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—Hlw [=>

R g
-1/14 -1/14
-1/6 -1/6

/N

f(w)

A
\1, > C()
-1/14 -1/14




r Transform

Basic Fourier Transform Akalyfsféd;;;;; | s

Waveform

Fourier Transform

Ex.) Fourier Transform of square wave function

freq u;ncy

—Hlw [=>

f(t) = Zc gint/p

f
f(p _j f(t) —m;rt/pdt (“C())
1

1/2 1/2
> 1/10
t ) 1/18 1/10 1/18
Fourier A A A Aey )
Series v l/ —f, ",
-1/14 -1/14
-1/6 -1/6

s(t) =s,(t) =cos(2r f, t)——cos(67rf t)+= cos(107zf t)——cos(147rf t)+...
2008 _Fourier Transform(2) - 3




r Transform

Basic Fourier Transform A#]alyfsféd;;;;; | s

Waveform

Fourier Transform

Ex.) Fourier Transform of square wave function

freq u;ncy

—Hlw [=>

f(t) = Zc gin=/p

f
f (E) _j f (t) —m;rt/pdt (“0))
1

1/2 1/2
> 1/10
( : 1/18 Y s
Fourier oA A A Aey )
Series \ l/ —f, ",
-1/14 -1/14
-1/6 -1/6
o0
o0
|
— — ‘f(a)) s

Discrete Continuous

s(t) =s,, (t) =cos(2~z f, t)——cos(67rf t)+= cos(107zf t)——cos(147rf t\+. -
3
2008 _Fourier Transform( ) -




Basic Fourier Transform Analysis T

< inzzt/
Interpretation of the Fourier Transform*f (t) = Z C, ER C, =

N=—c0

Synthesize a summation of sinusoids

Waveform defined
From - to+ o

AV

/ 6 6

Fourier Transform

which add to give the waveform

1
I
2

t

2008 _Fourier Transform(2)

e 'S e B
*Brigham E.O., The Fast Fourier Transform Prentice-Hall, Inc, 1974

P ,.—

k
Sf/

s

27[ 2r 1

2p

1

ft —m;zt/pdt
2o ), e

Construct a diagram which
displays amplitude and
frequency of each sinusoid

}» Fourier Transform
1/2+

frequency

t .
3
T

=l 4

|A—|_‘
~ ~
Y B
T T

p



27[ 2r 1

Basic Fourier Transform Analysis T 2 p

o0 . 1
= E t/ —inzt/
Interpretation of the Fourier Transform*f (1) = c,e"P ¢ f (t)e 7t/ it

n

N=—0 2 p

Fourier Transform

Synthesize a summation of sinusoids ConStrUCt a diag ram WhiCh

which add to give the waveform

° displays amplitude and
- frequency of each sinusoid

From - to+ o

T 4 Fourier Transform
6 o 6 1/2+
" Fourie
N ’ 'g Transform 11/4+
‘% Tt \ / J T T >
2 1
N | 1/41 3
- | T

Waveform defined / / T TW t

frequency

=l 4

=
~
N
T
_\—||H

The Fourier transform is , then, a frequency domain representation of a function

Fourier transform frequency domain contains exactly the same information as that of the
original function ; they differ only in the manner of presentation of the information

2008 _Fourier Transform(2) -
(S——— Yy, e o B

EE——
Jh“_-_:_l—_&.. —;—é;"

60/
*Brigham E.O., The Fast Fourier Transform Prentice- Hall, Inc 1974
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Application of Fourier Series
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Application of Fourier Series

v Application 1) Express a function which is periodic but not a pure sine or cosine function
to a linear combination of sine or cosine functions.

/11111101
—ks, —kz
0
Zk .l F,,. = F,cosat
—cz'
mz"=F

=mgk —ks,k —kzk —Cz'k +F, cos at
= —kzk —cz'’k +F,cosat
mz" +cz'+kz =F, cos at

mz" +cz' +kz = F, cosat

(z component)

777000777 mg i

2008 _Fourier Tranform() -




Application of Fourier Series

v Application 1) Express a function which is periodic but not a pure sine or cosine function
to a linear combination of sine or cosine functions.

ex) Forced damped mass-spring system

/11111101
—ks, —kz
0
Zk .l F,,. = F,cosat
—cz'
mz"=F

=mgk —ks,k —kzk —Cz'k +F, cos at
= —kzk —cz'’k +F,cosat
mz" +cz'+kz =F, cos at

mz" +cz' +kz = F, cosat

(z component)

777000777 mg i

2008_Fourier Transform(2)
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Application of Fourier Series

v Application 1) Express a function which is periodic but not a pure sine or cosine function
to a linear combination of sine or cosine functions.

ex) Forced damped mass-spring system

m=1,c=0.05k =25

/11111101
—ks, —kz
0
Zk .l F,,. = F,cosat
—cz'
mz"=F

=mgk —ks,k —kzk —Cz'k +F, cos at
= —kzk —cz'’k +F,cosat
mz" +cz'+kz =F, cos at

mz" +cz' +kz = F, cosat

(z component)

777000777 mg i

2008_Fourier Transform(2 _




Application of Fourier Series

v Application 1) Express a function which is periodic but not a pure sine or cosine function
to a linear combination of sine or cosine functions.

ex) Forced damped mass-spring system

m=1,c=0.05k =25

s

"1 0.05V + 25V = r(t rt+£ if —7r<t<0
Y009y 25y =n(t)

LY

—t+% if O<t<nrx

r(t+27) =r(t)

mz"=F
=mgk —ks,k —kzk —Cz'k +F, cos at

= —kzk —cz'k +F,cosat
mz" +cz'+kz =F, cos at

mz" +cz' +kz = F, cosat

(z component)

Dashpot i
777000777 mg :

2008 _Fourier Transform(2)




Application of Fourier Series

v Application 1) Express a function which is periodic but not a pure sine or cosine function

to a linear combination of sine or cosine functions. D)

T2

7 /N

ex) Forced damped mass-spring system
m=1,c=0.05k =25 7 T
1 \/_}rr_2 R

LY

----------------------------------------------------------
. - ‘e

"4+0.05y'+ 25y =r(t t+2 if—7z<t<0%:§
y"+0.05y’' +25y ()§r(t):< >

0 o
. S
--------------------------------------------------------------

periodic but not a sine or cosine

mz"=F
=mgk —ks,k —kzk —Cz'k +F, cos at

= —kzk —cz'’k +F,cosat
mz" +cz'+kz =F, cos at

mz" +cz' +kz = F, cosat

(z component)

Dashpot i
777000777 mg :

2008_Fourier Transform(2 _




Application of Fourier Series

v Application 1) Express a function which is periodic but not a pure sine or cosine function
to a linear combination of sine or cosine functions.

rit)

T2

7 /N

ex) Forced damped mass-spring system

m=1,c=0.05k =25

NS i S
y" +0.05y + 25y =r(t) | t+2 if —w<t<0
S —ks, —kz ' r(t) =] 2
0 ‘]‘;0 t+Z if O<t<rz:
- R [ .
Dash
T Mg
mz" =F

=mgk —ks,k —kzk —Cz'k +F, cos at
= —kzk —cz'’k +F,cosat
mz" +cz'+kz =F, cos at

r(t) = ﬂ(cost +i2c053t +i2c035t 4. j
T 3 5

mz" +cz' +kz = F, cosat

(z component)

i Lort+27)=r(t) ;
l _CZ! : Fourier SerieS ......... R e e .
! periodic but not a sine or cosine

2008_Fourier Transform(2)




Application of Fourier Series

v Application 1) Express a function which is periodic but not a pure sine or cosine function

to a linear combination of sine or cosine functions. D)

T2

7 /N

m=1,c=0.05k =25

ex) Forced damped mass-spring system
T T t
\/rr-'? — \/

LY

...........................................................
K - .
B

"4+0.05y'+25y =r(t t+ 2 if—7z<t<o""g
y"+0.05y" +25y ()§r(t):< >

Lort+27)=r(t)
F0urier Series ......... e s et )
periodic but not a sine or cosine

r(t) = 4 (cost +i2 cos3t + iz cOS5t + - - j
N <

0|%d A| 4=t (Method of undetermined coefficient)2 A2 6}0] yp g st

mz"=F
=mgk —ks,k —kzk —Cz'k +F, cos at

= —kzk —cz'k +F,cosat
mz" +cz'+kz =F, cos at

mz" +cz' +kz = F, cosat

(z component)

Dashpot i
777000777 mg :

2008 _Fourier Transform(2)




Forced Oscillations

e Mass-Spring system
mz" +cz'+kz = F, cos at
L1111

Dashpot
777000777 mg

mz"=F
=mgk —ks,k —kzk —cz'k +F, cos et

= —kzk —cz'’k +F,cosat
mz" +cz' +kz = F, cos at

mz"+cz'+kz=F,cosat|

——

2008_Fourier Transform(2)




the method of undetermined

Forced Oscillations coeffictent (Sec. 2.7)
€Il 1M X ol1ce 101 j-’p X
mz’ +cz' +kz = F, cos ak ke cet
. x"(n=01-) Kx"+K _x"++Kx+K,
e Mass-Spring system s
" , P K cos wx + M sin wx
I SN arx
my +Cy +ky_ r(t) ke™ cos wx - .
o i o e™ (K cos wx + M sin wx)

e If r(t) is a sine or cosine function and if there is
damping (c > 0), then the steady-state solution is a
harmonic oscillation with frequency equal to that of r(t).

o If r(t) is not a pure sine or cosine function but is any other
periodic function, then the steady-state solution will be a
superposition of harmonic oscillations with frequencies equal
to that of r(t) and integer multiples of the latter.

2008 _Fourier Transform(2)




Forced Oscillations

Superposition Principle — Nonhomogeneous Equations*

Lety, Y, ..., Y, be k particular solutions of the nonhomogeneous linear n-
th differential equation on an interval | corresponding, in turn, to k
distinct functions r,, r,,..., r,. That is, suppose y. denotes a particular
solution of the corresponding differential equation

y"W+a Y+ ay +a,y = (X)

where i =1,2,..., k. Then

Y(X) = Y1 (X) + Y, (X) +- - -+ Y, (X)

is a particular solution of

y"Wt+a, Y+ ay +agy = (X) + (%) +- -+ R (X).

2008 _Fourier Transform(2)

‘ * Zill, Cullen, Advanced Engineering Mathematics 3rd edition, Jones and Bartlett, pp113
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f(x)=4q, +i[an cosnT”x+bn sinnT”xj,
n=1

Forced OSCIIIatIOnS a0:2—1Lj_LLf(x)dx, an:%_[_LLf(x)cosnT”xdx, bn:%j_LLf(x)sinn—fxdx
y"+0.05y"+ 25y =r(t)

t+% if —7<t<0

r(t) =+

—t+% If O<t<r,

r(t+2z)=r(t)

Find the steady-state solution y(t)

2008_Fourier Transform(2) -




f(x)=4q, +i[an cosnT”x+bn sinnT”xj,
n=1

Forced OSCIIIatIOnS a0:2—1Lj_LLf(x)dx, an:%_[_LLf(x)cosnT”xdx, bn:%j_LLf(x)sinn—CTxdx
y" +0.05y' + 25y =r(t) 1. represent r(t) by a
. Fourier series

t+% if —7<t<0

r(t) =+

—t+% If O<t<r,

r(t+2z)=r(t)

Find the steady-state solution y(t)

2008_Fourier Transform(2)




f(x)=4q, +i[an cosnT”x+bn sinnT”xj,
n=1

Forced Oscillations

1 e 1L Nz 1 . nr
a, — L f(x)dx, a, e _[_L f(x) cosT xdx, b, e L f(x)smedx

y"+0.05y" + 25y =r(t) 1. represent r(t) by a
. . Fourier series
t+= If —7<t<0, 1 ex T
r(t) =+ 72Z d :;L (_t+§)dt
—t+ > if  O<t<umr,

r(t+2rz)=r(t)

Find the steady-state solution y(t)

2008 _Fourier Transform(2)
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f(x)=4q, +i[an cosnT”x+bn sinnT”xj,
n=1

Forced Oscillations

1 e 1L Nz 1 . nr
a, — L f(x)dx, a, e _[_L f(x) cosT xdx, b, e L f(x)smedx

y"+0.05y" + 25y =r(t) 1. represent r(t) by a
f . Fourier series
t+= If —7<t<0, 1 ex T
r(t) =+ 72Z d :;L (_t+§)dt
—t+= 1If O<t<ur, Y. e
- 2 :i L + 24
r(t+27) =r(t) T 2 2 |

Find the steady-state solution y(t)

2008 _Fourier Transform(2)
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f(x)=4q, +i[an cosnT”x+bn sinnT”xj,
n=1

Forced Oscillations

1 e 1L Nz 1 . nr
a, — L f(x)dx, a, e _[_L f(x) cosT xdx, b, e L f(x)smedx

y"+0.05y" + 25y =r(t) 1. represent r(t) by a
f . Fourier series
t+= If —7<t<0, 1 ex T
r(t) =+ 72Z d :;L (_t+§)dt
—t+= 1If O<t<ur, Y. e
- 2 :i L + 24
r(t+27) =r(t) T 2 2 |

Find the steady-state solution y(t)

2008 _Fourier Transform(2)
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f(x)= a0+2[ancos X+b, san j

Forced Oscillations

j f(x)dx, a, _%J f(x)cos 7 xdx, b, = j f(x)sinn—fxdx

T
1. represent r(t) by a Fourier series y"+0.05y’ +25y =r(t)
t+2 if —zr<t<0
1 1
T .
e — -t+= if O<t<~x
=" | r(tydt=0 A

2008 _Fourier Trnsform(2) _




. . f(x)= a0+2[a cosLx+b san j
Forced Oscillations

& = ZLJ f(x)dx, a, = i_[_ f(x )cosnT”xdx, bn:%j_LLf(x)sinn—fxdx

1. represent r(t) by a Fourier series y"+0.05y’ +25y =r(t)
t+2 if —zr<t<0
1 i
— = — ~t+Z if O<t<rx
=" | r(t)dt=0 A

2 (7 T
=— | (t+>)cosntdt
7rj0 ( 2)

2008_Fourier Transform( )
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f(x)=4q, +i[an cosnT”x+bn sinnT”xj,
n=1

Forced OSCIIIatIOnS a0:2—1Lj_LLf(x)dx, an:%_[_LLf(x)cosnT”xdx, bn:%j_LLf(x)sinn—CTxdx

1. represent r(t) by a Fourier series y"+0.05y’ +25y =r(t)

t+% if —7<t<0

aO:%joﬂr(t)dt:O _\—t+% if O<t<z

4 )

T

1

2 T JC 2 y/A ) 1 T,
—— | (t+)cosntdt =—<=| —t+=|sinntl +=1{ sinntdt
% 7[,“0( 2) T n( 2) 0 n-[O

. J

'

2008 _Fourier Transform(2)




f(x)=4q, +i[an cosnT”x+bn sinnT”xj,
n=1

Forced OSCIIIatIOnS a0:2—1Lj_LLf(x)dx, an:%_[_LLf(x)cosnT”xdx, bn:%j_LLf(x)sinn—fxdx
1. represent r(t) by a Fourier series y"+0.05y’ +25y =r(t)
t+2 if —z<t<0
1 = 1.z
ao:__[ r(t)dt=0 —t+Z i O<tr
7 90
an:—j (—t+z)cosntdt :Ei —t+Z |sinnt +ij sinntdt;
7T %0 2 7 |n 2 , N
2 1 "
=—q——cosnt »
7| n .

2008_Fourier Transform(2)




f(x)=4q, +i[an cosnT”x+bn sinnT”xj,
n=1

Forced OSCIIIatIOnS a0:2—1Lj_LLf(x)dx, an:%_[_LLf(x)cosnT”xdx, bn:%j_LLf(x)sinn—fxdx
1. represent r(t) by a Fourier series y"+0.05y’ +25y =r(t)
t+% if —7z<t<0
L T o o
aO :_I r(t)dt:O | t+2 I <t<nm
7 Y0
an:—j (—t+z)cosntdt :gi(—uzjsmnt +ij sinntdt;
7T %0 2 7 |n 2 , N
:L—izcosnt > :E{—%(cosmz—l)}
7| N 0 7 N

2008 _Fourier Transform(2)
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f(x) :ao+i[a cosnT”x+b sinnT”xj,

Forced OSCIIIatIOnS a, = ZLJ f (x)dx, a_%JLf()cosnT”xdx, bn:%j_LLf(x)sinn—ETxdx
1. represent r(t) by a Fourier series y"+0.05y’ +25y =r(t)
t+2 if —zr<t<0
1 L
ao:__[ r(t)dt=0 —t+Z i O<tr
7 Y0
=Er(—t+z)cosntdt :§<1(—t+zj3innt +£rsinntdt>
7T 0 2 7 |n 2 ,; N
:L—izcosnt - :E{—iz(cosnyz—l)}
| N 0 7 N
41 i n=odd
=< 7 n?
0 If n=even

2008 _Fourier Transform(2)




f(x)= a0+2[ancos X+b, san j

Forced Oscillations

= ZLJ f(x)dx, a, _%J f(x)cos xdx b, = j f(x)sinn—fxdx

(4 1 . y" +0.05y' + 25y = r(t)
1 ¢~ —— If n=o0dd (
% =—[TOdt=0 a=izn T i et
0 If n=even =1
—t+E if O<t<nr«

2008_Fourier Transform(2)




Forced Oscillations

a0:

1 ¢n
= [ rydt=0,

a

4

oL

41 i n—odd

7 Nn?

0 If n=even

~r() = 4 (cost - iz COS3t + lz COSSt +- - )
T 3 5

2008 _Fourier Trnsform(2) _

f(x)= a0+2[ancos X+b, san j

j f(x)dx, a, _%J f(x)cos 7 xdx, b, = j f(x)sinn—fxdx

y"+0.05y"+ 25y =r(t)

t+% if —7<t<0

—t+% if O<t<rx



f(x)=4q, +i[an cosnT”x+bn sinnT”xj,
n=1

Forced OSCIIIatIOnS aozijL f(x)dx, anzl_[L f(x)cosn—”xdx, bnzljL f(x)sindex
2Lt Lot L L oL L
[ . " +0.05y’ +25y =
1 ¢r ﬂiz If n=odd s A
B="] r0dt=0, a =ixn I i —ret<o
0 If n=even =1
) —t+% if O<t<nxz

~r() = 4 (cost - iz COS3t + lz COSSt +- - )
T 3 5

- y"+0.05y" + 25y = = (cost + 3—12 cos3t + 5—12 cos5t +- - j
T

——

2008_Fourier Transform(2)




f(x)=4q, +i[an cosnT”x+bn sinnT”xj,
n=1

Forced OSCIIIatIOnS aozijL f(x)dx, anzl_[L f(x)cosn—”xdx, bnzljL f(x)sindex
2Lt Lot L L oL L
[ . " +0.05y’ +25y =
1 ¢r ﬂiz If n=odd s A
B="] r0dt=0, a =ixn I i —ret<o
0 If n=even =1
) —t+% if O<t<nxz

~r() = 4 (cost - iz COS3t + lz COSSt +- - )
T 3 5

- y"+0.05y" + 25y = = (cost + 3—12 cos3t + 5—12 cos5t +- - j
T

Let y, is a solution of following ODE

2008_Fourier Transform(2)




f(x)=4q, +i[an cosnT”x+bn sinnT”xj,
n=1

Forced OSCIIIatIOnS aozijL f(x)dx, anzl_[L f(x)cosn—”xdx, bnzljL f(x)sinExdx
2Lt Lot L L oL L
[ . " +0.05y’ +25y =
1 ¢r ﬁiz If n=odd s A
B="] r0dt=0, a =ixn I i —ret<o
0 If n=even =1
) —t+% if O<t<nxz

~r() = 4 (cost - iz COS3t + lz COSSt +- - )
T 3 5

- y"+0.05y" + 25y = = (cost + 3—12 cos3t + 5—12 cos5t +- - j
T

Let y, is a solution of following ODE

y,r +0.05y’ + 25y = n%" cosnt (n =135,-- )
7T

2008_Fourier Transform(2)




f(x)=4q, +i[an cosnT”x+bn sinnT”xj,
n=1

Forced OSCIIIatIOnS aozijL f(x)dx, anzl_[L f(x)cosn—”xdx, bnzljL f(x)sinyxdx
2Lt Lot L L oL L
[ . " +0.05y’ +25y =
1 ¢r ﬁiz If n=odd s A
B="] r0dt=0, a =ixn I i —ret<o
0 If n=even =1
) —t+% if O<t<nxz

~r() = 4 (cost - iz COS3t + lz COSSt +- - )
T 3 5

- y"+0.05y" + 25y = = (cost + 3—12 cos3t + 5—12 cos5t +- - j
T

Let y, is a solution of following ODE
y,r +0.05y’ + 25y — n%" cosnt : (n :]_’3,5, .. )
T

then, the solution of the given ODE is

gy
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f(x)=4q, +i[an cosnT”x+bn sinnT” j
n=1

Forced OSCIIIatIOnS aozijL f(x)dx, anzl_[L f(x)cosn—”xdx, bnzljL f(x)sinyxdx
2Lt Lot L L oL L
[ . " +0.05y’ +25y =
1 ¢r ﬁiz If n=odd s A
B="] r0dt=0, a =ixn I i —ret<o
0 If n=even =
—t+% if O<t<nxz

~r() = ﬂ(cost +i20033t +l20035t +-- )
T 3 5

- y"+0.05y" + 25y = = (cost + 3—12 cos3t + 5—12 cos5t +- - j
T

Let y, is a solution of following ODE
y,r +0.05y’ + 25y — n%" cosnt : (n :]_’3,5, .. )
T

then, the solution of the given ODE is

Y=Y +Y;+Yys+--- (7)

2008 _Fourier Transform(2)




" ! _4 1 1
Forced Oscillations ’ +°'°5y*25y‘;(C"S”?C‘DS?’”?C"SQ“J

y,r-|-0.05y'-|-25y :n;icosnt , (n =135,-- )
7T

2008_Fourier Transform(2)
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" ! _4 1 1
Forced Oscillations ’ +°'°5y*25y‘;("03”?0033”5—2“035”"'j

y,r-|-0.05y'-|-25y :n;icosnt , (n =135,-- )
7T

e solution of above ODE vy,

2008 _Fourier Tranform() -




" ! _4 1 1
Forced Oscillations ’ +0'°5y*25y‘;(C"S”?C‘DS?’”?“OS&*"')

y,r-|-0.05y'-|-25y :n;icosnt , (n =135,-- )
7T

« solution of above ODE y,
Let y, = A cosnt+ B, sinnt

2008_Fourier Transform(2)




" ! _4 1 1
Forced Oscillations ’ *0'°5y*25y‘;(C03t+?"°33t+5—2“°35”"'j

y,r-|-0.05y’-|-25y :n;icosnt , (n =135,-- )
7T

« solution of above ODE y,
Let y, = A cosnt+ B, sinnt

then y| =nB, cosnt—nA sinnt

2008_Fourier Transform(2)




" ! _4 1 1
Forced Oscillations ’ *0'°5y*25y‘;(C03t+?"°33t+5—2“°35”"'j

y,r-|-0.05y’-|-25y :n;icosnt , (n =135,-- )
7T

« solution of above ODE y,
Let y, = A cosnt+ B, sinnt

then y| =nB, cosnt—nA sinnt

" 2 2 -
y. =—N"A cosnt—n-B, sinnt

2008 _Fourier Transform(2)
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" ! _4 1 1
Forced Oscillations ’ +°'°5y*25y‘;(C"S”?C033t+5—z“°55”"'j

y,r-|-0.05y’-|-25y :n%"cosnt , (n =135,-- )
7T

« solution of above ODE y,
Let y, = A cosnt+ B, sinnt

then y| =nB, cosnt—nA sinnt

Yy’ =—n*A cosnt—n’B, sinnt
Substituting Yn yln , y"n

2008 _Fourier Transform(2)
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Forced Oscillations ’ +°'°5y*25y‘;(C"S”?C033t+5—z“°55”"'j

y,r-|-0.05y’-|-25y :n%"cosnt , (n =135,-- )
7T

« solution of above ODE y,
Let y, = A cosnt+ B, sinnt

then y| =nB, cosnt—nA sinnt
y! =—n°A cosnt—n°B. sinnt

Substituting Yn yln , y"n
y"+0.05y" + 25y =
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y,r-|-0.05y’-|-25y :n%"cosnt , (n =135,-- )
7T

« solution of above ODE y,
Let y, = A cosnt+ B, sinnt

then y| =nB, cosnt—nA sinnt

y! =—n°A cosnt—n°B. sinnt
Substituting vy, y',,y",
y'+0.05y"+ 25y =
—n®A cosnt—n°B_ sinnt-+0.05(nB, cosnt—nA sin nt)

+25(A, cosnt+ B, sinnt) = n;i cosnt
/A

2008 Fourier Tra_nsform(2) )




Forced Oscillations y+008y+25y 4 st Loosa - Sesst o

y"+0.05y' + 25y = nécosnt ,(n=135,--)
T

2008_Fourier Transform(2)
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Forced Oscillations y+008y+25y 4 st Loosa - Sesst o

—n?A cosnt—n2B, sin nt y'+005y +25y =—5—cosnt , (1=135,--)
+0.05(nB, cosnt —nA sin nt)

+25(A, cosnt+ B, sinnt) = nicosnt
7T
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Forced Oscillations y+008y+25y 4 st Loosa - Sesst o

—n?A cosnt—n2B, sin nt y'+005y +25y =—5—cosnt , (1=135,--)
+0.05(nB, cosnt —nA sin nt)

+25(A, cosnt+ B, sinnt) = nicosnt
7T

(-n*A, —25A +0.05nB, ) cosnt —(0.05nA +n°B, ZSB)smnt_icoanO sinnt
U

n7z
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Forced Oscillations y+008y+25y 4 st Loosa - Sesst o

—n?A cosnt—n2B, sin nt y'+005y +25y =—5—cosnt , (1=135,--)
+0.05(nB, cosnt —nA sin nt)

+25(A, cosnt+ B, sinnt) = nicosnt
7T

(-n*A, —25A +0.05nB, ) cosnt —(0.05nA +n°B, ZSB)smnt_icoanO sinnt

Nz
U

4
n
0.05nA +(n2—25)B_ =0

—(n*+25)A +0.05nB, =

2008 _Fourier Transform( )




y"+0.05y" + 25y :ﬂ(cost+3—12c053t +5—12c055t+---j
T

Forced Oscillations /005y +25y= 4 cosm (1135,

_(n?+25)A +0.05nB, ni
0.05nA +(n?—25)B =0
"0
. 4(25 n2) 02 . _ 2\ 2 2
A = rD B, = — 5 (where D. =(25—n%) +(0.05n))

n
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y"+0.05y" + 25y :ﬂ(cost+3—12c053t +5—120055t+---j
T

Forced Oscillations /005y +25y= 4 cosm (1135,

_(n?+25)A +0.05nB, ni
0.05nA +(n?—25)B =0
"0
. 4(25 n2) 02 . _ 2\ 2 2
A = rD B, = — 5 (where D. =(25—n%) +(0.05n))

n

= A cosnt+ B, sinnt
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y"+0.05y" + 25y :ﬂ(cost+3—12c053t +5—120055t+---j
T

Forced Oscillations /005y +25y= 4 cosm (1135,

_(n?+25)A +0.05nB, ni
0.05nA +(n?—25)B =0
"0
. 4(25 n2) 02 . _ 2\ 2 2
A = rD B, = — 5 (where D. =(25—n%) +(0.05n))

n

= A, cosnt+ B, sinnt

4(25—-n?)
=— cosnt +
n“z D, nz D

sin nt

(Where D, =(25—n%)° +(O.05n)2)
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Forced Oscillations y"+0.05y’+25y = - cosnt

y. =A cosnt+B_sinnt, Y=NtYs+ s
A =405 n?) g - 02
n‘z D, nzD,

(where D, =(25-n%)° +(O.O5n)2)
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Forced Oscillations y"+0.05y’+25y = - cosnt

y. =A cosnt+B_sinnt, Y=NtYs+ s
A =405 n?) g - 02
n‘z D, nzD,

(where D, =(25-n%)° +(O.O5n)2)

-~ A =0.053] B,=0.0001105
A, =0.0088 B, =0.0001964
A =0,  B,=02037
A =-0.0011 B, =0.0000
A =-0.0033 B, =0.0000
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Forced Oscillations y"+0.05y’+25y = - cosnt

y, = A, cosnt+B, sinnt, AECRRCRE
A = 4(25—-n°) B = 0.2
n’z D, nzD,’
(where D, =(25—n°%) +(0.05n)2)

« amplitude of solution y,

-~ A =0.053] B,=0.0001105
A, =0.0088 B, =0.0001964
A =0,  B,=02037
A =-0.0011 B, =0.0000
A =-0.0033 B, =0.0000

2008 _Fourier Transform(2) 7




4 [} . 4
Forced Oscillations y"+0.05y’+25y = - cosnt

y. = A cosnt+B_sinnt, Y=Y tYs+¥s+

A = 4(25— n) B - 0.2
n7zD n7zD

4
(where D, =(25-n?)? +(O.05n)2) C,=A +B? = ez Dy

« amplitude of solution y,

C,=0.0531 C,=0.0088
C. =0.2037) C,=0.0011

-~ A =0.0531 B, =0.0001105
A, =0.0088 B, =0.0001964
A =0, B, =0.2037
A =-0.0011 B, =0.0000
A, =-0.0033 B, =0.0000

C, =0.0003

2008 _Fourier Tra_nsform(2) )
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Forced Oscillations y"+0.05y’+25y = - cosnt

y. =A cosnt+B_sinnt, Y=+ Ys ¥t

A = 4(25— n) B - 0.2
n7zD n7zD

4
(where D, =(25-n?)? +(O.05n)2) C,=A +B? = ez Dy

« amplitude of solution y,

C,=0.0531 C,=0.0088
C. =0.2037) C,=0.0011
C, =0.0003

-~ A =0.0531 B, =0.0001105
A, =0.0088 B, =0.0001964
A =0, B, =0.2037

A, =-0.0011 B, =0.0000 o C; is so large that y: is

A, =-0.0033 B, =0.0000 dominating term among the
i solutions

2008 Fourier Tra_nsform(2)




y"+0.05y" + 25y =£(cost+3—120053t+5—12c055t+...j
T

Forced Oscillations .
y”+0.05y’+25y:Ecosnt

y. = A cosnt+B, sinnt, Y=Yy Yyt Yoo
Y
0.3 ;yn:y1+y3+y5+,__

/ Output

-3 |- 1 3\ t
Iaval Input
7
021 r(t)
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=== — - il . e — ,




y"+0.05y" + 25y =£(cost+3—lzcos3t+5—12c055t+...j
T

Forced Oscillations .
y”+0.05y’+25y:Ecosnt

yn ‘hCOS“tl BnS"”lt, y_—y1_|_y3|y5|.”
e solution of the given ODE .
03 — ZC:L yn yl l y3 y5 +...

/ Output

|
= 1 3\ t
Input
7
r(t)
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y"+0.05y" + 25y =£(cost+3—lzcos3t+5—12c055t+...j
T

Forced Oscillations .
y”+0.05y’+25y:Ecosnt

y. = A cosnt+B._sinnt, Y=Y, + Y+ Vet

e solution of the given ODE 7

V=V, + Vst Vet Y+ 03[ ZY It

/ Output

|
-3 1 3\ t
Input
7
r(t)

2008_Fourier Transform(2) _ . . E
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Forced Oscillations

y. = A cosnt+B._sinnt,
e solution of the given ODE
Y=Y1tYstYstY;+-
= A cost + B, sint
+ A, cos3t + B, sin 3t
+ A cosbt+ B, sin5t +- -

y"+0.05y" + 25y :ﬂ(cost+3—120053t+5—12cos5t +j
T

y"+0.05y"+25y = Zi cosnt
n°z

Y=YitYs+Ys+eos

A

0.3

D V=Vt Yt Vs
=1

/ Output

2008_Fourier Transform(2)

Input
7
r(t)




Forced Oscillations

y. = A cosnt+B._sinnt,
e solution of the given ODE
Y=Yt Ys+Ys+Yy;, +
= A cost + B, sint
+ A, cos3t + B, sin 3t

+ A cosbt+ B, sin5t +- -

-~ A =0053] B,=0.0001105
A, =0.0088 B, =0.0001964
A=0, B ,=0.2037
A, =-0.0011 B, =0.0000
A =-0.0033 B, =0.0000

2008 _Fourier Transform(2)

ey

y"+0.05y" + 25y :ﬂ(cost+3—120053t+5—12cos5t +j
T

y"+0.05y"+25y = Zi cosnt
n°z

Y= Yot Yyt Ys+e

A

0.3

D V=Vt Yt Vs
=1

/ Output

Input
7
r(t)




Application of Fourier Series

v’ Application 2) Fourier transform
: Transform between time domain and frequency domain.

ex) Interpretation of the Fourier transform

Frequency®} AmplitudeT HEE

Inverse
Time . Fourier Transform Frequency
Domain ) > Domain
Fourier Transform
f(t) | g (o)
2 1\ - ; 2t
% § I S 1
o :
i 1 2 )
f()=sin2zt |

=> IO 25 =8 Jis

2008_Fourier Transform(2)
S




Application of Fourier Series

v’ Application 2) Fourier transform
: Transform between time domain and frequency domain. [>lwave spectrum

@ £a =125, (0)-Aw

gﬂ
Z| Z|
| t Time' domain | "
Measured Wave Record Generated Wave Record

2008_Fourier Transform(2) ¢, :‘wave amplitude

(SSE——— . s o BERE BRSPS 116/
*Journee J. M. J., Massie W. W., Offshore Hydrodynamlcs F|rst Edltlon Delft University of Technology, 2001, F|gure 5.38 220
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v’ Application 2) Fourier transform
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Application of Fourier Series

v’ Application 2) Fourier transform
: Transform between time domain and frequency domain. [>lwave spectrum

@ £a =125, (0)-Aw

Fourier Series &q
Analysis
Z 7 |
‘Time’ domain | :
Measured Wave Record Generated Wave Record
2008_Fourier Transform(2) ¢,-wave amplitude
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Application of Fourier Series

v’ Application 2) Fourier transform
: Transform between time domain and frequency domain. [>lwave spectrum

= \/ 25, (w)-Aw
(0
Fourier Series &q
Analysis
Z 7 |
‘Time’ domain | :
Measured Wave Record Generated Wave Record
2008_Fourier Transform(2) ¢,:wave amplitude
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Application of Fourier Series

v’ Application 2) Fourier transform
: Transform between time domain and frequency domain. [>lwave spectrum
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0
Fourier Series én
Analysis
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Time' domain | "
Measured Wave Record Generated Wave Record
2008_Fourier Transform(2) | ¢,:wave amplitude
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Application of Fourier Series

v’ Application 2) Fourier transform
: Transform between time domain and frequency domain. [>lwave spectrum
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Application of Fourier Series

v’ Application 2) Fourier transform
: Transform between time domain and frequency domain. [>lwave spectrum
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Application of Fourier Series

v’ Application 2) Fourier transform
: Transform between time domain and frequency domain. [>lwave spectrum

0
Fourier Series
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Application of Fourier Series

v’ Application 2) Fourier transform
: Transform between time domain and frequency domain. [>lwave spectrum

0
Fourier Series
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Application of Fourier Series

v’ Application 2) Fourier transform
: Transform between time domain and frequency domain. [>lwave spectrum
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Application of Fourier Series

v’ Application 2) Fourier transform
: Transform between time domain and frequency domain. [>lwave spectrum
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Application of Fourier Series

v’ Application 2) Fourier transform
: Transform between time domain and frequency domain. [>lwave spectrum

¢, :\/ZSg(a))-Aa)
(0,

Fourier Series

g
, Su perposition@
Analysis

Z 7
‘Time’ domain "

Measured Wave Record Generated Wave Record
2008_Fourier Transform(2) - - ) - ¢, :‘wave amplitude
(St Y., mia o  RREL T |y el S 127/

*Journee J. M. J.,, Massie W. W., Offshore Hydrodynamics, Fi?s? Eaition, Delft University of Technology,EOOl, Figufe 5.38 220



Wave Spectrum

2008 _Fourier Transform(2)
_—

128/
270



_& 5 _ %
Wave Spectrum - =i ngm o=t T 2 p

*Linear wave
-Sum of many simple sine waves makes an irregular sea*

-Superposition of two uni-directional harmonic waves***
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Wave velocity potential* ¢ 9% . coshk(z +h)

Wave Energy o  coshkh ‘sin(kx—at)

L, T - 0| & 2n)oj st Kinetic Energy

dE :%m.\vcpf — 20+ wh)dzdx

od gn, coshk(z+h)
U= = . -k cos(kx— at
h OX @ coshkh (kx )
We oD _ 91 .ksinhk(z+h)
v 2 oL w coshkh

-SIN(KX— at)

wcoshkh

+sinh? k(z +h)sin®(kx—at)

7(t) 2

I % dEzﬁ-( g,k T(cosh2 k(z +h)cos” (kx— at) szdx
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Wave Energy

2 \wcoshkh
cosh? k(z +h) cos? (kx— at) +sinh? k(z + h) sin? (kx — )
= cosh?® k(z + h) cos? (kx— at) +sinh? k (z + h){L—cos? (kx — at) |

= cosh® k(z +h) cos® (kx— at) —sinh? k(z +h) cos” (kx— at) +sinh® k(z + h)
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_ 1+cos2(kx—af) N cosh2k(z+h)-1
2 2
_ cos2(kx—at) +cosh2k(z +h)
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dE:B-( 977K j (cosh? k(z+h) cos? (kx— at) +sinh? k(z + h) sin® (kx— et) Jdzalx
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F(X) = % [" f(@e”do-(7)

Physical Interpretation : Spectrum

The nature of the representation (7) of f (x) becomes clear if
we think of it as a superposition of sinusoidal oscillations of
all possible frequencies, called a spectral representation.

This name is suggested by optics, where light is such a superposition of colors (frequencies).

In (7), the “spectral density” f(a)) measures the intensity
of f (xX) in the frequency interval between w and w + Aw(Aw
small, fixed). We claim that in connection with vibrations,

the integral o | A 2
| f(a))‘ dew

can be interpreted as the2 total energy of the physical system.
Hence an integral of |f(w) from a to b gives the contribution

of the frequency w between a and b to the total energy.

2008_Fourier Tra_nsform(2)




. ) F(X) = % [" f(@e"do--(7)
Physical Interpretation : Spectrum

I

To make this plausible, we begin with a mechanical system
giving a single frequency, namely, the harmonic oscillator

(mass on a spring)
my”+Kky=0. (Here we denote time t by x)

A 2
f(a))‘ dw : total energy of the physical system

Multiplication by y' gives my”y’ + kyy’ =0.

Integrating with respect to x,

L.H.S: j mc?—x(v)-vdx+: ky=2dx Y=g v=Y=1,

1, 1
=— MV +— +C, =C, :R.H.S
5 2<y G =C,

2008_Fourier Tra_nsform(2)




£(x) = % [" f(@edo--(7)

¥

Physical Interpretation : Spectrum o d

1 1
my” +ky =0, EmVZ—FEWZ—I—Cl:CZ

2008_Fourier Transform(2) '
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F(X) = % [" f(@edo--(7)

¥

Physical Interpretation : Spectrum o d

1 1
my” +ky =0, EmVZ-FEIQ/Z-l—Cl:CZ

1 5, 1 5
—mv° += = E, =const
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F(X) = % [" f(@edo--(7)

¥

Physical Interpretation : Spectrum o d

1 1
my” +ky =0, EmVZ—I—ElQ/Z—I—Cl:CZ

1 5, 1 5,
—mv°+— — E. =const
5 2ky 0

kinetic energy + potential energy = total energy of the system

2008 _Fourier Trar]sform(Z) _




F(X) = % [" f(@edo--(7)

-

Physical Interpretation : Spectrum o d

1 1
my” +ky =0, EmVZ—I—ElQ/Z—I—Cl:CZ

1 -, 1, 5
—mv° += = E, =const

kinetic energy + potential energy = total energy of the system

general solution of the above ODE

2008 _Fourier Transform(2)
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F(X) = % [" f(@edo--(7)

-

Physical Interpretation : Spectrum o d

1 1
my” +ky =0, EmVZ—I—ElQ/Z—I—Cl:CZ

1 5, 1 5,
—mv°+— — E. =const
5 2ky 0

kinetic energy + potential energy = total energy of the system

general solution of the above ODE

k

Y09 =8 cosax b sinax =ce ¢ ¢, | af — |

2008 _Fourier Transform(2)
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F(X) = % [" f(@edo--(7)

-

Physical Interpretation : Spectrum o d

1 1
my” +ky =0, EmVZ—I—ElQ/Z—I—Cl:CZ

1 5, 1 5,
—mv°+— — E. =const
5 2ky 0

kinetic energy + potential energy = total energy of the system

general solution of the above ODE

k

Y09 =8 cosax b sinax =ce ¢ ¢, | af — |

2008_Fourier Tra_nsform(Z) 7




f (w)e*dw. . (7)

(0=

¥

Physical Interpretation : Spectrum o d

my” +ky =0, L +%ky2 = E, =const

2 . | k
y(X) =8, cosapX+b sinapx =ce'®" +c_e ", (wg = ﬁj
Qz%;m,%;q:%;m

2008_Fourier Transform(2)




f (w)e*dw. . (7)

(0=

¥

Physical Interpretation : Spectrum o d

my” +ky =0, L +%ky2 = E, =const

2 k
y(X) =&, cos apX+b; sin g x =" +c_ e, (wg = ﬁj
Qz%;m,%;q:%;m

Writng simply A=ce'®*,B=c_g ™"
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F(X) = % [" f(@edo--(7)

¥

Physical Interpretation : Spectrum o d

my” +Kky =0, %mv2 +%ky2 = E, =const

| . k
y(X) =8, cosapX+b sinapx =ce'®" +c_e ", (wg = ﬁj

—I _ i
LIPSl

Writng simply A=ce'®,B=c e
y(X) = A+B,

Cl:

2

2008_Fourier Transform(2)




f(x)= % j: f (w)e*deo---(7)

¥

Physical Interpretation : Spectrum o d

my” +ky =0, Ly +%ky2 = E, = const

° K
y(X) = aicos C%X-FblSin a,bX :Cleiabx _|_C_1e_iabx, (a)g :ﬁj
C1=a1_2|bl, C,=C = aiJ;lbl

Writng simply A=ce"*,B=c_e "

y(X) = A+ B1 y'(X)=v=A+B'= ia)ocleiwbx — iC()oC_le_inX
=lay(A-B)

2008_Fourier Transform(2)




F(X) = % [" f(@edo--(7)

-

Physical Interpretation : Spectrum o d

my” +ky =0, L +%ky2 = E, =const

2 | . k
y(X) =8, cosapX+b sinapx =ce'®" +c_e ", (0)5 = ﬁ)
Cl:ai;bt, C_lzc—:l:aiglbi

Writng simply A=ce"*,B=c_e "

y(X) = A+ B1 y'(X)=v=A+B'= ia)ocleiwbx — i(()oC_le_inX
=lay(A-B)

Substitution of v and y on the left side of the equation for E, gives

2008 _Fourier Transform(2)
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. ) £(x) = % [" f(@edo--(7)
Physical Interpretation : Spectrum

2
dw

my” +ky =0, L +%ky2 = E, =const

2 | | k
y(X) =a, cos X +b sin g x =ce"> +c_ e, (wg :ﬁj
_a-lh a +10
nTT —G=75

Writng simply A=ce"*,B= C_le—iabx

y(X) = A+ B1 y'(X)=v=A+B'= ia)ocleiwbx — i(()oC_le_inX
=lay(A-B)

Substitution of v and y on the left side of the equation for E, gives

Eozlm(uw)) (A—B)? 4+ k(A+B)
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Physical Interpretation : Spectrum

i - k 1 ) iwX
A=ce”,B=c e, (605 — - f(x):ELof(‘”)e do

1, 1 : []f(@) do
EO:Em(la)o) (A—B) +§k(A+ B)

2008_Fourier Transform(2) '
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Physical Interpretation : Spectrum

i - k 1 ) iwX
A= Clelabx’ B = C_le—lcq)x’ (wg — _j f(x)=ELof(a))e de

m 2
1, 1 : []f(@) do
E, :Em(la)o) (A—B) +§k(A+ B)

:%ma)g [—(A- B)2]+% K(A+B)?

2008_Fourier Transform(2)
S




Physical Interpretation : Spectrum

i - k 1 ) iwX
A= Clelwox, B = C_le"”bx, (605 — _j f(x)=ELof(a))e de

m 2
1, 1 : []f(@) do
E, :Em(la)o) (A—B) +§k(A+ B)

:%ma)g [—(A- B)2]+% K(A+B)?

:%k[—(A— B)2]+%k(A+ B)?
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Physical Interpretation : Spectrum

A=ce“* B=c e, (a)g = %)

E, = Miiey)* (A= B)* +k(A+BY
=Mt [(A-B)* |+ K(A+B)
-k (a-By ) k(A+ By

=%k[(A+ B)? — (A—B)’]

2008 _Fourier Tranform() -

f (w)e'dw

f=—7—"
[ |f (@) do



Physical Interpretation : Spectrum

A=ce“* B=c e, (a)g = %)

E, = Miiey)* (A= B)* +k(A+BY
=Mt [(A-B)* |+ K(A+B)
-k (a-By ) k(A+ By

=%k[(A+ B)? — (A—B)’]
— 2kAB

2008 _Fourier Tranform() -

f (w)e'dw

f=—7—"
[ |f (@) do



Physical Interpretation : Spectrum

A=ce® B=c e (a)g = %)

E, :%m(ia)o)z(A— B)? +% K(A+B)?
=Mt [(A-B)* |+ K(A+B)

:%k[—(A— B)2]+%k(A+ B)?

=%k[(A+ B)? — (A—B)’]

_ _ lapX —lapX
=2kAB =2kce“" -c e

2008_Fourier Transform(2)
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Physical Interpretation : Spectrum

A=ce® B=c e (a)g = %)

E, :%m(ia)o)z(A— B)? +% K(A+B)?
=Mt [(A-B)* |+ K(A+B)

:%k[—(A— B)2]+% K(A+B)?

=%k[(A+ B)? — (A—B)’]

=2kAB = 2kc,e'®* -c_ "

=2Kc -,
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Physical Interpretation : Spectrum

A=ce® B=c e (a)g = %)

E, :%m(ia)o)z(A— B)? +% K(A+B)?

:%ma)g [—(A- B)2]+% K(A+B)?

-k (a-By ) k(A+ By
=%k[(A+ B)? — (A—B)’]
=2kAB =2kce*"-c_ e
=2Kc -,

= 2Kc,[

2008_Fourier Transform(2) -

f (w)e*de

f=—7—"
[ |f (@) do



Physical Interpretation : Spectrum

A=ce“* B=c e, (0)02 = %) f (%) =% [ f(@e”do
1. 1 [ |f (@) do
E, = > m(iay,)* (A—B)? +E k(A+B)?

:%ma)g [—(A- B)2]+% K(A+B)?

-k (a-By ) k(A+ By
—K{(a+B)~(A-BY']
=2kAB =2kce” -c e
=2Kc, -C,

= 2Kc,[
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Physical Interpretation : Spectrum

A=ce“* B=c e, (0)02 = %) f (%) =% [ f(@e”do
1 1 [ |f (@) do
E, = > m(iay,)* (A—B)? +E k(A+B)?

:%ma)g [—(A- B)2]+%k(A+ B)?
:%k[—(A— B)2]+%k(A+ B)?
—K{(a+B)~(A-BY']

_ _ lapX —lapX
=2kAB =2kce“" -c e

=2Kc -, the energy is proportional to
_ 2 — the square of the amplitude
a 2k‘cl =6 C4l.
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Physical Interpretation : Spectrum  '®~Z%*""

1 ¢o R
Eo _ 2k‘Cl‘2 C, :Z—p_[_p f(X)e dx

Hence the energy is proportional to the square of the amplitude |c,|.

As the next step, if a more complicated system leads to a periodic
solution y = f (x) that can be represented by a Fourier series, then
instead of the single energy term |c,|> we get a series of squares [c |> of
Fourier coefficients c, given by (6). In this case we have a “discrete
spectrum” (or “point spectrum”) consisting of countably many isolated
frequencies (infinitely many, in general), the corresponding |c |> being
the contributions to the total energy.

. f
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Fourier Transform
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Fourier Cosine Transform

For an even function f (x), the Fourier integral is the Fourier cosine integral

f(x) = j0°° A(w) cos wxdw- --(12)
where A(w) = % j;o f (v)cosavav.-.(1b)

Now we set A(a)) =2/ fc\ a))’ where c suggests “cosine”
\Y

Then from (1b), writing v = x

. 2
f.(w) = \/;_[0 f (X)coswxdX---(2)| : Fourier cosine transform of f (x)

and from (1a),

: inverse Fourier cosine transform of f_ (®)

f(x)= \/% j;” f (w)cosaxdw---(3)

2008 _Fourier Transform(2)




Fourier Sine Transform

For an odd function f (x), the Fourier integral is the Fourier sine integral

f(x) =] B(e)sinaxdo---(4a)
where B(a) =% [ f()sinawdv.-(4b)

Now we set B(a)) — «/2 [ 7T fs\(a)), where s suggests “sine”

Then from (4b), writing v = x

: Fourier sine transform of f (x)

f. (o) =\/%j: f (x)sin wxdx. - -(5)

and from (4a),

: inverse Fourier sine transform of f(®)

f(X)= \/% j;" f (w)sin wxdeo---(6)

2008 _Fourier Transform(2)
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Fourier Cosine and Sine Transform

f ()= \E j: f (x)cos wxdx.--(2) f ()= \/E j: f (x)sin wxdx.--(5)

f(x) =\/§J': f (w)coswxdw---(3) f (x) :\Eﬁo f (w)sin wxdw.--(6)

Other notations
F(f)=1.(0), F(f)="1(w)

F (), F(f): inverses of ¥ and ¥;

S

respectively.
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Fourier Cosine and Sine Transform

Ex. )Find the Fourier cosine and Fourier sine transforms fs(a)):\/zrf(x)sin wxdx---(5)
of the function L

f () :\/%j: f (x) cos wx dx---(2)

K 1If 0O<x<a
f j—
) {o if x> a

f (0) = gjoof(x)c:oscoxdx: gkjacoscodeJr E_[Ooo-cosa)xdx
7T 90 w0 T 78

_ gk(sm aa)j
T )

f. () = \/zkjasin X dx = \/zk (1_COS aa))
7 Y0 7T 0,
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Fourier Cosine and Sine Transform

Ex. )Find the Fourier cosine and Fourier sine transforms fs(w):\/ZI:f(x)sin wxdx---(5)
T

of the function

f(x) =™

T (e7")= \/7 _f e “coswxdx = \/5
F.(e7)= \/]' e “sinwXdx = \F

2008 _Fourier Transform( :

f () :\/%j: f (x) cos wx dx---(2)

© _ _ Sinx _ sma)x
Ioexcoswxdx_ e } j (-e™)

_ e‘X( coswx)} j e X)( coswx)dx
i @’
1
————J e~ cos wxdx
a) Ct)

_[ e cos wXxdX = ———
L 1+w

(4]
1 {|:ex S|ra1) i l [ (S|r610 ?X) dx}

=1—{O+i2'[:e‘X sin a)xdx}

J'w e sinwx dx = {ex {Se0sy) } - J “(-e™) (FCosmx) 4
0 0 0 @




Fourier Cosine and Sine Transform

Linearity, Transforms of Derivatives

f () :\/%j: f (x)sin wx dx---(5)

f () =\/§ | f () cosexdx---(2)

If f (X) is absolutely integrable on the positive x-axis and
piecewise continuous on every finite interval, then the
Fourier cosine and sine transforms of f exist.

If f and g have Fourier cosine and sine transforms, so does
af+bg for any constants a and b, and by (2)

F- (af +bg) = \/i j;o[af (X) +bg(x)]cos wxdx

= a\/E ro f (X) cos axdx + b\/f _ro g(X) cos wx dx
70 70

=a¥ (1) +0b¥ (9)
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Fourier Cosine and Sine Transform

Linearity, Transforms of Derivatives f () = \E [t (sinoxdx-.(5)
7T Y0

7. (af +bg) =a¥ (T)+bF(9)
Similarly for F,, by (5)

- (af +bg) = \E _[:[af (x) +bg(x)]sin &xdx
=a\Fj“° f(x)sinwxdx+b\Fjo°g(x)sinwxdx
790 g7 90

=aF (1) +0bF(9)

This shows that the Fourier cosine and sine transforms are
linear operations,

F.(af +bg)=aF.(f)+bF.(g),---(7a)
F.(af +bg) =a¥(f)+b¥(9)---(7b)
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Fourier Cosine and Sine Transform

Linearity, Transforms of Derivatives

Theorem1) Cosine and Sine Transforms of Derivatives

Let f (x) be continuous and absolutely integrable on the x-
axis (Fourier cosine and sine transforms exist), let f'(X) be
piecewise continuous on every finite interval, and let

f(x) >0 as X—o0, Then

7 {100} =wF. {£9) - 21 0~ @)
7. { 1)} =-WF { 1 (9} --(8b)
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Fourier Cosine and Sine Transform
Linearity, Transforms of Derivatives T {1100} = o { £ ()} - \E £(0),.-(8a)

proof) 7, { f'(x)} = \/% j: f'(X) cos cwox dx {10} =7, {f ()}~

2008_Fourier Transform(2)
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Fourier Cosine and Sine Transform

Linearity, Transforms of Derivatives F {10} = o { £ (X)) \E £ (0),--+(8a)
T

proof) 7, { f'(x)} = \/% j: f'(X) cos cwox dx {10} =7, {f ()}~

_ \E[ f(X)cosx; +af ~f(x)sin coxdx}
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Fourier Cosine and Sine Transform

Linearity, Transforms of Derivatives F {10} = o { £ (X)) \E £ (0),--+(8a)
T

proof) 7, { f'(x)} = \/% j: f'(X) cos cwox dx {10} =7, {f ()}~

_ \E[ f(X)cosx; +af ~f(x)sin coxdx}

2 .
:—\Ef(O)mFs{f(x)},
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Fourier Cosine and Sine Transform

Linearity, Transforms of Derivatives (X)) = o, { £ (%)} \E £ (0),--(8a)
proof) 7; { f'(x)} = \/Zjoo f'(X) cos wx dx T 09} =07 { () --(8b)
790
2 o0 29 -
= \/:[ f (X)cos x|, +a)_[ f (x)sin a)xdx}
- 0
2
=—\/:f (0) + wF, { f (X)};
T

F{ (%)} = \/3 . £ 1(x)sin oxdx
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Fourier Cosine and Sine Transform

Linearity, Transforms of Derivatives

%fz{f’<x>}=wf+:{f(x)}—J%f(O),--«sa)

proof) 7, { f'(x)} = \/% I: f'(X) cos cwox dx {10} =7, {f ()}~

_ \/%[ f () cos x|, +a)_[: f (x)sin a)xdx}
2 .
= |2 1@+ oF 1)
F{ (%)} = \/3 . £ 1(x)sin oxdx

_ \E[ f (X)sinox|; | " f (x)cos a)xdx}

2008_Fourier Transform(2)
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Fourier Cosine and Sine Transform

Linearity, Transforms of Derivatives

%fz{f’(x)}=wf+:{f(x)}—J%f(O),--«sa)

proof) #; { f'(x)} = \Ef f'(X) cos awx dx F,{F'(X)} =—F, { T (9)}---(8b)
_ \/%[ f () cos x|, +a)_[: f (x)sin a)xdx}
=—\/§f 0)+wF, { f (X)};

F{ (%)} = \/3 . £ 1(x)sin oxdx

_ \E[ f (X)sinox|; | " f (x)cos a)xdx}
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Fourier Cosine and Sine Transform

Linearity, Transforms of Derivatives

Formula (8a) with f' instead of f gives (when f', f" satisfy
the respective assumptions for f', f" in Theorem 1)

F AT (0} =F { (X))} —\/%f (0);

hence, by (8b)

F {170} =%, {F(0)} - f £(0)---(%2)

Similarly,

T {£7(0} =% {1 (9} + \f of (0)..--(9)

2008 _Fourier Transform( )




] ) ] F.(af +bg) =a¥F,(f)+bF.(g),---(7a)
Fourier Cosine and Sine Transform

Linearity, Transforms of Derivatives %Z{f”(X)}=w232{f(X)}—\/%f’(O)---(%)

Ex.)Find the Fourier cosine T {700} =—a?F, { T (9} + \wa(o)__,_@b
transform of ¥.(f), f(x)=e™®,a>0 i
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7 (af +bg) =a¥ (f)+b%(g),---(7a)
Fourier Cosine and Sine Transform
Linearity, Transforms of Derivatives %Z{f”(X)}=w2%’i{f(X)}—\/%f’(O)---(%)
Ex.)Find the Fourier cosine % {170} =T {F00)+ \wa(o)_...(gb;
transform of ¥.(f), f(x)=e™®,a>0 i
.I: I(X) — (e—aX)l — ae—ax
f ”(X) — (e—aX)” — aZe—ax
s f'(x)=a*f(x)
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7 (af +bg) =a¥ (f)+b%(g),---(7a)
Fourier Cosine and Sine Transform
Linearity, Transforms of Derivatives %Z{f”(X)}=w2?i{f(X)}—\/%f’(O)---(%)
Ex.)Find the Fourier cosine g;:s{f"(x)}:_Q,Zg;{f(x)}+\ﬁwf(o)_...(9b;
transform of ¥.(f), f(x)=e™®,a>0 i
.I: I(X) — (e—aX)l — ae—ax
1: ”(X) — (e—aX)” — aZe—ax
s f'(x)=a*f(x)

From this and the linearity (7a)

() =F,(aF) =2’ (f)
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7 (af +bg) =a¥ (f)+b%(g),---(7a)
Fourier Cosine and Sine Transform
Linearity, Transforms of Derivatives fﬁ{f”(X)}=w2?i{f(X)}—\/%f’(O)---(%)
Ex.)Find the Fourier cosine g;:s{f"(x)}:_Q,Zg;{f(x)}+\ﬁwf(o)_...(9b;
transform of ¥.(f), f(x)=e™®,a>0 i
.I: I(X) — (e—aX)l — ae—ax
1: ”(X) — (e—aX)” — aZe—ax
s f'(x)=a*f(x)

From this and the linearity (7a)
F,(f") =7, (a2 f) =a’%(f)

From (9a),
ffi(f")=—w2?i(f)—\/%f’(0)
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] ) ] F.(af +bg) =a¥F,(f)+bF.(g),---(7a)
Fourier Cosine and Sine Transform

Linearity, Transforms of Derivatives ffi{f”(X)}=w2‘e’+‘;{f(X)}—\/%f’(O)---(%)

Ex.)Find the Fourier cosine g;:s{f"(x)}:_a,z?s{f(x)}+\ﬁwf(o)_...(9b;
transform of ¥.(f), f(X)=e™,a>0 i

f'(x)=(e") =ae™

.I: ”(X) — (e—ax)” _ aze_ax S)L;(f rr) —_ 2%(f)+a\/z

T

s f'(x)=a*f(x)

From this and the linearity (7a)
F,(f") =7, (a2 f) =a’%(f)

From (9a),
ffi(f”)=—w2‘e’fi(f)—\/%f’(0)
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] ) ] F.(af +bg) =a¥F,(f)+bF.(g),---(7a)
Fourier Cosine and Sine Transform

Linearity, Transforms of Derivatives ffi{f”(X)}=w2‘e’+‘;{f(X)}—\/%f’(O)---(%)

Ex.)Find the Fourier cosine g:s{f"(x)}:_a,z?s{f(x)}+\ﬁwf(o),...(9b;
transform of ¥.(f), f(X)=e™,a>0 i

.I: ’(X) _ (e—aX)r _ ae_ax

" 2

f"(x)=(e"™)" =a%e™ LF () =" F () + a\/;
S () =a*f (x) Hence,

a*F (f)=F(f")=- 227“T:(f)+6\\/%

From this and the linearity (7a)
F.(f") =% (a*f) =a’%; ()
From (9a),

fﬁ(f”)=—w2‘e’ﬁ(f)—\/%f’(0)
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] ) ] F.(af +bg) =a¥F,(f)+bF.(g),---(7a)
Fourier Cosine and Sine Transform

Linearity, Transforms of Derivatives ffi{f”(X)}=w2‘e’+‘;{f(X)}—\/%f’(O)---(%)

Ex.)Find the Fourier cosine g:s{f"(x)}:_a,z?s{f(x)}+\ﬁwf(o),...(9b;
transform of ¥.(f), f(X)=e™,a>0 i

.I: ’(X) _ (e—aX)r _ ae_ax

" 2

f"(x)=(e"™)" =a%e™ LF () =" F () + a\/;
S () =a*f (x) Hence,

a*F (f)=F(f")=- 227“T:(f)+6\\/%

From this and the linearity (7a)

T(1) =7, (@1) =% (1) (a2+a)2)cfc‘:(f)=a\/§
T

From (9a),

fﬁ(f”)=—w2‘e’ﬁ(f)—\/%f’(0)
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] ) ] F.(af +bg) =a¥F,(f)+bF.(g),---(7a)
Fourier Cosine and Sine Transform

Linearity, Transforms of Derivatives %{f”(X)}wz‘e’f*‘;{f(X)}—\/%f’(O)---(%)

Ex.)Find the Fourier cosine g:s{f"(x)}:_Q,Zg;{f(x)}+\ﬁwf(o),...(9b;
transform of ¥.(f), f(X)=e™,a>0 i

.I: ’(X) _ (e—aX)r _ ae_ax

" 2

f"(x)=(e"™)" =a%e™ LF () =" F () + a\/;
S () =a*f (x) Hence,

a*F (f)=F(f")=- 237‘2(f)+a\/§

From this and the linearity (7a)

7.(1) =@ 1) =a'%(1) (azmz)?c(f):af
T
From (9a),

‘fﬁ(f")=—w2‘3%(f)—\/§f’(0) .°.%7»;(eax):\/%(

2008 _Fourier Transform(2)
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Fourier Transform

Fourier transform of f (x)

f(w)= f (x)e*dx. - -(6)

1 J'oo
J27 °=
inverse Fourier transform of f (w)

f(X) = % [ f(@)e”do-(7)

Another notation for the Fourier transform is

f =F(f) : Fourier transform of f (x)
or Fourier transform method.

so that

f=F7(f)
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f(w) = f (x)e " *dx. . .(6)

1 ©
Fourier Transform il

F(x)= % [“f@E"do- )

Theorem1) Existence of the Fourier Transform
Let f (x) be continuous and absolutely integrable on the x-

axis and piecewise continuous on every finite interval, then
the Fourier transform f (o) of f (x) given by (6) exists.

2008 _Fourier Transform(2)
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f(w) = f (x)e " *dx. . .(6)

1 ©
Fourier Transform il

F(x)= % [“f@E"do- )

Ex.)Find the Fourier
transform of f (x)

f(x):{]" if x| <1

By Euler formula (e*' =cosw=isin w)

0. otherwise f(a)) = —ia)f/ﬂ | (cos w—isinw)—(cosw+isinw)]
£ 1 L iox
f(a)):ELe dx :_iai/%(Zisin W)
- 1 | e—ia)x 1
27 —iw

B . (o)= |F SN
..f(a))—\/; "

) —ia)lJZ (e -e)

2008 _Fourier Transform(2)
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Fourier Transform

Find the Fourier transform of

f(x) = e ,_|fx>0,
0, 1If x<0

(a>0)

o)==l

==l

f (X)e"*dx- - -(6)

f@)E”*dw---(7)
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Fourier Transform

Find the Fourier transform of

f(x)={e If x>0

f(w):%f;

f(x):%ji

f (X)e"*dx- - -(6)

f@)E*dw---(7)

0, ifx<0"
(a>0)
—ax 1 ® —aX a—iwX
?(e )=Ejoe e ¥ dx
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f(w) = f (x)e " *dx. . .(6)

1 ©
Fourier Transform il

F(x)= % [“f@E"do- )

Find the Fourier transform of

f(x) = e ,_|fx>0,
0, 1If x<0

(a>0)
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f(w) = f (x)e " *dx. . .(6)

1 ©
Fourier Transform il

F(x)= % [“f@E"do- )

Find the Fourier transform of

f(x) = e ,_|fx>0,
0, 1If x<0

(a>0)

—ax ) 1 ® _aX ~—iwX _ —
F (e )_Ejoe e dx 2z —(a+ie)|_, V2r(atio)
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f(w) = f (x)e " *dx. . .(6)

1 ¢
Fourier Transform : Linearity o -

F(x)= % [“f@E"do- )

Theorem?2) Linearity of the Fourier Transform
The Fourier transform is a linear operation; that is, for any

functions f (x) and g(x) whose Fourier transforms exist and
any constants a and , the Fourier transform of af+bg exists,

and F(af +bg) =aF(f)+b¥(g)---(8)
proof)
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f(w) = f (x)e " *dx. . .(6)

1 (o
Fourier Transform : Linearity o -

F(x)= % [“f@E"do- )

Theorem?2) Linearity of the Fourier Transform

The Fourier transform is a linear operation; that is, for any
functions f (x) and g(x) whose Fourier transforms exist and
any constants a and , the Fourier transform of af+bg exists,

and [ (af +bg) =aF (f)+bF(q)---(8)
proof)
F(af +hg) = % [ [af (0 +bg ()] cx
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f(w)= © f (x)e*dx.---(6)

1
Fourier Transform : Linearity o -

F(x)= % [“f@E"do- )

Theorem?2) Linearity of the Fourier Transform

The Fourier transform is a linear operation; that is, for any
functions f (x) and g(x) whose Fourier transforms exist and
any constants a and , the Fourier transform of af+bg exists,

and F(af +bg) =aF(f)+b¥(g)---(8)
proof)
F(af +bg) =

% [ [af () -+bg () ]e™cx

(=
—a—| f(X e"“’xdx+b— x)e ' dx
= | (%) j 9(x)

2008 _Fourier Trqnsform(Z) :




f(w)= © f (x)e*dx.---(6)

1
Fourier Transform : Linearity o -

F(x)= % [“f@E"do- )

Theorem?2) Linearity of the Fourier Transform

The Fourier transform is a linear operation; that is, for any
functions f (x) and g(x) whose Fourier transforms exist and
any constants a and , the Fourier transform of af+bg exists,

and [ (af +bg)=aF (f)+bF(q)---(8)
proof)
F(af +bg) = % [ [af (00 +bg(x)]e " dx

—a— LO f (x)e"“’xdx+b— j g(x)e *dx

= a‘EF( f)+b%(g)

2008 _Fourier Trqnsform(Z) :




f(w) = f (x)e " *dx. . .(6)

1 ¢
Fourier Transform : Derivative 71

F(x)= % [“f@E"do- )

Theorem3) Fourier Transform of the Derivative of f (x)
Let f (x) be continuous on the x-axis and f(x) >0 as [ —>x .

Furthermore, let f'(x) be absolutely integrable on the x-axis.

Then F{E'(X)} =i0F{ f (X)}---(©)

proof)
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f(w) = f (x)e " *dx. . .(6)

1 ¢
Fourier Transform : Derivative 71

F(x)= % [“f@E"do- )

Theorem3) Fourier Transform of the Derivative of f (x)
Let f (x) be continuous on the x-axis and f(x) >0 as [ —>x .

Furthermore, let f'(x) be absolutely integrable on the x-axis.

Then 5
FLE ()} =10F{ T (X)}---(9)
proof)
FLE/(X)) = % [ 08 ™ dx
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% [ fooe™dx...(6)

F(x)= % [“f@E"do- )

Theorem3) Fourier Transform of the Derivative of f (x)
Let f (x) be continuous on the x-axis and f(x) >0 as [ —>x .

. . . f(w)=
Fourier Transform : Derivative

Furthermore, let f'(x) be absolutely integrable on the x-axis.

Then
%‘“{f’(x)}zia)?v‘{f(x)}---(9)
proof)
F{f'(x)= ﬁ |~ f100e i ax

———| f(e™

" o) f (x)e“”xdx}

ﬁH
S
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% [ fooe™dx...(6)

F(x)= % [“f@E"do- )

Theorem3) Fourier Transform of the Derivative of f (x)
Let f (x) be continuous on the x-axis and f(x) >0 as [ —>x .

. . . f(w)=
Fourier Transform : Derivative

Furthermore, let f'(x) be absolutely integrable on the x-axis.

Then F(E(X) =ioF{f(X)}---(9)

proof)
FL£/(X)) = % [ 08 ™ dx

_ %[ f(e ™| —(ia)|” 1 (x)e“”xdx}

=0+1 Ia)— j f (x)e"*dx
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% [ fooe™dx...(6)

F(x)= % [“f@E"do- )

Theorem3) Fourier Transform of the Derivative of f (x)
Let f (x) be continuous on the x-axis and f(x) >0 as [ —>x .

. . . f(w)=
Fourier Transform : Derivative

Furthermore, let f'(x) be absolutely integrable on the x-axis.

Then F{E'(X)} =i0F{ f (X)}---(©)

proof)
FL'(X)}= % j: f'(X)e " dx

f e ™| —(io)[” 1 (x)e“”xdx}

:L[
V27
—O+Ia)— Lof(x)e"”xdx —ioF { f (X))
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- . - f(w) = i.‘-: f (x)e™*dx. . -(6)
Fourier Transform : Derivative V2r
f(@)eda---(7)

===

F{£'()) =iwF {f(X)}---(9)

Two successive application of (9)
give - ( £"(x)} =i ¥ { (X))
= iiaF { T (X))

S F ()} =—F{ £ (X)]---(10)




Fourier Transform : Derivative
2 af{f'(x)}zia)zr{f(x)}...(g)\

Find the Fourier transform of xe *

2008_Fourier Transform(2)
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Fourier Transform : Derivative

2

Find the Fourier transform of xe *

)|l

2008_Fourier Transform(2)
S

F{f'(X)} =i0F{f (x)}...(9)\




Fourier Transform : Derivative

2

Find the Fourier transform of xe™*
(e )= {-Lfe )|
~37{)]

2008_Fourier Transform(2)
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F{f'(X)} =i0F{f (x)}...(9)\




Fourier Transform : Derivative

2

Find the Fourier transform of xe™*
(e )= {-Lfe )|
~37{)]

:—%ia)‘?(e‘xz)

2008 _Fourier Trnsform(2) _

F{f'(X)} =i0F{f (x)}...(9)\




Fourier Transform : Derivative

2

Find the Fourier transform of xe *

)|l

F{f'(X)} =i0F{f (x)}...(9)\




Fourier Transform : Derivative
2 af{f'(x)}zia)sr{f(x)}...(g)\

Find the Fourier transform of xe *

)|l




F{ ')} =i0F (o)

Fourier Transforms : P.D.E F{ ()} = - F ()

M Example 1  Using the Fourier Transform

2
Solve the heat equation K ou — ou  —oo< X<, t>0

aXZ
U,, |X|<1
Subject to U(X, O) = f (X), where f (X) = 0

—i * —iX v
= 7o [ utx e dx=U (@)

Transforming the equation

{8}

du du

—ka)ZU —E or d—+ka)2U =0 ‘ U= Ce—ka)zt

2008_Fourier Transform( )




F{ ')} =i0F (o)

Fourier Transforms : P.D.E F{ ()} = - F ()

M Example 1  Using the Fourier Transform
2
Solve the heat equation K ou — o  —oo< X<, t>0

aXZ
U,, |X|<1
Subject to U(X, O) = f (X), where f (X) = 0

dd—LtJ katU(o) =0 = U(a,t)=ce™"
Initial condition transformatlon 1 ) .
_ 1 _ giv _g-io
u(x,0 f(X)e"dx=——=| u.e'“"dx=u
F{u(x,0)} = \/_j (X) \/ﬂ—‘-—lo ° 2riw
2 sin @
U(w,0)=F ,0)¢ =
(@,0)=F {u(x,0)} @Uo

2 SIN@ _y2
u eka)t




F{ ')} =i0F (o)

Fourier Transforms : P.D.E F{ ()} = - F ()

M Example 1  Using the Fourier Transform

2
Solve the heat equation K ou — ou  —oo< X<, t>0

aXZ
subject o U(x,0) = £ (), where T() =1 X<
) ,U) = ,  Where = 0, |X|>1

U@D= ot e ] (o oo

Inverse transformation odd even odd

0= J_Lo(J_ .

SIN @ e ka)ztjeicoxdw odd function of w

o SIN@W 2 U, (> SIN@® .2 e
_ Yo (7 D o rotrgioxgy 4, — Yo e " (cos wXx +isinwx)dw
T @ T
U, r= SIN @COS WX .2
:_0 eka)tdw
JT ¥ 0

2008 _Fourier Transform( )




. (0} = %, { (%))
Fourier Transforms B it
7= TR 20 000
M Example 2  Using the Cosine Transform

The steady-state temperature in a semi-infinite plate is determined from

u(0,y)=0, u(z,u)=e”, y>0

2
8[21+8 =0,0<X<7, y>0 Subjectto[~
OX> oy’ —| =0, O<x<m.
8yy_0 ______
Define: T~ Cosine
S transform
7, {u(x, )} = | "u(x y) coswydy =U (x, o) s sutable

u(x, y) :%fu (X, ) cos wy d

%1{6—22‘}+%2{a—2‘2‘}=%:{0}
ox o




. (0} = %, { (%))
Fourier Transforms B it
7= TR 20 000
M Example 2  Using the Cosine Transform

The steady-state temperature in a semi-infinite plate is determined from

u0,y)=0, u(zr,u)=e”, y>0

o’u o
+ =0, 0<x< >0  Subject to
X’ 33’ mJ @ =0, O<x<r.
Y|,
"""""""" 22 T~ Cosine
transform
(‘E’FC {%} + ?’: {%} = ?FC {O} is suitable
2 2
OcllXLZJ —oU(X,0)-u,(x,0)=0 = %XLZJ — U =0 (-.- boundary condition)
.U (X, ®) = ¢, cosh wX +c, Sinh @X
solution

2008 _Fourier Transform(2)




f () :\/%j: f (x) cos wx dx---(2)

Fourier Transforms

M Example 2  Using the Cosine Transform
The steady-state temperature in a semi-infinite plate is determined from
, 5 u(0,y)=0, u(z,u)=e”, y>0
ou ou :
8x2+8y220’0<x<7z’y>0 Subject to

U (X, ®) =, cosh wx +C, sinh X

Boundary condition

7. {u(0,y)} =U(0,0) =%, {0}
~U@O,w)=0

=0, O<x<r.

T _ J~oo (&) (—cosza)x) o
o *° w

Fo{u(, y)} =U (7, 0) = F; {7}

~U((r,w)=

gy

2008 _Fourier Transform(2)



f () :\/%j: f (x) cos wx dx---(2)

Fourier Transforms

M Example 2  Using the Cosine Transform
The steady-state temperature in a semi-infinite plate is determined from
2y 2y u(0,y)=0, u(zr,u)=e"’, y>0

+ =0,0<x<m, y>0 Subjectto
X’ 33’ @ =0, O<x<r.

Yy

U (X’ C()) =C cosh awX + C, sinh X | g SN a)x} J‘ e )sma)x

Boundary condition

7, {u(0, )} =U(0,0) =7 {0}

=| e

. (= coswx)} J~ (e )( coswx)dx

1

U(O Ct)) ~0 _Z_ZI e cos wxdx
J e cos wxdx = 1 E
0 1+w
7. fu(e, )} =U(m.0) - @
~U((r,w)=
1+’

2008 _Fourier Transform( )




f(w) = f (x)e " *dx. . .(6)

1 ©
Fourier Transforms il

F(x)= % [“f@E"do- )

M Example 2  Using the Cosine Transform
The steady-state temperature in a semi-infinite plate is determined from

u(0,y)=0, u(r,u)y=e", y>0
aZu N aZu ( y) ( ) y

=0,0<x<m, y>0 Subjectto
X’ 33’2 8_ =0, O<x<r.

U (X, ®) =, cosh wx +C, sinh X
Boundary condition

U(@0,w)=0 ,U(r, )=

1
1+ @’

U@O,w)=c, =0

. 1 . 1
U(r,w)=c,sinhor=— -

sinh X

~UX o) =

2008 _Fourier Transform(2)

1+ @) sinh o

gy

269/
270



f(w) = f (x)e " *dx. . .(6)

1 ©
Fourier Transforms il

F(x)= % [“f@E"do- )

M Example 2  Using the Cosine Transform

The steady-state temperature in a semi-infinite plate is determined from

u0,y)=0, u(zr,u)=e”, y>0

2 2
TU L OU 0 0<x<m, y>0 Subjectto 5
oX~ oy —| =0, O<x<m.
8yy=0 ______________________________________________________
sinh wx
U(X o) = .
(@) (1+ w?)sinh o
Recall, definition .
B {u(x, y)} = jo u(x, y)coswydy =U (X, w)
u(x, y) :gjooU(x, @) Ccos wy dw
T 0
2 (=  SInhawX
~ulxy)=— : coswyd
H(x.y) ﬂ-[o (1+@?)sinh oz e

2008 _Fourier Transform(2)




