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Fourier Series(3) 
: Bessel and Legendre Series

Fourier-Bessel Series

Fourier-Legendre Series
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Bessel and Legendre Series

Fourier Series

Fourier Cosine Series

Fourier Sine Series

Three ways of expanding a function in term of orthogonal set of functions

But such expansion are by no means limited to orthogonal sets of 
trigonometric functions
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Fourier-Bessel Series Fourier-Legendre Series
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Fourier-Bessel Series

The Fourier-Bessel series of a function     defined on the interval                is given by

Fourier-Bessel Series

Definition 12.8
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Fourier-Bessel Series

Fourier-Bessel Series
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The orthogonal series expansion of a function      defined on the interval            in terms of this 
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Bessel function orthogonal relation

Parametric Bessel equation of order n

Self-adjoint form
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Fourier-Bessel Series

Fourier-Bessel Series
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Bessel function orthogonal relation

Parametric Bessel equation of order n

Self-adjoint form

Recall Differential Recurrence Relations*
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*Kreyszig E. ,Advanced Engineering Mathematics, 9th edition, Willey, 2006, p194
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Fourier-Bessel Series

Fourier-Bessel Series
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Bessel function orthogonal relation

Parametric Bessel equation of order n

Self-adjoint form

Square Norm
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Fourier-Bessel Series

Square Norm

yx 2

To fine square norm
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Fourier-Bessel Series

Square Norm

To fine square norm
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Fourier-Bessel Series

Square Norm

To fine square norm
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Fourier-Bessel Series

Square Norm

To fine square norm
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Fourier-Bessel Series

Square Norm

To fine square norm
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Fourier-Bessel Series

Square Norm

To fine square norm
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Fourier-Bessel Series

Square Norm 
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Fourier-Bessel Series

Square Norm 
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Fourier-Bessel Series

Square Norm 
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Fourier-Bessel Series

Square Norm 
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Fourier-Bessel Series

Square Norm 
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Fourier-Bessel Series

Square Norm 
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Fourier-Bessel Series
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The Fourier-Bessel series of a function     defined on the interval                is given by
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Fourier-Bessel Series

Convergence of a Fourier-Bessel Series:
Sufficient conditions for the convergence of a Fourier-Bessel series are 
not particularly restrictive

Conditions for Convergence

If         and        are piecewise continuous on the open interval                , then a Fourier-

Bessel expansion of     converges to                  at any point where         is continuous and to 

the average                                                       at a point where        is discontinuous. 

Theorem 12.4
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f
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Fourier-Bessel Series

 Example 1  

Expansion in a Fourier-Bessel Series
Expand f(x)=x, 0<x<3, in a 
Fourier-Bessel series, using 
Bessel functions of order one 
that satisfy the boundary 
condition

,3b
0)3(1 J


3

0
1

2

2

2
2

)(
)3(3

2
dxxJx

J
c i

i

i 


,/,/,
222

iii txdtdxxt  

2 2
2 1[ ( )] ( )

d
t J t t J t

dt


3
2 2

2 22 3 2 30
2 2 2

2 1 2 1 2
[ ( )] 9 (3 )

9 (3 ) 9 (3 ) (3 )

i

i i i

i i i i i i

d
c t J t dt J

J dt J J



 
     

  

1 1
1 1 2

1
( ) 2 ( ) 2 ( )

(3 )
i i i

i i i i

f x c J x J x
J

 
 

 

 

   





b

in

in
i dxxfxxJ

bJb
c

01
22

)()(
)(

2
, 



i1)      are defined by   ( ) 0n iJ b 







1

)()(
i

ini xJcxf 

1( ) ( )n n
n n

d
x J x x J x

dx


   
recall

3
2

12 2 30
2

2 1
( )

3 (3 )

i

i

i i

c t J t dt
J



 
 

22/26



2008_Fourier Series(3)

Fourier-Bessel Series

,
)3()89(

)3(18
2

1
2

2

ii

ii
i

J

J
c








1 1(3 ) (3 ) 0J J   

1 13 (3 ) 3 (3 ) 0J J   

2
12 2

1 1

(3 )
( ) 18 ( )

(9 8) (3 )
i i

i
i i i

J
f x J x

J

 


 





 




 Example 2  

Expansion in a Fourier-Bessel Series
Expand f(x)=x, 0<x<3, in a 
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Bessel functions of order one 
that satisfy the boundary 
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the only thing that changes in the expansion 
is the value of the square norm. 
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Fourier-Legendre Series

Fourier-Legendre Series

The Fourier-Legendre series of a function     defined on the interval                is given by

Definition 12.9
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Fourier-Legendre Series

Convergence of a Fourier-Legendre Series:

Conditions for Convergence

If         and        are piecewise continuous on the open interval                , then a Fourier-

Bessel expansion of     converges to                  at any point where         is continuous and to 

the average                                                       at a point where        is discontinuous. 

Theorem 12.5

  2/)()(  xfxf
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Fourier-Legendre Series

 Example 3  
Expansion in a Fourier-
Bessel Series
Write out the first four 
nonzero terms in the Fourier-
Legendre expansion of 
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