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Fourier Series(3)
: Bessel and Legendre Series

Fourier-Bessel Series
Fourier-Legendre Series
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Bessel and Legendre Series

< Nz . Nz
f(x)= % + Z(an COS— X+Db, sin— x) =Fourier Series

n=1 p p
. N7z
f(x)= S Zan COS—X sFourier Cosine Series
2 n=1 p
S . Nz
f(x)= Z b, sin ? X =Fourier Sine Series
n=1

Three ways of expanding a function in term of orthogonal set of functions

But such expansion are by no means limited to orthogonal sets of
trigonometric functions

Fourier-Bessel Series Fourier-Legendre Series
f ()= (@) f(0= c.P(x)
i=1 n=0
Recall, orthogonal relation Recall, orthogonal relation

[ x3,(@X03,(@0dx=0, 4 %4 (A=a?) [ L-P0IR0)dX=0, m=n
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orthogonal relation

Fourier-Bessel Series J; 90(@03,(ep )k =0, 4,2, (A=)

AJ. (ab)+ BZOCJn (ab) =0 =—

The Fourier-Bessel series of a function fdefined on the interval (O, b) IS given by

1) @; are defined by ‘Jn (aib) — (0 < casei

()= "cJ, (@) SYE 2n+1( D)%
=1

2) (;are defined by th (ab) + &b‘]r’l (ab) — (0 < Caseii

5 2 i2 .
f(x) = ;CiJn(ai ) 6= th)J,f(aib) [ %3, (%) f (x)clx

Fourier-Bessel Series

j xJ_(a:X) f (X)dx

3) & are defined by Jr'](ab) =0 Case iii

f0=c+dcd @)
= "3, (@) f (x)elx

: Ci /;‘
. b*3; ( b) " J

2008_FoUF’Ier'>er|eS\3) A
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Fourier-Bessel Series

=Fourier-Bessel Series

Parametric Bessel equation of order n

X2y"+xy'+(a*x* —n?)y =0, n=012,... |

Self-adjoint form

d / _n_2 2 _
—X[XY]+( v X)y=0

The eigenvalues of the corresponding Sturm-Liouville problem are ﬂ — a

ﬂ)rthogonal series expansion of f (X)\

(generalized Fourier Serles)

f0)=Dch() o =1 f<X>w<x)¢j<x)dx
4,9

_ ': f (X)W(X)g, (X)dx

[. w0, 000%

Bessel function orthogonal relation

job XJ”(aiX)Jn(aj X)dx =0,
A# 2 (A=a’)

2

The orthogonal series expan5|on of a function f defined on the interval [O b] in terms of this

orthogonal set is f (X) ZC J (05 X)

1

j xJ_(a;x) f (x)dx
3, (@) <

2008_FourieL§§fi§§(3)

3, (@X)ff = [ x32(@x)dx




Orthogonal series expansion of f (X)

(generalized Fourier Series)

Fourier-Bessel Series

F(0=$26,400 = ot IO I
=Fourier-Bessel Series "0 b |, ()
Parametric Bessel equation of order n N L F W), (x)dx

X°Y"+xy'+(a’x* —n?)y=0, n=012,... [T WO0g2, ()
Bessel function orthogonal relation

dr . n2 [ %3, ()3, (e ¥)dx =0,
—X[XY]+(—7+052X)Y=O A # 2 (A=a?)

Self-adjoint form

j xJ_(a;x) f (X)dx

f()=cd,(@x) [0b] A=a? ©

3, (@)
=Recall Differential Recurrence Relations* =Derivatives
_ d X" .y
S [x3,00]=x13,.,(%) el 0] a0
%x ' T, (04X 370 =X, 4 (4
—[x"3,(X) |==x"J, () —an () + X700 = X3, (x)
dx - ] A S X3, (%) =nd, (X) —xJ,,,1(X)

2008_Fourier Series(3)
e e S RS E—
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6/26



Orthogonal series expansion of f (X)

(generalized Fourier Series)

Fourier-Bessel Series

100=3 000 g, | ML
=Fourier-Bessel Series =0 ) |4,
Parametric Bessel equation of order n . E(X)W(X)¢n (x)dx
x2 yrr + Xy’ + (0[2X2 . n2) y = 0, n=012.... L W(X)#2. (x)dx

Bessel function orthogonal relation

dr . n2 [ %3, ()3, (e ¥)dx =0,
—X[XY]+(—7+052X)Y=O | A # 2 (A=ad)

Self-adjoint form

j xJ_(a;x) f (X)dx
|, (a )|

f()=cd,(@x) [0b] A=a? ©

-Square Norm [ J, (Oli X)”2 = Ib XJ % (c; X)dx

LA G x——)y 0

The value of the square norm depends on how the eigenvalues ﬂ/ — 05, are defined
2008_Fourier Series(3)
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Fourier-Bessel Series
j xJ_(a;x) f (x)dx
”‘]n(aix)”

=Square Norm f(x)= ZC,Jn(a X) C =

[Xy]+(a x——)y 0

The value of the square norm depends on how the eigenvalues i — OKI are defined

b
To fine square norm H‘Jn (ai X)H2 — IO XJr? (OKi X)dX

d / d [/ ! n2

Sl X——)y O 2=y =0
ult 2Xy’

Multiply by Xy %[Xy,]2+2yr(a2x2_n2)yzo

i 12 D2 21 2 _
YT (@ —n?) - IyF =

2008 Fourier §(_e_figs(3)




Fourier-Bessel Series
. " x3, (@) f (x)dx
@)

sSquare Norm f(x)= ZCiJn (2 X) C.
i—1 |

d / 2 _n_2 _
&[XY]“L(OCX X)Y—O

2
The value of the square norm depends on how the eigenvalues i — OKI are defined

b
To fine square norm H‘Jn (ai X)H2 — IO XJr? (OKi X)dX

i 12 N 21 2 __
DT+ (@ —n?) - [yF =0

dr.. d d
DT rat DIyE -n® - [yF =0




Fourier-Bessel Series
" x3, (@) f (x)dx

=Square Norm f(x)= iCiJn (& X) C —
o | 2
- ”‘]n(ai X)”

d / 2 _n_2 _
&[XY]“L(OCX X)Y—O

2
The value of the square norm depends on how the eigenvalues i = OZI are defined

b
To fine square norm H‘Jn (ai X)H2 — IO XJr? (0[i X)dX

i 12 2 21 2 _ 21 2
ST raix S IyF =n® [y

Integration by part

_Lbdd—x xy' [ dx+ [azxzyzﬁ —job a® 2Xy“dx = I; n’ c?_x[y]zdx

6
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Fourier-Bessel Series

=Square Norm f(x)= ZC (%) c _j XJ, (e x) T (X)dx
13, (@ X)]]

[Xy]+(a x——)y 0

The value of the square norm depends on how the eigenvalues i = OZI are defined

Toinesauarenorm 3, (4 X)|” = [ %32 (e X)X
j | xy]zdx+[a2x2y2}; [ o 2xy?dx=["n —[y]de
[ a?2xy?dx= j xy Fax-+[a?xty?} ~['n —[y]de
20 [ xy2dx=|(xy }; le2x2y?E -|(n2y? )

ZaZbeyde—_(XY') —|—(0( X° —n )y ﬁ

2008 Fou rie__r“§<ve>riie;s>(3)




Fourier-Bessel Series
" x3, (@) f (x)dx

=Square Norm f(x)= iCiJn (& X) C —
o | 2
- ”‘]n(ai X)”

d ’ 2 _n_2 _
&[XY]“L(OCX X)Y—O

2
The value of the square norm depends on how the eigenvalues i = OZI are defined

Jn ( x)

b
To fine square norm ‘ ‘Jn (ai X)H2 — IO XJr?(Oli X)dX

ool ERe
since Y =J,(ex), Y =ad;(x), J,(0)=0 ANREX:

207 [[ X3 ()l = ab2[3 () + (b —n 3, (e}

jo ’ xJ2(ax)dx = 2%2 {aZbZ[J;(oA:))]2 +(a®0? —n?)3, (ab)]z}

es(@)
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Fourier-Bessel Series
. " x3, (@) f (x)dx
@)

sSquare Norm f(x)= ZCiJn (2 X) C.
i—1 |

d / 2 _n_2 _
&[XY]“L(OCX X)Y—O

2
The value of the square norm depends on how the eigenvalues i — OJI are defined

Ju(x)
1

b Jo
To fine square norm H‘Jn (ai X)‘ ° ZJ; XJnZ(Oli X)dX \

job xJ2 (ax)dx = 2%2 {a2b2 3! ()| + (0% —n2 )3, (ab)]z} %

Consider boundary condition Figenvalues from this equation o

A=a’ :
AJ_(ab)+0B,J! (ab) =0 [2%7%227557 colugiony) e } Ay(@)+By'(a)=0
n n \-

Case | AZ ::L 82 =0 Azy(b)+ Bzy (b) =0
Case |l AZ:hZO’ Bzzb :
casell h=0,n=0

2008 Fourier S_ﬁ(_eI@es(S)r
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Fourier-Bessel Series

=Square Norm f(x)= ZC (%) c _j XJ, (e x) T (X)dx
”‘]n(aix)”

[Xy]+(a x——)y 0

The value of the square norm depends on how the eigenvalues i — OJI are defined

H‘Jn(ai X)HZ _ job er?(Oti X)dX = Ziiz {aizbz [Jr’](a,b)]z _l_(aizbz _nz)[Jn(aib)]Z}

Consider boundary condition AZ‘] (&b)+0¥B J! (OCb) 0 ) &) X :aib
a are defined from the root of \
casel A, =1,B, =0 J (arb) = 0<J

then||J (a5 x)[° I xJ 1 (o x)dx

= {0 [3; @D + (a0 - //)

) BN xJ,:(x>=r%zi°xJnﬂ(x)

2008 Fourier §(_§Iigs(3)




Fourier-Bessel Series

=Square Norm f(x)= ZC (%) c _j XJ, (e x) T (X)dx
”‘]n(aix)”

[Xy]+(a x——)y 0

The value of the square norm depends on how the eigenvalues i = OZI are defined

H‘Jn(ai X)HZ _ job er?(Oti X)dX = Ziiz {aizbz [Jr’](a,b)]z _l_(aizbz _nz)[\Jn(Olib)]Z}

Consider boundary condition AZ‘] (&b) + O(B J ’ (ab) = O Recall, ch.5.3

a are e e the e G0 differential recurrence relations

casel A, =1B,=0 — J. (ab) = %[X_"Jn(x)]=—x_”3n+1(x)

then|J, (a,x)H I xJ; (e X)dx —nx " () + X7 () = x4 (X)

| =030+ %3 (0 = —x3,., (%)
{sz[‘] (@b)] +(e"* -1 //) X6 =03, ()= X3, 4 (9

:?[Jr’](aib)] :?[Jnﬂ(aib)] XJp(ab) =nJ }/5%) —XJ,,.1(aD)
Js (ab) =—J,.1(ah)

2008 Fou rie__r“§<ve>riie;s>(3)




Fourier-Bessel Series

=Square Norm f(x)= ZC (%) c _j XJ, (e x) T (X)dx
”‘]n(aix)”

[Xy]+(a x——)y 0

The value of the square norm depends on how the eigenvalues i = OZI are defined
2 b 1 2 2 2 2
|3, (e X)|” = jo XxJ? (o x)dx= 52 {ai %[’ (e b)F + (ai b* —n’ IJn ()] }

Consider boundary condition AZ‘] (&b) +0(B J ’ (ch) O
0[ are deflned from the root of
casell A, =h2>0, B, béab\] (axb) =—hJd_ (xDb)

then |J, (ax)H I XJ (o, X)dx

— a0 [33(ab)] + (a6 ) [3, (@) | -
_a’b’—n*+h?
N 20

= {0 [3, @) +(a? -n)[3, @) |

[3(@b)]

2008 Fourier Serles(3)
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Fourier-Bessel Series

=Square Norm f(x)= ZC (%) c _j XJ, (e x) T (X)dx
”‘]n(aix)”

[Xy]+(a x——)y 0
The value of the square norm depends on how the eigenvalues i — OJI are defined
9, (@) = [ %32 (@x)dx= 2%2 0 ?02[3 () F +(es?0? —n? 3, () F
Consider boundary condition AZ‘] (&b)+0¥B \]’(OCb) O ?
oot of

0[ are defined from the r

casell A, =h=0, n= O%J(ab) 0

Then caselll-1) o =0 ,(0r o =0, 1 =0)
rom 31 (o) =, (@b) 1 3} (b) =~ (e5b) =0

‘]O(O) —1 : nontrivial solution! so A=0 is also eigenvalue |

I.In(xj{k J,(0)=1 Ex) Xi = aib

2

b b 5 0
3@ =l = [} %3 @ax == JNDEK

2008 Fourier §(_§Iigs(3)




Fourier-Bessel Series

=Square Norm f(x)= ZC (%) c _j XJ, (e x) T (X)dx
”‘]n(aix)”

[Xy]+(a x——)y 0

The value of the square norm depends on how the eigenvalues i = OZI are defined

N R et T MUCL) R TR PR
Consider boundary condition AZ‘] (ab)-|-aB J’(OCb) 0

0[ are defined from the root of

casell. A, =h=0,n=0 — o(ab) =0
Case Ill-2) >0
3, = [ x32(@x)dx =

O @) =2 [0, @)

9@ = [} 03 =2 (3]

2008 Fourier Serles(3)




Fourier-Bessel Series

=Square Norm f(x)= ZC (%) c _j XJ, (e x) T (X)dx
”‘]n(aix)”

[Xy]+(a x——)y 0

The value of the square norm depends on how the eigenvalues i = OZI are defined

N R et T MUCL) R TR PR
Consider boundary condition AZ‘] (ab)-|-aB J’ (ab) 0

0{ are deflned from the root of

casell A, =h=0, n= O%J(ab) 0

then
2 2
9, (@0 = [ X2y =20 1T

[3,(e50)] =?[Jn(aib)]2

HJO(ai X)HZ N Iob X'Jg(ai X)ax :%[Jo(aib)]z

2008 Fou rie__r“§<ve>riie;s>(3)




Fourier-Bessel Series

Fourier-Bessel Series
The Fourier-Bessel series of a function f defined on the interval (O b) IS given by

1) ;are defined by ‘]n (ai b) =0

f(x)= N cJ (a;x ,C. = XJ, (e x) T (X)dx
() le (%) b2J2n+1( b)j )
2) (;are defined by th (ab) + &an (ab) =0

00 2ai2 b
f(X) = izﬂ:ciJn(aix) = A+ D7) | %3, (@) f (x)dlx
3) jare defined by Jr’] (ab) — O

? b
q:Fj xf (x)dx

20009 Eoiiviar Coriac/DO)
llllllllllll

j xJ_(c:X) f (x)dx

= bZJ( DE:




Fourier-Bessel Series

=Convergence of a Fourier-Bessel Series:
Sufficient conditions for the convergence of a Fourier-Bessel series are
not particularly restrictive

N
Theorem 12.4 Conditions for Convergence |

/ : : : : :
If f and f are piecewise continuous on the open interval (O, b) , then a Fourier-

Bessel expansion of fconverges to f (X) at any point where f IS continuous and to

the average [f (X_|_) 4 f (X_)]/ 9 atapoint where f is discontinuous.

2008_Fourier Series(3) )
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Fourier-Bessel Series

M Example 1 1) & are defined by J,(c;b) =0
Expansion in a Fourier-Bessel Series w

Expand f(x)=x, 0<x<3, in a f(x) :ZciJn(aix)

Fourier-Bessel series, using i=1 5 )

Bessel functions of order one ,C. = I XJ,, (e X) T (X)dx

that satisfy the boundary - b %ha(ab)

condition J,(3x)=0
b=3,

t=ax, dx=dt/a, x> =t*/a’,

== x*J, (o X)dx
5J, (3 )I gt[tZJz(t)]ﬂle(t)

2 1 <
G = 3] 2(3a)j t J, (t)at recall %[Xan(X)]:XnJH(X)
2 1 2 1 2 _ 2
=537 j [t J (t)]dt—gJ ) _90%3,(3ct,) = 7.6
S f() = ZZCJ (arX) = 22 ” (Ba)J (axX)

2008 Foune_rjeﬁrngs_(?;)




Fourier-Bessel Series

M Example 2 2) @ are defined by h] (oh)+abd! (ab) =0
Expansion in a Fourier-Bessel Series .
Expand f(x)=x, 0<x<3, in a f () :ZC_J (a:X)
Fourier-Bessel series, using = 2 |
Bessel functions of order one 20, b
,C = J J (e5x) f (x)d
that satisfy the boundary ‘i (o:ﬁbz—n2+h2);l§(ocib)J.O XJn () T (x)clx

condition J,(32)+aJ/(3x)=0

the only thing that changes in the expansion
is the value of the square norm.

J,(30) +d!(3x) =0 o - 18%3,(3x)

Multiplying the boundary condition by 3 gives | (90(i2 +8).le (30(,) ’

3J,(3) +32/(3) =0 >h=3, b=3, and n=1.

.- 20

" (@20% =12 +1h2)I2(xb)
201 1

T (PF -2+ (CBa) o

| o 3,(3x)
- (%) —18_221: (9c +8)J7%(3cx;)

2008 _Fourier Series(3) I

b 2ai2 5o
[ X3, () f (x)lx = T T 5)376a) [ %23, (er )l
18¢,J, (3¢;)

(9 +8)J; (3c)

9’ J,(3et;) =

Ji(aX)




Fourier-Legendre Series

Definition 12.9 Fourier-Legendre Series

The Fourier-Legendre series of a function f defined on the interval (—1’1) Is given by

f(x) =Y c,P,(%)

=2 £ (0P, (x)0x

‘u\\\b ///’s

=In an alternative form, let X =C0S{&

F(0) = icn P.(cos6)
n=0
_2n+1

IO” F(6)P.(cos6)sin 46

Cn
2

F(0) = f (cosh)

2008 Fou rier.Series(S)




Fourier-Legendre Series

=Convergence of a Fourier-Legendre Series:

N
Theorem 12.5 Conditions for Convergence |

/ : : : : :
If f and f are piecewise continuous on the open interval (O, b) , then a Fourier-

Bessel expansion of fconverges to f (X) at any point where f IS continuous and to

the average [f (X_|_) 4 f (X_)]/ 9 atapoint where f is discontinuous.

2008 Fou rie__r“§<ve>riie;s>(3)




: : 100=3 R
Fourier-Legendre Series Ny
c = 2+ [, (9P, (x)dx
M Example 3 R -1 X
Expansion in a Fourier- P(X)=X
Bessel Series P00 =5 (3¢ -
Write out the first four B,(X) = = (5x° —3X)
nonzero terms in the Fourier- i
. P, (x) == (35x" —30x" +3)
Legendre expansion of . 8 k
0, L X <O
f(X)=
1, 0<x<1

1p 1 _o _91M. Y3 _ndx =
o= [, FOOR ()= [[1-10x= ¢, = |, FOOR (¥ = [[1-2 (3% ~Ddx =0

Dlw N

91 91, 1
Clzgr f(x)Pl(x)dx=§J‘11.xdx= 4=§I_lf(x)a(x)dx=§fol-§(35x3—30x2+3)dx:0

c3__j F(OP,(X)dx = > jl Ly —3x)dx——%

11

c5=E _lf(x)Fg(x)d j 1.= (63x —70x° +15x)dx =2

f(x)_—P(x)+jP(x)——P(x)+ P(X)+-

2008 Fourier §(_e_figs(3)




