivatives

_ o it v2f = 2tV =
H szdV—LfandA if, V2f =0 then jﬂv fdv =0

_U—dA 0

(Theorem 1) A Basic Property of harmonic Functions

Let f (x,y,2) be a harmonic function in some domain D in space. Let S be any
piecewise smooth closed orientable surface in D whose entire region it encloses
belongs to D. Then the integral of the normal derivatives of f taken over Sis zero.

2008 Vector C_gjglus(Z)




Further Applications of the Divergence Theorem
:Potential Theory, Harmonic Function

» Potential theory : the theory of solutions of Laplace’s equation

o°f o°f o°f
2 T a2 T A2

ox° oy° oz

= Harmonic function : A solution of Laplace’s equation with continuous 2" order
partial derivatives

; of
jjjv fdv — jj — dA Theorem 9.6 C ti Di i | ivati
an . omputing a Directional Derivative
T S 2= f (X, Y) is differentiable function ofx andy and U =c0s&i+Siné j
\ D, f (%, Y) =V (x,y)-u

D, f (x, Y=L, (x, V)i + f,(x, Y)il- (cos @i +sin 0)
Recall, Directional Derivative = Vf (X y) ‘u

Z

Vi =

2008_Vector Cal LCE lus(2)



Further Applications of the Divergence Theorem
: Green’s Theorems aeb=(ab +ab, +ab)=bea

fag,fag,fagD
ox oy

0z
(fﬁgj ¢ 0 +5(fagj
8x ox) oy\ oy) oz\ oz
of og fazg of og f82g @a_gﬂc@z_g
oX X ox2 oyoy oy’ oz 01 oz°

= fV°g+grad f egrad g

div F =div(f grad g) =div

Let F=fgradg q

ag

Fen=neF=ne(fgradg)= f(negrad g) = f%

(1) Green'’s first formula
ﬂj(fvzg +grad f egrad g)dV :Lj f g—?]dA

2008 Vector C_ilhc__uusr(Z) -




Further Applications of the Divergence Theorem
: Green’s Theorems

Let F=fgradg
0
Jﬂ(fWg +grad f egrad g)dV :J;I f a_rg]dA__> @

Let F=ggrad f
_‘;”(szf +grad g egrad f)dV =ng%dA——> @

(2) Green’s second formula

o-@:| [[[(v'g-gv'thv - ”( __g_jA

2008 Vector C_ilhc__uusr(Z) -




Further Applications of the Divergence Theorem
: Green’s Theorems

(2) Green’s second formula

(v -gv* v - U( B_ anjA

If g, are solution of Laplace equation, then

_m(fvzg—gvzf)dv =0

..H(fgﬁ 0% Joa-0

2008 Vector C_gjglus(Z) .




Source & Sink

V-F=0
V-F#0

:incompressible flow

:compressible flow

Sink
‘net inward flow
(div F(P) <0)

Source
‘net outward flow

(div F(P) > 0)

2008 Vector CI_us(2)
_—

-

o

Generate a body shape by using
Source and Sink

\

o




Source & Sink

) GE |

Generate a body-like shape by
using Source and Sink

~

/

Source Sink
‘net outward flow ‘net inward flow K
(div F(P) > 0) (div F(P) <0)

Uniform Flow

2008 Vector C_gjglus(Z)

Half Body

- Uniform Flow + Source

® Dividing Streamline




Source & Sink

~

Generate a body-like shape by
using Source and Sink

~

/

Source Sink
‘net outward flow ‘net inward flow K
(div F(P) > 0) (div F(P) <0)

Rankine Ovoid

. - Uniform Flow + Source + Sink
Uniform Flow

2008_Vector Calculus(2)
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> Ref. Radiation Velocity Potential

Source & Sink

a N

Generate a body-like shape by
using Source and Sink

Source Sink
‘net outward flow ‘net inward flow K /
(div F(P) > 0) (div F(P) <0)

v Singularity Distribution Method? (2-D)
J—> Laplace Equation2 CtE& V2D =0

ZANA $exoz X A HE YEA7|1,
0| ™M E9| Z &= (Strength)E& T73}04

=
= =
S X9| velocity potential2 8}= HiH

Velocity Potential I#:b» Pressure #::5 Surface Force to Hull

oD

1
pE+P+Ep|Vq)|2+ng:C FFIuid = .[.[SBPndS

2008_Vector Calculus(2)
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Reference slides

Differentiation of Cross Product
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>= (0 = (0, % 1), 2.0)
e ri(t) = (40, v, Z®)
SO, 0] = KO <10+ RO X0 (0= (0. %.00.2.0)
ALRIRAORALRAL)

L.H.S.:

; . i ] k
a[rl (D) xr,(D)] = a x () v () z()
X (1) Y.(t) Z,(0)

- %{[yl(t)zz (1) -y, () z,O)]i+[2,)%, (1) — 2, ()X, () ]+ [} ) Y, (©) = %, (©) v, (D) | K}

:{% [v,()2,(®) - y,®)z,®)]] +%[a(t)xz(t)—zz(t>x1<t)]J+%[x1<t>yz<t>—Xz<t>y1<t>]k}

- yl’ (t)22 (t) Y (t) Z; (t) . y; (t) Z (t) - Y, (t) 21’ (t)] |
+[Z7(0)X, (1) + 2, () x5 (1) — 2 (1) % (1) — 2, (D)X (1) ] ]
+[X ()Y, 1)+ X, (1) y; (1) = X, (1) y; (1) - X, (1) y; (D] K

2008 Vector CaIcqus(Z)




>= n(®) = (%0, %0, 20)
09 () = (X (), y; (), z (1))
%[rl (£) <1, ()] = 1/(t) x T, (t) + 1, (t) x 15 (2) r, () = (%, (1), y, (), 2,(t))

n(t) = (X (1), y5 (1), 25 (1))
R.H.S.:

i ] k i ] k
HE)xr, )+ M) xnp)=xt) ) z@O)]+]x@0) y) z(t)
X0 Y, (1) )] [X(t) ya(t) z5(t)

= {[% 02,0 -, OZO]i+[Z0%0 -2,OXO ]+ [0 Y0 - O O]K)
[V, () = Y, O 2,0 ]i +[ 2, ()5 (1) — 25 €)X, (1) ] 5+ X () Y5 (1) = %, (©) v, (£) | K}

- yl’ (t)22 (t) T Y1 (t)Z; (t) B y; (t) Zy (t) - Y, (t) le(t)] |
+[Z1()%, (1) + 2, (1) X (1) — 25 () %, (1) — 2, )X} (1) ]}
+[X ()Y, 0) + X, (1) y; (1) = %, (0) y; (1) — X, (1) y; (D ] K

2008 Vector CaIcqus(Z)




n |
o

ol

%[rl(t)xrz (D] = 1) x 1, (1) + 1, ) x ()

L.H.S:
%[r1 () xr, O] =[y; 1)z, (1) + y, () 25 (1) - y; (1) 2, (t) - y, (1) 2, (1) ]i

+[ 2 (1), (1) + 2, (£) %} (£) — 25 (t) % (t) — 2, (D) X (1) ]}
+ X (0) Y, (1) + X% (1) Y5 (1) — %, (1) y1 (1) — X, (1) y; (1) | K

RH.S:

() <1, () + () x 1 (8) =[ Y () 2, (1) + ¥, ()2 (©) - Vo )z, (1) — Y, (1) Z; (1) ]
+[zZ ()%, (1) + 2, (£) %} (£) — 25 (t) % (t) — 2, ()X (1) ]}
+ X (E) Y, (1) + %, () Y5 (1) — %, () y; (£) — %, (£) y; () ]

~L.H.S.=R.H.S E
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Reference slides

Optimization — Steepest Descent Method

o
1=
u
0
0
S
g
W
~
0
0
Q
@)
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HIX|2F =Xt 72|1™ S

Gradient %t
Steepest Descent HHtH
SU ZALE WH(Conjugate Gradient )
Newton?2| tH
Davidon-Fletcher-Powell(DFP) %t
Broyden-Fletcher-Goldfarb-Shanno(BFGS) &t

&3 BU0l 8 1Y T W

X1 ErAMH (Direct Search Method)
Hooke & JeevesQ| EIF EkA}H
Nelder & Mead?2| Simplex &t
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Gradient HiEH.

-

Steepest Descent B (x| ZHSHH)

M EhAM HISE(Search Direction)2 A& gt=9| Gradient Vector?| HiLC}
YT 2 7185t =X 22 Z A S H= UH
® Gradient Vector(VAx)): &4 10| X|C| 2 S7}5l= whet
) o S
=X st+=£ Z[A3] ol= FHY AL : 1 1
o e D ETVEC).
&=~ 20|
E|CIE Slst=
s
(1)
< /Vf(x )
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H| M| 2k x| X3} =H|- Steepest descent BIEH = 0| 9 s}t (1)

Minimize f (X, X,) =X, — x2 + 2x12 + 2%, X, + X5

VE () = VE (x,x,) =| LTt e g FOVE Hegs 7 =24
PR 214 2x + 2%, ; df(x(l))
: X)) _pomng o= 10
& oty 1 - xXPE38}H7] e oy 1)
: 1
0) (1+4x, +2x 1 )i % _
VE(xP) =VE| = L2 = : 2! \
0 —1+2x, + 2X, -1): :
15 | s
x® = xO _ 5Oyt (x) }
1
0 1 —a
= — = .
0 -1 a o
: °
AN aO% a2 WA :
foc)=a’~20 \\
2008 Vector Calculus@) __ . /
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H| M| 2 X£| X3} =H|- Steepest descent BIEH = 0| 9 6}t (2)

M THA| 2 -
X H8}7]
-1 1+ 4x, + 2X -1
Vi(xY) =Vi| T |= o=
1 -1+ 2%, + 2X, -1
X@ = x® _ 5 Oyf (x®) %2 T T T T
-1} (-1) (-l+«a :
— —a — 15+
1 -1 1+« :
Aol oV g AT '
F(x@) =5a% — 2a -1 05 |
F f (@) Axghs M 24
(2)
dfg; ) _go=1nE a=02

~0.8 :
X(Z) = ( 1, .
2008 _Vector C_gjglus(Z) . 1.2 :



H| M| 2k X£| X3} =H|- Steepest descent BtEH = 0| 7 5}t (3)

M THA| 3 -
X -3}7]
—-0.8 1+4x + 2X 0.2
Vi (x®) = Vf _ L =
1.2 =14+ 2Xx, + 2X, —-0.2

Xy

x® = x@ _ 5 @yf (x@)

—-0.8 0.2 —0.8-0.2c
= — =

1.2 —-0.2 1.2+0.2c
A a@L a2 AT
f (x®)=0.04a” —0.08c —1.2
o fxP)YE Haxds 7H =4

df (x¥)
do

1
X = (1 4)
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Lagrangian & Eulerian Description

M Lagrangian Description

: S| | H|UXIe 252 BESH=O| oflfet XM &, 7IEEE A|ZH(t)Q| T
2o BHE W, BEA} AL O[S 1 UXIE WAl 258 e
t=1 t=2 t=3
N N T A2t XHES| =&
O O O V = V(1)
A2 tOI A XHEEC| JES
dVv
a=——
dt

(Q) #Hl2 2=2 Lagrangian Description2 2 E & &HCHEH??
Lagrangian Desciption0l 22, =E40t) 2| FH| & X+E GHLESHLE 2+ =61 OF &

M2t M, Lagrangian Desciption2 =2 2 M2 22 V=& Il H&&
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Lagrangian & Eulerian Description

M Eulerian Description
! N7 EYSt= HAMH (Control Volume)E g2l5t1, ofet X|MM2| £, 715
EE fIXl(x,y,2)QF AlZHE)2| -2 BPSts W, SASXHEF2])7t X2 &8 B
HS St 7 Yxte 23S 7=

(Q) =AMl2 & Eulerian
Description 2 E & stCHH??

oI X} BFLISHLIDF OFLI 2t
BE (A RIR) L2
A YXtel 258 JI&5H=C
= 851 C.

Sl Sl
@02 e 02 e
v AIZEHEOIA (x,y,z)RIXI0f ReE XSS S v AIZEEOIA (x,y,Z)RI X0l A= XS IS T
V =V(x,Yy,z,1) § o dV(x,y,z,t)

dt
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Lagrangian & Eulerian Description

VAR, VAR, VAR \V/
a= —=+ U +V +W—
Lot oX oy 0z

av_av_av_o
oXx oy oz

PN Bé‘(

oV
a=5 A HIE LR 8 XIEA

AZ2tel SE0 Mtet Bidks JtSE
(=224 JI5 X : Local acceleration)

—
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Lagrangian & Eulerian Description

v ISR 2 d=2 90|

oV
E ----------------------------------------------- E A|al-_—)L§ :0
N oV oV
a=—+U—+V—+W—: y a=U—+V—+W—

ot : ox oy 0L : oxX oy 0z

................................................

AZHOl DALY M, B2 &2
X B0 MHE Jtsk
(CH& Jt5 X @ Convective acceleration)




Lagrangian & Eulerian Description

v’ Lagrangian Description

AR

y

v" Eulerian Description

V(r,t,)
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Lagrangian Description

v’ Lagrangian Description

AR

v AIZEtOIA JHOIS) &5
V = V(1)

v NZHtOILA MOl Db E
L _dv()
dt




Eulerian Description

v AIZEEOIA (x,y,2)RI X0 U= S XS S
V =V(x,Y,z,t)

v AIZEtOIA (x,y,z)RI X0l Rle 2 H2 JiSE

_dV(x,y,1z,t)
dt
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v" Eulerian Description
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Eulerian Description

v AIZEEOIA (x,y,z)RIRI0I = 2 M2 IS

dVv(x,y,z,t) =a—vdt+a—vdx+a—vdy+a—vdz
ot OX oy 0z

dv(x,y,z,t) ovdt ovVdx oVdy oVdz (dt dx dy dz
a= = + + + =1, —=u,—=Vv,—=Ww
dt ot dt ox dt oy dt oz dt \ dt dt dt dt

oV oV oV oV
=—+U—+V—+W

At ox oy ar
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Eulerian Description

v ItEE 2 d=2 90]

oV oV oV
a=—+U—+V—+W—: > A=U—+V—+W-—
ot i OX oy 0z : OX oy 0z

................................................

AZH0l DAL M, 32t &2
AX H3H0l| [HE JtE5<
(L& IJI5 X : Convective acceleration)
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Eulerian Description

v AIZEtOIA (x,y,2)RI X0 Q= M S 55 (Eulerian Description2 2 J|=& M2 JILE)

oV oV oV oV
a=—+U—+V—+W—
ot ox oy o

Nabla(V)E AHE3610]
Ae2lotH,

\4

:%/+(uf+vj+WI2)o >

:%+(uf+vj+wlz)o —i +£j+—k

:a—v+(V-V)V
ot

(2)
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Q) 8&& (Linear)? HI & & (Nonlinear)?

A) HI & & (Nonlinear)
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Froude-Krylov Force & Diffraction Force
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Froude-Krylov Force & Diffraction Force (2)

Froude-Krylov Force & Diffraction Force

(Continue)

FFK,k + FD,k :_p..s (¢| + ¢y )eia)tia)nkds 8
° G—r:(:ia)nk

— _p.'.;B (@, +dp ' aaink ds

=—peia)t”SB @, Q:] ¢D a¢k dS Green’s 2" formular A
oo, oLl

| > gy Pedn=[[ 4 DdAj
~—pe[[ [ v g, S0 Jas Lo Gron-lla

D Body B.C. & &
o 0 09y __5¢,
(4 g s D B sy

on on

Green’s 2" formular2t Body B.C=2 0|23} 0{ Diffraction Potential2 & & 18I X| &
Incidence Potential2 X| &

0I0

’
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Radiation Velocity Potential
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Radiation Velocity Potential (10)

v" Singularity Distribution Method? (2-D)

* Laplace equation on polar coordinate

\ 4

1o( 04), 1% _,
r or 8r raHZ

=] EEOHEE | (source, doublet, vortex)3 0 0
'E‘Ekla:l ¢§FI—|OE Et'“ 747:":'10 M"gkl?l Let 2-D source ¢:Inr
O|E SOIME2| ZE(Strength)E T310] op_1 9 _, _( @j 0 99 _
MK S%Ho| velocity potential2 6= HitH o r 8r or\ or 0"
Given : £0|& (source, doublet, vortex) NIHS| OI Xl =THet
KHO2 EFE| U™ Al 25t
Find : S0182| 2 (Strength) P NH SAZASE FH ISA 7
Find Given
N \/ / I :) a¢m :Vn
$= Autn an
m=1
2

i B |

(23]) SRS M a|.ppt, 2008.7.31. A S




% 2Xt2 source: qlinr

Radiation Velocity Potential (11)

ex) BIRI0| & () =1 2 S L M, g
Velocity potential2 -_r‘oMIQ

-

[0
[0

Step 1. bl 652 BHCH(S, . Ss)

{1

Step 2. OE% i H = MOIE H2Z2
HZSt1, 2 Line segmentOl

line sourceE E X A|2!C}. & Linel

=X &H sourcec= & &S (strength)E Jt&

- & (7(s),£(s)) Ol YXIBt 2] 9; Q! source
> g, In(y-n()) +(z-¢ )Y
- Line( S,;S,..,)0l X2 & Line source
P Ad, =0, [ In(y-n(s)) +(z-¢(9)) ds
Step 3. SourceE Ct31 20| 2 Line SourceS2| BtO 2 J}H &

#.(y.2) = 2A¢m >an ) Ily=n(s)) +(z-¢ (@) ds
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Radiation Velocity Potential (11)

ex) BIRI0| & () =1-€“ 2 25 =2 [, @
Velocity potential2 718IAIL _ "
P Step 4. 2 X A XA (Body boundary condition)
ZA 3 0 Q
%) .
" r ﬁzla)ng
: ot on
] ¢y _ 0 ~ 2 B 2
s T ca| [ nfl-n@F G-cors|
o[ 2 2 ]
#a o [, -0 +@-cOFds]
+...
o[ 2 2
| [ Jy-n)Y +(z-£() ds|

S RHS: ion, = _""COSQ(ym,zm>

Iny(y=n(s)) +(z2-¢(s))ds

£(Y:2) =D Ady =2 00 |

SmSm+1
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Radiation Velocity Potential (13) |,

4

2 (Body boundary condition)

SH A X
o[ 0 2
| Ji MY =0 +(z-c@)Fds|  +or 2, my-n©F +z-¢) ds}(w
o[ l 0 i
%= LSZ |n\/(y—77(s))2 +(Z—§(S))2ds_(y2 . +---+q6%[LGS7 In \/(y—n(S))2 +(Z_§(S))2ds}(y2,z2) =-iwcoso, ,
0
@ [ mly-ne)F +z —:(s))zdslysyzﬁ)+---+qﬁa—n[jsﬁs7 InJ(y—n(s»Z+(z—¢(s))2dsly6yzﬁ) = -iwcosd,, ,,
SEEA 2 60l
A . e - Now we can find the solution !!!
DINIZ: 69H Oy, G &
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Radiation Velocity Potential (14)

4

Step 5. LA AIZ Matrix ZEi2 LIEILHH
@ [, mly-ns)F +z ‘“S))stlyl,m rort oy OF +(e-C@F s =-iocosa,
I, |6

|:> q1|11+”'+q6|16:b1\ a ~ _ L R

Gl +o 0l =D LT N A

LT P IB>Ag=b | A= 0 i ,q=] i |,b=]:

) _|61 |66_ _q6_ _b6_
CI1|61+"'+CI6|66:b6/ @ o ~/

q=A"Db (&
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Radiation Velocity Potential (15)

4

(D) Iy o Ha

f(y,2) =Iny(y—n(s)F +(z-¢(s)) 2+ 5hed,

of _ y—1(8)
5“(W>:w.n:(i@j-(nz,ns) ¥ (y-nOf +z-¢))
on dy oz o _ Z—- ()
a oz (y=n()f +(z-¢())

=] [ =) +-¢ ) o]

(vj.zj)

:J' {n yj _77(5) n Zj _;(S) }dS
S | (YJ ~n(s)f +(Zj ~¢@)f (yj ~n(s)f +(Zj ~S)f
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Radiation Wave Velocity Potential (16)

Linearized Free Surface B.C.

~o’p+9¢, =0 (on z=0)

[

source (qln r) CH Al
Z0l= Green functionS A&

[tetA, S=st FEf2l 2XH&
Free surface condition= Gt

ex) Green function introduced by Wehausen and Laitone(1960)
-ik(z-{)
° @

G(z,¢,1) :i{ln(z—g)—ln(z—g_ﬁz- ijo

dk}COSai

v—K
—e " sin @t
complex notation : Z=X+1y,{ =& +in

Wave number : (= »?/q)
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