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Partial Differential Equation(2) 
: Classical Equations and BVP

Separable Partial Differential Equations

Classical Equations and Boundary-Value Problems

1-D Wave Equation

1-D Heat Equation

Laplace‟s Equation

Nonhomogeneous Equations and Boundary Conditions

Orthogonal Series Expansions

Fourier Series in Two Variables



2008_P.D.E(2)

Separable Partial Differential Equations

3
/558



2008_P.D.E(2)

Separable Partial Differential Equations

 Linear Partial Differential Equation
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Separable Partial Differential Equations

 Solution of Linear P.D.E
 Solution of linear PDE is function of two 

independent variables

 Our focus throughout will be on finding particular solutions
of some of the important linear PDEs(Heat eq, Wave eq, 
Laplace‟s Eq, etc.)

 Notation
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Separable Partial Differential Equations

 Separation of Variables
 To find particular solution, we will use separation of variables 

which is form of product of a function of x and a function of y
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With this assumption, it is sometimes possible to reduce 
a linear PDE in two variables to two ODEs
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Separable Partial Differential Equations

 Separation of Variables
 Find product solution
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Separable Partial Differential Equations

 Separation of Variables
 Find product solution
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Separable Partial Differential Equations

 Separation of Variables
 Find product solution
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Separable Partial Differential Equations

 Separation of Variables
 Find product solution
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Separable Partial Differential Equations

 Separation of Variables
 Find product solution
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Separable Partial Differential Equations

 Superposition Principle

Superposition Principle

If                          are solution of a homogeneous linear partial differential 

equation, then the linear combination

Where, the are constants, is also a solution.

Theorem 13.1
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Separable Partial Differential Equations

Classification of Equations

The linear second-order partial differential equation

Where A,B,C,D,E and F are real constants, is said to be

Hyperbolic if

Parabolic if

Elliptic if

Definition 13.1
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Separable Partial Differential Equations

 Classification of Equations
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Separable Partial Differential Equations

 Classification of Equations
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Separable Partial Differential Equations
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Classification of Equations

The linear second-order partial differential equation

Where A,B,C,D,E and F are real constants, is said to be

Hyperbolic if

Parabolic if

Elliptic if

Definition 13.1

0
2

22

2

2

























Fu

y

u
E

x

u
D

y

u
C

yx

u
B

x

u
A

042  ACB

042  ACB

042  ACB

Example)

16
/558



2008_P.D.E(2)

Separable Partial Differential Equations
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Parabolic

Classification of Equations

The linear second-order partial differential equation

Where A,B,C,D,E and F are real constants, is said to be
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Elliptic if

Definition 13.1
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Parabolic

Classification of Equations

The linear second-order partial differential equation
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Separable Partial Differential Equations
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Classification of Equations
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Separable Partial Differential Equations
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Parabolic Hyperbolic

Classification of Equations

The linear second-order partial differential equation

Where A,B,C,D,E and F are real constants, is said to be
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Separable Partial Differential Equations
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Classical Equations and Boundary Value Problems
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Classical Equations and B.V.P
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Classical Equations and B.V.P

We place the string along the x-axis, stretch it to length 

L, and fasten it at the ends x = 0 and x = L.

The problem is to determine the vibration of the string, 

that is to find its deflection u(x,t) at any point x and at 

any time t > 0.
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Classical Equations and B.V.P

Physical Assumptions
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Classical Equations and B.V.P

Physical Assumptions

1. The mass of the string per unit length is constant (“homogeneous string). The string is 

perfectly elastic and does not offer any resistance to bending.
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Classical Equations and B.V.P

Physical Assumptions

1. The mass of the string per unit length is constant (“homogeneous string). The string is 

perfectly elastic and does not offer any resistance to bending.

2. The tension caused by stretching the string before fastening it at the ends is so large 

that the action of the gravitational force on the string (trying to pull the string down a little) 

can be neglected.
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Classical Equations and B.V.P

Physical Assumptions

1. The mass of the string per unit length is constant (“homogeneous string). The string is 

perfectly elastic and does not offer any resistance to bending.

2. The tension caused by stretching the string before fastening it at the ends is so large 

that the action of the gravitational force on the string (trying to pull the string down a little) 

can be neglected.

3. The string performs small transverse motions in a vertical plane; that is, every particle 

of the string moves strictly vertically and so that the deflection and the slope at every 

point of the string always remain small in absolute value
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Classical Equations and B.V.P
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Classical Equations and B.V.P
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Classical Equations and B.V.P
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Classical Equations and B.V.P
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Classical Equations and B.V.P
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Classical Equations and B.V.P
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Classical Equations and B.V.P
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Classical Equations and B.V.P
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Classical Equations and B.V.P
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Classical Equations and B.V.P
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Classical Equations and B.V.P
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Classical Equations and B.V.P
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Classical Equations and B.V.P
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Classical Equations and B.V.P
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Classical Equations and B.V.P
(1)constantcoscos 21  TTT 

 sinsinforcenet  12 TT 

• the mass of the small portion

xm  

 : mass of the undeflected string 

per unit length

x :length of the portion of the 

undeflected string

P Q

1T



2T

x xx 

sin1T

sin2T

cos1T cos2T

• the acceleration

deflection : ),(  where,
2

2

txu
t

u
a






• the inertia force of the small portion

 1-D Wave Equation

2 2
2

2 2
(1)

u u
a

x t

 


 

45
/558



2008_P.D.E(2)

Classical Equations and B.V.P
(1)constantcoscos 21  TTT 

 sinsinforcenet  12 TT 

• the mass of the small portion

xm  

 : mass of the undeflected string 

per unit length

x :length of the portion of the 

undeflected string

P Q

1T



2T

x xx 

sin1T

sin2T

cos1T cos2T

• the acceleration

deflection : ),(  where,
2

2

txu
t

u
a






• the inertia force of the small portion

2

2

t

u
xma



 

 1-D Wave Equation

2 2
2

2 2
(1)

u u
a

x t

 


 

46
/558



2008_P.D.E(2)

Classical Equations and B.V.P
(1)constantcoscos 21  TTT 

 sinsinforcenet  12 TT 

• the mass of the small portion

xm  

 : mass of the undeflected string 

per unit length

x :length of the portion of the 

undeflected string

P Q

1T



2T

x xx 

sin1T

sin2T

cos1T cos2T

• the acceleration

deflection : ),(  where,
2

2

txu
t

u
a






• the inertia force of the small portion

2

2

t

u
xma



 

• net force = inertia force 

 1-D Wave Equation

2 2
2

2 2
(1)

u u
a

x t

 


 

47
/558



2008_P.D.E(2)

Classical Equations and B.V.P
(1)constantcoscos 21  TTT 

 sinsinforcenet  12 TT 

• the mass of the small portion

xm  

 : mass of the undeflected string 

per unit length

x :length of the portion of the 

undeflected string

P Q

1T



2T

x xx 

sin1T

sin2T

cos1T cos2T

• the acceleration

deflection : ),(  where,
2

2

txu
t

u
a






• the inertia force of the small portion

2

2

t

u
xma



 

• net force = inertia force 

2

2

12 sinsin
t

u
xTT



 

 1-D Wave Equation

2 2
2

2 2
(1)

u u
a

x t

 


 

48
/558



2008_P.D.E(2)

Classical Equations and B.V.P

P Q

1T



2T

x xx 

sin1T

sin2T

cos1T cos2T

• net force = inertia force 

2

2

12 sinsin
t

u
xTT



 

 1-D Wave Equation

(1)constantcoscos 21  TTT 

 sinsinforcenet  12 TT 

2 2
2

2 2
(1)

u u
a

x t

 


 

49
/558



2008_P.D.E(2)

Classical Equations and B.V.P

P Q

1T



2T

x xx 

sin1T

sin2T

cos1T cos2T

• net force = inertia force 

2

2

12 sinsin
t

u
xTT



 

Dividing both sides by (1)

 1-D Wave Equation

(1)constantcoscos 21  TTT 

 sinsinforcenet  12 TT 

2 2
2

2 2
(1)

u u
a

x t

 


 

50
/558



2008_P.D.E(2)

Classical Equations and B.V.P

P Q

1T



2T

x xx 

sin1T

sin2T

cos1T cos2T

• net force = inertia force 

2

2

12 sinsin
t

u
xTT



 

Dividing both sides by (1)

2

2

1

1

2

2

cos

sin

cos

sin

t

u

T

x

T

T

T

T















 1-D Wave Equation

(1)constantcoscos 21  TTT 

 sinsinforcenet  12 TT 

2 2
2

2 2
(1)

u u
a

x t

 


 

51
/558



2008_P.D.E(2)

Classical Equations and B.V.P

P Q

1T



2T

x xx 

sin1T

sin2T

cos1T cos2T

• net force = inertia force 

2

2

12 sinsin
t

u
xTT



 

Dividing both sides by (1)

2

2

1

1

2

2

cos

sin

cos

sin

t

u

T

x

T

T

T

T















2

2

tantan
t

u

T

x









 1-D Wave Equation

(1)constantcoscos 21  TTT 

 sinsinforcenet  12 TT 

2 2
2

2 2
(1)

u u
a

x t

 


 

52
/558



2008_P.D.E(2)

Classical Equations and B.V.P

P Q

1T



2T

x xx 

sin1T

sin2T

cos1T cos2T

• net force = inertia force 

2

2

12 sinsin
t

u
xTT



 

Dividing both sides by (1)

2

2

1

1

2

2

cos

sin

cos

sin

t

u

T

x

T

T

T

T















2

2

tantan
t

u

T

x









2

2

t

u

T

x

x

u

x

u

xxx 

































 1-D Wave Equation

(1)constantcoscos 21  TTT 

 sinsinforcenet  12 TT 

2 2
2

2 2
(1)

u u
a

x t

 


 

53
/558



2008_P.D.E(2)

Classical Equations and B.V.P

P Q

1T



2T

x xx 

sin1T

sin2T

cos1T cos2T

• net force = inertia force 

2

2

12 sinsin
t

u
xTT



 

Dividing both sides by (1)

2

2

1

1

2

2

cos

sin

cos

sin

t

u

T

x

T

T

T

T















2

2

tantan
t

u

T

x









xxx x

u

x

u




























  tan,tan

2

2

t

u

T

x

x

u

x

u

xxx 

































 1-D Wave Equation

(1)constantcoscos 21  TTT 

 sinsinforcenet  12 TT 

2 2
2

2 2
(1)

u u
a

x t

 


 

54
/558



2008_P.D.E(2)

Classical Equations and B.V.P

P Q

1T



2T

x xx 

sin1T

sin2T

cos1T cos2T

• net force = inertia force 

2

2

12 sinsin
t

u
xTT



 

Dividing both sides by (1)

2

2

1

1

2

2

cos

sin

cos

sin

t

u

T

x

T

T

T

T















2

2

tantan
t

u

T

x









xxx x

u

x

u




























  tan,tan

2

2

t

u

T

x

x

u

x

u

xxx 

































2

21

t

u

Tx

u

x

u

x xxx 





































 



 1-D Wave Equation

(1)constantcoscos 21  TTT 

 sinsinforcenet  12 TT 

2 2
2

2 2
(1)

u u
a

x t

 


 

55
/558



2008_P.D.E(2)

Classical Equations and B.V.P

P Q

1T



2T

x xx 

sin1T

sin2T

cos1T cos2T

• net force = inertia force 

2

2

12 sinsin
t

u
xTT



 

Dividing both sides by (1)

2

2

1

1

2

2

cos

sin

cos

sin

t

u

T

x

T

T

T

T















2

2

tantan
t

u

T

x









xxx x

u

x

u




























  tan,tan

2

2

t

u

T

x

x

u

x

u

xxx 

































2

21

t

u

Tx

u

x

u

x xxx 





































 



get   we,0  Letting x

 1-D Wave Equation

(1)constantcoscos 21  TTT 

 sinsinforcenet  12 TT 

2 2
2

2 2
(1)

u u
a

x t

 


 

56
/558



2008_P.D.E(2)

Classical Equations and B.V.P

P Q

1T



2T

x xx 

sin1T

sin2T

cos1T cos2T

• net force = inertia force 

2

2

12 sinsin
t

u
xTT



 

Dividing both sides by (1)

2

2

1

1

2

2

cos

sin

cos

sin

t

u

T

x

T

T

T

T















2

2

tantan
t

u

T

x









xxx x

u

x

u




























  tan,tan

2

2

t

u

T

x

x

u

x

u

xxx 

































2

21

t

u

Tx

u

x

u

x xxx 





































 



get   we,0  Letting x

2

2

2

2

t

u

Tx

u








 

 1-D Wave Equation

(1)constantcoscos 21  TTT 

 sinsinforcenet  12 TT 

2 2
2

2 2
(1)

u u
a

x t

 


 

57
/558



2008_P.D.E(2)

Classical Equations and B.V.P

P Q

1T



2T

x xx 

sin1T

sin2T

cos1T cos2T

• net force = inertia force 

2

2

12 sinsin
t

u
xTT



 

Dividing both sides by (1)

2

2

1

1

2

2

cos

sin

cos

sin

t

u

T

x

T

T

T

T















2

2

tantan
t

u

T

x









xxx x

u

x

u




























  tan,tan

2

2

t

u

T

x

x

u

x

u

xxx 

































2

21

t

u

Tx

u

x

u

x xxx 





































 



get   we,0  Letting x

2

2

2

2

t

u

Tx

u








 

2

2
2

2

2

x

u
c

t

u












T
c 2  where

 1-D Wave Equation

(1)constantcoscos 21  TTT 

 sinsinforcenet  12 TT 

2 2
2

2 2
(1)

u u
a

x t

 


 

58
/558



2008_P.D.E(2)

Classical Equations and B.V.P

 1-D Heat Equation*
 Assumptions
 The rod is made of a single homogeneous conducting material

 The rod is laterally insulated (heat flows only x-direction)

 The rod is thin (the temperature at all points of a cross section is constant)

Cross-section of area A
xLxx x0

rod

Thin Conducting Rod

2

2
(2) , 0

u u
k k

x t

 
 

 

*Farlow S.J., Partial Differential Equations for Scientists and Engineers, Dover, 1982, Lesson 4
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 1-D Heat Equation*
 Conservation of heat
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Net change of heat 
inside

Net flux of heat 
across the 
boundaries

Total heat generated 
inside

= +
[ , ]x x x [ , ]x x x

Total heat inside [ , ]x x x ( , )
x x

x
c Au s t ds



 
c : thermal capacity of the rod (measures the ability of the rod to store heat)**

 : density of the rod

A: cross-section area of the rod

Cross-section of area A
xLxx x0

rod

Thin Conducting Rod

We can write the conservation of energy equation via calculus as

( , ) ( , ) [ ( , ) ( , )] ( , )
x x x x x x

t x x
x x x

d
c Au s t ds c A u s t ds kA u x x t u x t A f s t ds

dt
 

  

      

k : thermal conductivity of the rod (measure the ability to conduct heat)***

( , )f x t : external heat source

*Farlow S.J., Partial Differential Equations for Scientists and Engineers, Dover, 1982, Lesson 4
** Oxtoby, Principles of Modern Chemistry, Sixth Edition, Thomson, Index 1.25, “Specific heat capacity : The amount of heat required to raise the temperature of 
one gram of a substance by one kelvin at constant pressure”
*** 여상도, 열역학 개념의 해설, 청문각, 2006, p18 “온도가 동일핚 두 물체와 우리의 손이 닿았을 때 그 차갑고 뜨거운 정도가 다른 이유는, 두 물체의 온도가 다르기 때문이
아니라 우리 손에서 물체로 이동하는 열의 전달 속도가 다르기 때문이다. 열전도도가 큰 철판이 열전도도가 작은 나무판에 비해 훨씬 빨리 손으로부터 열을 빼앗아 갂다.”
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 1-D Heat Equation*
 Conservation of heat

2

2
(2) , 0

u u
k k

x t

 
 

 

Net change of heat 
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across the 
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c : thermal capacity of the rod (measures the ability of the rod to store heat)

 : density of the rod

A: cross-section area of the rod

k : thermal conductivity of the rod (measure the ability to conduct heat)

( , )f x t : external heat source

„Mean Value Theorem‟
If        is a continuous function on [a,b], 
then there exists at least one number 

( )f x

( ) ( )( ) ,
b

a
f x dx f b a a b    

1 2 1 2( , ) [ ( , ) ( , )] ( , ) , ,t x xc Au t x kA u x x t u x t Af t t x x x            

1

[ ( , ) ( , )] 1
( , ) ( , )x x

t

u x x t u x tk
u t f x t

c x c


 

 
 


or divide by         ,

c x

A



finally letting, 0x 
2

1
( , ) ( , )t tt

k
u x t u f t

c c


 
 

*Farlow S.J., Partial Differential Equations for Scientists and Engineers, Dover, 1982, Lesson 4 61
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 1-D Heat Equation*
 Conservation of heat
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c : thermal capacity of the rod (measures the ability of the rod to store heat)

 : density of the rod

A: cross-section area of the rod

k : thermal conductivity of the rod (measure the ability to conduct heat)

( , )f x t : external heat source

„Mean Value Theorem‟
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c x
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and letting, 0x 
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( , ) ( , )t tt

k
u x t u f x t
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*Farlow S.J., Partial Differential Equations for Scientists and Engineers, Dover, 1982, Lesson 4

2( , ) ( , )t ttu x t u F x t 
2

1
( , ) ( , )

k

c

F x t f x t
c











 


: called the diffusivity of the rod

: heat source density
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 Laplace‟s Equation
 Laplace‟s equation occurs in time-independent problems 

(steady-state) involving potentials such as electrostatic, 
gravitational, and velocity in fluid mechanics.
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공학 수학 Chapter 12.51)

(2-D Heat equation of

Steady state )
)(),( xfbxu 
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0),( yau0),0( yu
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② Boundary condition :

① Governing Equation :

3학년 해양파 역학
(Wave Equation)

① Governing Equation :

02  

동일한 방정식을 푸는데 각각 다른 경계 조건이 적용됨

② Boundary condition(B.C.) :

Lateral B.C.
Lateral B.C.
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h
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Linearized Free Surface B.C. 

)0(on z02  zg

)(on hz 

Bottom B.C.
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( Dirichlet B.C.1) )

( Robin B.C.1) )

1) Erwin Kreyszig, Advanced Engineering Mathematics 9th ,Wiley,2005,Ch12.5(p552~562)

 Examples of Laplace‟s Equation
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 Initial Conditions
 Related to time(t)

 Since solution of equation (1) and (2) depend on time t, we 
can prescribe what happens at t=0, that is, we can give initial 
conditions
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 Boundary Conditions
 Related to position (x)
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 Boundary Conditions
 There are three types of boundary conditions associated with 

equation (1),(2), and (3).
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 Boundary Conditions
 There are three types of boundary conditions associated with 

equation (1),(2), and (3).
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 Boundary-Value Problems
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 Variations
 The PDE (1),(2),and (3) must be modified to take into 

consideration internal or external influences action on the 
physical system. 
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Wave equation

external influences

external influences

heat transfer from the lateral 
surface of a rod into a 
surrounding medium that is 
held at a constant temperature  
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( , ) ( ) ( ) (1)u x t X x T t

which are a product of two functions, each depending only on one 

of the variables x and t.

• Method of separating variables (or product method)

Although there are several methods that can be tried to find particular 

solutions of a linear PDE, in the method of separation of variables we 

seek to find a particular solution of the form of a product of a function of 

x and a function of t,
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( , ) ( ) ( ) (1)u x t X x T t

which are a product of two functions, each depending only on one 

of the variables x and t.
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For any     ,the second b/c                   is satisfied( ) 0X a 2c
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0, 0X X Y Y     

0X X 

• boundary condition

(0) ( ) 0X X a   

)(),( xfbxu 
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1) λ = 0

0X 1 2( )X x c x c  

1(0) 0X c  

For any     ,the second b/c                   is satisfied( ) 0X a 2c

So for              ,                    : nontrivial solution!
2( )X x c2 0c 
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0, 0X X Y Y     

0X X 

• boundary condition

(0) ( ) 0X X a   

)(),( xfbxu 

0)0,( xu

0




axx

u
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b
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x
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xx

u

insulated
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0

(0) ( ) 0
x

u
X Y y
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, ( ) ( ) 0

x a

u
X a Y y
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1) λ = 0

0X 1 2( )X x c x c  

1(0) 0X c  

For any     ,the second b/c                   is satisfied( ) 0X a 

2) λ = -α2 < 0

2c

So for              ,                    : nontrivial solution!
2( )X x c2 0c 

201
/558



2008_P.D.E(2)

Laplace‟s Equation
0, 0X X Y Y     

0X X 

• boundary condition

(0) ( ) 0X X a   

)(),( xfbxu 

0)0,( xu

0




axx

u

a

b
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x

y

0
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u

insulated
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0

(0) ( ) 0
x

u
X Y y
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, ( ) ( ) 0

x a

u
X a Y y
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1) λ = 0

0X 1 2( )X x c x c  

1(0) 0X c  

For any     ,the second b/c                   is satisfied( ) 0X a 

02  XX 

2) λ = -α2 < 0

2c

So for              ,                    : nontrivial solution!
2( )X x c2 0c 
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0, 0X X Y Y     

0X X 

• boundary condition

(0) ( ) 0X X a   

)(),( xfbxu 

0)0,( xu

0




axx

u

a

b

R

x

y

0
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u

insulated
insulated

0

(0) ( ) 0
x

u
X Y y
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, ( ) ( ) 0

x a

u
X a Y y

x 


 



1) λ = 0

0X 1 2( )X x c x c  

1(0) 0X c  

For any     ,the second b/c                   is satisfied( ) 0X a 

02  XX 

2) λ = -α2 < 0

3 4( ) x xX x c e c e  

2c

So for              ,                    : nontrivial solution!
2( )X x c2 0c 
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0, 0X X Y Y     

0X X 

• boundary condition

(0) ( ) 0X X a   

)(),( xfbxu 

0)0,( xu

0




axx

u

a

b

R

x

y

0
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xx

u

insulated
insulated

0

(0) ( ) 0
x

u
X Y y
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, ( ) ( ) 0

x a

u
X a Y y

x 


 



1) λ = 0

0X 1 2( )X x c x c  

1(0) 0X c  

For any     ,the second b/c                   is satisfied( ) 0X a 

02  XX 

2) λ = -α2 < 0

3 4( ) x xX x c e c e  

• boundary condition

2c

So for              ,                    : nontrivial solution!
2( )X x c2 0c 
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0X X 

• boundary condition

(0) ( ) 0X X a   

)(),( xfbxu 

0)0,( xu

0




axx
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b
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insulated
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0

(0) ( ) 0
x

u
X Y y

x 


 


, ( ) ( ) 0

x a

u
X a Y y

x 


 



1) λ = 0

0X 1 2( )X x c x c  

1(0) 0X c  

For any     ,the second b/c                   is satisfied( ) 0X a 

02  XX 

2) λ = -α2 < 0

3 4( ) x xX x c e c e  

• boundary condition

(0) ( ) 0X X a   

2c

So for              ,                    : nontrivial solution!
2( )X x c2 0c 
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0, 0X X Y Y     

0X X 

• boundary condition

(0) ( ) 0X X a   

)(),( xfbxu 

0)0,( xu

0




axx

u

a

b
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x

y

0
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xx

u

insulated
insulated

0

(0) ( ) 0
x

u
X Y y

x 


 


, ( ) ( ) 0

x a

u
X a Y y

x 


 



1) λ = 0

0X 1 2( )X x c x c  

1(0) 0X c  

For any     ,the second b/c                   is satisfied( ) 0X a 

02  XX 

2) λ = -α2 < 0

3 4( ) x xX x c e c e  

3 4 3 4(0) ( ) 0X c c c c     

• boundary condition

(0) ( ) 0X X a   

2c

So for              ,                    : nontrivial solution!
2( )X x c2 0c 
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0, 0X X Y Y     

0X X 

• boundary condition

(0) ( ) 0X X a   

)(),( xfbxu 

0)0,( xu

0




axx

u

a

b
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x

y

0
0






xx

u

insulated
insulated

0

(0) ( ) 0
x

u
X Y y
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, ( ) ( ) 0

x a

u
X a Y y

x 


 



1) λ = 0

0X 1 2( )X x c x c  

1(0) 0X c  

For any     ,the second b/c                   is satisfied( ) 0X a 

02  XX 

2) λ = -α2 < 0

3 4( ) x xX x c e c e  

3 4 3 4(0) ( ) 0X c c c c     

• boundary condition

(0) ( ) 0X X a   

2c

So for              ,                    : nontrivial solution!
2( )X x c2 0c 

3( ) ( ) 0x xX a c e e     
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0, 0X X Y Y     

0X X 

• boundary condition

(0) ( ) 0X X a   

)(),( xfbxu 

0)0,( xu

0




axx
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insulated
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0

(0) ( ) 0
x
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X Y y
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, ( ) ( ) 0

x a

u
X a Y y
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1) λ = 0

0X 1 2( )X x c x c  

1(0) 0X c  

For any     ,the second b/c                   is satisfied( ) 0X a 

02  XX 

2) λ = -α2 < 0

3 4( ) x xX x c e c e  

3 4 3 4(0) ( ) 0X c c c c     

if 
3 40 0c c  

trivial solution  no interest

( ) 0X x 

• boundary condition

(0) ( ) 0X X a   

2c

So for              ,                    : nontrivial solution!
2( )X x c2 0c 

3( ) ( ) 0x xX a c e e     
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0X X 

)(),( xfbxu 

0)0,( xu
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u

insulated
insulated

When              ,                    : nontrivial solution!
2( )X x c0 
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0X X 
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3) λ = α2 > 0

When              ,                    : nontrivial solution!
2( )X x c0 
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0X X 

)(),( xfbxu 

0)0,( xu
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3) λ = α2 > 0

02  XX 

When              ,                    : nontrivial solution!
2( )X x c0 
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0, 0X X Y Y     

0X X 

)(),( xfbxu 

0)0,( xu

0




axx
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R

x
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u

insulated
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3) λ = α2 > 0

02  XX 

5 6( ) cos sinX x c x c x  

When              ,                    : nontrivial solution!
2( )X x c0 
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0, 0X X Y Y     

0X X 

• general solution

)(),( xfbxu 

0)0,( xu

0




axx
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a

b

R

x

y

0
0






xx

u

insulated
insulated

3) λ = α2 > 0

02  XX 

5 6( ) cos sinX x c x c x  

When              ,                    : nontrivial solution!
2( )X x c0 
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0, 0X X Y Y     

5 6( ) cos sinX x c x c x  

0X X 

• general solution

)(),( xfbxu 

0)0,( xu

0




axx

u

a

b

R

x

y

0
0






xx

u

insulated
insulated

3) λ = α2 > 0

02  XX 

5 6( ) cos sinX x c x c x  

When              ,                    : nontrivial solution!
2( )X x c0 
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0, 0X X Y Y     

5 6( ) cos sinX x c x c x  

0X X 

• general solution

• boundary condition

)(),( xfbxu 

0)0,( xu

0




axx

u

a

b

R

x

y

0
0






xx

u

insulated
insulated

3) λ = α2 > 0

02  XX 

5 6( ) cos sinX x c x c x  

When              ,                    : nontrivial solution!
2( )X x c0 
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0, 0X X Y Y     

5 6( ) cos sinX x c x c x  

0X X 

• general solution

• boundary condition

(0) ( ) 0X X a   

)(),( xfbxu 

0)0,( xu

0




axx

u

a

b

R

x

y

0
0






xx

u

insulated
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3) λ = α2 > 0

02  XX 

5 6( ) cos sinX x c x c x  

When              ,                    : nontrivial solution!
2( )X x c0 
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0, 0X X Y Y     

5 6( ) cos sinX x c x c x  

0X X 

• general solution

• boundary condition

(0) ( ) 0X X a   

6(0) 0X c   )(),( xfbxu 

0)0,( xu

0




axx

u

a

b

R

x

y

0
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u

insulated
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3) λ = α2 > 0

02  XX 

5 6( ) cos sinX x c x c x  

When              ,                    : nontrivial solution!
2( )X x c0 
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0, 0X X Y Y     

5 6( ) cos sinX x c x c x  

0X X 

• general solution

• boundary condition

(0) ( ) 0X X a   

6(0) 0X c   

5( ) cosX x c x 

)(),( xfbxu 

0)0,( xu

0




axx

u

a

b

R

x

y

0
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xx

u

insulated
insulated

3) λ = α2 > 0

02  XX 

5 6( ) cos sinX x c x c x  

When              ,                    : nontrivial solution!
2( )X x c0 
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0, 0X X Y Y     

5 6( ) cos sinX x c x c x  

0X X 

• general solution

• boundary condition

(0) ( ) 0X X a   

6(0) 0X c   

5( ) cosX x c x 

5( ) sin 0X a c a    

)(),( xfbxu 

0)0,( xu

0




axx
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a

b

R

x

y

0
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u

insulated
insulated

3) λ = α2 > 0

02  XX 

5 6( ) cos sinX x c x c x  

When              ,                    : nontrivial solution!
2( )X x c0 
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0, 0X X Y Y     

5 6( ) cos sinX x c x c x  

0X X 

• general solution

• boundary condition

(0) ( ) 0X X a   

6(0) 0X c   

5( ) cosX x c x 

5( ) sin 0X a c a    

sin 0a 

)(),( xfbxu 

0)0,( xu

0




axx

u

a

b

R

x

y

0
0






xx

u

insulated
insulated

3) λ = α2 > 0

02  XX 

5 6( ) cos sinX x c x c x  

When              ,                    : nontrivial solution!
2( )X x c0 
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0, 0X X Y Y     

5 6( ) cos sinX x c x c x  

0X X 

• general solution

• boundary condition

(0) ( ) 0X X a   

6(0) 0X c   

5( ) cosX x c x 

5( ) sin 0X a c a    

sin 0a 

,a n 

)(),( xfbxu 

0)0,( xu

0




axx

u

a

b

R

x

y

0
0






xx

u

insulated
insulated

3) λ = α2 > 0

02  XX 

5 6( ) cos sinX x c x c x  

When              ,                    : nontrivial solution!
2( )X x c0 

221
/558



2008_P.D.E(2)

Laplace‟s Equation
0, 0X X Y Y     

5 6( ) cos sinX x c x c x  

0X X 

• general solution

• boundary condition

(0) ( ) 0X X a   

6(0) 0X c   

5( ) cosX x c x 

5( ) sin 0X a c a    

sin 0a 

,a n  , ( 1,2, )
n
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)(),( xfbxu 

0)0,( xu

0




axx
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b
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x

y

0
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xx

u

insulated
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3) λ = α2 > 0

02  XX 

5 6( ) cos sinX x c x c x  

When              ,                    : nontrivial solution!
2( )X x c0 
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0, 0X X Y Y     

5 6( ) cos sinX x c x c x  

0X X 

• general solution

• boundary condition

(0) ( ) 0X X a   

6(0) 0X c   

5( ) cosX x c x 

5( ) sin 0X a c a    

sin 0a 

,a n  , ( 1,2, )
n

n
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)(),( xfbxu 

0)0,( xu
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xx

u

insulated
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3) λ = α2 > 0

02  XX 

5 6( ) cos sinX x c x c x  

When              ,                    : nontrivial solution!
2( )X x c0 

223
/558



2008_P.D.E(2)

Laplace‟s Equation
0, 0X X Y Y     

5 6( ) cos sinX x c x c x  

0X X 

• general solution

• boundary condition

(0) ( ) 0X X a   

6(0) 0X c   

5( ) cosX x c x 

5( ) sin 0X a c a    

sin 0a 

,a n  , ( 1,2, )
n
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X x X x c x n
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0)0,( xu
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xx

u
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3) λ = α2 > 0

02  XX 

5 6( ) cos sinX x c x c x  

When              ,                    : nontrivial solution!
2( )X x c0 
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0, 0X X Y Y     

5 6( ) cos sinX x c x c x  

0X X 

• general solution

• boundary condition

(0) ( ) 0X X a   

6(0) 0X c   

5( ) cosX x c x 

5( ) sin 0X a c a    

sin 0a 

,a n  , ( 1,2, )
n

n
a


  

5( ) ( ) cos , ( 1,2, )n

n
X x X x c x n

a
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)(),( xfbxu 

0)0,( xu

0




axx
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b
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y

0
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xx

u

insulated
insulated

3) λ = α2 > 0

02  XX 

5 6( ) cos sinX x c x c x  

When              ,                    : nontrivial solution!
2( )X x c0 

by corresponding                   with 
0 0  0n
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0, 0X X Y Y     

5 6( ) cos sinX x c x c x  

0X X 

• general solution

• boundary condition

(0) ( ) 0X X a   

6(0) 0X c   

5( ) cosX x c x 

5( ) sin 0X a c a    

sin 0a 

,a n  , ( 1,2, )
n
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5( ) ( ) cos , ( 1,2, )n
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X x X x c x n

a
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, ( 1,2, )n
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)(),( xfbxu 

0)0,( xu

0




axx
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b

R

x

y

0
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xx

u

insulated
insulated

3) λ = α2 > 0

02  XX 

5 6( ) cos sinX x c x c x  

When              ,                    : nontrivial solution!
2( )X x c0 

by corresponding                   with 
0 0  0n

2

5

( ) , 0

( ) cos , ( 1,2, )n

X x c n

n
X x c x n

a
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0, 0X X Y Y     

• general solution

2

, ( 1,2, )
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0Y Y 

2 2

2
0

n
Y Y

a


 

2

, ( 1,2, )n

n
n
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/ /

9 10( ) ( ) n y a n y a
nY y Y y c e c e   

• boundary condition

( ,0) ( ) (0) 0

(0) 0

u x X x Y

Y

 

 

9 10(0) 0Y c c   10 9c c 

/ /

9( ) ( )n y a n y a
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n y
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First, for  0 0 ( 0)n  

0Y  7 8( )Y x c y c  

7( )Y x c y  : nontrivial solution!

Second, for  

8(0) 0Y c 

2( ) , 0

( ) cos , ( 1,2, )n

X x c n

n
X x x n

a



 



 

7

* *
9 9 9

( ) , 0

( ) sinh , ( 1,2, ), 2n

Y y c y n

n y
Y y c n c c
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0, 0X X Y Y     
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* * *

0 2 7 5 9, , nwhere A c c A c c 
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The method of separation of variables is not applicable to a Dirichelt problem 

when the boundary conditions on all four sides of the rectangle are non-

homogeneous.
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To get around this difficulty we break the problem into two problems, 

each of which has homogeneous boundary conditions on parallel 

boundaries, as shown.
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Suppose u1 and u2 are the solutions of Problems 1 and 2, respectively. If 

we define u(x,y) = u1(x,y) + u2(x,y), it is seen that u satisfies all boundary 

conditions in the original problem above.
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( , ) ( , ) ( , )u x t t tv x x 

0 1 0( ) [ ( )( , ) (( ) )],
x

u tu x t v x u t u t
L

t   
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Solve equation 
2

2
, 0 1, 0

u u
x t

x t

 
   

 

(0, ) cos , (1, ) 0, 0

( ,0) 0, 0 1

u t t u t t

u x x

  

  

subject to

2

2

0 1

( , ) , 0 , 0

(0, ) ( ), ( , ) ( ), 0 (1)

( ,0) ( ), 0

u u
k F x t x L t

x t

u t u t u L t u t t

u x f x x L

 
    

 

  

  

0 1 0( , ) ( ) [ ( ) ( )]
x

x t u t u t u t
L

   

2

2
( , ) , 0 , 0

(0, ) 0, ( , ) 0, 0

( ,0) ( ) ( ,0), 0

v v
k G x t x L t

x t

v t v L t t

v x f x x x L

 
    

 

  

   

where

( , ) ( , ) tG x t F x t  

( , ) ( , ) ( , )u x t v x t x t Let
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Solve equation 
2

2
, 0 1, 0

u u
x t

x t

 
   

 

(0, ) cos , (1, ) 0, 0

( ,0) 0, 0 1

u t t u t t

u x x

  

  

subject to

( , ) cos [0 cos ] (1 )cosx t t x t x t     
2

2

0 1

( , ) , 0 , 0

(0, ) ( ), ( , ) ( ), 0 (1)

( ,0) ( ), 0

u u
k F x t x L t

x t

u t u t u L t u t t

u x f x x L

 
    

 

  

  

0 1 0( , ) ( ) [ ( ) ( )]
x

x t u t u t u t
L

   

2

2
( , ) , 0 , 0

(0, ) 0, ( , ) 0, 0

( ,0) ( ) ( ,0), 0

v v
k G x t x L t

x t

v t v L t t

v x f x x x L

 
    

 

  

   

where

( , ) ( , ) tG x t F x t  

( , ) ( , ) ( , )u x t v x t x t Let
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Solve equation 
2

2
, 0 1, 0

u u
x t

x t

 
   

 

(0, ) cos , (1, ) 0, 0

( ,0) 0, 0 1

u t t u t t

u x x

  

  

subject to

( , ) cos [0 cos ] (1 )cosx t t x t x t     

( , ) ( , ) (1 )cosu x t v x t x t  

2

2

0 1

( , ) , 0 , 0

(0, ) ( ), ( , ) ( ), 0 (1)

( ,0) ( ), 0

u u
k F x t x L t

x t

u t u t u L t u t t

u x f x x L

 
    

 

  

  

0 1 0( , ) ( ) [ ( ) ( )]
x

x t u t u t u t
L

   

2

2
( , ) , 0 , 0

(0, ) 0, ( , ) 0, 0

( ,0) ( ) ( ,0), 0

v v
k G x t x L t

x t

v t v L t t

v x f x x x L

 
    

 

  

   

where

( , ) ( , ) tG x t F x t  

( , ) ( , ) ( , )u x t v x t x t Let
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Solve equation 
2

2
, 0 1, 0

u u
x t

x t

 
   

 

(0, ) cos , (1, ) 0, 0

( ,0) 0, 0 1

u t t u t t

u x x

  

  

subject to

( , ) cos [0 cos ] (1 )cosx t t x t x t     

( , ) ( , ) (1 )cosu x t v x t x t  

(1 )sint x t  

2

2

0 1

( , ) , 0 , 0

(0, ) ( ), ( , ) ( ), 0 (1)

( ,0) ( ), 0

u u
k F x t x L t

x t

u t u t u L t u t t

u x f x x L

 
    

 

  

  

0 1 0( , ) ( ) [ ( ) ( )]
x

x t u t u t u t
L

   

2

2
( , ) , 0 , 0

(0, ) 0, ( , ) 0, 0

( ,0) ( ) ( ,0), 0

v v
k G x t x L t

x t

v t v L t t

v x f x x x L

 
    

 

  

   

where

( , ) ( , ) tG x t F x t  

( , ) ( , ) ( , )u x t v x t x t Let
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Solve equation 
2

2
, 0 1, 0

u u
x t

x t

 
   

 

(0, ) cos , (1, ) 0, 0

( ,0) 0, 0 1

u t t u t t

u x x

  

  

subject to

( , ) cos [0 cos ] (1 )cosx t t x t x t     

( , ) ( , ) (1 )cosu x t v x t x t  

(1 )sint x t  

2

2

0 1

( , ) , 0 , 0

(0, ) ( ), ( , ) ( ), 0 (1)

( ,0) ( ), 0

u u
k F x t x L t

x t

u t u t u L t u t t

u x f x x L

 
    

 

  

  

0 1 0( , ) ( ) [ ( ) ( )]
x

x t u t u t u t
L

   

2

2
( , ) , 0 , 0

(0, ) 0, ( , ) 0, 0

( ,0) ( ) ( ,0), 0

v v
k G x t x L t

x t

v t v L t t

v x f x x x L

 
    

 

  

   

where

( , ) ( , ) tG x t F x t  

( , ) ( , ) ( , )u x t v x t x t Let( , ) ( , ) 0 ( (1 )sin ) (1 )sintG x t F x t x t x t       
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Solve equation 
2

2
, 0 1, 0

u u
x t

x t

 
   

 

(0, ) cos , (1, ) 0, 0

( ,0) 0, 0 1

u t t u t t

u x x

  

  

subject to

( , ) cos [0 cos ] (1 )cosx t t x t x t     

( , ) ( , ) (1 )cosu x t v x t x t  

(1 )sint x t  

2

2

0 1

( , ) , 0 , 0

(0, ) ( ), ( , ) ( ), 0 (1)

( ,0) ( ), 0

u u
k F x t x L t

x t

u t u t u L t u t t

u x f x x L

 
    

 

  

  

0 1 0( , ) ( ) [ ( ) ( )]
x

x t u t u t u t
L

   

2

2
( , ) , 0 , 0

(0, ) 0, ( , ) 0, 0

( ,0) ( ) ( ,0), 0

v v
k G x t x L t

x t

v t v L t t

v x f x x x L

 
    

 

  

   

where

( , ) ( , ) tG x t F x t  

( , ) ( , ) ( , )u x t v x t x t Let( , ) ( , ) 0 ( (1 )sin ) (1 )sintG x t F x t x t x t       

2

2
(1 )sin , 0 1, 0

v v
x t x t

x t

 
     

 

(0, ) 0, (1, ) 0, 0

( ,0) 1, 0 1

v t v t t

v x x x
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Solve equation 
2

2
, 0 1, 0

u u
x t

x t

 
   

 

(0, ) cos , (1, ) 0, 0

( ,0) 0, 0 1

u t t u t t

u x x

  

  

subject to

Find the eigenvalues and eignefunctions of for 

2

2
(1 )sin , 0 1, 0

v v
x t x t

x t

 
     

 

(0, ) 0, (1, ) 0, 0

( ,0) 1, 0 1

v t v t t

v x x x

  

   

2

2
, 0 1, 0

v v
x t

x t

 
   

 

2

2
( , ) , 0 , 0

(0, ) 0, ( , ) 0, 0

( ,0) ( ) ( ,0), 0

v v
k G x t x L t

x t

v t v L t t

v x f x x x L

 
    

 

  

   

( , ) ( , ) ( , )u x t v x t x t 

( , ) (1 )cosx t x t  

1 1

( , ) ( )sin ( , ) ( )sinn n
n n

n n
v x t v t x and G x t G t x

L L

  

 

  

Make the assumption that time-dependent coefficients         and         can be found 

such that both             and              can be expanded in the series

( )nv t ( )nG t
( , )v x t ( , )G x t

where sin( / )n x L Are the eigenfunctions of 

0, (0) 0, ( ) 0X X X X L   
It is obtained from v(x,t)=X(x)T(t) 

2

2
, (0, ) 0, ( , ) 0, 0 , 0

v v
k v t v L t x L t

x t

 
     

 
(1-D homogeneous

heat equation)
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Solve equation 
2

2
, 0 1, 0

u u
x t

x t

 
   

 

(0, ) cos , (1, ) 0, 0

( ,0) 0, 0 1

u t t u t t

u x x

  

  

subject to

Find the eigenvalues and eignefunctions of for 

2

2
(1 )sin , 0 1, 0

v v
x t x t

x t

 
     

 

(0, ) 0, (1, ) 0, 0

( ,0) 1, 0 1

v t v t t

v x x x

  

   

2

2
, 0 1, 0

v v
x t

x t

 
   

 

0, (0) 0, (1) 0X X X X   

(product method)

2

2
( , ) , 0 , 0

(0, ) 0, ( , ) 0, 0

( ,0) ( ) ( ,0), 0

v v
k G x t x L t

x t

v t v L t t

v x f x x x L

 
    

 

  

   

( , ) ( , ) ( , )u x t v x t x t 

( , ) (1 )cosx t x t  

1 1

( , ) ( )sin ( , ) ( )sinn n
n n

n n
v x t v t x and G x t G t x

L L

  

 

  

Make the assumption that time-dependent coefficients         and         can be found 

such that both             and              can be expanded in the series

( )nv t ( )nG t
( , )v x t ( , )G x t

where sin( / )n x L Are the eigenfunctions of 

0, (0) 0, ( ) 0X X X X L   
It is obtained from v(x,t)=X(x)T(t) 

2

2
, (0, ) 0, ( , ) 0, 0 , 0

v v
k v t v L t x L t

x t

 
     

 
(1-D homogeneous

heat equation)
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Solve equation 
2

2
, 0 1, 0

u u
x t

x t

 
   

 

(0, ) cos , (1, ) 0, 0

( ,0) 0, 0 1

u t t u t t

u x x

  

  

subject to

Find the eigenvalues and eignefunctions of for 

2

2
(1 )sin , 0 1, 0

v v
x t x t

x t

 
     

 

(0, ) 0, (1, ) 0, 0

( ,0) 1, 0 1

v t v t t

v x x x

  

   

2

2
, 0 1, 0

v v
x t

x t

 
   

 

0, (0) 0, (1) 0X X X X   

(product method)

2 2 2,
nn n   

(find eigenvalues)

2

2
( , ) , 0 , 0

(0, ) 0, ( , ) 0, 0

( ,0) ( ) ( ,0), 0

v v
k G x t x L t

x t

v t v L t t

v x f x x x L

 
    

 

  

   

( , ) ( , ) ( , )u x t v x t x t 

( , ) (1 )cosx t x t  

1 1

( , ) ( )sin ( , ) ( )sinn n
n n

n n
v x t v t x and G x t G t x

L L

  

 

  

Make the assumption that time-dependent coefficients         and         can be found 

such that both             and              can be expanded in the series

( )nv t ( )nG t
( , )v x t ( , )G x t

where sin( / )n x L Are the eigenfunctions of 

0, (0) 0, ( ) 0X X X X L   
It is obtained from v(x,t)=X(x)T(t) 

2

2
, (0, ) 0, ( , ) 0, 0 , 0

v v
k v t v L t x L t

x t

 
     

 
(1-D homogeneous

heat equation)
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Solve equation 
2

2
, 0 1, 0

u u
x t

x t

 
   

 

(0, ) cos , (1, ) 0, 0

( ,0) 0, 0 1

u t t u t t

u x x

  

  

subject to

Find the eigenvalues and eignefunctions of for 

2

2
(1 )sin , 0 1, 0

v v
x t x t

x t

 
     

 

(0, ) 0, (1, ) 0, 0

( ,0) 1, 0 1

v t v t t

v x x x

  

   

2

2
, 0 1, 0

v v
x t

x t

 
   

 

0, (0) 0, (1) 0X X X X   

(product method)

2 2 2,
nn n   

(find eigenvalues)

sin , 1,2,3,...n x n 
(find eigenvalues)

2

2
( , ) , 0 , 0

(0, ) 0, ( , ) 0, 0

( ,0) ( ) ( ,0), 0

v v
k G x t x L t

x t

v t v L t t

v x f x x x L

 
    

 

  

   

( , ) ( , ) ( , )u x t v x t x t 

( , ) (1 )cosx t x t  

1 1

( , ) ( )sin ( , ) ( )sinn n
n n

n n
v x t v t x and G x t G t x

L L

  

 

  

Make the assumption that time-dependent coefficients         and         can be found 

such that both             and              can be expanded in the series

( )nv t ( )nG t
( , )v x t ( , )G x t

where sin( / )n x L Are the eigenfunctions of 

0, (0) 0, ( ) 0X X X X L   
It is obtained from v(x,t)=X(x)T(t) 

2

2
, (0, ) 0, ( , ) 0, 0 , 0

v v
k v t v L t x L t

x t

 
     

 
(1-D homogeneous

heat equation)
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Solve equation 
2

2
, 0 1, 0

u u
x t

x t

 
   

 

(0, ) cos , (1, ) 0, 0

( ,0) 0, 0 1

u t t u t t

u x x

  

  

subject to

Find the eigenvalues and eignefunctions of for 

2

2
(1 )sin , 0 1, 0

v v
x t x t

x t

 
     

 

(0, ) 0, (1, ) 0, 0

( ,0) 1, 0 1

v t v t t

v x x x

  

   

2

2
, 0 1, 0

v v
x t

x t

 
   

 

0, (0) 0, (1) 0X X X X   

(product method)

2 2 2,
nn n   

(find eigenvalues)

sin , 1,2,3,...n x n 
(find eigenvalues)

2

2
( , ) , 0 , 0

(0, ) 0, ( , ) 0, 0

( ,0) ( ) ( ,0), 0

v v
k G x t x L t

x t

v t v L t t

v x f x x x L

 
    

 

  

   

1

( , ) ( )sinn
n

v x t v t n x





Using the eigenfunctions

( , ) ( , ) ( , )u x t v x t x t 

( , ) (1 )cosx t x t  

1 1

( , ) ( )sin ( , ) ( )sinn n
n n

n n
v x t v t x and G x t G t x

L L

  

 

  

Make the assumption that time-dependent coefficients         and         can be found 

such that both             and              can be expanded in the series

( )nv t ( )nG t
( , )v x t ( , )G x t

where sin( / )n x L Are the eigenfunctions of 

0, (0) 0, ( ) 0X X X X L   
It is obtained from v(x,t)=X(x)T(t) 

2

2
, (0, ) 0, ( , ) 0, 0 , 0

v v
k v t v L t x L t

x t

 
     

 
(1-D homogeneous

heat equation)
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Solve equation 
2

2
, 0 1, 0

u u
x t

x t

 
   

 

(0, ) cos , (1, ) 0, 0

( ,0) 0, 0 1

u t t u t t

u x x

  

  

subject to

2

2
(1 )sin , 0 1, 0

v v
x t x t

x t

 
     

 

(0, ) 0, (1, ) 0, 0

( ,0) 1, 0 1

v t v t t

v x x x

  

   

2

2
( , ) , 0 , 0

(0, ) 0, ( , ) 0, 0

( ,0) ( ) ( ,0), 0

v v
k G x t x L t

x t

v t v L t t

v x f x x x L

 
    

 

  

   

1

( , ) ( )sinn
n

v x t v t n x






( , ) ( , ) ( , )u x t v x t x t 

( , ) (1 )cosx t x t  

1 1

( , ) ( )sin ( , ) ( )sinn n
n n

n n
v x t v t x and G x t G t x

L L

  

 

  

Make the assumption that time-dependent coefficients         and         can be found 

such that both             and              can be expanded in the series

( )nv t ( )nG t
( , )v x t ( , )G x t

where sin( / )n x L Are the eigenfunctions of 

0, (0) 0, ( ) 0X X X X L   
It is obtained from v(x,t)=X(x)T(t) 

2

2
, (0, ) 0, ( , ) 0, 0 , 0

v v
k v t v L t x L t

x t

 
     

 
(1-D homogeneous

heat equation)
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Solve equation 
2

2
, 0 1, 0

u u
x t

x t

 
   

 

(0, ) cos , (1, ) 0, 0

( ,0) 0, 0 1

u t t u t t

u x x

  

  

subject to

2

2
(1 )sin , 0 1, 0

v v
x t x t

x t

 
     

 

(0, ) 0, (1, ) 0, 0

( ,0) 1, 0 1

v t v t t

v x x x

  

   

2

2
( , ) , 0 , 0

(0, ) 0, ( , ) 0, 0

( ,0) ( ) ( ,0), 0

v v
k G x t x L t

x t

v t v L t t

v x f x x x L

 
    

 

  

   

1

( , ) ( )sinn
n

v x t v t n x






1

( , ) (1 )sin ( )sinn
n

G x t x t G t n x




  

Using same eigenfunctions

( , ) ( , ) ( , )u x t v x t x t 

( , ) (1 )cosx t x t  

1 1

( , ) ( )sin ( , ) ( )sinn n
n n

n n
v x t v t x and G x t G t x

L L

  

 

  

Make the assumption that time-dependent coefficients         and         can be found 

such that both             and              can be expanded in the series

( )nv t ( )nG t
( , )v x t ( , )G x t

where sin( / )n x L Are the eigenfunctions of 

0, (0) 0, ( ) 0X X X X L   
It is obtained from v(x,t)=X(x)T(t) 

2

2
, (0, ) 0, ( , ) 0, 0 , 0

v v
k v t v L t x L t

x t

 
     

 
(1-D homogeneous

heat equation)
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Solve equation 
2

2
, 0 1, 0

u u
x t

x t

 
   

 

(0, ) cos , (1, ) 0, 0

( ,0) 0, 0 1

u t t u t t

u x x

  

  

subject to

2

2
(1 )sin , 0 1, 0

v v
x t x t

x t

 
     

 

(0, ) 0, (1, ) 0, 0

( ,0) 1, 0 1

v t v t t

v x x x

  

   

2

2
( , ) , 0 , 0

(0, ) 0, ( , ) 0, 0

( ,0) ( ) ( ,0), 0

v v
k G x t x L t

x t

v t v L t t

v x f x x x L

 
    

 

  

   

1

( , ) ( )sinn
n

v x t v t n x






1

( , ) (1 )sin ( )sinn
n

G x t x t G t n x




  

Using same eigenfunctions

Where, (Fourier Sine Series Coefficients)

( , ) ( , ) ( , )u x t v x t x t 

( , ) (1 )cosx t x t  

1 1

( , ) ( )sin ( , ) ( )sinn n
n n

n n
v x t v t x and G x t G t x

L L

  

 

  

Make the assumption that time-dependent coefficients         and         can be found 

such that both             and              can be expanded in the series

( )nv t ( )nG t
( , )v x t ( , )G x t

where sin( / )n x L Are the eigenfunctions of 

0, (0) 0, ( ) 0X X X X L   
It is obtained from v(x,t)=X(x)T(t) 

2

2
, (0, ) 0, ( , ) 0, 0 , 0

v v
k v t v L t x L t

x t

 
     

 
(1-D homogeneous

heat equation)
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Solve equation 
2

2
, 0 1, 0

u u
x t

x t

 
   

 

(0, ) cos , (1, ) 0, 0

( ,0) 0, 0 1

u t t u t t

u x x

  

  

subject to

2

2
(1 )sin , 0 1, 0

v v
x t x t

x t

 
     

 

(0, ) 0, (1, ) 0, 0

( ,0) 1, 0 1

v t v t t

v x x x

  

   

2

2
( , ) , 0 , 0

(0, ) 0, ( , ) 0, 0

( ,0) ( ) ( ,0), 0

v v
k G x t x L t

x t

v t v L t t

v x f x x x L

 
    

 

  

   

1

( , ) ( )sinn
n

v x t v t n x






1

( , ) (1 )sin ( )sinn
n

G x t x t G t n x




  

Using same eigenfunctions

1

0

1

0

2
( ) (1 )sin sin

1

2
2sin (1 )sin sin

nG t x t n xdx

t x n xdx t
n






 

  





Where, (Fourier Sine Series Coefficients)

( , ) ( , ) ( , )u x t v x t x t 

( , ) (1 )cosx t x t  

1 1

( , ) ( )sin ( , ) ( )sinn n
n n

n n
v x t v t x and G x t G t x

L L

  

 

  

Make the assumption that time-dependent coefficients         and         can be found 

such that both             and              can be expanded in the series

( )nv t ( )nG t
( , )v x t ( , )G x t

where sin( / )n x L Are the eigenfunctions of 

0, (0) 0, ( ) 0X X X X L   
It is obtained from v(x,t)=X(x)T(t) 

2

2
, (0, ) 0, ( , ) 0, 0 , 0

v v
k v t v L t x L t

x t

 
     

 
(1-D homogeneous

heat equation)
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Solve equation 
2

2
, 0 1, 0

u u
x t

x t

 
   

 

(0, ) cos , (1, ) 0, 0

( ,0) 0, 0 1

u t t u t t

u x x

  

  

subject to

2

2
(1 )sin , 0 1, 0

v v
x t x t
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The temperature in a rod of unit length in which there is heat transfer from its right boundary 

into a surrounding medium kept at a constant temperature zero is determined from
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The temperature in a rod of unit length in which there is heat transfer from its right boundary 

into a surrounding medium kept at a constant temperature zero is determined from

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series
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The temperature in a rod of unit length in which there is heat transfer from its right boundary 

into a surrounding medium kept at a constant temperature zero is determined from

( , ) ( ) ( )u x t X x T tSeparation  variables

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series
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“Regular Sturm-Liouville Problem”

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series
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*이규열, 공학수학 2 강의교재, 30강, 2008년 2학기, slide 84
461

/558



2008_P.D.E(2)

Orthogonal Series Expansions

 Example 1  Using Orthogonal Series Expansions

Solve equation 
2

2
, 0 1, 0

u u
k x t

x t

 
   

 

1

(0, ) 0, (1, ), 0, 0

( ,0) 1, 0 1

x

u
u t hu t h t

x

u x x




    



  

subject to 0

0

(0) 0, (1) (1)

X X

T k T

X and X hX





 

 

  

x10

The temperature in a rod of unit length in which there is heat transfer from its right boundary 
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For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series
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into a surrounding medium kept at a constant temperature zero is determined from
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1 2( ) cos sin , n nX x c x c x     General solution of (1) is

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series
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For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series
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( ,0) 1, 0 1

x

u
u t hu t h t

x

u x x




    



  

subject to 0

0

(0) 0, (1) (1)

X X

T k T

X and X hX





 

 

  

x10

The temperature in a rod of unit length in which there is heat transfer from its right boundary 

into a surrounding medium kept at a constant temperature zero is determined from

*0, (0) 0, (1) (1) 0 (1)X X X X hX     

( , ) ( ) ( )u x t X x T t

Separation  variables

“Regular Sturm-Liouville Problem”

2

1 2( ) cos sin , n nX x c x c x     General solution of (1) is

2( ) sinX x c xBy 1(0) 0, 0X c  So,

By (1) (1) 0X hX  

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series
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1

(0, ) 0, (1, ), 0, 0

( ,0) 1, 0 1

x

u
u t hu t h t

x

u x x




    



  

subject to 0

0

(0) 0, (1) (1)

X X

T k T

X and X hX





 

 

  

x10

The temperature in a rod of unit length in which there is heat transfer from its right boundary 

into a surrounding medium kept at a constant temperature zero is determined from

*0, (0) 0, (1) (1) 0 (1)X X X X hX     

( , ) ( ) ( )u x t X x T t

Separation  variables

“Regular Sturm-Liouville Problem”

2

1 2( ) cos sin , n nX x c x c x     

   2 21
cos sin cos sin 0, tan

x
c x h x c h or

h


      


    

General solution of (1) is

2( ) sinX x c xBy 1(0) 0, 0X c  So,

By (1) (1) 0X hX  

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series
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2
, 0 1, 0

u u
k x t

x t

 
   

 

1

(0, ) 0, (1, ), 0, 0

( ,0) 1, 0 1

x

u
u t hu t h t

x

u x x




    



  

subject to

tan ,y xBecause the graph of , 0
x

y h
h

 
have an infinite number of 

intersection points, for x>0

tan
h


 By boundary condition,

If the consecutive positive root are denoted , 1,2,3,....n n 

Eigenvalues of problem are
2

n n 

and eigenfunctions are 2sin , 1,2,3... ( ) sinn nx n X x c x   

0

0

(0) 0, (1) (1)

X X

T k T

X and X hX





 

 

  

( , ) ( ) ( )u x t X x T t

Separation  variables

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series


y

tan

y 

Ex. h=1
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2
, 0 1, 0

u u
k x t

x t

 
   

 

1

(0, ) 0, (1, ), 0, 0

( ,0) 1, 0 1

x

u
u t hu t h t

x

u x x




    



  

subject to

2

( ) ( ) sinnk t

n n nu X x T t A e x   

2( ) sin , 1,2,3...nX x c x n 

And the solution of first order ODE

0

0

(0) 0, (1) (1)

X X

T k T

X and X hX





 

 

  

( , ) ( ) ( )u x t X x T t

Separation  variables

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

0T k T  is 
2

2( ) nk tT t c e 
2, n n 

2

1

( , ) sinnk t

n n
n

u x t A e x 
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Solve equation 
2

2
, 0 1, 0

u u
k x t

x t

 
   

 

1

(0, ) 0, (1, ), 0, 0

( ,0) 1, 0 1

x

u
u t hu t h t

x

u x x




    



  

subject to

2

( ) ( ) sinnk t

n n nu X x T t A e x   

1

( ,0) 1 sin , 0 1n n
n

u x A x x




   

2( ) sin , 1,2,3...nX x c x n 

And the solution of first order ODE

0

0

(0) 0, (1) (1)

X X

T k T

X and X hX





 

 

  

( , ) ( ) ( )u x t X x T t

Separation  variables

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

0T k T  is 
2

2( ) nk tT t c e 
2, n n 

2

1

( , ) sinnk t

n n
n

u x t A e x 






 

Initial condition:
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2

2
, 0 1, 0

u u
k x t

x t

 
   

 

1

( ,0)

(0, ) 0, (1, ), 0, 0

, 01 1

x

u
u t hu t t

x

xu

h

x




    



 

subject to

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

2

1

( , ) sinnk t

n n
n

u x t A e x 







1

1 sinn n
n

A x




By initial condition,
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2

2
, 0 1, 0

u u
k x t

x t

 
   

 

1

( ,0)

(0, ) 0, (1, ), 0, 0

, 01 1

x

u
u t hu t t

x

xu

h

x




    



 

subject to

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

2

1

( , ) sinnk t

n n
n

u x t A e x 







1

1 sinn n
n

A x




By initial condition,
This is not Fourier Sine Series but an expansion 

of u(x,0)=1 in terms of the orthogonal functions 

arising from the Sturm-Liouville problem

0,

(0) 0, (1) (1) 0

X X

X X hX
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, 0 1, 0

u u
k x t
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1

( ,0)

(0, ) 0, (1, ), 0, 0

, 01 1

x

u
u t hu t t

x

xu

h

x




    



 

subject to

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

2

1

( , ) sinnk t

n n
n

u x t A e x 







1

1 sinn n
n

A x




By initial condition,
This is not Fourier Sine Series but an expansion 

of u(x,0)=1 in terms of the orthogonal functions 

arising from the Sturm-Liouville problem

0,

(0) 0, (1) (1) 0

X X

X X hX

 

  

0X X Self-adjoint form of

( ) 1, ( ) 0, ( ) 1pr x q x x  

[ ( ) ] [ ( ) ( )] 0
d

r x X q x p x X
dx

   

472
/558



2008_P.D.E(2)

Orthogonal Series Expansions

 Example 1  Using Orthogonal Series Expansions

Solve equation 
2

2
, 0 1, 0

u u
k x t

x t

 
   

 

1

( ,0)

(0, ) 0, (1, ), 0, 0

, 01 1

x

u
u t hu t t

x

xu

h

x




    



 

subject to

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

2

1

( , ) sinnk t

n n
n

u x t A e x 







1

1 sinn n
n

A x




By initial condition,
This is not Fourier Sine Series but an expansion 

of u(x,0)=1 in terms of the orthogonal functions 

arising from the Sturm-Liouville problem

0,

(0) 0, (1) (1) 0

X X

X X hX

 

  

0X X Self-adjoint form of

( ) 1, ( ) 0, ( ) 1pr x q x x  

{sin }, 1,2,3,n n 

is an orthogonal set with respect to the weight function

on the interval [0,1].( ) 1p x 

[ ( ) ] [ ( ) ( )] 0
d

r x X q x p x X
dx
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Solve equation 
2

2
, 0 1, 0

u u
k x t

x t

 
   

 

1

(0, ) 0, (1, ), 0, 0

( ,0) 1, 0 1

x

u
u t hu t h t

x

u x x




    



  

subject to

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

2

1

( , ) sinnk t

n n
n

u x t A e x 







1

1 sinn n
n

A x




By initial condition,

{sin }, 1,2,3,n n 

is an orthogonal set with respect to the weight function

on the interval [0,1].( ) 1p x 
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1

(0, ) 0, (1, ), 0, 0

( ,0) 1, 0 1

x

u
u t hu t h t

x

u x x




    



  

subject to

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

2

1

( , ) sinnk t

n n
n

u x t A e x 







1

1 sinn n
n

A x




By initial condition,

{sin }, 1,2,3,n n 

is an orthogonal set with respect to the weight function

on the interval [0,1].( ) 1p x 

2

( ) ( ) ( )

( ) ( )

b

n
a

n b

n
a

f x w x x dx
c

w x x dx









Orthogonal Set/ Weight Function

A set of real-valued functions                                                            is said to be

orthogonal with respect to a weight function              on  an interval              if

Definition 12.4

nmdxxxxw
b

a
nm  ,0)()()( 

 ),(),(),( 210 xxx 

],[ ba)(xw

  )()()()( 1100 xcxcxcxf nn
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, 0 1, 0

u u
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1

(0, ) 0, (1, ), 0, 0

( ,0) 1, 0 1

x

u
u t hu t h t

x

u x x




    



  

subject to

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

2

1

( , ) sinnk t

n n
n

u x t A e x 







1

1 sinn n
n

A x




By initial condition,

1

0
1

2

0

1 1 sin

1 sin

n

n

n

xdx
A

xdx





 
 







{sin }, 1,2,3,n n 

is an orthogonal set with respect to the weight function

on the interval [0,1].( ) 1p x 

2

( ) ( ) ( )

( ) ( )

b

n
a

n b

n
a

f x w x x dx
c

w x x dx









Orthogonal Set/ Weight Function

A set of real-valued functions                                                            is said to be

orthogonal with respect to a weight function              on  an interval              if

Definition 12.4

nmdxxxxw
b

a
nm  ,0)()()( 

 ),(),(),( 210 xxx 

],[ ba)(xw

  )()()()( 1100 xcxcxcxf nn
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, 0 1, 0

u u
k x t

x t

 
   

 

1

(0, ) 0, (1, ), 0, 0

( ,0) 1, 0 1

x

u
u t hu t h t

x

u x x




    



  

subject to

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

2

1

( , ) sinnk t

n n
n

u x t A e x 







1

1 sinn n
n

A x




By initial condition,

1

0
1

2

0

1 1 sin

1 sin

n

n

n

xdx
A

xdx





 
 







{sin }, 1,2,3,n n 

is an orthogonal set with respect to the weight function

on the interval [0,1].( ) 1p x 

cos
sin

h

 
 

 
1

0
cos sin

cos sin 0

x h

h

  

  



  

b/c (1) (1) 0X hX  
2( ) sinX x c x

477
/558



2008_P.D.E(2)

Orthogonal Series Expansions

 Example 1  Using Orthogonal Series Expansions
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1

(0, ) 0, (1, ), 0, 0

( ,0) 1, 0 1

x

u
u t hu t h t

x

u x x




    



  

subject to

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

2

1

( , ) sinnk t

n n
n

u x t A e x 







1

1 sinn n
n

A x




By initial condition,

1

0
1

2

0

1 1 sin

1 sin

n

n

n

xdx
A

xdx





 
 







{sin }, 1,2,3,n n 

is an orthogonal set with respect to the weight function

on the interval [0,1].( ) 1p x 

 

1 1
2

0 0

2

2

1
sin (1 cos2 )

2

1 1
1 sin 2

2 2

2 2sin cos1

2 2

1
2 2 cos

1

2 2

1
cos

2

n n

n

n

n n n

n

n n n

n

n

xdx x dx

h

h
h

 




  



  





 

 
  

 

 
  

 

 
 

  
 
 

 

 

cos
sin

h

 
 

 
1

0
cos sin

cos sin 0

x h

h

  

  



  

b/c (1) (1) 0X hX  
2( ) sinX x c x
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(0, ) 0, (1, ), 0, 0

( ,0) 1, 0 1

x
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x

u x x




    



  

subject to

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

2

1

( , ) sinnk t

n n
n

u x t A e x 







1

1 sinn n
n

A x




By initial condition,

1

0
1

2

0

1 1 sin

1 sin

n

n

n

xdx
A

xdx





 
 







{sin }, 1,2,3,n n 

is an orthogonal set with respect to the weight function

on the interval [0,1].( ) 1p x 

 
1

2 2

0

1
sin cos

2
n nxdx h

h
  

 

1 1
2

0 0

2

2

1
sin (1 cos2 )

2

1 1
1 sin 2

2 2

2 2sin cos1

2 2

1
2 2 cos

1

2 2

1
cos

2

n n

n

n

n n n

n

n n n

n

n

xdx x dx

h

h
h

 




  



  





 

 
  

 

 
  

 

 
 

  
 
 

 

 

cos
sin

h

 
 

 
1

0
cos sin

cos sin 0

x h

h

  

  



  

b/c (1) (1) 0X hX  
2( ) sinX x c x
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x
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subject to

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

2

1

( , ) sinnk t

n n
n

u x t A e x 







1

1 sinn n
n

A x




By initial condition,

1

0
1

2

0

1 1 sin

1 sin

n

n

n

xdx
A

xdx





 
 







{sin }, 1,2,3,n n 

is an orthogonal set with respect to the weight function

on the interval [0,1].( ) 1p x 

 
1

2 2

0

1
sin cos

2
n nxdx h

h
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1
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( ,0) 1, 0 1

x
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x
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subject to

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

2

1

( , ) sinnk t

n n
n

u x t A e x 







1

1 sinn n
n

A x




By initial condition,

1

0
1

2

0

1 1 sin

1 sin

n

n

n

xdx
A

xdx





 
 







{sin }, 1,2,3,n n 

is an orthogonal set with respect to the weight function

on the interval [0,1].( ) 1p x 

 
1

2 2

0

1
sin cos

2
n nxdx h

h
  

1
1

0
0

1 1
sin cos (1 cos )n n n

n n

xdx  
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1

(0, ) 0, (1, ), 0, 0

( ,0) 1, 0 1
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u t hu t h t

x
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subject to

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

2

1

( , ) sinnk t

n n
n

u x t A e x 







1

1 sinn n
n

A x




By initial condition,

 

1

0
1 2

2 2

0

1
(1 cos )1 1 sin 2 (1 cos )

1 ( cos )1 sin cos
2

n
n

n n
n

n n
n n

xdx h
A

hxdx h
h

  

  

  
   

 





{sin }, 1,2,3,n n 

is an orthogonal set with respect to the weight function

on the interval [0,1].( ) 1p x 
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For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

2

1

( , ) sinnk t

n n
n

u x t A e x 






  2

2 (1 cos )
,

( cos )
n

n

n n

h
A

h



 






2

2
1

2 (1 cos )
( , ) sin

( cos )
nk tn

n
n n n

h
u x t e x

h
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Solve equation 
2 2

2

2 2
, 0 1, 0a x t

x t

  
   

 

subject to

0 1



Twisted shaft

( , ) ( ) ( )x t X x T t 

Product Method

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

1

0

(0, ) 0, 0, 0

( ,0) , 0, 0 1

x

t

t t
x

x x x
t












  




   



The twist angle                of a torsionally vibrating shaft of unit length is determined from( , )x t
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Solve equation 
2 2

2

2 2
, 0 1, 0a x t

x t

  
   

 

subject to

0 1



Twisted shaft

0X X 
2 0T a T 

( , ) ( ) ( )x t X x T t 

Product Method

Then,

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

1

0

(0, ) 0, 0, 0

( ,0) , 0, 0 1

x

t

t t
x

x x x
t












  




   



The twist angle                of a torsionally vibrating shaft of unit length is determined from( , )x t
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Solve equation 
2 2

2

2 2
, 0 1, 0a x t

x t

  
   

 

subject to

0 1



Twisted shaft

0X X 
2 0T a T 

( , ) ( ) ( )x t X x T t 

Product Method

Then,

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

1

0

(0, ) 0, 0, 0

( ,0) , 0, 0 1

x

t

t t
x

x x x
t












  




   



The twist angle                of a torsionally vibrating shaft of unit length is determined from( , )x t

From

(0) 0X 

(0, ) (0) ( ) 0t X T t  

( ) 0T t  otherwise θ(x,t) : trivial solution, So
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2 2
, 0 1, 0a x t

x t

  
   

 

subject to

0 1



Twisted shaft

0X X 
2 0T a T 

( , ) ( ) ( )x t X x T t 

Product Method

Then,

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

1

0

(0, ) 0, 0, 0

( ,0) , 0, 0 1

x

t

t t
x

x x x
t












  




   



The twist angle                of a torsionally vibrating shaft of unit length is determined from( , )x t

From

(0) 0X 

(0, ) (0) ( ) 0t X T t  

( ) 0T t  otherwise θ(x,t) : trivial solution, So

From

(0) 0X  

(0, ) (0) ( ) 0t X T t  

( ) 0T t  otherwise θ(x,t) : trivial solution, So
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Solve equation 
2 2

2

2 2
, 0 1, 0a x t

x t

  
   

 

subject to

0 1



Twisted shaft

0X X 
2 0T a T 

(0) 0 (1) 0X and X  

( , ) ( ) ( )x t X x T t 

Product Method

Then,

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

1

0

(0, ) 0, 0, 0

( ,0) , 0, 0 1

x

t

t t
x

x x x
t












  




   



The twist angle                of a torsionally vibrating shaft of unit length is determined from( , )x t

From

(0) 0X 

(0, ) (0) ( ) 0t X T t  

( ) 0T t  otherwise θ(x,t) : trivial solution, So

From

(0) 0X  

(0, ) (0) ( ) 0t X T t  

( ) 0T t  otherwise θ(x,t) : trivial solution, So
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Solve equation 
2 2

2

2 2
, 0 1, 0a x t

x t

  
   

 

subject to

0 1



Twisted shaft

0X X 
2 0T a T 

(0) 0 (1) 0X and X  

( , ) ( ) ( )x t X x T t 

Product Method

Then,

0,X X  (0) 0, (1) 0X X  

Is a regular Sturm-Liouville problem.

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

1

0

(0, ) 0, 0, 0

( ,0) , 0, 0 1

x

t

t t
x

x x x
t












  




   



The twist angle                of a torsionally vibrating shaft of unit length is determined from( , )x t

From

(0) 0X 

(0, ) (0) ( ) 0t X T t  

( ) 0T t  otherwise θ(x,t) : trivial solution, So

From

(0) 0X  

(0, ) (0) ( ) 0t X T t  

( ) 0T t  otherwise θ(x,t) : trivial solution, So
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Solve equation 
2 2

2

2 2
, 0 1, 0a x t

x t

  
   

 

subject to

0 1



Twisted shaft

0,X X  (0) 0, (1) 0X X  

is a regular Sturm-Liouville problem.

1 2( ) cos sinX x c x c x  General solution is

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

1

0

(0, ) 0, 0, 0

( ,0) , 0, 0 1

x

t

t t
x

x x x
t












  




   



The twist angle                of a torsionally vibrating shaft of unit length is determined from( , )x t
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Solve equation 
2 2

2

2 2
, 0 1, 0a x t

x t

  
   

 

subject to

0 1



Twisted shaft

0,X X  (0) 0, (1) 0X X  

is a regular Sturm-Liouville problem.

1 2( ) cos sinX x c x c x  

By 1(0) 0, 0X c 

General solution is

By (1) 0X  
2 cos 0c  

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

1

0

(0, ) 0, 0, 0

( ,0) , 0, 0 1

x

t

t t
x

x x x
t












  




   



The twist angle                of a torsionally vibrating shaft of unit length is determined from( , )x t
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Solve equation 
2 2

2

2 2
, 0 1, 0a x t

x t

  
   

 

subject to

0 1



Twisted shaft

0,X X  (0) 0, (1) 0X X  

is a regular Sturm-Liouville problem.

1 2( ) cos sinX x c x c x  

By 1(0) 0, 0X c 

General solution is

By (1) 0X  
2 cos 0c  

(2 1) / 2n n    2 2 2, (2 1) / 4n n n    

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

1

0

(0, ) 0, 0, 0

( ,0) , 0, 0 1

x

t

t t
x

x x x
t












  




   



The twist angle                of a torsionally vibrating shaft of unit length is determined from( , )x t
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Solve equation 
2 2

2

2 2
, 0 1, 0a x t

x t

  
   

 

subject to

0 1



Twisted shaft

0,X X  (0) 0, (1) 0X X  

is a regular Sturm-Liouville problem.

1 2( ) cos sinX x c x c x  

2 2

2 1
( ) sin sin , 1,2,3,....

2

n
X x c x c x n 

 
    

 

By 1(0) 0, 0X c 

General solution is

By (1) 0X  
2 cos 0c  

(2 1) / 2n n    2 2 2, (2 1) / 4n n n    

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

1

0

(0, ) 0, 0, 0

( ,0) , 0, 0 1

x

t

t t
x

x x x
t












  




   



The twist angle                of a torsionally vibrating shaft of unit length is determined from( , )x t
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Solve equation 
2 2

2

2 2
, 0 1, 0a x t

x t

  
   

 

subject to

0 1



Twisted shaft

2

2 1
( ) sin , 1,2,3,....

2

n
X x c x n

 
  

 

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

1

0

(0, ) 0, 0, 0

( ,0) , 0, 0 1

x

t

t t
x

x x x
t












  




   



The twist angle                of a torsionally vibrating shaft of unit length is determined from( , )x t

2 2 2, (2 1) / 4n n n    
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Solve equation 
2 2

2

2 2
, 0 1, 0a x t

x t

  
   

 

subject to

0 1



Twisted shaft

2

2 1
( ) sin , 1,2,3,....

2

n
X x c x n

 
  

 

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

1

0

(0, ) 0, 0, 0

( ,0) , 0, 0 1

x

t

t t
x

x x x
t












  




   



The twist angle                of a torsionally vibrating shaft of unit length is determined from( , )x t

2 2 2, (2 1) / 4n n n    

2 0,T a T 

0

0
tt
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Solve equation 
2 2

2

2 2
, 0 1, 0a x t

x t

  
   

 

subject to

0 1



Twisted shaft

2

2 1
( ) sin , 1,2,3,....

2

n
X x c x n

 
  

 

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

1

0

(0, ) 0, 0, 0

( ,0) , 0, 0 1

x

t

t t
x

x x x
t












  




   



The twist angle                of a torsionally vibrating shaft of unit length is determined from( , )x t

2 2 2, (2 1) / 4n n n    

2 0,T a T 

0

0
tt










3 4( ) cos sinn nT t c a t c a t  
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Solve equation 
2 2

2

2 2
, 0 1, 0a x t

x t

  
   

 

subject to

0 1



Twisted shaft

2

2 1
( ) sin , 1,2,3,....

2

n
X x c x n

 
  

 

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

1

0

(0, ) 0, 0, 0

( ,0) , 0, 0 1

x

t

t t
x

x x x
t












  




   



The twist angle                of a torsionally vibrating shaft of unit length is determined from( , )x t

2 2 2, (2 1) / 4n n n    

2 0,T a T 

0

0
tt










3 4( ) cos sinn nT t c a t c a t  

(0) 0T  implies 4 0c 
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Solve equation 
2 2

2

2 2
, 0 1, 0a x t

x t

  
   

 

subject to

0 1



Twisted shaft

2

2 1
( ) sin , 1,2,3,....

2

n
X x c x n

 
  

 

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

1

0

(0, ) 0, 0, 0

( ,0) , 0, 0 1

x

t

t t
x

x x x
t












  




   



The twist angle                of a torsionally vibrating shaft of unit length is determined from( , )x t

2 2 2, (2 1) / 4n n n    

2 0,T a T 

0

0
tt










3 4( ) cos sinn nT t c a t c a t  

3 3

2 1
( ) cos cos

2
n

n
T t c a t c a t 

 
    

 

(0) 0T  implies 4 0c 
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Solve equation 
2 2

2

2 2
, 0 1, 0a x t

x t

  
   

 

subject to

0 1



Twisted shaft

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

1

0

(0, ) 0, 0, 0

( ,0) , 0, 0 1

x

t

t t
x

x x x
t












  




   



The twist angle                of a torsionally vibrating shaft of unit length is determined from( , )x t

0X X 
2, 0T a T 

( , ) ( ) ( )x t X x T t 

Separation  variables

Then,
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Solve equation 
2 2

2

2 2
, 0 1, 0a x t

x t

  
   

 

subject to

0 1



Twisted shaft

2

2 1
( ) sin , 1,2,3,....

2

n
X x c x n

 
  

 

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

1

0

(0, ) 0, 0, 0

( ,0) , 0, 0 1

x

t

t t
x

x x x
t












  




   



The twist angle                of a torsionally vibrating shaft of unit length is determined from( , )x t

0X X 
2, 0T a T 

( , ) ( ) ( )x t X x T t 

Separation  variables

Then,
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Solve equation 
2 2

2

2 2
, 0 1, 0a x t

x t

  
   

 

subject to

0 1



Twisted shaft

2

2 1
( ) sin , 1,2,3,....

2

n
X x c x n

 
  

 

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

1

0

(0, ) 0, 0, 0

( ,0) , 0, 0 1

x

t

t t
x

x x x
t












  




   



The twist angle                of a torsionally vibrating shaft of unit length is determined from( , )x t

2 2 2, (2 1) / 4n n n    

0X X 
2, 0T a T 

( , ) ( ) ( )x t X x T t 

Separation  variables

Then,
3

2 1
( ) cos

2

n
T t c a t
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Solve equation 
2 2

2

2 2
, 0 1, 0a x t

x t

  
   

 

subject to

0 1



Twisted shaft

2

2 1
( ) sin , 1,2,3,....

2

n
X x c x n

 
  

 

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

1

0

(0, ) 0, 0, 0

( ,0) , 0, 0 1

x

t

t t
x

x x x
t












  




   



The twist angle                of a torsionally vibrating shaft of unit length is determined from( , )x t

2 2 2, (2 1) / 4n n n    

2 1 2 1
( , ) ( ) ( ) cos sin

2 2
n n

n n
x t X x T t A a t x  

    
      

   

0X X 
2, 0T a T 

( , ) ( ) ( )x t X x T t 

Separation  variables

Then,
3

2 1
( ) cos

2

n
T t c a t
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Solve equation 
2 2

2

2 2
, 0 1, 0a x t

x t

  
   

 

subject to

0 1



Twisted shaft

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

1

0

(

(0, ) 0, 0, 0

, 0, 0) 1,0

x

t

x

t t
x

x
t

x












  






 


The twist angle                of a torsionally vibrating shaft of unit length is determined from( , )x t

2 1 2 1
( , ) cos sin

2 2
n n

n n
x t A a t x  

    
    

   

0X X Self-adjoint form of

( ) 1, ( ) 0, ( ) 1pr x q x x  

[ ( ) ] [ ( ) ( )] 0
d

r x X q x p x X
dx

   

{sin }, 1,2,3,n n 

is an orthogonal set with respect to the weight function

on the interval [0,1].( ) 1p x 
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Solve equation 
2 2

2

2 2
, 0 1, 0a x t

x t

  
   

 

subject to

0 1



Twisted shaft

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

1

0

(

(0, ) 0, 0, 0

, 0, 0) 1,0

x

t

x

t t
x

x
t

x












  






 


The twist angle                of a torsionally vibrating shaft of unit length is determined from( , )x t

2 1 2 1
( , ) cos sin

2 2
n n

n n
x t A a t x  

    
    

   

1

2 1 2 1
( , ) cos sin

2 2
n

n

n n
x t A a t x  





    
    

   


0X X Self-adjoint form of

( ) 1, ( ) 0, ( ) 1pr x q x x  

[ ( ) ] [ ( ) ( )] 0
d

r x X q x p x X
dx

   

{sin }, 1,2,3,n n 

is an orthogonal set with respect to the weight function

on the interval [0,1].( ) 1p x 
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Solve equation 
2 2

2

2 2
, 0 1, 0a x t

x t

  
   

 

subject to

0 1



Twisted shaft

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

1

0

(

(0, ) 0, 0, 0

, 0, 0) 1,0

x

t

x

t t
x

x
t

x












  






 


The twist angle                of a torsionally vibrating shaft of unit length is determined from( , )x t

2 1 2 1
( , ) cos sin

2 2
n n

n n
x t A a t x  

    
    

   

1

2 1 2 1
( , ) cos sin

2 2
n

n

n n
x t A a t x  





    
    

   


1

2 1
( ,0) sin

2
n

n

n
x x A x 





 
   

 


By initial condition,
1

0

1
2

0

2 1
1 sin

2
,

2 1
1 sin

2

n

n
x xdx

where A
n

xdx





 
  

 
 

  
 





0X X Self-adjoint form of

( ) 1, ( ) 0, ( ) 1pr x q x x  

[ ( ) ] [ ( ) ( )] 0
d

r x X q x p x X
dx

   

{sin }, 1,2,3,n n 

is an orthogonal set with respect to the weight function

on the interval [0,1].( ) 1p x 
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Solve equation 
2 2

2

2 2
, 0 1, 0a x t

x t

  
   

 

subject to

0 1



Twisted shaft

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

1

0

(

(0, ) 0, 0, 0

, 0, 0) 1,0

x

t

x
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x

x
t

x












  






 


The twist angle                of a torsionally vibrating shaft of unit length is determined from( , )x t

1

2 1
( ,0) sin

2
n

n

n
x x A x 





 
   

 


By initial condition,

1

0

1
2

0

2 1
1 sin

2

2 1
1 sin

2

n

n
x xdx

A
n

xdx
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Solve equation 
2 2

2

2 2
, 0 1, 0a x t

x t

  
   

 

subject to

0 1



Twisted shaft

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

1

0

(

(0, ) 0, 0, 0

, 0, 0) 1,0

x

t

x

t t
x

x
t

x












  






 


The twist angle                of a torsionally vibrating shaft of unit length is determined from( , )x t

1

2 1
( ,0) sin

2
n

n

n
x x A x 





 
   

 


By initial condition,

1

0

1
2

0

2 1
1 sin

2

2 1
1 sin

2

n

n
x xdx

A
n

xdx





 
  

 
 

  
 




 

1

0

1
1

0
0

1
2

0

2

2 1
1 sin

2

2 2 1 2 2 1
cos cos

(2 1) 2 (2 1) 2

2 2 1 2 2 1
cos sin

(2 1) 2 (2 1) 2

2 2 1
0 sin

(2 1)

n
x xdx

n n
x x x dx

n n

n n
x

n n

n

n



 
 

 
 



 
  

 

        
          

        

        
          

         

  
   

 





2

1

2

2
( 1)

(2 1)

n

n
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Solve equation 
2 2

2

2 2
, 0 1, 0a x t

x t

  
   

 

subject to

0 1



Twisted shaft

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

1

0

(

(0, ) 0, 0, 0

, 0, 0) 1,0
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The twist angle                of a torsionally vibrating shaft of unit length is determined from( , )x t

1

2 1
( ,0) sin

2
n

n

n
x x A x 





 
   

 


By initial condition,

1

0

1
2

0

2 1
1 sin

2

2 1
1 sin

2

n

n
x xdx

A
n

xdx





 
  

 
 

  
 





2
1

1

0

2 1 2
1 sin ( 1)

2 (2 1)

nn
x xdx

n
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Solve equation 
2 2

2

2 2
, 0 1, 0a x t

x t

  
   

 

subject to

0 1



Twisted shaft

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series

1

0

(
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, 0, 0) 1,0
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The twist angle                of a torsionally vibrating shaft of unit length is determined from( , )x t

1

2 1
( ,0) sin

2
n

n

n
x x A x 





 
   

 


By initial condition,

1

0

1
2

0

2 1
1 sin

2

2 1
1 sin

2

n

n
x xdx

A
n

xdx





 
  

 
 

  
 





1 1
2

0 0

1

0

2 1 1 2 1
sin 1 cos2

2 2 2

1 1
sin(2 1)

2 (2 1)

1

2

n n
xdx x dx

x n x
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2 1 2
1 sin ( 1)
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Solve equation 
2 2

2

2 2
, 0 1, 0a x t

x t

  
   

 

subject to

0 1



Twisted shaft

For a certain types of boundary conditions, the 

method of separation of variables and the 

superposition principle lead to an expansion of 

a function in an infinite series that is not a 

Fourier series
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0

(0, ) 0, 0, 0

( ,0) , 0, 0 1
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The twist angle                of a torsionally vibrating shaft of unit length is determined from( , )x t

1

2 2

8( 1)
,

(2 1)

n

nA
n 




1

2 1 2 1
( , ) cos sin

2 2
n

n

n n
x t A a t x  
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( ,0, ) 0, ( , , ) 0, 0 , 0

( , ,0) ( , ), 0 , 0

u y t u b y t y c t

u x t u x c t x b t

u x y f x y x b y c

    

    

    

subject to

b

c
( , )b c

x

y

u=0

u=0

u=0

u=0

( , , ) ( ) ( ) ( )u x y t X x Y y T t

0X X 

0Y Y 

( ) 0T k T   

0,X X  (0) 0, ( ) 0X X b 

0,Y Y  (0) 0, ( ) 0Y Y c 

2 2

2

2 2

2

m

n

m

b

n

c











2

4

( ) sin , 1,2,3,...

( ) sin , 1,2,3,...

m
X x c x m

b

n
Y y c y n

c





 

 

We have two Sturm-Liouville problems,
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Solve equation 

2 2

2 2
, 0 , 0 , 0

u u u
k x b y c t

x y t

   
       

   

(0, , ) 0, ( , , ) 0, 0 , 0

( ,0, ) 0, ( , , ) 0, 0 , 0

( , ,0) ( , ), 0 , 0

u y t u b y t y c t

u x t u x c t x b t

u x y f x y x b y c

    

    

    

subject to

b

c
( , )b c

x

y

u=0

u=0

u=0

u=0

( , , ) ( ) ( ) ( )u x y t X x Y y T t

0X X 

0Y Y 

( ) 0T k T   

0,X X  (0) 0, ( ) 0X X b 

0,Y Y  (0) 0, ( ) 0Y Y c 

2 2

2

2 2

2

m

n

m

b

n

c











2

4

( ) sin , 1,2,3,...

( ) sin , 1,2,3,...

m
X x c x m

b

n
Y y c y n

c





 

 

( ) 0T k T   

Solving

2 2[ ] [( / ) ( / ) ]
5 5( ) k t k m b n c tT t c e c e       

We have two Sturm-Liouville problems,
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Solve equation 

2 2

2 2
, 0 , 0 , 0

u u u
k x b y c t

x y t

   
       

   

(0, , ) 0, ( , , ) 0, 0 , 0

( ,0, ) 0, ( , , ) 0, 0 , 0

( , ,0) ( , ), 0 , 0

u y t u b y t y c t

u x t u x c t x b t

u x y f x y x b y c

    

    

    

subject to

b

c
( , )b c

x

y

u=0

u=0

u=0

u=0

( , , ) ( ) ( ) ( )u x y t X x Y y T t

0X X 

0Y Y 

( ) 0T k T   

2 2[( / ) ( / ) ]

( , , ) ( ) ( ) ( )

sin sin

mn

k m b n c t
mn

u x y t X x Y y T t

m n
A e x y

b c

    





2

4

( ) sin , 1,2,3,...

( ) sin , 1,2,3,...

m
X x c x m

b

n
Y y c y n

c





 

 

2 2[( / ) ( / ) ]
5( ) k m b n c tT t c e   
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Solve equation 

2 2

2 2
, 0 , 0 , 0

u u u
k x b y c t

x y t

   
       

   

(0, , ) 0, ( , , ) 0, 0 , 0

( ,0, ) 0, ( , , ) 0, 0 , 0

( , ,0) ( , ), 0 , 0

u y t u b y t y c t

u x t u x c t x b t

u x y f x y x b y c

    

    

    

subject to

b

c
( , )b c

x

y

u=0

u=0

u=0

u=0

( , , ) ( ) ( ) ( )u x y t X x Y y T t

0X X 

0Y Y 

( ) 0T k T   

2 2[( / ) ( / ) ]

( , , ) ( ) ( ) ( )

sin sin

mn

k m b n c t
mn

u x y t X x Y y T t

m n
A e x y

b c

    





2

4

( ) sin , 1,2,3,...

( ) sin , 1,2,3,...

m
X x c x m

b

n
Y y c y n

c





 

 

2 2[( / ) ( / ) ]
5( ) k m b n c tT t c e   

2 2[( / ) ( / ) ]

1 1

( , , ) sin sink m b n c t
mn

m n

m n
u x y t A e x y

b c
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Solve equation 

2 2

2 2
, 0 , 0 , 0

u u u
k x b y c t

x y t

   
       

   

( , ,0) ( , )

(0, , ) 0, ( , , ) 0, 0 , 0

( ,0, ) 0, ( , , ) 0, 0 , 0

, 0 , 0

u y t u b y t y c t

u x t u x c t x b t

x b y cu x y f x y

    

  



 

   

subject to

b

c
( , )b c

x

y

u=0

u=0

u=0

u=0

2 2[( / ) ( / ) ]

1 1

( , , ) sin sink m b n c t
mn

m n

m n
u x y t A e x y

b c
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Solve equation 

2 2

2 2
, 0 , 0 , 0

u u u
k x b y c t

x y t

   
       

   

( , ,0) ( , )

(0, , ) 0, ( , , ) 0, 0 , 0

( ,0, ) 0, ( , , ) 0, 0 , 0

, 0 , 0

u y t u b y t y c t

u x t u x c t x b t

x b y cu x y f x y

    

  



 

   

subject to

b

c
( , )b c

x

y

u=0

u=0

u=0

u=0

2 2[( / ) ( / ) ]

1 1

( , , ) sin sink m b n c t
mn

m n

m n
u x y t A e x y

b c

    
 

 



1 1

( , ,0) ( , ) sin sinmn
m n

m x n y
u x y f x y A

b c

  

 

 

Intial condition:
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Solve equation 

2 2

2 2
, 0 , 0 , 0

u u u
k x b y c t

x y t

   
       

   

( , ,0) ( , )

(0, , ) 0, ( , , ) 0, 0 , 0

( ,0, ) 0, ( , , ) 0, 0 , 0

, 0 , 0

u y t u b y t y c t

u x t u x c t x b t

x b y cu x y f x y

    

  



 

   

subject to

b

c
( , )b c

x

y

u=0

u=0

u=0

u=0

2 2[( / ) ( / ) ]

1 1

( , , ) sin sink m b n c t
mn

m n

m n
u x y t A e x y

b c

    
 

 



1 1

( , ,0) ( , ) sin sinmn
m n

m x n y
u x y f x y A

b c

  

 

 

Intial condition:

“Double Sine Series(Sine Series in Two Variables)”
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1 1

( , ,0) ( , ) sin sinmn
m n

m x n y
u x y f x y A

b c
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Solve equation 

2 2

2 2
, 0 , 0 , 0

u u u
k x b y c t

x y t

   
       

   

( , ,0) ( , )

(0, , ) 0, ( , , ) 0, 0 , 0

( ,0, ) 0, ( , , ) 0, 0 , 0

, 0 , 0

u y t u b y t y c t

u x t u x c t x b t

x b y cu x y f x y

    

  



 

   

subject to

b

c
( , )b c

x

y

u=0

u=0

u=0

u=0

“Double Sine Series(Sine Series in Two Variables)”
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1 1

( , ,0) ( , ) sin sinmn
m n

m x n y
u x y f x y A

b c
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Solve equation 

2 2

2 2
, 0 , 0 , 0

u u u
k x b y c t

x y t

   
       

   

( , ,0) ( , )

(0, , ) 0, ( , , ) 0, 0 , 0

( ,0, ) 0, ( , , ) 0, 0 , 0

, 0 , 0

u y t u b y t y c t

u x t u x c t x b t

x b y cu x y f x y

    

  



 

   

subject to

b

c
( , )b c

x

y

u=0

u=0

u=0

u=0

“Double Sine Series(Sine Series in Two Variables)”
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1 1

( , ,0) ( , ) sin sinmn
m n

m x n y
u x y f x y A

b c
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Solve equation 

2 2

2 2
, 0 , 0 , 0

u u u
k x b y c t

x y t

   
       

   

( , ,0) ( , )

(0, , ) 0, ( , , ) 0, 0 , 0

( ,0, ) 0, ( , , ) 0, 0 , 0

, 0 , 0

u y t u b y t y c t

u x t u x c t x b t

x b y cu x y f x y

    

  



 

   

subject to

b

c
( , )b c

x

y

u=0

u=0

u=0

u=0

“Double Sine Series(Sine Series in Two Variables)”

1

setting  ( ) sin ,m mn
n

n y
K y A

c
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1 1

( , ,0) ( , ) sin sinmn
m n

m x n y
u x y f x y A

b c
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Solve equation 

2 2

2 2
, 0 , 0 , 0

u u u
k x b y c t

x y t

   
       

   

( , ,0) ( , )

(0, , ) 0, ( , , ) 0, 0 , 0

( ,0, ) 0, ( , , ) 0, 0 , 0

, 0 , 0

u y t u b y t y c t

u x t u x c t x b t

x b y cu x y f x y

    

  



 

   

subject to

b

c
( , )b c

x

y

u=0

u=0

u=0

u=0

“Double Sine Series(Sine Series in Two Variables)”

1

setting  ( ) sin ,m mn
n

n y
K y A

c







1

, ( , ) ( )sinm
m

m x
then f x y K y

b






Fourier sine series
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1 1

( , ,0) ( , ) sin sinmn
m n

m x n y
u x y f x y A

b c
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Solve equation 

2 2

2 2
, 0 , 0 , 0

u u u
k x b y c t

x y t

   
       

   

( , ,0) ( , )

(0, , ) 0, ( , , ) 0, 0 , 0

( ,0, ) 0, ( , , ) 0, 0 , 0

, 0 , 0

u y t u b y t y c t

u x t u x c t x b t

x b y cu x y f x y

    

  



 

   

subject to

b

c
( , )b c

x

y

u=0

u=0

u=0

u=0

“Double Sine Series(Sine Series in Two Variables)”

1

setting  ( ) sin ,m mn
n

n y
K y A

c







1

, ( , ) ( )sinm
m

m x
then f x y K y

b






Fourier sine series

0

2
( ) ( , )sin

b

m

m x
K y f x y dx

b b


  

Fourier sine series Coefficients
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1 1

( , ,0) ( , ) sin sinmn
m n

m x n y
u x y f x y A

b c
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Solve equation 

2 2

2 2
, 0 , 0 , 0

u u u
k x b y c t

x y t

   
       

   

( , ,0) ( , )

(0, , ) 0, ( , , ) 0, 0 , 0

( ,0, ) 0, ( , , ) 0, 0 , 0

, 0 , 0

u y t u b y t y c t

u x t u x c t x b t

x b y cu x y f x y

    

  



 

   

subject to

b

c
( , )b c

x

y

u=0

u=0

u=0

u=0

“Double Sine Series(Sine Series in Two Variables)”

1

setting  ( ) sin ,m mn
n

n y
K y A

c







1

, ( , ) ( )sinm
m

m x
then f x y K y

b






Fourier sine series

0

2
( ) ( , )sin

b

m

m x
K y f x y dx

b b


  

Fourier sine series Coefficients
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1 1

( , ,0) sin sin( , ) mn
m n

f x
m x n y

u x y A
b c

y
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Solve equation 

2 2

2 2
, 0 , 0 , 0

u u u
k x b y c t

x y t

   
       

   

( , ,0) ( , )

(0, , ) 0, ( , , ) 0, 0 , 0

( ,0, ) 0, ( , , ) 0, 0 , 0

, 0 , 0

u y t u b y t y c t

u x t u x c t x b t

x b y cu x y f x y

    

  



 

   

subject to

b

c
( , )b c

x

y

u=0

u=0

u=0

u=0

“Double Sine Series(Sine Series in Two Variables)”

1

setting  ( ) sin ,m mn
n

n y
K y A

c







1

, ( , ) ( )sinm
m

m x
then f x y K y

b






0

2
( ) ( , )sin

b

m

m x
K y f x y dx

b b
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1 1

( , ,0) sin sin( , ) mn
m n

f x
m x n y

u x y A
b c

y
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Solve equation 

2 2

2 2
, 0 , 0 , 0

u u u
k x b y c t

x y t

   
       

   

( , ,0) ( , )

(0, , ) 0, ( , , ) 0, 0 , 0

( ,0, ) 0, ( , , ) 0, 0 , 0

, 0 , 0

u y t u b y t y c t

u x t u x c t x b t

x b y cu x y f x y

    

  



 

   

subject to

b

c
( , )b c

x

y

u=0

u=0

u=0

u=0

“Double Sine Series(Sine Series in Two Variables)”

1

setting  ( ) sin ,m mn
n

n y
K y A

c







1

, ( , ) ( )sinm
m

m x
then f x y K y

b






0

2
( ) ( , )sin

b

m

m x
K y f x y dx

b b
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1 1

( , ,0) sin sin( , ) mn
m n

f x
m x n y

u x y A
b c

y
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Solve equation 
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2 2
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u u u
k x b y c t

x y t

   
       

   

( , ,0) ( , )

(0, , ) 0, ( , , ) 0, 0 , 0

( ,0, ) 0, ( , , ) 0, 0 , 0

, 0 , 0

u y t u b y t y c t

u x t u x c t x b t

x b y cu x y f x y

    

  



 

   

subject to

b

c
( , )b c

x

y

u=0

u=0

u=0

u=0

“Double Sine Series(Sine Series in Two Variables)”

1

setting  ( ) sin ,m mn
n

n y
K y A

c







1

, ( , ) ( )sinm
m

m x
then f x y K y

b







Fourier sine series

0

2
( ) ( , )sin

b

m

m x
K y f x y dx

b b


  

554
/558



2008_P.D.E(2)

1 1

( , ,0) sin sin( , ) mn
m n

f x
m x n y

u x y A
b c

y
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u u u
k x b y c t

x y t
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( ,0, ) 0, ( , , ) 0, 0 , 0

, 0 , 0

u y t u b y t y c t

u x t u x c t x b t

x b y cu x y f x y
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b

c
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x

y

u=0

u=0

u=0

u=0

“Double Sine Series(Sine Series in Two Variables)”

1

setting  ( ) sin ,m mn
n

n y
K y A
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1

, ( , ) ( )sinm
m

m x
then f x y K y

b







Fourier sine series

0

2
( ) ( , )sin

b

m

m x
K y f x y dx

b b


  

Fourier sine series Coefficients

0

2
( )sin

c

mn m

n y
A K y dy

c c
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1 1

( , ,0) sin sin( , ) mn
m n

f x
m x n y

u x y A
b c

y
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u u u
k x b y c t

x y t

   
       

   

( , ,0) ( , )
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u y t u b y t y c t

u x t u x c t x b t

x b y cu x y f x y
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b

c
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x

y

u=0

u=0

u=0
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“Double Sine Series(Sine Series in Two Variables)”

1

setting  ( ) sin ,m mn
n

n y
K y A
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1

, ( , ) ( )sinm
m

m x
then f x y K y
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Fourier sine series

0

2
( ) ( , )sin

b

m

m x
K y f x y dx
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Fourier sine series Coefficients
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2
( )sin

c

mn m

n y
A K y dy
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1 1

( , , ) sin sinmn
m n

m x n y
u x y t A

b c
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Solve equation 
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2 2
, 0 , 0 , 0

u u u
k x b y c t

x y t
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subject to

b
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x

y
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u=0

u=0
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1 1

( , , ) sin sinmn
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u x y t A
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b
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y
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