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Vector Calculus (3)
: Line, Double and Triple
Integrals

Line Integrals
Independence Path
Double Integrals
Surface Integrals
Triple Integrals

Naval Architecture & Ocean Engineering
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Line Integrals
Terminology

/
(i) Cis smooth curve if f'and 9 are continuous on the closed
interval [a,b] and not simultaneously zero on the open interval (a,b)

—

(i1) C is piecewise smooth if it consists of a finite number of
smooth curves C,,C,,...,C_ joined end to end —that is,

C=C,uC,u..uC,
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Line Integrals

Terminology

(iii) C is closed curve if A=B.

O@AzB

Closed but not
_ _ _ simple _
(iv) C is simple closed curve if A=B and the curve does not cross

itself.
@A: B

Closed and simple

(v) If Cis not a closed curve, then the positive direction on C is the
direction corresponding to increasing values of t.
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Line Integrals

Definite Integral

y/\

Vv
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Line Integrals

Definite Integral

y/\

y = 1(x)

Vv
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Line Integrals

Definite Integral

/\y:/f( X)

y/\

Vv
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Line Integrals

Definite Integral

/\ y = f(x)

y/\

Vv
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Line Integrals

Definite Integral

YA

y=1(x)

A%




Line Integrals

Definite Integral

YA Area=S = _[: f (x)dx

y = 1(x)

A%




Line Integrals

Definite Integral |
S=Lfamx

/\ y = f(x)

y/\

\%
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Line Integrals

Definite Integral |
S=Lfamx

/\ y = f(x)

y/\
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Line Integrals

Definite Integral |
S=Lfamx
y N

subinterval

XI=X0+X1 ’AX1:X1—X0
y = f(x) 2
—
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Line Integrals

Definite Integral |
S=Lfamx

YA subinterval
= XK A =% -,
y = f(x) 2
_/
T T 1] %
a=X, X X ... X5 X X, =b
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Line Integrals

Definite Integral |
S=Lfamx

y subinterval
f(X]_) XI:X0+X1 ,ij_:X]_—XO
/! y=f(x) 2
_/
T 11 T ” X
a:XO X1 X2 Xkl Xk Xn:b
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Line Integrals

Definite Integral |
S=Lfamx

YA subinterval

f(x

(1)/\ ot A =%,

y = f(x) 2
_/
T T T %
a=X, X X, ...X 5 X X, =b
f(x)Ax
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Line Integrals

Definite Integral |
S=Lfamx

y subinterval
f(x) . X+ X _
P D0 LA =X X
y = 1(x)
_— X*_X1+X2 ,szzxz_xi
2
R I N I Y I 7 X
a=X, X X, ...X 5 X X, =b




Line Integrals

Definite Integral |
S=Lfamx

y subinterval
f(x) . X+ X _
P D0 LA =X X
y = 1(x)
_— X*_X1+X2 ,szzxz_xi
2
O e N I Y B 7 X
a=X, X X, ...X 5 X X, =b




Line Integrals

Definite Integral |
S=Lfamx

y f (X;) subinterval
f(x
(1)\ XI:X0+X1 , AX, = X — X,
y = f(x) 2
X;=X1+X2 A, =X, =X
2
2 I B I B O "X
a=X, X X, ...X 5 X X, =b
f(x)Ax

2008_Vector Calculus(3)




Line Integrals

Definite Integral |
S=Lfamx

y f (X;) subinterval
f(x
(1)\ ] *:—X0+X1 ’AX1:X1_XO
y=1(x)
X*—X1+X2 AXy =X, =X
2
o— o >
RN X
a=X%X, X, X ..X 4 X, ... X, =D
f (x)AX, + f (X;)AX,
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Line Integrals

Definite Integral

b
S=Lfamx
J f(x;)
f(X:) Y
y=1(x)
—
o— o >
RN X
a=X, X X ... X g X .. X, =D
f (x)AX, + f (X;)AX,
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= XK A =% -,

« + X _
X2:X1 2 JAX, =X, =X

_ Kat X JAX, =X, =X



Line Integrals

Definite Integral

b
S=Lfamx
y f ()
f(X:) Y
y=1(x)
—
ST T >
a=Xy, X X . Xy X ... X, =D
f (x)AX, + f (X;)AX,
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subinterval

= XK A =% -,

« + X _
X2:X1 2 JAX, =X, =X

_ Kat X JAX, =X, =X



Line Integrals

Definite Integral |
S=Lfamx

y f (X;) subinterval
f(x .
(1) / f(Xk) XI:M ,AX1:X1_X0
\ y = f(x) 2
- X;:X1‘|2‘X2 ,AXZZXZ_Xi
oo o > XEZM’AXZZXZ_Xl
REEEE X 2
a=X, X X ..Xy X .. X, =Db
f (X )Ax + (%) AX,
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Line Integrals

Definite Integral

b
S=Lfamx
Y f(x,)
fx) 7 f(x)
T y = f(x)
\
o— o 3 T >
a=X, X X ... X g X .. X, =D

f(X)AX, + T (X)AX, +---+ f (X )AX,
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subinterval

= XK A =% -,

AX, =X, =%

_ Kat X JAX, =X, =X



Line Integrals

Definite Integral |
S=Lfamx

y f (X;) subinterval
f(x T f(X .
(1)\ / /\( k) X1:X0+X1 ,AX1=X1—XO
. y = f(x) 2
™~ X;—X1+X2 A, =X, =X
2
o o ° > X: :—Xk_l_l_xk AXy =X, =X
X 2
a=X%X, X, X ..X 4 X, ... X, =D

f(X)AX +FOG)AX, +-+ F (X )AX, +-+ T (X )AX,
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Line Integrals
Definite Integral |
S=Lfamx

y f (X;) subinterval
PO 7 T F )

*:X0+X1 1AX1:X]__X0

ML y=ft(x) 2
T =TT A =% =

k—1 K
- Xk—— 2 2 1
X 2

a=X, X X ... X g X .. X, =D

n

f(X)AX +F(G)AX, +-o-4 F(X)AX, +---+ F (X )AX,

Z f (X )AX,
kel
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Line Integrals

Definite Integral

S = f(x)dx
y f ()
f() 7T T £(X)
| Th y=f(x)
Iy I S
a=X, X X .. X g X . X, =D

subinterval

X, <X <x o AN=X—X

X <X, <X, AXp =X =X

) O < X: < X, s AXk =X — X 4

f (X )AX + F (G)AX, +-++ F (X )AX, ++-+ (X )AX,
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Line Integrals

Definite Integral |
S=Lf@mx

/ f(x;)
fO) AT T £(X)
| L y=f(x)
o— o L >
a=X, X X X g X X, =b

subinterval

XOSXI<X1 AX =X — X,

X <X, <X, AXp =X =X

) O < X: < X, s AXk =X — X 4

28/
222



Line Integrals

Definite Integral |
S=Lf@mx

y f (X;) subinterval
f() 7T T £(X) )

¢ X, <X <  AX =X =X,
L y= (%) 02X 5%

N

X <X, <X, AXp =X =X

o— o L

\%

a=X, X X . X g X .. X, =D

n

f (X )AX + F (G)AX, +-++ F (X )AX, ++-+ (X )AX,

The definite integral of a function of a single variable is given by the limit of a sum

jb f(x)dx = lim Z f (% )AX,

IPll—0

IP|| : length of the longest subinterval
2008 _Vector C_a_lfylus(3) V )




Line Integrals

Definite Integral |
S=Lf@mx

y subinterval
XOSXISX1 ’AX1:X1_X0
= f (x)
y=f(
_/ *
X <X, <X, AXp =X =X
- Xk_léxiéxk,AXk=Xk—Xk_1
"X

f (X )AX + F (G)AX, +-++ F (X )AX, ++-+ (X )AX,

The definite integral of a function of a single variable is given by the limit of a sum

[ fo0dx = fim Z f (X )AX,

IPll—0

IP|| : length of the longest subinterval
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Line Integrals

Definite Integral |
S=Lf@mx

y subinterval
XOSXISX1 AX =X — X
y=f(x)
_/ *
X <X, <X, AXp =X =X
- ) O < X: < Xk1AXk =X — X 4
a b "X

f (X )AX + F (G)AX, +-++ F (X )AX, ++-+ (X )AX,

The definite integral of a function of a single variable is given by the limit of a sum

jb f(x)dx = lim Z f (% )AX,

IPll—0

IP|| : length of the longest subinterval
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Line Integrals

\

\\\
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Definite Integral

1. Let f be defined on a closed interval [a,b].
2. Partition the interval [a,b] into n subintervals [Xk_1: X Jof length A% =X —X, 4

Let P denote the partition

3. Let||P| be the length of the longest subinterval. The number || P || is called the norm

of the partition P C Xy
| o | I I | |
* : I B T
X
4. Choose a numb(r?r « In each subinterval. a=x, X, X X =b

5. Form the sum > f (X, )AX,
k=1

The definite integral of a function of a single varlable Is given by the limit of a sum :

j f (x)dx = lim Zf(xk)Axk

IPll—0

- —f- 8
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Line Integrals

Line Integral in the Plane
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Line Integrals

Line Integral in the Plane
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Line Integrals

Line Integral in the Plane

G(X,Y)
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Line Integrals

Line Integral in the Plane

G(X,Y)
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Line Integrals

Line Integral in the Plane

G(X,Y)
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Line Integral in the Plane




Line Integrals

Line Integral in the Plane

& subinterval
Xo =X =X
As,

G(xY) Y, <y <V,




Line Integrals

Line Integral in the Plane

& subinterval
Xo =X =X
As,

G(xY) Y, <y <V,




Line Integrals

Line Integral in the Plane

subinterval
Xo =X =X
As,




Line Integrals

Line Integral in the Plane

& subinterval
Xo =X =X
As,

G(xY) Y, <y <V,
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Line Integrals

Line Integral in the Plane

subinterval
Xo =X =X
As,




Line Integrals

Line Integral in the Plane

subinterval
Xo =X =X
As,

X, =4a X1X1 Xp X X X, =D X
G(X, ¥;)As,
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Line Integrals

Line Integral in the Plane

X, <X <X
Yo < V1 <V

G(X,Y)

X, =4a X1X1 Xp X X X, =D X
G(X, ¥;)As,
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Line Integrals

Line Integral in the Plane

subinterval
Xo =X =X

6y yo<y<y, Y
X <X, <

0 y L As,
YisSY, =Y,

G(X, Y;)As,
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Line Integrals

Line Integral in the Plane

subinterval
Xo =X =X

6y yo<y<y, Y
X <X, <

0 y L As,
YisSY, =Y,

G(X, Y;)As,
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Line Integrals

Line Integral in the Plane

subinterval
Xo =X =X

6y yo<y<y, Y
X <X, <

0 y L As,
YisSY, =Y,

G(X, Y;)As,
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Line Integrals

Line Integral in the Plane

& subinterval
Xo =X =X

6y yo<y<y, Y
/ X <X, <X,
- y < 2* As,

G(X, Y;)As,
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Line Integrals

Line Integral in the Plane

& subinterval
Xo =X =X

G(xY) Y, <y <V, A%
X, <X, <X

0 y L As,
YISV, =Y,

G(X, Y;)As,
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Line Integrals

Line Integral in the Plane

& subinterval
Xo =X =X

G(xY) Y, <y <V, A%
X, <X, <X

0 y L As,
YISV, =Y,

G(XI, yI)Asl +G(X;1 y;)ASZ

2008_Vector Calculus(3)




Line Integrals

Line Integral in the Plane

G(X,Y)

G(XI, yI)Asl +G(X;1 y;)ASZ
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X, <X <X
Yo < V1 <V

X <X <X

Vi1 < Ve < Vi

subinterval

As,

As,

As,




Line Integrals

Line Integral in the Plane

& subinterval
Xo =X =X

6y yo<y<y, Y
X <X, <X,
A y . As,
YiSY, =Y,
X, , <X <X
B k-1 k* k ASk
) Yiaa = Y = Y
. Yk
*yz/ 1 N
y1 h_i—
1 2 .
x| x| | x| | y
X, =a Xl)(1 2)(2 “'Xk—lkxk Xn:b X

G(XI, yI)Asl +G(X;1 y;)ASZ
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Line Integrals

Line Integral in the Plane

& subinterval
Xo =X =X

G(xY) Y, <y <V, A%
X <X, <X,
A y . As,
Yi=Y, =Y,
X, <X <X, o
. k
Y = Y = Yk

G(XI, yI)Asl +G(X;1 y;)ASZ
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Line Integrals

Line Integral in the Plane

& subinterval
Xo =X =X

G(xY) Y, <y <V, A%
X <X, <X,
A y . As,
Yi=Y, =Y,
X, <X <X, o
. k
Y = Y = Yk

G(XI, yI)Asl +G(X;1 y;)ASZ
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Line Integrals

Line Integral in the Plane

X, < XI < X, subinterval
. AS
Gxy)  y, <y, <Yy, !
X <X, <X
- AS
Vi <Y, <Y, ’
X, , < xk* < X, i,
Yt = Yie = Yk

G(XI, yI)Asl +G(X;1 y;)ASZ

2008_Vector Calculus(3)




Line Integrals

Line Integral in the Plane

—

G(X,Y)

G(XI, yI)Asl +G(X;1 y;)ASZ

——i

2008 _Vector Calculus(3)

& subinterval
Xo S X =X A
* S
1
Yo=VYi =V
X =X =X n
* 82
Yi<Y, <Y,
X, <X <X
k-1 K K As,

Vi1 < Ve < Vi



Line Integrals

Line Integral in the Plane

X, < XI <X subinterval
" AS
Gxy)  y, <y, <Yy, 1
X <X, <X,
o AS
YiSY, <Y, i
X, <X <X,
B . AS,
Y = Y = Yk

1 >
X x| | x; | | y
ona X1X1 2X2 .“Xk—l k Xk X :b X

G(X, ¥;)AS, +G(X;, Y,)AS, +---+ G (X, Y, )AS,
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Line Integrals

Line Integral in the Plane

—

- = X <X < subinterval
yd N GY)  y, <y <y, !
y — -~
. X <X <X
| * As,
YiSY, S,

B X1 SX <X

As,
Yiaa = Y = Y

1
x| x| x|
X, =a &&_2&-~&4kxk

G(X, ¥;)AS, +G(X;, Y,)AS, +---+ G (X, Y, )AS,
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Line Integrals

Line Integral in the Plane

1 N

/ \
/ N G(xy)
v \ 1

—

| x; | |
X2 .“Xk—l Xk Xn:b

£ 1
% x|

X, =4a X
G(X,, Y;)AS, +G(X;, Y,)AS, +---+G (X, Y, JAS, +---+G(X,, Vs )AS,
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X <X <X

Vi1 < Ve < Vi

subinterval

As,

As,

As,



Line Integrals

Line Integral in the Plane

 —

- = <y < subinterval
Pz N oS S
« S
/ S CuY)  yo<yi <y .
N

X <X <X,

~ . As,
YisY, =Y,

k

Y1 < Ve < Ve

| | ’
X =4a X. =b X
G(X,, Y;)AS, +G(X;, Y,)AS, +---+G (X, Y, JAS, +---+G(X,, Vs )AS,
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Line Integrals

Line Integral in the Plane

& subinterval
Xo =X =X

6y yo<yi<y Y
X <X, <X,
y . AS
Vi <Y, <Y, ’
X, <X <X
B k—1 k* k ASk
Y = Yie = Yk
A
| | y
X =4a X. =b X

G(X,, Y;)AS, +G(X;, Y,)AS, +---+G (X, Y, JAS, +---+G(X,, Vs )AS,
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Line Integrals

Line Integral in the Plane

-
| X, < X: <X, subinterval
. AS
Cxy)  y,<y, <V, .
4
X <X, <X,

* AS
Yi<Y, <Y, ?

B X1 SX <X

As,
Yiaa = Y = Y

_—

| >
Xo =2 xn’zb X

G(X,, Y;)AS, +G(X;, Y,)AS, +---+G (X, Y, JAS, +---+G(X,, Vs )AS,
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Line Integrals

Line Integral in the Plane

_—
X, < X: <X subinterval
. As,
Gxy)  y, <y, <y,
Z
X <X, <X,

As,

B X1 SX <X

As,
Yiaa = Y = Y

A S
| | y

Xo =2 X =b X

G(X,, Y;)AS, +G(X;, Y,)AS, +---+G (X, Y, JAS, +---+G(X,, Vs )AS,

— LG(X, y)ds_”hﬁnOZG(xk Y )AS,
gl

2008_Vector Calculus(3)
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Line Integrals

Line Integral in the Plane

z=G (X,y) \

1. Let G be defined in some region that contains the smooth curve C defined by
x=T1(),y=9(), ast<b

2. Divide C into n subarcs of length As, according to the partition
a=t, <t <t, <---<t , <t ,=b of [a,b]. Let the projection of each subarc

onto the x- and y=axes have length AX, and Ay, respectively.
3. Let||P|| be the norm of the partition or the length of the longest subarc.
4. Choose a point(x, , y, ) in each subarc. y
5. Form the sum

‘ ZG(X:’y:)AXklZG(X:’y:)Ayk1ZG(X:1y:)ASk
\\ k=1 k=1 k=1 Ay,

2008 _Vector Calculus(3) _
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Line Integrals

Line Integral in the Plane

’ . S
Definition 9.9 Line Integrals in the Plane Af(; i

AX,
Let G be a function of two variables X and Y defined on a region of the plane
containing a smooth curve C.

(i) Thelineintegral of G along C from A to B with respect to x is

J.CG(X, y)dx = lim ZG(xk,yk)Axk

IPll—0

(il) Thelineintegral of G along C from A to B with respecttoy is

[ .G yydy = lim > G(x;, y,)Ay,

IPll—>0 &=

(iii) The line integral of G along C from A to B with respect arc length is

.fCG(x, y)ds = lim ZG(xk,yk)Ask

IPll—0

2008 _Vector Calculus(3) _
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Line Integrals

Method of Evaluation
- Curve Defined Parametrically

2008 _Vector Cal_ulus(3)
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Tangent Vector and Unit Tangent Vector

Line Integrals Gomte ™

Dmagnitude

—_tangentvectoratP |——
|mﬂ=£=£ < f
ot-0 5t dt dt
Method of Evaluation

[ unittangent vector at P

. . . or d
- Curve Defined Parametrically ;:Lno(s—i=d—§=
The chord PQ dr . dr ds _
or =r(t+ot)—r(t) dt  ds dt
The arc length s ' E_._£_|r|
Tdt  |dt]|

2008_Vector Calculus(3)




Tangent Vector and Unit Tangent Vector

Qunit tangentvector: direction
C] magnitude
—_tangentvectoratP |——

or dr dr
im—=—=]—
-0 5t dt dt

Line Integrals

Method of Evaluation
- Curve Defined Parametrically

[ unittangent vector at P

The chord PQ

or =r(t+ot)—r(t)

The arc length s
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Tangent Vector and Unit Tangent Vector

O unittangentvector: direction
Dmagnitude

—_tangentvectoratP |——
r r r
ot-0 5t dt dt

Line Integrals

Method of Evaluation
- Curve Defined Parametrically

[ unittangent vector at P

The chord PQ

If C is a smooth curve parameterized by Sr=r(t+38t)—r(t)

The arc length s
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Tangent Vector and Unit Tangent Vector

O unittangentvector: direction
Dmagnitude

—_tangentvectoratP |——
r r r
ot-0 5t dt dt

Line Integrals

Method of Evaluation
- Curve Defined Parametrically

[ unittangent vector at P

The chord PQ

If C is a smooth curve parameterized by Sr=r(t+38t)—r(t)

X = f (t)’ y = g(t)1 a<t<b The arc length s
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Tangent Vector and Unit Tangent Vector

O unittangentvector: direction

i Dmagnitude
Llne Integ raIS —__tangentvectoratP |——
Iim£:£=£ =
o0 5t dt dt
MethOd Of Evaluat|0n J unit tangent vector at P
. O i d
- Curve Defined Parametrically ;ggno%=d—£= W
The chord P d drd
If Cis a smooth curve parameterized by ;r:hrztiﬁt)—r(t) ~ st
X = f (t)’ y — g(t)1 a St S b The arc length s

dx = f'(t)dt, dy = g'(t)dt, ds = /[ f'(O +[g'(t)]? dt

2008 _Vector Calvcylus(3)




Tangent Vector and Unit Tangent Vector

O unittangentvector: direction

LI n e Integ ra I S i tangentveCct]oTi?:tUd}ei
|imﬂ=£=£ _
o0 5t dt dt
MethOd Of Evaluat|0n [ unit tangent vector at P
i - sr_d
- Curve Defined Parametrically lim St == W
. . The chord PQ dr drds
If Cis a smooth curve parameterized by ST =r(t+6t)—r(t) —=S——=ss

X = f (t)’ y = g(t)1 a<t<b The arc length s

dx = f(t)dt, dy = g'(t)dt, ds = \[ f'(©)]* +[g' ()] dt
[LG(x y)dx= [ G(f (). g(t) (el
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Tangent Vector and Unit Tangent Vector

O unittangentvector: direction

LI n e Integ ra I S i tangentvgoTi?:wd}ei
|imﬂ=£=£ _
o0 5t dt dt
MethOd Of Evaluat|0n [ unit tangent vector at P
i - sr_d
- Curve Defined Parametrically lim St == W
. . The chord PQ dr drds
If Cis a smooth curve parameterized by ST =r(t+6t)—r(t) —=S——=ss

X = f (t)’ y = g(t)1 a<t<b The arc length s

dx = f(t)dt, dy = g'(t)dt, ds = \[ f'(©)]* +[g' ()] dt
[LG(x y)dx= [ G(f (). g(t) (el

[LG(x y)dy = [ G(f (). () g ®)ct

2008_Vector Ca|§u|u5(3)




Tangent Vector and Unit Tangent Vector
Ounittangentvector: direction
Dmagnitude

—_tangentvectoratP |——

Line Integrals

Method of Evaluation
- Curve Defined Parametrically

The chord PQ

If C is a smooth curve parameterized by Sr=r(t+38t)—r(t)

X = f (t)’ y = g(t)1 a<t<b The arc length s

dx = f(t)dt, dy = g'(t)dt, ds = \[ f'(©)]* +[g' ()] dt
[LG(x y)dx= [ G(f (). g(t) (el

[LG(x y)dy = [ G(f (). () g ®)ct

[LG0x,y)ds = [ G(f (1), gL OF +[g'®F dt
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Tangent Vector and Unit Tangent Vector

O unittangentvector: direction
Dmagnitude

—_tangentvectoratP |——

Line Integrals

Method of Evaluation
- Curve Defined Parametrically

{

The chord PQ

If C is a smooth curve parameterized by Sr=r(t+38t)—r(t)

X = f (t)’ y = g(t)’ a<t<b The arc length s

dx = f(t)dt, dy = g'(t)dt, ds = [ f'(©)]* +[g' (V)] dt
[LG(x y)dx= [ G(f (). g(t) (el

[LG(x y)dy = [ G(f (). () g ®)ct

[LG0x,y)ds = [ G(f (1), gL OF +[g'®F dt

Convert the line integral to a definite integral in a single variable

2008_Vector Calgulus(3)
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Line Integrals

Notation
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Line Integrals

Notation

| PO, y)dx+ [ Q(x, y)dy
In practice, It can be written as

IC P(X, y)dx+Q(X, y)dy or simply JC Pdx +Qdy

A line integral along a closed curve C is very often denoted by

§C Pdx + Qdy

2008 _Vector Calvcylus(3)




||IP|| : the norm of the partition or the length of the longest subarc

Line Integrals

Curves with opposite orientation

Ll
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||IP|| : the norm of the partition or the length of the longest subarc

Line Integrals

Curves with opposite orientation
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||IP|| : the norm of the partition or the length of the longest subarc

Line Integrals

Curves with opposite orientation
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||IP|| : the norm of the partition or the length of the longest subarc

Line Integrals

Curves with opposite orientation

B
j_Cde +Qdy = —L Pdx + Qdy A /»\JC/
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||IP|| : the norm of the partition or the length of the longest subarc

Line Integrals

Curves with opposite orientation

B

j_Cde +Qdy = —L Pdx + Qdy A '/»\JC/
B

L:de +Qdy + IC Pdx+Qdy =0 i /‘\—/c/

2008_Vector Calculus(3)




||IP|| : the norm of the partition or the length of the longest subarc

Line Integrals

Curves with opposite orientation

B

j_Cde +Qdy =— L Pdx + Qdy A '/»\JC/
B

L:de +Qdy + IC Pdx+Qdy =0 i /‘\—/c/

Line integrals in space
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||IP|| : the norm of the partition or the length of the longest subarc

Line Integrals

Curves with opposite orientation

B

j_Cde +Qdy =— L Pdx + Qdy A /’—\JC/
B

I_Cde +Qdy + fC Pdx+Qdy =0 i /‘\—/c/

Line integrals in space

I G(X,Y,z)dz = lim ZG(x:,y:,z:)Azk
=1

IP|[—0

2008_Vector Calculus(3) ||P|| length of the longest subinterval
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||IP|| : the norm of the partition or the length of the longest subarc

Line Integrals

Curves with opposite orientation

B

j_Cde +Qdy =— L Pdx + Qdy A /’—\JC/
B

I_Cde +Qdy + fC Pdx+Qdy =0 i /‘\—/c/

Line integrals in space

IP[l—

I G(X,Y,z)dz = lim ZG(x:,y:,z:)Azk
=1

Line integral along a space curve C with respect to z

2008_Vector Calculus(3) ||P|| length of the longest subinterval




Line Integrals

Method of Evaluation
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Line Integrals

Method of Evaluation

If Cis a smooth curve in 3-space defined parametric equation
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Line Integrals

Method of Evaluation

If Cis a smooth curve in 3-space defined parametric equation
x=f(t), y=g(t), z=h(t),a<t<b
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Line Integrals

Method of Evaluation

If Cis a smooth curve in 3-space defined parametric equation
x=f(t), y=g(t), z=h(t),a<t<b

[.G(x.y,2)dz = [ G(f (®), g(t). h(t)h' (el
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Line Integrals

Method of Evaluation

If Cis a smooth curve in 3-space defined parametric equation
x=f(t), y=g(t), z=h(t),a<t<b

[.G(x.y,2)dz = [ G(f (®), g(t). h(t)h' (el

[LG(xy,2)ds = [ G(f (), 9(®), hOWL ' OF +[g'®F +[h' (O
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Line Integrals

Method of Evaluation

If Cis a smooth curve in 3-space defined parametric equation
x=f(t), y=g(t), z=h(t),a<t<b

[.G(x.y,2)dz = [ G(f (®), g(t). h(t)h' (el

[LG(xy,2)ds = [ G(f (), 9(®), hOWL ' OF +[g'®F +[h' (O

Convert the line integral to a definite integral in a single variable
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Line Integrals
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Line Integrals

C:x=1(), y=9(t),ast<b

r=f(t)I+g(t)] :position vector of points on C
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Line Integrals

C:x=1(), y=9(t),ast<b

r="f(t)i+9g(t)] :position vector of points on C A
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Line Integrals

F(X,y)=P(X, y)i+Q(X,VY)] isdefined along a curve
C:x=1(), y=9(t),ast<b

r="f(t)i+9g(t)] :position vector of points on C A

2008 _Vector Cal_culys(3)
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Line Integrals

F(X,y)=P(X, y)i+Q(X,VY)] isdefined along a curve
C:x=1(), y=9(t),ast<b
r=f(t)i+g(t)] :position vector of points on C

dr y

. . dx. dv.
—=f'()i+g'(t)j=—1i+—
m (t)i+g'(t)] m dtJ

2008_Vector Calculus(3)




Line Integrals

. F B
F(X, )/) . P(X, y)i -I-Q(X, Y)j is defined along a curve

C:x=1f(t), y=g(t), a<t<b ¢

= f(t)i+g(t)j : position vector of points on C A

dr . . dx. dy. dr . :
—=f'"i+g'W)j=—i1+—2 dr =—dt =dxi+d

g gy =rit it J
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Line Integrals

. F B
F(X, y) . P(X, y)i -I-Q(X, Y)j is defined along a curve

C:x=1f(t), y=g(t), a<t<b ¢

= f(t)i+g(t)j : position vector of points on C A

dr . . dx. dy. dr . :
—=f'"i+g'W)j=—i1+—2 dr =—dt =dxi+d

g gy =rit it J

F(X,y)edr=P(X,y)dx+Q(X,y)dy
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Line Integrals

B
F(X, y) . P(X, y)i -I-Q(X, Y)j is defined along a curve "
C:x=1f(t), y=g(t), a<t<b ¢
= f(t)i+g(t)j : position vector of points on C A
dr . . dx. dy. dr . :
—=f'"i+g'W)j=—i+— dr =—dt =dxi+d
g gy =rit it J

F (X, y) ol = P(X, y)dX + Q(X, y)dy D> Ref. Line Integrals
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Line Integrals

B
F(X, y) . P(X, y)i -I-Q(X, Y)j is defined along a curve "
C:x=1f(t), y=g(t), a<t<b ¢
= f(t)i+g(t)j : position vector of points on C A
dr . . dx. dy. dr . :
—=f'"i+g'W)j=—i+— dr =—dt =dxi+d
g gy =rit it J

F (X, y) ol = P(X, y)dX + Q(X, y)dy D> Ref. Line Integrals

. PO y)dx+Q(x, y)dy = | F-dr
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Line Integrals

. . F B
F(X, y) . P(X, y)l + Q(X, Y)j is defined along a curve

C:x=1f(t), y=g(t), a<t<b ¢

= f(t)i + g(t)j : position vector of points on C A

dr . . dx. dy. dr . :
—=f'"i+g'W)j=—i1+—2 dr =—dt =dxi+d

g gy =rit it J

F (X, y) ol = P(X, y)dX + Q(X, y)dy D> Ref. Line Integrals

. PO y)dx+Q(x, y)dy = | F-dr

Similarly, for a line integral on a space curve,

2008_Vector Calculus(3)




Line Integrals

. . F B
F(X, y) o P(X, y)l + Q(X, Y)j is defined along a curve

C:x=1f(t), y=g(t), a<t<b ¢

= f(t)i + g(t)j : position vector of points on C A

dr . . dx. dy. dr . :
—=f'"i+g'W)j=—i1+—2 dr =—dt =dxi+d

g gy =rit it J

F (X, y) ol = P(X, y)dX + Q(X, y)dy D> Ref. Line Integrals

. PO y)dx+Q(x, y)dy = | F-dr
Similarly, for a line integral on a space curve,

. PO y)dx+Q(x, y)dy +R(x, y)dz = | F-dr

2008_Vector Ca|§u|u5(3)




Line Integrals

Work
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Line Integrals

Work Ar, = AX 1+ Ay, ]
F(% Vi) T As,
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Line Integrals

Work Ar, = AX 1+ Ay, ]
F(% Vi) T As,

If AS, is small, F(X:, yE) Is constant force, and
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Line Integrals

Work Ar, = AX 1+ Ay, ]
F(% Vi) T As,

If AS, is small, F(X:, yE) Is constant force, and

B AS, = Ar,
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Line Integrals

Work Ar, = AX 1+ Ay, ]
F(% Vi) T As,

If AS, is small, F(X:, yE) Is constant force, and

B AS, = Ar,

Approximate work done by F over the subarc is
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Line Integrals

Ar, = AX 1+ Ay, ]
If AS, is small, F(X:, yE) Is constant force, and

Work
F(X, Yi) T As,

B AS, = Ar,

Approximate work done by F over the subarc is

(I F(X» Vi) [ cos 0) || Ar, [I= F(X, Yi) - Ar,
A = P(X, Y )A%, +Q(X, Vi )AY,
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Line Integrals

Work Ar, = AX 1+ Ay, ]
F(% Vi) T As,

If AS, is small, F(X:, yE) Is constant force, and

B AS, = Ar,
Approximate work done by F over the subarc is
(Il F(x, i) [ cos Q) | Ar, [I= F (X, Yi) - Ar,
A = P(X, VA%, +Q(X,, Y )AY,

By summing the elements of work and passing to limit,

——i
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Line Integrals

Work Ar, = AX 1+ Ay, ]
F(% Vi) T As,

If AS, is small, F(X:, yE) Is constant force, and

B AS. ~ Ar
AV, K

Approximate work done by F over the subarc is

(I F(X» Vi) [ cos 0) || Ar, [I= F(X, Yi) - Ar,
A = P(X, Y )A%, +Q(X, Vi )AY,

By summing the elements of work and passing to limit,

W :L P(x, y)dx+Q(x, y)dy or W =jCF.dr

2008_Vector Calculus(3)
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Line Integrals

Work Ar, = AX 1+ Ay, ]
F(% Vi) T As,

If AS, is small, F(X:, yE) Is constant force, and

B AS, = Ar,
Approximate work done by F over the subarc is
(Il F(x, i) [ cos Q) | Ar, [I= F (X, Yi) - Ar,
A = P(X, VA%, +Q(X,, Y )AY,

By summing the elements of work and passing to limit,
W :L P(x, y)dx+Q(x, y)dy or W =jCF.dr
dr drds

dr =Tds (T =dr/ds)

dt ds dt
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Line Integrals

Work Ar, = AX 1+ Ay, ]
F(% Vi) T As,

If AS, is small, F(X:, yE) Is constant force, and

B AS. ~ Ar
AV, K

Approximate work done by F over the subarc is

(I F(X» Vi) [ cos 0) || Ar, [I= F(X, Yi) - Ar,
A = P(X, Y )A%, +Q(X, Vi )AY,

By summing the elements of work and passing to limit,
W :L P(x, y)dx+Q(x, y)dy or W =jc F-dr

dr drds
dt ds dt

dr =Tds (T =dr/ds)

W:LF-drzLF-Tds

2008_Vector Ca|§u|u5(3)
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Line Integrals

Work Ar, = AX 1+ Ay, ]
F(% Vi) T As,

If AS, is small, F(X:, y;‘) Is constant force, and

B AS. ~ Ar
AV, K

Approximate work done by F over the subarc is

(I F(X» Vi) [ cos 0) || Ar, [I= F(X, Yi) - Ar,
A = P(X, Y )A%, +Q(X, Vi )AY,

By summing the elements of work and passing to limit,
W :L P(x, y)dx+Q(x, y)dy or W :jc F-dr

dr drds
dt ds dt

dr =Tds (T =dr/ds)

W:LF-drzLF-Tds

The work done by a force F along a curve C is due entirely to the

tan%ential component of F
2008_Vector C»a_lpculus(




Line Integrals

Circulation

Circulation = §CF dr = §CF -Tds

Circulation is a measure of the amount by which the fluid tends to turn
the curve C by rotating around it.

L F-Tds=0 : Fluid does not Circulate in curve C

c F. TdS >0 : Fluid tend to rotate C in counterclockwise

2008_Vector Calculus(3)

F-Tds <0 : Fluid tend to rotate C in clockwise
C




Line Integrals

M Example 1 Solution)
Evaluation of Line g(a)j xy?dx :
Integrals Tk X y dx
: 212 | | | | |
: = [ (4cost)(16sin *t)(~4sin tcl)
Evaluate Zl2 . g
- f i =256 jo sin °tcost dt
c . wl?2
(b) | xy*dy, = —256Fsin 4t}
2 | x 4
(c) _[C xy“ds P e °

on the quarter-circle C defined by
x=4cost, y=4sint, 0<t<n/2. See 9.47.
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Line Integrals

- Solution)
Evaluation of Line ke 3/ J vV d
N | | \ [ \
Integrals = _[0 /2(4cost)(163in ’t)(4 costdt)
y :
= 256_[0”/23in 2t cos? t dt
Evaluate l2,
@) [ xy =64]  (2sin tcost)“dt
C ’ )
(b) J'C Xyzdy, :64.0”/28"122'[ dt
(c) J'C xy“ds - X =32 'O”/ZZSin 2 2tdt
,0) t=0 : *

on the quarter-circle C defined by 5232
x=4cost, y=4sint, 0<t<n/2. See Figure 947.

=32
: J0O

2008_Vector Calgulus(3)

—32[
J0

gt 2 . 2 2 .2
; (cos” 2t +sin © 2t) + (—cos” 2t +sin © 2t) dt

/2 2 . 9
1—(cos“ 2t —sin © 2t) dt

/2
1—cos 4t dt

wl?2



Line Integrals

M Example 1 Solution)
belvaton o e s
g y X y2 , ds ‘
: 5 | | | \
= jo’” (4cost)(165in 2t)/(4cost)? + (4sin t)2dt
Evaluate :

= 256 Ioﬁlzsin 2t costdt

wl2
- 256Fsin 3 t} _ 299
3 3

0

(a) .[C xy>dx,

(b) | xy’dy,
2

(c) _[C Xy“ds —

on the quarter-circle C defined by
x=4cost, y=4sint, 0<t<n/2. See 9.47.

X
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Line Integrals

M Example 2
Curve Defined by an y (2,8)
Explicit Function ]
]
Evaluate L xydx+x“dy , where C is given s
by y=x3, -1 <x<2. 5 ]
Solution) g
_[xydx+x2dy ’]
Cc 1]
_ 2
= |. xydx+'[cx dy /_ ; : : : . X
_ '_21x(x3)dx+ flxz(3x2dx) 2

~ [*x* +3x%dx = jz4x4dx
J-1 -1

[4 5}2 132
=|—X = —
5 |, 5

2008 _Vector C_a_lgulus(3)




Line Integrals

M Example 3
Curve Defined
Parametrically

Evaluate §CXdX, where C is the circle X
x=cost, y=sint, 0<t<2m, :

t=0,t=2x

Solution)

o2

§ xdx=[" cost(—sin tdt)
C JO

2

= O”—costsin tdt

27
— F COS* t} =0
2 0

2008_Vector Calculus(3)
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Line Integrals

(2.4)

M Example 4
Closed Curve

Evaluate ifc y?dx—x°dy on the closed
curve C that is shown in Figure 9.49(a).

Solution)

§c yde - dey
:J.c y2dX—x2dy+J'C yde—dey+L yZdx — x*dy |
B UOZ 0dx —x° (O)} * [.[04 y*(0) - 4dy} + “20 x“dx — x? (2xdx)}
-y [Le-2e] |

_0-16+2-_12
5 5

2008_Vector Calculus(3)




Line Integrals

M Example 5
Line Integral on a Curve
in 3-Space

Evaluate | ydx+xdy-+zdz, where C is the
helix x=2cost, y=2sint, z=t, 0 <t < 2x.

Solution)
X = 2cost = dx=-2sint-dt L ydx + xdy + zdz
y=2sint = dy=2cost-dt = .027[ 2sint-(=2sint-dt)+2cost-(2cost-dt) +t-(dt)
z=t - dz=1-dt=dt '

Pz ) 2
=1 (—4sin“t+4cos“t+t)dt

= '02” (4cos2t+t)dt

) 727
= [ZSin 2t + } =2r°
0

2008 _Vector Calvcylus(3)




Line Integrals

M Example 6 BF=Zi+)
Work Done by a Force
y
Find the work done by (a) F=xi+yj and E
(b) F=%i+% j along the curve C traced 1 .
by r(t)=costi+sintj from t=0 to t=mr. {
Solution) y T
(@) F = Xi+Yj a4
1 W = FOdI’ZJ‘(—i—i——jjodr
JC c\ 4 2
: . 7T . 1 - o(_ - - -
- X =], Z|+§Jj (—sin ti + costj)dt
W :.cF'dr:I (Xi+yj)edr = —%smt+;costjdt
= ”(cost|+5|n tj) e (—sin ti + costj)dt |
Jo [3 } 3
o =| —CoSt+— S|nt =——
= | (-costsin t+sin tcost)dt = 4 2

2008 Vector Calculus(3)
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Independence of path

Differential — Functions of Two Variables
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Independence of path

Differential — Functions of Two Variables

The differential of a function two variables ¢(X, y) IS
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Independence of path

Differential — Functions of Two Variables

The differential of a function two variables ¢(X, y) IS

dog = a¢dx+ ¢
OX 8y
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Independence of path

Differential — Functions of Two Variables

The differential of a function two variables ¢(X, y) IS

0
do¢ = % dx + — ¢
OX 8y
It is said to be exact differential equation if there exists a function ¢(X, y)

such that
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Independence of path

Differential — Functions of Two Variables

The differential of a function two variables ¢(X, y) IS

0
do¢ = % dx + — ¢
OX 8y
It is said to be exact differential equation if there exists a function ¢(X, y)

such that

dg = P(X, y)dx+Q(X, y)dy

2008_Vector Calculus(3)
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Independence of path

Differential — Functions of Two Variables

The differential of a function two variables ¢(X, y) IS

0
do¢ = ¢dx+ ¢
OX ay
It is said to be exact differential equation if there exists a function ¢(X, y)

such that

dg = P(X, y)dx+Q(X, y)dy

d¢ = X2y3dX + X3y2dy Is differential of ¢(X, y) = % X3y3 => Exact differential
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Independence of path

Differential — Functions of Two Variables

The differential of a function two variables ¢(X, y) IS

0
do¢ = ¢dx+ ¢
OX 8y
It is said to be exact differential equation if there exists a function ¢(X, y)

such that

dg = P(x, y)dx+Q(x, y)dy
_y2y,3 3,,2 . . 1 5 4 _ _
d¢ =Xy dx + x y dy Is differential of @(X, Y) :gx Y° => Exact differential

d¢ =(2 y2 —2Y)dX + (2Xy—X)dy There is no function ¢ satisfying this equation .
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Independence of path

Differential — Functions of Two Variables

The differential of a function two variables ¢(X, y) IS

0
do¢ = ¢dx+ ¢
OX 8y
It is said to be exact differential equation if there exists a function ¢(X, y)

such that

dg = P(X, y)dx+Q(X, y)dy

d¢ = X2y3dX + X3y2dy Is differential of ¢(X, y) = % X3y3 => Exact differential

d¢ =(2 y2 —2Y)dX + (2Xy—X)dy There is no function ¢ satisfying this equation .

=> Not an exact differential

2008_Vector Calgulus(3)




Independence of path

Path Independence
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Independence of path

Path Independence

A line integral whose value is the same for every curve or path connection A
and B is said to be independent of the path.
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Independence of path

Path Independence

A line integral whose value is the same for every curve or path connection A
and B is said to be independent of the path.

N
Theorem 9.8 Fundamental Theorem for Line Integrals

Suppose there exists a function #(X, ¥) such that d¢ = PdX+Qdy; that is,
Pdx +Qdy is an exact differential. Then L Pdx+Qdy depends on only the endpoints
A and B of the path C and

|, Pdx+Qdy = ¢(B) - 4(A).

2008 _Vector Calculus(3) _
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Independence of path

Path Independence

A line integral whose value is the same for every curve or path connection A
and B is said to be independent of the path.

N
Theorem 9.8 Fundamental Theorem for Line Integrals

Suppose there exists a function #(X, ¥) such that d¢ = PdX+Qdy; that is,
Pdx +Qdy is an exact differential. Then L Pdx+Qdy depends on only the endpoints
A and B of the path C and

|, Pdx+Qdy = ¢(B) - 4(A).

=> If #(X,Y) is exact, line integral of #(X,Y) is said to be path independent.

2008 _Vector Calculus(3) _
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Independence of path
Fundamental Theorem for Line Integrals \

Suppose there exists a function #(X, ¥) such that d¢ = PdX+Qdy; that is,
Pdx +QdY is an exact differential. Then L Pdx+ Qdy depends on only the endpoints
A and B of the path C and

|, Pdx+Qdy = ¢(B) - 4(A).

Proof)

By chain rule, IC Pdx + Qdy b(g¢ (;1( + (25 3¥jdt
Ja )(

- [/ Lat=g(f 0.90)]
~ 41 (), 9 (b)) ~(f (2), 9(@)

=¢(B) —o(A).

2008 _Vector Calculus(3)
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[>] Ref. Simply Connected

Independence of path

Test for Path Independence in plane

N
Theorem 9.9 Test for Path Independence

Let P and Q have continuous first partial derivatives in an open simply connected
region. Then IC Pdx+Qdy is independent of path C if and only if

6P 8Q
oy X

For all (x,y) in the region

137/
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Independence of path

Ref. Conservative Force and

Conservative Vector Fields > Mechanical Energy Conservation

oLl oLl
d¢g =—dx+—dy = Pdx+Qd
¢ x - y y

— (Pi+Qj)- (dxi +dyj) = F-dr

_pi+0j (PP o_9
F_P|+QJ (P_(?X’ Q ay)

= Vector field F is a gradient of the function @

F is said to be gradient field and ¢ is said to be a potential function.

Gradient force field F is path independent and the work done by the force along a
closed path is zero. For this reason, such a force field is also said to be conservative.
In a conservative field F the law of conservation of mechanical energy holds.

2008_Vector Ca|§u|u5(3)




Independence of path

Test for Path Independence in space

N
Theorem 9.10 Test for Path Independence \

Let P, Qand R have continuous first partial derivatives in an open simply

connected region of space. Then L Pdx 4+ Qdy + Rdz is independent of path C if and
only if

oP  dQ oP OR 8Q:aR
oy x| oz  Ox oz oy

2008 _Vector Calculus(3) _
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Independence of path

F=grad f

cul F=0

2008 _Vector Cal_uls(3)
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Independence of path

@th independent in a domain D in space \
D oB
@) | F(r)edr= | (Fdx+F,dy~+F,dz)
C C
The integral (1) has the same value for all paths in D
O that begin at A and end at B.
F=grad f
culF=0

2008_Vector Calculus(3)
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Independence of path

@th independent in a domain D in space \
@) | F(r)edr= | (Rdx+F,dy+Fdz)

The integral (1) has the same value for all paths in D

that begin at A and end at B.

o /

F=grad f

cul F=0

2008_Vector Calculus(3)
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Independence of path

@th independent in a domain D in space \
@) | F(r)edr= | (Rdx+F,dy+Fdz)

The integral (1) has the same value for all paths in D

that begin at A and end at B.

o /

F=grad f

cul F=0

2008_Vector Calculus(3)




Independence of path

@th independent in a domain D in space \
@) | F(r)edr= | (Rdx+F,dy+Fdz)

The integral (1) has the same value for all paths in D

that begin at A and end at B.

o /

F=grad f

cul F=0

2008_Vector Calculus(3)




Independence of path

@th independent in a domain D in space \
@) | F(r)edr= | (Rdx+F,dy+Fdz)

The integral (1) has the same value for all paths in D

that begin at A and end at B.

o /

F=grad f

cul F=0

2008_Vector Calculus(3)




Independence of path

.

Gﬂh independent in a domain D in space

@) | F(r)edr= | (Rdx+F,dy+Fdz)

that begin at A and end at B.

~

The integral (1) has the same value for all paths in D

/

Next 3 ideas give path independence of (1) in adomain D if and only if :

\

4 F=grad f

Integration around closed curves C in D always gives 0.

cul F=0

~

2008 _Vector Calculus(3)




Independence of path

2008 _Vector _Caluls(3)
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Independence of path

@) | F(r)edr= | (Fdx+F,dy+Fdz)

(Theorem 1)
A line integral (1) with continuous F,F,, F; in adomain D in space
is path independent in D if and only if F = [Fl, F,, F3] is the gradient of

some function fin D

of of of
2 F=grad f  thus, F=—F,=—FK =

OX oy oz

2008_Vector Ca|§u|u5(3)




Independence of path

2008 _Vector _Caluls(3)
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Independence of path

of of of

(proof) F =grad f ([Fl,FZ,Fg]:{

2008 _Vector CI_uus(3) ‘
=

OX oy o1

)




Independence of path

(proof) F=grad f |[F,F, F]=| 2,9 &
OX oy oz
of . of  of ]

L(Fldx+ F,dy + F,dz)= L &dx+6—ydy+§dz

b of dx af dy of dz "
‘a| ox dt 6y dt 62 dt

=[ (:lj_fdt_ f[x(t), y(t), Z(t)]\t_

= f(x(b), y(b), z(b))- f(x(a), y(a), z(a))

— f(B)— f(A)

2008_Vector Ca|§u|u5(3)




Independence of path

(proof) F=grad f | [F,F,,F,|= or ,ac ’af
OX oy oz
of of of

L(Fldx+ F,dy + F,dz)= L 6xdx+6ydy+82dz]

_ o[ of dx af dy of dz "
‘a| ox dt 6y dt 62 dt

=[ (:lj_fdt_ f[x(t), y(t), Z(t)]\t_

= f(x(b), y(b), z(b))- f(x(a), y(a), z(a))
= f(B)- f(A)

jC(Fldx+ F,dy+ F,dz)= f (B)— f (A)

2008_Vector Ca|§u|u5(3)




Independence of path

(proof) F =grad f ([Fl’FZ’F:g]:{Zf ?Y?D
" /A

L(Fldx+ F,dy + ngz)zj —dx +—dy +—dz

of of of
C{ oOX oy 0z

_ o[ of dx af dy of dz "
‘a| ox dt 6y dt 62 dt

= [ St = 1[0,y 20

= f(x(b), y(b), 2(b))- f(x(a), y(a), z(a))
= f(B)- f(A)

jC(Fldx+ F,dy+ F,dz)= f (B)— f (A)

a line integral is independent of path
2008 _Vector C_a‘lﬁcrLilus(3)




Independence of path

(Theorem 2)

Integration around closed curves C in D always gives 0.

2008 _Vector Cal_culys(3)
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Independence of path

(Theorem 2)

Integration around closed curves C in D always gives 0.

(proof)

2008_Vector Calculus(3)




Independence of path

(Theorem 2)

Integration around closed curves C in D always gives 0.

(proof)
- jc F(r)edr = jcl F(r,)edr, +jc2 F(r,)edr, =0

C,:A->B,C,:B>A




Independence of path

(Theorem 2)

Integration around closed curves C in D always gives 0.

(proof)
- jc F(r)edr = jcl F(r,)edr, +jc2 F(r,)edr, =0

C,:A->B,C,:B>A

B A
| F(r)edr,+ [ F(r,)edr, =0




Independence of path

(Theorem 2)

Integration around closed curves C in D always gives 0.

(proof)
5 | F(r)yedr= jcl F(r,) edr, +jc2 F(r,)edr, =0

C,:A->B,C,:B>A

B A
| F(r)edr,+ [ F(r,)edr, =0

Move 2"d term to the right.

158/
222



Independence of path

(Theorem 2)

Integration around closed curves C in D always gives 0.

(proof)
- jc F(r)edr = jcl F(r,)edr, +jc2 F(r,)edr, =0

C,:A->B,C,:B>A

B A
| F(r)edr,+ [ F(r,)edr, =0

Move 2"d term to the right.

[TF(r) odr, =—['F(r,) edr, = [ F(r,) ed,




Independence of path

(Theorem 2)

Integration around closed curves C in D always gives 0.

(proof)
- jc F(r)edr = jcl F(r,)edr, +jc2 F(r,)edr, =0

C,:A->B,C,:B>A

B A
n | F(r)edr+[ F(r,)edr, =0

Move 2"d term to the right.

[TF(r) odr, =—['F(r,) edr, = [ F(r,) ed,

In conclusion, a line integral is path independent

2008_Vector Ca|§u|u5(3)




Independence of path

(4) Fedr=Fdx+ F,dy + F,dz
(Theorem 3)

Let F,,F,,F;in the line integral (1) L F(r)edr = _[C(Fldx+ F,dy + F3dz)

be continuous and have continuous first partial derivatives
in adomain D in space. Then :

(a) If the differential form (4) is exact in D - and thus (1) is path
independent by theorem (3*)- then in D,

©® curl F=0 L]k
lF—| 2 9 g:[8F3_8F2’8F1_6F3’8F2_8F1}
ox oy oz oy 0z 07 OX oOX oy

|:l I:2 F3

In components
6) o oF, oF oOF OF, OF
oy 0z 0z Ox Ox oy

2008_Vector Cal_culus(3)




Independence of path

(4)Fedr=Fdx+F,dy+ F,dz
(Theorem 3)

Let F,,F,,F;in the line integral (1) L F(r)edr = IC (Fldx +F,dy + F3dZ)

i ] K

@) curl F=0 wle_|0 © 8|_[oF oF R oF oF, R
ox oy ozl | oy oz oz Ox ox oy
|:1 F2 F3

In components
6) oF oF, oF OF OF, OF
oy o0z 01 OXx OX oy

,//j"’“ . [fitis rotational field,
- S Fedr>0
casa ©
q\‘{\ CT Fedr=0 Path dependent > not a conservative field
} ““.“’:‘_ = o
%‘“ Fedr<O0
4 4 l ¢
: 3

2008_V€Ct0r Czl?bu 1 \:3 \2)




Independence of path

M Example 1 ) S e
An Integral Independent { o
of the Path L i -
/"y =x? » / g
o—-"/'/ X o// X
00 (0.0)

The integral &:ydx+xdy has the same Ly )

value on each path C between (0,0) and | Y D
(1,1) shown in Figure 9.65. You may

recall from Problems 11-14 of Exercises

9.8 that on these paths

L ydx + xdy =1

0o (00)

In example 2 we shall prove that the
given integral is independent of the
path.

2008_Vector Ca|§u|u5(3)




Independence of path

-19.9 Example 1.
M Example 2 [ ydxrxdy=1
Using Theorem 9.8 e

In Example 1 note that d(xy)=y dx + x dy;
that is, y dx + x dy is an exact differential.
Hence, [.y dx + x dy is independent of
the path between any two points A and
B. Specifically, if A and B are,
respectively, (0,0), and (1,1), we then
have, from theorem 9.8,

(L.1) oy
J(o g YO Xy = .[(o 5 S8 XYooy =

2008_Vector Ca|§u|u5(3)




Independence of path

M Example 3
A Path-Dependent
Integral

Show that the integral [ (x* -2y’ )dx+(x+5y)dy
Is not independent of the path C.

Solution)
P=x"-2y°, Q=x+5y

oP — 6y, aQ 1

8y OX
oP 8Q
8y OX

~Integral is not independent of the path.
2008 _Vector CEIEqus(3)




Independence of path

P aQ
M Example 4 oy X
An I"tegral Independent ~Integral is independent of the path.
of the Path o
P:&=y2—6xy+6

00
Show that (y —6xy+6)dx+ (2xy—3x*)dy Q—E—ZXY—C%X
Is indepen ent of any path C between ) Y
(-1,0) and (3,4). Evaluate. ¢=[y?-6xy+6ax=xy" ~3x*y +6x+g(y)

................................................................................................................... o
Solution) Py =2xy=3x"+9'(y)
.[C(yz —6xy+6)dx + (2xy—3x°)dy 2 g'(0)=09(y)=C
:J'C P(X’ Y)dX+Q(X, Y)dy J;(31’4(:)(y2 _6Xy+6)dx+(2Xy_3X2)dy
P _2y-6x e d
P—y2—6Xy+6 y y = oo (xy* —3x°y +6Xx)
Q = 2xy—3x° @=2y—6x =[xy’ -3¢ Y +6X) 10

OX .~ (48-108+18)— (~6) = —36




Independence of path

M Example 5
Gradient Field

Show that the vector field
F=(y?+5)i+(2xy-8)j is a gradient field.
Find a potential function for F.

Solution)
F=(y*+5)i+(2xy—8)j
=P(X,y)i+Q(X, )]

~Vector field is a gradient field.

2008_Vector Ca|§u|u5(3)

P:%:y2+5
OX
Q:%:2xy—8

¢:'fy2+5dx: y2X+5x+g(y)

% =2xy+9'(y)

9/(y)=-8, 9(y)=-8y+C

¢ =Yy°x+5x—8y+C

s, e oxy—8)
V¢_8xl+8yl_(y +5)i+(2xy—8)]



Independence of path

M Example 6
An Integral Independent
of the Path

Show that Ic(y+y2)dX+(X+323+Xz)dy+(9y22+xy—1)dz

is independent of any path C between
(1,1,1) and (2,1,4). Evaluate

Solution)
L (y + yz)dx + (X +3z° + xz)dy + (9yz® + xy—1)dz

= L P(x,y,2)dx+Q(x,y,z)dy+R(x,y,z)dz
@:14_2:@’ @:y:@’ @
oy oX 01
~Integral is independent of the path.
2008 Vector thaVI'_CLiI_u.sf(B)

L S =X+XZ+

= (Xy+xyz+3yz® — z)‘

—= =y+yz
any

¢=Iy+ yzdx = yX + xyz+g(y, z)

o¢ ag(y, z)

= x+3723 + xz

@ = Xy+ xyz+3yz3 +h(z2)

o9

=9yz? +xy—1
e y y

= Xy+9yz° +

dh(z)
dz

S P=Xy+xXyz+3yz® -z

j (y+ yz)dx + (x +3z2° + xz)dy + (9yz® + xy—1)dz

" (y+ yz)dx+(x+3z +xz)dy+(9yz + xy—1)dz
(2,1,4)
d(xy + xyz+3yz®)

@11
(2,1,4)

1)

 =108-4-194




Double Integrals

z=f (x,y) \

1. Let f be defined in closed and bounded region R
2. By means of a grid of vertical and horizontal lines parallel to the coordinate axes,

form a partition P of R into n rectangular subregions of areas AA, that lie entirely in

R.
3. Let || P| be the norm of the partition or the length of the longest diagonal of the R,.
4. Choose a point (nxk, y,) ineach subregion R,. y (X;, y’k*)
5 F th &
orm the sum Zf(xk’yk)AAk I
N k=1 )% |
~ 7 =
( / C
\ ¢
// /‘J
( a
N g

2008 _Vector Calculus(3)
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Double Integrals

Definition 9.10 The Double Integral

Let f be a function of two variables defined on a closed region R. Then the double

integral of fover R is given by

n

J] FO0y)dA= lim > (x, y)AA -+ (D)

. IPll—0 &=

Integrability

If the limit in integral exists, we say that f is integrable over R and
that R is the region of integration. Whenf is continuous on R, then
fis necessarily integrable over R

2008 _Vector Calculus(3)




Double Integrals JJ 10 y)da= i D0 (6, YA @

R

Area

n

when f(x,y)=1on R, then lim » AA simply give the area A of the region
1

IPI->0 4=

AzﬂdA z 1
R

surface z=1

N
N
i:%t
N
E§§
N\
V.

2008_Vector Calculus(3)
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Double Integrals IR |!!ﬁ“02f(xk VJAA ()

Volume

it f5¥)>0 on R, then the product T (X« yk)nAAk give the volume of

rectangular prism. The summation of volume Z f (X, Y, )AA is

=il
approximation to the volume V, of the solid above the region R and

below the surface z= f(X,Y) z surface z = f (X, V)

The limit of this sum as|| P |— 0 | i i
: l |
| | |
| |
V:Hf(x,y)dA Mo i i
R i > - |
AT T 7~ | y
L L AN L7 7\
7777
X = R

2008_Vector_ Eal__cqll_q.sB) : (X, Yr,0)




Double Integrals

Theorem 9.11 Properties of Double Integrals

Let fand 9 be functions of two variables that are integrable over aregion R, Then

(i) j j kf (x, y)dA =k j j f(x,y)dA

(it) [[TF (x, y) £ g (x, YIdA= [[ f(x, y)dA+ [[ g(x, y)dA

(iii)” f (X, y)dA:” f (X, y)dA+”g(x, y)dA, where R, and R,

are subregions of R that do not overlap and R=R, UR,

2008 _Vector Calculus(3)




Double Integrals

Regions of Type | and Type Il

Regions of Type |

R:a<x<bh, g,(X)<y<d,(x)

Where @, and g, are continuous.

Regions of Type Il

R:c<y<d, h(y)<x<h,(y)

Where h1 and h2 are continuous.

2008 Vector C¥a7|'_culus(3)



Type I:
R:a<x<bh, g,(x)<y<g,(X)
Type Il :
R:c<y<d, h(y)<x<h,(y)

Double Integrals

lterated Integrals

For type |

[ Igz((x))f(x y)dydx = [ UQZ()f(x, y)dy}dx

For type ll

[ ¢ (x ypaxdy = [ 7 (x, y)dx} dy

(y)

2008_Vector Calgulus(3)




Type I:

Double Integrals R:a<x<bh, g,(X)<y<g,(x)

Type II:
R:c<y<d, h(y)<x<h,(y)
_
Evaluation of Double Integrals ‘

Let T be continuous on region R

(i) If Ris Type I, then

b £9,(X)
j j f(x,y)dA= j L,l(x) f (X, y)dydx
R
(it) If Ris Type I, then

jR [ f(x y)da= f jh'z(‘yj) f(x, y)dxdy

2008 _Vector Calculus(3) 4




Double Integrals

Laminas with Variable Density — Center of Mass

If density is constant,

m=lim > pf (x)Ax, = [ pf (x)dx

IPl—>0 &

If density Is not constant,

m= lim Z of (X)) A, = j j o(x, y)dA

IP||—0
M, "M
Centerof mass X=——, y=—X*,
m m
Where,
M, = [[xo(x.y)dA M= [[yp(xy)dA

Moment of lamina about y- and x- axis
2008_Vector Cakwu:p)




Double Integrals

Moments of Inertia

Moments of inertia about the x-axis

2
L =[]y p(x y)dA
R
Moments of inertia about the y-axis

| =”X2p(x, y)dA

2008 _Vector Calvcylus(3)




Double Integrals in Polar Coordinates
Polar Rectangles

“‘Polar Rectangles”

2008_Vector Calculus(3)
_m—

AR,




Double Integrals in Polar Coordinates
Polar Rectangles

“‘Polar Rectangles”

AR,

g \ r=49, (‘9)
e r=,(0)

polar axis

2008_Vector Calculus(3)




Double Integrals in Polar Coordinates

Polar Rectangles

“Polar Rectangles” |/

AR,

polar axis polar axis

2008_Vector Calculus(3)



Double Integrals in Polar Coordinates

Polar Rectangles

“Polar Rectangles” |/

polar axis polar axis

2008_Vector Ca|§u|u5(3)



Double Integrals in Polar Coordinates

Polar Rectangles

“Polar Rectangles” |/

polar axis polar axis

Ark — (rk+1 — rk)

« 1
e :E(rkﬂ + rk)

2008_Vector Ca|§u|u5(3)



Double Integrals in Polar Coordinates

Polar Rectangles

“Polar Rectangles” |/

polar axis polar axis
1. 1.
AA< :ErkﬂAHk _Erk A‘9k Ar = (rk+1_rk)

1
- %(rkil — FKZ)AHK - % (r.,+r)(r. ., —1)AE =1, Ar AG, r, = E(rk+1 +1,)

2008_Vector Calgulus(3)



Double Integrals in Polar Coordinates

Polar Rectangles

“Polar Rectangles” |/

polar axis polar axis

1 2 Ref. A P R
— f. f Pol I _
AA{ — rk+1A6)k —— T Agk D>|Ref. Area of Polar Rectangles Ark (rk+1 rk)

1
- %(rkil — FKZ)AHK - % (r.,+r)(r. ., —1)AE =1, Ar AG, r, = E(rk+1 +1,)

2008_Vector Calgulus(3)



Double Integrals in Polar Coordinates

Polar Rectangles 7 A

surface z= f(r,0)

“Polar Rectangles”

polar axis

AA =T A AG,
IIIPIIITO — K GAA, :ulplnrﬂo -y T, )R ARAG :J-Rj el
1K (r,@)dA:jj_[:z(;i) £(r,0)rdrdo

2008_Vectr Calculus(3)




Double Integrals in Polar Coordinates

Change of Variables : Rectangular to Polar Coordinates

0<g,(0) <1 <g,(6)

IfRis describesin _ 5 i

polar coordinates as
0<p-a<llr

Then, H f (X, y)dA:jaﬂjgzw) f(rcosé,rsin@rdrdo

0
5 9,(0)

Above equation is particularly useful when f contains the expression

2 2 . . . .
X"+Y Since, in polar coordinates, we can write
2

X*+y*=r? and X*+y’=r

2008_Vector Calgulus(3)




Surface Integrals

Surface Area
Z A

surface z = f (X, y)

(%1 Yi,0)

u=AxI+f (XY, )AxK

V= Aij + fy (Xk ’ yk)Aykk
\'

u

T
k 7[/5 .

/.

(% ¥i,0)

AXK ] Rk

Ay,

If R is small, AT, = AS, (AT,,AS, :Areaof T, S,)

AT, slux V| ,uxv=

2008_Vector Calgulus(3)

|
AX,
0

J
0

AY,

Kk

1:x (Xk ! yk )Axk
f, (Xs Vi) Ay,

=[—f, (%, YOI — £, (X, Vi) T+ KIAX Ay,



Surface Integrals

Surface Area v
Z u

suace 2= f(xy) AT 7z/sk U= AX i+ f, (X, Vi) AX ]
Z | L_/ V = Aykl + fy(Xk, yk)AykJ
[ . L | : If R, is small, AT, = AS,

|L7////)I/ //77\ /\5
W (X, V..0) (AT, AS, :Areaof T, S,)

= R

X, y0.0) Ax, Rk ATk :” uxv ”
Ay,

uxv=[-f (X, Yy ) - fy(Xk’ Y)J+KJAX Ay,

AT, = L, (%, YOI +LF, (%, V)P +1 Ax Ay,

Area of surface ~ Z\/[ f, (% YOI? +1F, (X, YOI +1 Ax Ay,
k=1

2008_Vector Calgulus(3)
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Surface Integrals

Z

surface z=f(x,y)

I, %/Sk

‘ | — | | Area of surface
“Ir |
g | | l : 2 2
S | BN =3 LR O YO +LE, (0 YOI +1 AX Ay,
:[7/////}/ D7>\! Y (X, ¥,.,0) k=1
T AXK'% Ry
Ay,

Definition 9.11 Surface Area

\\\xr’

Let f be a function for the first partial derivatives f,and f, are continuous on a

closed region R. Then the area of the surface over R is given by

A(S) = [[YLE (%0 YT +L, (%, yOF +1 dA--(2)

2008 Vector

Cal;ulus(3) )




Surface Integrals z

ﬁ,\

)——-.l/

d
x(/)

k

>

i
rd

Differential of Surface Area
dS = \JL+[ f, (%, YOI +[f, (%, yOI* dA

ZZERZZZZ 7Y
 W=G(x.y,2) K L,

(% Yi,0)

1. Let G be defined in a region of 3-space that contains a surface S, which is the

N
N
N
%

graph of a function Z = f (X, Y). Let the projection R of the surface onto the xy-

plane be either a Type | or Type Il region

2. Divide the surface into n pieces of areas AS, corresponding to a partition P of R

into n rectangles Ry of area AA,
3. Let| P|| be the norm of the partition or the length of the longest diagonal of the R,

4. Choose a point (X,, Y,,Z, ) in each element of surface area

5. Form the sum . % %
ZG(Xk’yk’Zk)ASk
k=1

\ U

2008_Vector Calculus(3)




Surface Integrals

Definition 9.12 Surface Integral |

Let G be a function of three variables defined over a region of space containing the

surface S. then the surface integral of G over Sis given by z
(% Yier 2¢)

q

}——-.l/

\j
XU)

”G(x, y,2)dS = lim ZG(xk,yk,z )AS, -+ (4)

IPll—=0

—

v

\
5

N
N

Method of Evaluation

N
N
N
N
N
::

If G, f,f,and f, are continuous throughout a region
containing S, we can evaluate (4) by means of a double integral

[JG(x v, 2)ds = [[G0x,y, f (6 y)L+LF, 06 Y +L1, (x, )P dA---(5)
when G =1, (5) reduces to furmular (2) for surface area
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Surface Integrals

Projection of S into Other Planes

If y=09(X, 2) is the equation of a surface S that projects onto
a region R of the xz-plane, then

[JG(x y,2)ds = [[G(x, g(x,2), 2)y1+[g, (x, 2)I* +[g, (x, 2)]*dA

If X=h(y,z) isthe equation of a surface S that projects onto
a region R of the yz-plane, then

[JG(x y,2)ds = [[G(h(y,2), y,2)1+[h, (¥, 2’ +[h, (y, 2)* dA

S R

Mass of a Surface

m :_Up(x, Yy, 2)dS
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Triple Integrals

W =F (x, y, 2)

1. Let F be defined a closed and bounded region D of space.

2. By means of a three- dimensional grid of vertical and horizontal planes parallel to
the coordinate planes, form a partition P of D into n subregions (boxes) D, of
volumes AV, that lie entirely in D.

3. Let || P| be the norm of the partition or the length of the longest diagonal of the D,

4. Choose a point (X,, Y, ,Z, ) in each subregion D, 5 2 |

5. Form the sum .
Z F(Xk’ Yic: Zk)AVk
k=1
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Triple Integrals

Let F be a function of three variables defined over a closed region D of space. Then
the triple integral of F over D is given by

The Triple Integral

n

[[[Fxy.2av = lim S F (5, v, 2)AY,

IPl—0 &=

/\
\/

\:
Ay

5

..’Q! >

N = y
NSy S

s> (. i 22)

= / ko Yk Sk

AV
AANX

2008 _Vector Calculus(3)



Triple Integrals

Evaluation by Iterated Integrals

7 If the region D is bounded by above by the graph of Z = f,(X, Y)
and bounded below by the graph of Z = f,(X,Y) then

(T Fecyav = [ [ F oy, 20 fan

fi (x,

R is the orthogonal projection of D onto the xy-plane.

If R is a Type | region,

[ITFocyav = [ 20 F oy, 2)dzdyox
D

9. (x) 4 fi(x,y)

y=0, R y=0,(x)

b T In triple integral, there are three possible orders of integration.
Type I dzdydx, dzdxdy, dydxdz,
$ };p a; g“x <b, g,(X)<y=<g,(x) dxdydz, dxdzdy, dydzdx,

The last two differentials tell the coordinate plane in which the

Ric<y<d, h(y)sx<h,(y) region R is situated.
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Triple Integrals

Volume V = "J‘dV
"D
Mass m:jup(X, y,z)dV

First Moments
The first moment of the solid about the coordinate planes indicated by the subscripts

are given by
M, :Hj zp(X,y,2)dvV. M, =J‘J‘J‘ yp(x,y,z)dv. M, :Hj Xp(X,y,z)dV
D D D
Center of Mass X = M., Y = M., T My
m m m
Centroid

If p(X, Y, z) =a constant, the center of mass is called the centroid of the solid
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Triple Integrals

Second Moments

The Second moment or moments of inertia of D about the coordinate axes indicated
by the subscripts, are given by

L= [[[(v* +2°) p(x, y, 2)dV L, =[] 0¢+2°) p(x, y,2)dV

| =_m(x2 +y?) p(x,y,2)dV

Radius of Gyration R

2008_Vector Calculus(3)
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Triple Integrals

. }.
Conversion of coordinates / __________
X

Cylindrical — Cartesian Cartesian coordinates
z
® i
{(r.0.2) X=rcos@ y=rsiné z=z
' % Cartesian — Cylindrical
0 .
-
& r=Jx+y? o-tan(d) z=12
Cylindrical coordinates X
Z » Spherical— Cylindrical
2 0D r=psing  g=6 2=pcosg
= ) y Spherical— Cartesian
g X=rsingcoséd y=rsingsin@ Z=rcosy
X
Spherical coordinates Cartesian — Spherical
Z
_ 1
r:\/x2+y2+z2 «9=tan‘1(l) ¢ =cos ~( —— 2)
X \/X +VY +Z
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Triple Integrals

Triplze integral in Cylindrical Coordinates
Z 1

z=1,(r,0)

Jz=1,r,0)

y a ;
5 § L o-p | 7
r S l/gl(e 7 an
X <Q X 0 y
AA = (r"A6)- Ar AV = AAAZ =1 ArAQ Az

JIIFr.0.2)av - ”Uf R0, Z)dz}dA ) fgzw)jf( “E(r.0,2)rdzdrd@

9, (9) (r.0)
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Triple Integrals

Triple integral in Spherical Coordinates
Z

<\

AV =~ p°singAp Ag A6

dV = p°singd pdgda

.U.[F(r’@, z)dV :jf“‘gz(@)jffz(cé,e)

F(r,0,0) p°singdpdpdd
6,(0) ¥ f1(4.0) (r.¢.0) p"singdpds
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Reference slides

Line Integrals
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PrOOf cﬁcF-dr:qSCde+Qdy+Rdz

F=Pi+Qj+Rk =[P,Q,R]
dr = dxi + dyj+ dxk =[dx, dy, dz]

Fodr = (Pi + Qj + RK)e(dxi + dyj + dxk) = Pdx + Qdy + Rdz

gSC F.dr =<JSC Pdx +Qdy + Rdz
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Simply Connected
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Simply connected
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Simply connected

-

o

= Simple connect

A domain D is called simply connected if every closed curve in D
can be continuously shrunk to any point in D without leaving D.
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Simply connected
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= Simple connect

A domain D is called simply connected if every closed curve in D
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Simply connected

-
= Simple connect

A domain D is called simply connected if every closed curve in D
can be continuously shrunk to any point in D without leaving D.

o

it can shrink to a point in D
continuously
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Simply connected

4 )
= Simple connect
A domain D is called simply connected if every closed curve in D
can be continuously shrunk to any point in D without leaving D.
- /
it can shrink to a point in D it can’t shrink to a pointin D
continuously continuously
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Conservative Force and Mechanical
Energy Conservation
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0
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= M ChA| 32| fIX 2 &|=0F & M)

W ={F,.q-dr=0

HEZo| SN0 el S2| &S HEH

= Thof, SH 7t RETY Ho|A| 239}
ofct m{ElAoLX|e] Hatz Fo|ptrt 1, HEZF QIEO|M §lo] Xt25X| &
=CHH H=XF LHof| A 2] Mechanical
AU =W Energy= B ZEEIC}
(Mechanical Energy= Kinetic Energy+
(2rgoleiat Ehe Sof HES0] ofjapy  Potential Energy)
S5 mAl-dof|x|Lt g o &l A of L X| 2t
o

e MX| %S A0|LCL)
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8t
@
S Ml m, It rolM rJEX] Ol S & [[H =Ml m, It r,0lM K JEXI Ol S &

OIQOIH F JLEMI SHL W, | IO F IS HI0N S w
: W, =["F-dr W, = ["F-dr
[ MMe g N PN
: n r? r2 r?
> r ] r r,
y _gmm, . mm, _gmm, . mm,
: I, I I I
<0 ,(Blo|uBk), OIS WUS+) : S0 ,(B10] Hrsk ) O] SHIH)
MM E2 () MM 2L (+))
Ir,|>r] © EHIm,Jt 0IlM rIHKI OIS+ CHAI O SOIRS D! 2
. QoI E JLSHI St w
r(t) = xi+yj+zk W =W, +W, = G_m1m2 _G_mlm2 +G_m1m2 _G_m1m2 =0
F()=Fi+Fj+Fk "2 g " "2
F:unit position vector g2cl 32§ U2}t thR Qo] ¢ ¢o| 00|22 TR QIS HERO|LCL
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N

HBtE ofL{X| BH=
af Hst™ oL X —

OrE{o| SRS EHA0|L{x2) /HEo| BRI BHEC
®

‘Ffriction =—umg (Sgn V) I :

= X|mO| X0 M x, 77t X| O| =i}

= XImO| x,0{ A x77tX| O| = 2L}

DP‘*E* FricionOl =[Ol 2F & W, OFE 3 Friaonll = HI0] SF LW
z V.+ Wl = J-rrz l:friction -dr WZ = J.r: |:friction -dr
® i x
= Lz — pmg(sin v)dx = le— smg(sin v)dx
m m ' ’
y F:T(z 'xg = —umg(sin v)j * dx = —umg(sin V)Ile dx
=—umg| dx = ,umg_[xxl dx
i =—ﬂmg(xz — %) = £1mg(X, — X,)
Vo <0 (ROIWE(-), 1S WS+ <0 (A0 We(+), 1S L)
— MM 2 () MM 2 (-)
m m . ..........................................................................................................................
—_— > :®
y ME % X: =X mO| x| A x,77kX| O] S¢t= LA x 2 =2 SO0r=Mi(E el 8 2)
- OFEEF Ol 280 oF Yw
W =W, +W, = —zmg(X, —X%,) + £mg(X, —X,) =—24mg(X, — %) =0
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ol Mo|of mat gt £x0=
221w -[F.ar MY B2elde 00
Z 4 :
=F,(z,-2,)+0
Z, » B =F, (2, - 2,)
- #=22 W, =[F,-dr
Z, =0+ F,(z,—2,)+0+F,(z, - 7))
: — Fg (22 o Zo)
Z, & FR3 W, =[F,dr
‘ _ = "' (Fi+F,j+ Fk)-(dxi + dyj + dzk)
% % o X :LX_f dex+jy_f Fydy+rf F,dz
E}Q-L} DE!-OI g F = ol =aix (92 = O+0—|— ZngdZ
= ct &0 - Zp =
&) 20IM 242 32 1238 M2t 2HE = Fy (2, = Zo) "oy =0
S I &t L= AHE X
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Area of polar rectangles

Naval Architecture & Ocean Engineering




Area of polar rectangles
Area of outer circle minus inner circle: @
e —r'

Area of polar rectangle A : O

@=<>=27z:9

(nr° —nr'?):A=2r1:6

A=(rr? —ﬂr’z)i
27
L Ling
2 2
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Double Integrals in Polar Coordinates
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Y

dS =rdé@
dA = dSdr
=rd@dr
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