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Basic Fourier Transform Analysis

Interpretation of the Fourier Transform*

*Brigham E.O., The Fast Fourier Transform Prentice-Hall, Inc., 1974
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Basic Fourier Transform Analysis

Interpretation of the Fourier Transform*

*Brigham E.O., The Fast Fourier Transform Prentice-Hall, Inc., 1974

The Fourier transform is , then, a frequency domain representation of a function

Fourier transform frequency domain contains exactly the same information as that of the 
original function ; they differ only in the manner of presentation of the information 
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Application of Fourier Series

61/
270



2008_Fourier Transform(2)

Application of Fourier Series 
 Application 1) Express a function which is periodic but not a pure sine or cosine function 

to a linear combination of sine or cosine functions.
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m
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z

kzks  0
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zc 
z

tFFext cos0
extF

k z
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(z component)
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Application of Fourier Series 
 Application 1) Express a function which is periodic but not a pure sine or cosine function 

to a linear combination of sine or cosine functions.
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Application of Fourier Series 
 Application 1) Express a function which is periodic but not a pure sine or cosine function 

to a linear combination of sine or cosine functions.

ex) Forced damped mass-spring system
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Application of Fourier Series 
 Application 1) Express a function which is periodic but not a pure sine or cosine function 

to a linear combination of sine or cosine functions.

ex) Forced damped mass-spring system

25,05.0,1  kcm

)(2505.0 tryyy 






















tt

tt

tr

0    if   
2

0 if   
2)(

)()2( trtr  

tFkzzczm cos0

0 cosm c k t   z z z F

m  z F
cz k0ks kz k kmg k

cz kkz k

cos t 0F

cos t 0F

m

Dashpot

0

z

kzks  0

mg

m

zc 
z

tFFext cos0
extF

k z
0s

(z component)

65/
270



2008_Fourier Transform(2)

periodic but not a sine or cosine

Application of Fourier Series 
 Application 1) Express a function which is periodic but not a pure sine or cosine function 

to a linear combination of sine or cosine functions.
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periodic but not a sine or cosine

Application of Fourier Series 
 Application 1) Express a function which is periodic but not a pure sine or cosine function 

to a linear combination of sine or cosine functions.

ex) Forced damped mass-spring system
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periodic but not a sine or cosine

Application of Fourier Series 
 Application 1) Express a function which is periodic but not a pure sine or cosine function 

to a linear combination of sine or cosine functions.

ex) Forced damped mass-spring system
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Forced Oscillations 

0 cosmz cz kz F t   

• Mass-Spring system 
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Forced Oscillations 

( )my cy ky r t   

• Mass-Spring system 

• If r(t) is a sine or cosine function and if there is 

damping (c > 0), then the steady-state solution is a 

harmonic oscillation with frequency equal to that of r(t).

the method of undetermined 

coefficient (Sec. 2.7)

• If r(t) is not a pure sine or cosine function but  is any other 

periodic function, then the steady-state solution will be a 

superposition of harmonic oscillations with frequencies equal 

to that of r(t) and integer multiples of the latter.

0 cosmz cz kz F t   
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Forced Oscillations

Superposition Principle ㅡ Nonhomogeneous Equations*

Let y1, y2, …, yk be k particular solutions of the nonhomogeneous linear n-

th differential equation on an interval I corresponding, in turn, to k 

distinct functions r1, r2,…, rk. That is, suppose yi denotes a particular 

solution of the corresponding differential equation

)(01
)1(

1
)( xryayayay i

n
n

n  
 

where i = 1,2,…, k. Then

)()()()( 21 xyxyxyxy k 

is a particular solution of 

).()()( 2101
)1(

1
)( xrxrxryayayay k

n
n

n  
 

* Zill, Cullen, Advanced Engineering Mathematics 3rd edition, Jones and Bartlett, pp113
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Forced Oscillations
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Forced Oscillations
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Forced Oscillations
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Application of Fourier Series 
 Application 2) Fourier transform

: Transform between time domain and frequency domain.

ex) Interpretation of the Fourier transform
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Inverse
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Frequency와 Amplitude로 표현됨

=> 시계열의 운동 복원 가능
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Application of Fourier Series 
 Application 2) Fourier transform

: Transform between time domain and frequency domain.
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*Journee J. M. J., Massie W. W., Offshore Hydrodynamics, First Edition, Delft University of Technology, 2001, Figure 5.38
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Application of Fourier Series 
 Application 2) Fourier transform
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Application of Fourier Series 
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Application of Fourier Series 
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Application of Fourier Series 
 Application 2) Fourier transform
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Application of Fourier Series 
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Application of Fourier Series 
 Application 2) Fourier transform
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Wave Spectrum

* Journee J.M.J. and Massie W.W., Offshore Hydrodynamics, first edition, Delft University of Technology, 2001, 5-3, Figure 5.1

** http://i.pbase.com/o6/47/624647/1/71472987.Kc5MyTSE.seasurface.jpg 

***Journee J.M.J. and Massie W.W., Offshore Hydrodynamics, first edition, Delft University of Technology, 2001, 5-29, Figure 5.22
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*Journee J. M. J., Massie W. W., Offshore Hydrodynamics, First Edition, Delft University of Technology, 2001, Figure 5.38
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*Journee J. M. J., Massie W. W., Offshore Hydrodynamics, First Edition, Delft University of Technology, 2001, Figure 5.38
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*Journee J. M. J., Massie W. W., Offshore Hydrodynamics, First Edition, Delft University of Technology, 2001, Figure 5.38
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*Journee J. M. J., Massie W. W., Offshore Hydrodynamics, First Edition, Delft University of Technology, 2001, Figure 5.38
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*Journee J. M. J., Massie W. W., Offshore Hydrodynamics, First Edition, Delft University of Technology, 2001, Figure 5.38
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h

z

0

(Q) 한 주기 파의 Potential Energy 합은?

(A) 0 이 아니다.

sin 파의 앞쪽 반주기 동안은 물입자를 들어올리는데
일을 하였고, 뒤의 반주기 동안은 내리는데 일을 하였음.
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- 미소 부피에 대한 Potential Energy

- 한 주기 파의 평균 Potential Energy
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Wave velocity potential*

*권순홍 외 공역, 해양환경하중, 동명사, 1990, p27 표2.1, (원저: Faltisen O.M., Sea Load on Ships and Offshore Structures)
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(Continue)
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=> Energy는 (파고)2에 비례함
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Physical Interpretation : Spectrum  
1 ˆ( ) ( ) (7)
2

i xf x f e d 





 

The nature of the representation (7) of f (x) becomes clear if 

we think of it as a superposition of sinusoidal oscillations of 

all possible frequencies, called a spectral representation.

This name is suggested by optics, where light is such a superposition of colors (frequencies).

In (7), the “spectral density”          measures  the intensity

of f (x) in the frequency interval between w and w + Δw(Δw

small, fixed). We claim that in connection with vibrations, 

the integral

ˆ ( )f 

2
ˆ( )f d 




can be interpreted as the total energy of the physical system. 

Hence an integral of          from a to b gives the contribution 

of the frequency w between a and b to the total energy.

2
ˆ( )f 
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Physical Interpretation : Spectrum
2

ˆ( )f d 


 : total energy of the physical system

To make this plausible, we begin with a mechanical system 

giving a single frequency, namely, the harmonic oscillator 

(mass on a spring)

.0 kyym (Here we denote time t by x)

Multiplication by       gives    y .0 ykyyym

Integrating with respect to x,

    dx
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Physical Interpretation : Spectrum 2
ˆ( )f d 
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ˆ( )f d 
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ˆ( )f d 
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22  Ekymv

kinetic energy + potential energy = total energy of the system
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ˆ( )f d 
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kinetic energy + potential energy = total energy of the system
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Hence the energy is proportional to the square of the amplitude |c1|.

As the next step, if a more complicated system leads to a periodic 

solution y = f (x) that can be represented by a Fourier series, then 

instead of the single energy term |c1|
2 we get a series of squares |cn|2 of 

Fourier coefficients cn given by (6). In this case we have a “discrete 

spectrum” (or “point spectrum”) consisting of countably many isolated 

frequencies (infinitely many, in general), the corresponding |cn|2 being 

the contributions to the total energy.
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For an even function f (x), the Fourier integral is the Fourier cosine integral

where c suggests “cosine”

Then from (1b), writing v = x

and from (1a), 

: Fourier cosine transform of f (x)

: inverse Fourier cosine transform of ˆ ( )cf 
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For an odd function f (x), the Fourier integral is the Fourier sine integral

where s suggests “sine”

Then from (4b), writing v = x

and from (4a), 

: Fourier sine transform of f (x)

: inverse Fourier sine transform of ˆ ( )sf 
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Other notations

ˆ ˆ( ) ( ), ( ) ( )c c s sf f f f  F F

1 1( ), ( ) :   inverses  of    and  ,   respectively.c s c sf f F F F F

0

2ˆ ( ) ( )sin (5)sf f x xdx 




 

0

2 ˆ( ) ( )sin (6)sf x f xd  




 

0

2ˆ ( ) ( )cos (2)cf f x xdx 




 

0

2 ˆ( ) ( )cos (3)cf x f xd  




 
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








axif

axifk
xf

0

0
)(

0 0

2 2 2ˆ ( ) ( )cos cos 0 cos

2 sin

a

c
a

f f x xdx k xdx xdx

a
k

   
  



 

 

   

 
  

 

  

0

2 2 1 cosˆ ( ) sin
a

s

a
f k xdx k


 

  

 
   

 


Ex. )Find the Fourier cosine and Fourier sine transforms 

of the function
0

2ˆ ( ) ( )sin (5)sf f x xdx 




 

0

2ˆ ( ) ( )cos (2)cf f x xdx 




 
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Ex. )Find the Fourier cosine and Fourier sine transforms 

of the function
0

2ˆ ( ) ( )sin (5)sf f x xdx 




 

0

2ˆ ( ) ( )cos (2)cf f x xdx 




 

20

2 2 1
( ) cos

1

x x
c e e xdx

  


  

F

( ) xf x e

2

20

2 2
( ) sin

1

x x
s e e xdx




  


  

F

0 0
0

2 20
0

2 0

2

20

( cos ) ( cos )
sin ( )

sin (sin )
1 ( )

1
1 0 sin

sin
1

x x x

x x

x

x

x x
e x dx e e dx

x x
e e dx

e xdx

e xdx

 


 

 

 










 

  




 







  
   
 

   
     

   

 
   

 

 


 







0 0
0

2 20
0

2 2 0

20

sin sin
cos ( )

( cos ) ( cos )
( )

1 1
cos

1
cos

1

x x x

x x

x

x

x x
e x dx e e dx

x x
e e dx

e xdx

e xdx

 


 

 

 


 





 

  




 







 
   
 

  
   
 

 

 


 






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 
0

0 0

2
( ) ( ) ( ) cos

2 2
( )cos ( )cos

c af bg af x bg x xdx

a f x xdx b g x xdx




 
 



 

  

 



 

F

( ) ( )c ca f b g F F

If f (x) is absolutely integrable on the positive x-axis and 

piecewise continuous on every finite interval, then the 

Fourier cosine and sine transforms of f exist.

If f and g have Fourier cosine and sine transforms, so does

af+bg for any constants a and b, and by (2)

Linearity, Transforms of Derivatives
0

2ˆ ( ) ( )sin (5)sf f x xdx 




 

0

2ˆ ( ) ( )cos (2)cf f x xdx 




 
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( ) ( ) ( )c c caf bg a f b g  F F F

Similarly for Fs, by (5)

 
0

0 0

2
( ) ( ) ( ) sin

2 2
( )sin ( )sin

s af bg af x bg x xdx

a f x xdx b g x xdx




 
 



 

  

 



 

F

( ) ( )s sa f b g F F

This shows that the Fourier cosine and sine transforms are 

linear operations,

)a7(),()()( gbFfaFbgafF ccc 

( ) ( ) ( ) (7b)s s saf bg a f b g  F F F

Linearity, Transforms of Derivatives
0

2ˆ ( ) ( )sin (5)sf f x xdx 




 
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Let f (x) be continuous and absolutely integrable on the x-

axis (Fourier cosine and sine transforms exist), let be 

piecewise continuous on every finite interval, and let

as            . Then

Theorem1) Cosine and Sine Transforms of Derivatives

)(xf 

0)( xf x

   
2

( ) ( ) (0), (8a)c sf x w f x f


  F F

   ( ) ( ) (8b)cs f x w f x  F F

Linearity, Transforms of Derivatives
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proof)  
0

2
( ) ( )cosc f x f x xdx




  F

Linearity, Transforms of Derivatives    
2

( ) ( ) (0), (8a)c sf x f x f


  F F

   ( ) ( ) (8b)s cf x f x  F F
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proof)  
0

2
( ) ( )cosc f x f x xdx




  F

0 0

2
( )cos ( )sinf x x f x xdx  



  
  

Linearity, Transforms of Derivatives    
2

( ) ( ) (0), (8a)c sf x f x f


  F F

   ( ) ( ) (8b)s cf x f x  F F
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proof)  
0

2
( ) ( )cosc f x f x xdx




  F

0 0

2
( )cos ( )sinf x x f x xdx  



  
  

 
2

(0) ( ) ;sf F f x


 

Linearity, Transforms of Derivatives    
2

( ) ( ) (0), (8a)c sf x f x f


  F F

   ( ) ( ) (8b)s cf x f x  F F
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proof)  
0

2
( ) ( )cosc f x f x xdx




  F

0 0

2
( )cos ( )sinf x x f x xdx  



  
  

 
2

(0) ( ) ;sf F f x


 

 
0

2
'( ) '( )sins f x f x xdx





 F

Linearity, Transforms of Derivatives    
2

( ) ( ) (0), (8a)c sf x f x f


  F F

   ( ) ( ) (8b)s cf x f x  F F
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proof)  
0

2
( ) ( )cosc f x f x xdx




  F

0 0

2
( )cos ( )sinf x x f x xdx  



  
  

 
2

(0) ( ) ;sf F f x


 

 
0

2
'( ) '( )sins f x f x xdx





 F

0 0

2
( )sin ( )cosf x x f x xdx  



  
  

Linearity, Transforms of Derivatives    
2

( ) ( ) (0), (8a)c sf x f x f


  F F

   ( ) ( ) (8b)s cf x f x  F F
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proof)  
0

2
( ) ( )cosc f x f x xdx




  F

0 0

2
( )cos ( )sinf x x f x xdx  



  
  

 
2

(0) ( ) ;sf F f x


 

 
0

2
'( ) '( )sins f x f x xdx





 F

0 0

2
( )sin ( )cosf x x f x xdx  



  
  

 0 ( )cF f x 

Linearity, Transforms of Derivatives    
2

( ) ( ) (0), (8a)c sf x f x f


  F F

   ( ) ( ) (8b)s cf x f x  F F
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   
2

( ) ( ) (0);sc f x f x f


   F F

   2 2
( ) ( ) (0) (9a)c cf x f x f


  F F

   2 2
( ) ( ) (0). (9b)s sf x f x f 


   F F

Formula (8a) with      instead of f gives (when     ,     satisfy 

the respective assumptions for     ,      in Theorem 1)

f  f  f 

f  f 

hence, by (8b)

Similarly,

Linearity, Transforms of Derivatives
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Ex.)Find the Fourier cosine 

transform of

   

   

2

2

2
( ) ( ) (0) (9a)

2
( ) ( ) (0). (9b)

c c

s s

f x f x f

f x f x f




 


  

   

F F

F F

( ) ( ) ( ), (7a)c c caf bg a f b g  F F F

Linearity, Transforms of Derivatives

( ), ( ) , 0ax
c f f x e a F
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axax aeexf   )()(

2( ) ( )f x a f x 

Ex.)Find the Fourier cosine 

transform of

   

   

2

2

2
( ) ( ) (0) (9a)

2
( ) ( ) (0). (9b)

c c

s s

f x f x f

f x f x f




 


  

   

F F

F F

axax eaexf   2)()(

( ) ( ) ( ), (7a)c c caf bg a f b g  F F F

Linearity, Transforms of Derivatives

( ), ( ) , 0ax
c f f x e a F
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axax aeexf   )()(

2( ) ( )f x a f x 

Ex.)Find the Fourier cosine 

transform of

   

   

2

2

2
( ) ( ) (0) (9a)

2
( ) ( ) (0). (9b)

c c

s s

f x f x f

f x f x f




 


  

   

F F

F F

2 2( ) ( ) ( )c c cf a f a f  F F F

axax eaexf   2)()(

From this and the linearity (7a)

( ) ( ) ( ), (7a)c c caf bg a f b g  F F F

Linearity, Transforms of Derivatives

( ), ( ) , 0ax
c f f x e a F
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axax aeexf   )()(

2( ) ( )f x a f x 

Ex.)Find the Fourier cosine 

transform of

   

   

2

2

2
( ) ( ) (0) (9a)

2
( ) ( ) (0). (9b)

c c

s s

f x f x f

f x f x f




 


  

   

F F

F F

2 2( ) ( ) ( )c c cf a f a f  F F F

2 2
( ) ( ) (0)c cf f f


   F F

axax eaexf   2)()(

From this and the linearity (7a)

( ) ( ) ( ), (7a)c c caf bg a f b g  F F F

From (9a),

Linearity, Transforms of Derivatives

( ), ( ) , 0ax
c f f x e a F
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axax aeexf   )()(

2( ) ( )f x a f x 

Ex.)Find the Fourier cosine 

transform of

   

   

2

2

2
( ) ( ) (0) (9a)

2
( ) ( ) (0). (9b)

c c

s s

f x f x f

f x f x f




 


  

   

F F

F F

2 2( ) ( ) ( )c c cf a f a f  F F F

2 2
( ) ( ) (0)c cf f f


   F F

2 2
( ) ( )c cf f a


  F Faxax eaexf   2)()(

From this and the linearity (7a)

( ) ( ) ( ), (7a)c c caf bg a f b g  F F F

From (9a),

Linearity, Transforms of Derivatives

( ), ( ) , 0ax
c f f x e a F
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axax aeexf   )()(

2( ) ( )f x a f x 

Ex.)Find the Fourier cosine 

transform of

   

   

2

2

2
( ) ( ) (0) (9a)

2
( ) ( ) (0). (9b)

c c

s s

f x f x f

f x f x f




 


  

   

F F

F F

2 2( ) ( ) ( )c c cf a f a f  F F F

2 2
( ) ( ) (0)c cf f f


   F F

2 2
( ) ( )c cf f a


  F Faxax eaexf   2)()(

From this and the linearity (7a)

( ) ( ) ( ), (7a)c c caf bg a f b g  F F F

Hence, 
2 2 2

( ) ( ) ( )c c ca f f f a


   F F F

From (9a),

Linearity, Transforms of Derivatives

( ), ( ) , 0ax
c f f x e a F
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axax aeexf   )()(

2( ) ( )f x a f x 

2 2 2
( ) ( )ca f a


 F

Ex.)Find the Fourier cosine 

transform of

   

   

2

2

2
( ) ( ) (0) (9a)

2
( ) ( ) (0). (9b)

c c

s s

f x f x f

f x f x f




 


  

   

F F

F F

2 2( ) ( ) ( )c c cf a f a f  F F F

2 2
( ) ( ) (0)c cf f f


   F F

2 2
( ) ( )c cf f a


  F Faxax eaexf   2)()(

From this and the linearity (7a)

( ) ( ) ( ), (7a)c c caf bg a f b g  F F F

Hence, 
2 2 2

( ) ( ) ( )c c ca f f f a


   F F F

From (9a),

Linearity, Transforms of Derivatives

( ), ( ) , 0ax
c f f x e a F
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Fourier Cosine and Sine Transform

axax aeexf   )()(

2( ) ( )f x a f x 

2 2 2
( ) ( )ca f a


 F

 2 2

2
( ) 0ax

c

a
e a

a 
  

   
 

F

Ex.)Find the Fourier cosine 

transform of

   

   

2

2

2
( ) ( ) (0) (9a)

2
( ) ( ) (0). (9b)

c c

s s

f x f x f

f x f x f




 


  

   

F F

F F

2 2( ) ( ) ( )c c cf a f a f  F F F

2 2
( ) ( ) (0)c cf f f


   F F

2 2
( ) ( )c cf f a


  F Faxax eaexf   2)()(

From this and the linearity (7a)

( ) ( ) ( ), (7a)c c caf bg a f b g  F F F

Hence, 
2 2 2

( ) ( ) ( )c c ca f f f a


   F F F

From (9a),

Linearity, Transforms of Derivatives

( ), ( ) , 0ax
c f f x e a F
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Fourier Transform

1ˆ( ) ( ) (6)
2

i xf f x e dx






 

1 ˆ( ) ( ) (7)
2

i xf x f e d 





 

inverse Fourier transform of )(ˆ wf

Fourier transform of f (x)

Another notation for the Fourier transform is

ˆ ( )f fF
so that 

1 ˆ( )f fF

: Fourier transform of f (x)

or Fourier transform method.

239/
270



2008_Fourier Transform(2)

Fourier Transform

Let f (x) be continuous and absolutely integrable on the x-

axis and piecewise continuous on every finite interval, then 

the Fourier transform         of f (x) given by (6) exists.

Theorem1) Existence of the Fourier Transform

ˆ( )f 

1ˆ( ) ( ) (6)
2

i xf f x e dx






 

1 ˆ( ) ( ) (7)
2

i xf x f e d 





 
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Fourier Transform

Ex.)Find the Fourier 

transform of f (x)

 


 


otherwise  ,0

1 if   ,1 x
xf

 
1

1

1ˆ
2

i xf e dx





 

1

1

1

2

i xe

i









 


 1

2

i ie e
i

 

 

 


   
1ˆ (cos sin ) (cos sin )

2
f i i

i
    

 
   


1
(2 sin )

2
i

i


 



 
sinˆ

2
f

 



 

By Euler  formula  ( cos sin )ie i    

1ˆ( ) ( ) (6)
2

i xf f x e dx






 

1 ˆ( ) ( ) (7)
2

i xf x f e d 





 
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Fourier Transform
1ˆ( ) ( ) (6)
2

i xf f x e dx






 

1 ˆ( ) ( ) (7)
2

i xf x f e d 





 

Find the Fourier transform of 

,
0 if      ,0

0 if  ,
)(












x

xe
xf

ax

)0( a
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Fourier Transform
1ˆ( ) ( ) (6)
2

i xf f x e dx






 

1 ˆ( ) ( ) (7)
2

i xf x f e d 





 

Find the Fourier transform of 

,
0 if      ,0

0 if  ,
)(












x

xe
xf

ax

)0( a

 
0

1

2

ax ax i xe e e dx




   F
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Fourier Transform
1ˆ( ) ( ) (6)
2

i xf f x e dx






 

1 ˆ( ) ( ) (7)
2

i xf x f e d 





 

Find the Fourier transform of 

,
0 if      ,0

0 if  ,
)(












x

xe
xf

ax

)0( a

 
0

1

2

ax ax i xe e e dx




   F

( )

0

1

( )2

a i x

x

e

a i






 




 
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Fourier Transform
1ˆ( ) ( ) (6)
2

i xf f x e dx






 

1 ˆ( ) ( ) (7)
2

i xf x f e d 





 

Find the Fourier transform of 

,
0 if      ,0

0 if  ,
)(












x

xe
xf

ax

)0( a

 
0

1

2

ax ax i xe e e dx




   F

( )

0

1

( )2

a i x

x

e

a i






 




 

1

2 ( )a i 



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Fourier Transform : Linearity

The Fourier transform is a linear operation; that is, for any 

functions f (x) and g(x) whose Fourier transforms exist and 

any constants a and , the Fourier transform of af+bg exists, 

and

Theorem2) Linearity of the Fourier Transform

( ) ( ) ( ) (8)af bg a f b g  F F F

proof)

1ˆ( ) ( ) (6)
2

i xf f x e dx






 

1 ˆ( ) ( ) (7)
2

i xf x f e d 





 
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Fourier Transform : Linearity

The Fourier transform is a linear operation; that is, for any 

functions f (x) and g(x) whose Fourier transforms exist and 

any constants a and , the Fourier transform of af+bg exists, 

and

Theorem2) Linearity of the Fourier Transform

( ) ( ) ( ) (8)af bg a f b g  F F F

proof)

 
1

( ) ( ) ( )
2

i xaf bg af x bg x e dx







  F

1ˆ( ) ( ) (6)
2

i xf f x e dx






 

1 ˆ( ) ( ) (7)
2

i xf x f e d 





 
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Fourier Transform : Linearity

The Fourier transform is a linear operation; that is, for any 

functions f (x) and g(x) whose Fourier transforms exist and 

any constants a and , the Fourier transform of af+bg exists, 

and

Theorem2) Linearity of the Fourier Transform

( ) ( ) ( ) (8)af bg a f b g  F F F

proof)

 
1

( ) ( ) ( )
2

i xaf bg af x bg x e dx







  F

1 1
( ) ( )

2 2

i x i xa f x e dx b g x e dx 

 

 
 

 
  

1ˆ( ) ( ) (6)
2

i xf f x e dx






 

1 ˆ( ) ( ) (7)
2

i xf x f e d 





 
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Fourier Transform : Linearity

The Fourier transform is a linear operation; that is, for any 

functions f (x) and g(x) whose Fourier transforms exist and 

any constants a and , the Fourier transform of af+bg exists, 

and

Theorem2) Linearity of the Fourier Transform

( ) ( ) ( ) (8)af bg a f b g  F F F

proof)

 
1

( ) ( ) ( )
2

i xaf bg af x bg x e dx







  F

1 1
( ) ( )

2 2

i x i xa f x e dx b g x e dx 

 

 
 

 
  

( ) ( )a f b g F F

1ˆ( ) ( ) (6)
2

i xf f x e dx






 

1 ˆ( ) ( ) (7)
2

i xf x f e d 





 
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Fourier Transform : Derivative

Let  f (x) be continuous on the x-axis and              as             .

Furthermore, let          be absolutely integrable on the x-axis. 

Then

Theorem3) Fourier Transform of the Derivative of f (x)

   ( ) ( ) (9)f x i f x F F

proof)

0)( xf x

)(xf 

1ˆ( ) ( ) (6)
2

i xf f x e dx






 

1 ˆ( ) ( ) (7)
2

i xf x f e d 





 
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Fourier Transform : Derivative

Let  f (x) be continuous on the x-axis and              as             .

Furthermore, let          be absolutely integrable on the x-axis. 

Then

Theorem3) Fourier Transform of the Derivative of f (x)

   ( ) ( ) (9)f x i f x F F

proof)

 
1

( ) ( )
2

i xf x f x e dx







  F

0)( xf x

)(xf 

1ˆ( ) ( ) (6)
2

i xf f x e dx






 

1 ˆ( ) ( ) (7)
2

i xf x f e d 





 
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Fourier Transform : Derivative

Let  f (x) be continuous on the x-axis and              as             .

Furthermore, let          be absolutely integrable on the x-axis. 

Then

Theorem3) Fourier Transform of the Derivative of f (x)

   ( ) ( ) (9)f x i f x F F

proof)

 
1

( ) ( )
2

i xf x f x e dx







  F

0)( xf x

)(xf 

1
( ) ( ) ( )

2

i x i xf x e i f x e dx 



 

 

   
  

1ˆ( ) ( ) (6)
2

i xf f x e dx






 

1 ˆ( ) ( ) (7)
2

i xf x f e d 





 
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Fourier Transform : Derivative

Let  f (x) be continuous on the x-axis and              as             .

Furthermore, let          be absolutely integrable on the x-axis. 

Then

Theorem3) Fourier Transform of the Derivative of f (x)

   ( ) ( ) (9)f x i f x F F

proof)

 
1

( ) ( )
2

i xf x f x e dx







  F

0)( xf x

)(xf 

1
( ) ( ) ( )

2

i x i xf x e i f x e dx 



 

 

   
  

1
0 ( )

2

i xi f x e dx






  

1ˆ( ) ( ) (6)
2

i xf f x e dx






 

1 ˆ( ) ( ) (7)
2

i xf x f e d 





 
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Fourier Transform : Derivative

Let  f (x) be continuous on the x-axis and              as             .

Furthermore, let          be absolutely integrable on the x-axis. 

Then

Theorem3) Fourier Transform of the Derivative of f (x)

   ( ) ( ) (9)f x i f x F F

proof)

 
1

( ) ( )
2

i xf x f x e dx







  F

0)( xf x

)(xf 

1
( ) ( ) ( )

2

i x i xf x e i f x e dx 



 

 

   
  

1
0 ( )

2

i xi f x e dx






    ( )i F f x

1ˆ( ) ( ) (6)
2

i xf f x e dx






 

1 ˆ( ) ( ) (7)
2

i xf x f e d 





 
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Fourier Transform : Derivative

   ( ) ( ) (9)f x i f x F F

Two successive application of (9) 

give    ( ) ( )f x i f x F F

 ( )i i f x  F

   2( ) ( ) (10)f x f x F F

1ˆ( ) ( ) (6)
2

i xf f x e dx






 

1 ˆ( ) ( ) (7)
2

i xf x f e d 





 
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Fourier Transform : Derivative

   ( ) ( ) (9)f x i f x F F
Find the Fourier transform  of

2xxe
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Fourier Transform : Derivative

   ( ) ( ) (9)f x i f x F F
Find the Fourier transform  of

2xxe

   2 21

2

x xxe e 
 

  
 

F F
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Fourier Transform : Derivative

   ( ) ( ) (9)f x i f x F F
Find the Fourier transform  of

2xxe

   2 21

2

x xxe e 
 

  
 

F F

 21

2

xe
 

   
 

F
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Fourier Transform : Derivative

   ( ) ( ) (9)f x i f x F F
Find the Fourier transform  of

2xxe

   2 21

2

x xxe e 
 

  
 

F F

 21

2

xe
 

   
 

F

 21

2

xi e  F
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Fourier Transform : Derivative

   ( ) ( ) (9)f x i f x F F
Find the Fourier transform  of

2xxe

   2 21

2

x xxe e 
 

  
 

F F

 21

2

xe
 

   
 

F

 21

2

xi e  F

2 41 1

2 2
i e   
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Fourier Transform : Derivative

   ( ) ( ) (9)f x i f x F F
Find the Fourier transform  of

2xxe

   2 21

2

x xxe e 
 

  
 

F F

 21

2

xe
 

   
 

F

 21

2

xi e  F

2 41 1

2 2
i e   

2 4

2 2

i
e  

261/
270



2008_Fourier Transform(2)

 Example 1    Using the Fourier Transform
2

2
, , 0

u u
k x t

x t

 
   

 
Solve the heat equation 

Fourier Transforms : P.D.E

define

( ,0) ( ),u x f x
0, | | 1

( )
0, | | 1

u x
f x

x


 


Subject to where

2

2

u u
k

x t

   
   

   
F F

2 2 0
dU dU

k U or k U
dt dt

    

 ( ) ( )f x i  F F

  2( ) ( )f x    F F

 
1

( , ) ( , ) ( , )
2

i xu x t u x t e dx U t 






 F

Transforming the equation

2k tU ce solution
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 Example 1    Using the Fourier Transform
2

2
, , 0

u u
k x t

x t

 
   

 
Solve the heat equation 

Fourier Transforms : P.D.E

( ,0) ( ),u x f x
0, | | 1

( )
0, | | 1

u x
f x

x


 


Subject to where

2 ( , ) 0
dU

k U t
dt

  
2

( , ) k tU t ce  

 
1

0 0
1

1 1
( ,0) ( )

2 2 2

i i
i x i x e e

u x f x e dx u e dx u
i

 
 

   




 

 


   F

  0

2 sin
( ,0) ( ,0)

2
U u x u





 F

2

0

2 sin
( , )

2

k tU t u e 




 

 ( ) ( )f x i  F F

  2( ) ( )f x    F F

Initial condition transformation
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2

2
, , 0

u u
k x t

x t

 
   

 
Solve the heat equation 

Fourier Transforms : P.D.E

( ,0) ( ),u x f x
0, | | 1

( )
0, | | 1

u x
f x

x


 


Subject to where

2

2 2

2

0

0 0

0

1 2 sin
( , )

2 2

sin sin
(cos sin )

sin cos

k t i x

k t i x k t

k t

u x t u e e d

u u
e e d e x i x d

u x
e d

 

  






 

 
   

   

 


 






 
 

 






 
  

 

  





 



2

0

2 sin
( , )

2

k tU t u e 






 ( ) ( )f x i  F F

  2( ) ( )f x    F F

Inverse transformation

2
0 1

sin sin 0k tu
i e x d  

 






 
 

 


odd function of w

odd
odd oddeven
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 Example 2    Using the Cosine Transform

2 2

2 2
0, 0 , 0

u u
x y

x y


 
    

 

The steady-state temperature in a semi-infinite plate is determined from

Fourier Transforms

0

(0, ) 0, ( , ) , 0

0, 0 .

y

y

u y u u e y

u
x

y









  


  



Subject to

 
0

( , ) ( , )cos ( , )c u x y u x y ydy U x 


 F

 
2 2

2 2
0c c c

u u

x y

    
    

    
F F F

Define:

   

   

2

2

2
( ) ( ) (0) (9a)

2
( ) ( ) (0). (9b)

c c

s s

f x f x f

f x f x f




 


  

   

F F

F F

Cosine 
transform 
is suitable

0

2
( , ) ( , )cosu x y U x yd  





 
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2 2

2 2
0, 0 , 0

u u
x y

x y


 
    

 

The steady-state temperature in a semi-infinite plate is determined from

Fourier Transforms

0

(0, ) 0, ( , ) , 0

0, 0 .

y

y

u y u u e y

u
x

y









  


  



Subject to

2 2
2 2

2 2
( , ) ( ,0) 0 0 ( boundarycondition)y

d U d U
U x u x U

dx dx
       

 
2 2

2 2
0c c c

u u

x y

    
    

    
F F F

1 2( , ) cosh sinhU x c x c x    

   

   

2

2

2
( ) ( ) (0) (9a)

2
( ) ( ) (0). (9b)

c c

s s

f x f x f

f x f x f




 


  

   

F F

F F

Cosine 
transform 
is suitable

solution
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2 2

2 2
0, 0 , 0

u u
x y

x y


 
    

 

The steady-state temperature in a semi-infinite plate is determined from

Fourier Transforms

0

(0, ) 0, ( , ) , 0

0, 0 .

y

y

u y u u e y

u
x

y









  


  



Subject to

(0, ) 0U  

   (0, ) (0, ) 0c cu y U  F F

   ( , ) ( , ) y
c cu y U e    F F

2

1
( , )

1
U  


 



1 2( , ) cosh sinhU x c x c x   

Boundary condition

0 0
0

2 20
0

2 2 0

20

sin sin
cos ( )

( cos ) ( cos )
( )

1 1
cos

1
cos

1

x x x

x x

x

x

x x
e x dx e e dx

x x
e e dx

e xdx

e xdx

 


 

 

 


 





 

  




 







 
   
 

  
   
 

 

 


 







0

2ˆ ( ) ( )cos (2)cf f x xdx 




 
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 Example 2    Using the Cosine Transform

2 2

2 2
0, 0 , 0

u u
x y

x y


 
    

 

The steady-state temperature in a semi-infinite plate is determined from

Fourier Transforms

0

(0, ) 0, ( , ) , 0

0, 0 .

y

y

u y u u e y

u
x

y









  


  



Subject to

(0, ) 0U  

   (0, ) (0, ) 0c cu y U  F F

   ( , ) ( , ) y
c cu y U e    F F

2

1
( , )

1
U  


 



1 2( , ) cosh sinhU x c x c x   

Boundary condition

0 0
0

2 20
0

2 2 0

20

sin sin
cos ( )

( cos ) ( cos )
( )

1 1
cos

1
cos

1

x x x

x x

x

x

x x
e x dx e e dx

x x
e e dx

e xdx

e xdx

 


 

 

 


 





 

  




 







 
   
 

  
   
 

 

 


 







0

2ˆ ( ) ( )cos (2)cf f x xdx 




 
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2 2

2 2
0, 0 , 0

u u
x y

x y


 
    

 

The steady-state temperature in a semi-infinite plate is determined from

Fourier Transforms

0

(0, ) 0, ( , ) , 0

0, 0 .

y

y

u y u u e y

u
x

y









  


  



Subject to

1(0, ) 0U c  

2 2

1

(1 )sin
c

 
 



1 2( , ) cosh sinhU x c x c x   

2

sinh
( , )

(1 )sinh

x
U x




 
 



Boundary condition

(0, ) 0U  
2

1
, ( , )

1
U  






2 2

1
( , ) sinh

1
U c  


 



1ˆ( ) ( ) (6)
2

i xf f x e dx






 

1 ˆ( ) ( ) (7)
2

i xf x f e d 





 
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2 2

2 2
0, 0 , 0

u u
x y

x y


 
    

 

The steady-state temperature in a semi-infinite plate is determined from

Fourier Transforms

0

(0, ) 0, ( , ) , 0

0, 0 .

y

y

u y u u e y

u
x

y









  


  



Subject to

20

2 sinh
( , ) cos

(1 )sinh

x
u x y yd


 

  



 


1ˆ( ) ( ) (6)
2

i xf f x e dx






 

1 ˆ( ) ( ) (7)
2

i xf x f e d 





 

 
0

( , ) ( , )cos ( , )c u x y u x y ydy U x 


 F
Recall, definition

0

2
( , ) ( , )cosu x y U x yd  





 

2

sinh
( , )

(1 )sinh

x
U x




 



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