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Complex Numbers 
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Complex Numbers

),(),,( 222111 yxzyxz Two complex numbers : 

),(),(),()2( 2121221121 yyxxyxyxzz 

Addition of two complex numbers : 

),(),)(,()3( 12212121221121 yxyxyyxxyxyxzz 

Multiplication of two complex numbers : 

In particular, these two definitions imply that 

)0,()0,()0,( 2121 xxxx  and ).0,()0,)(0,( 2121 xxxx 

Hence the complex numbers “extend” the real numbers. We can thus write
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Addition, Multiplication. Notation z = x + iy
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Addition, Multiplication. Notation z = x + iy
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Complex plane

Complex plane : two perpendicular coordinate axes, the horizontal x-

axis, called the real axis, and the vertical y-axis, called the imaginary

axis.

The complex plane The number 4-3i in the complex plane
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Polar Form of Complex Numbers
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Polar Form of Complex Numbers

z : distance of the point z from the origin

 : argument of z.

the directed angle from the positive x-axis to OP in Fig.

angles are measured in radians and positive in the counterclockwise

sense.
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Polar Form of Complex Numbers
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1 2 1 1 2 2 1 2 1 2 1 2 2 1( , )( , ) ( , )z z x y x y x x y y x y x y   

)sin(cos   and   )sin(cos 22221111  irzirz 

• Multiplication. 

1 2 1 1 1 2 2 2

1 2 1 2 1 2 1 2 1 2

(cos sin ) (cos sin )

[(cos cos sin sin ) (sin cos cos sin )]

z z r i r i

r r i

   

       

  

   

)]sin()[cos()7( 21212121   irrzz

212121

212121

sincoscossin)sin(

sinsincoscos)cos(







 

212121)8( zzrrzz 

212121 argargarg)9( zzzz  

Multiplication and Division in Polar Form 
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Polar Form of Complex Numbers
Multiplication and Division in Polar Form 

)sin(cos

),sin(cos

2222

1111





irz

irz





444

3333

sincos

),sin(cos





iz

irz





)]sin()[cos()7( 21212121   irrzz

x

y
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Polar Form of Complex Numbers
Multiplication and Division in Polar Form 

)sin(cos

),sin(cos

2222

1111





irz

irz





444

3333

sincos

),sin(cos





iz

irz





)]sin()[cos()7( 21212121   irrzz

1z

x

y
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Polar Form of Complex Numbers
Multiplication and Division in Polar Form 

)sin(cos

),sin(cos

2222

1111





irz

irz





444

3333

sincos

),sin(cos





iz

irz





)]sin()[cos()7( 21212121   irrzz

1z

1r

x

y
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Polar Form of Complex Numbers
Multiplication and Division in Polar Form 

)sin(cos

),sin(cos

2222

1111





irz

irz





444

3333

sincos

),sin(cos





iz

irz





)]sin()[cos()7( 21212121   irrzz

1z

1
1r

x

y
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Polar Form of Complex Numbers
Multiplication and Division in Polar Form 

)sin(cos

),sin(cos

2222

1111





irz

irz





444

3333

sincos

),sin(cos





iz

irz





)]sin()[cos()7( 21212121   irrzz

2z1z

1
1r

x

y
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Polar Form of Complex Numbers
Multiplication and Division in Polar Form 

)sin(cos

),sin(cos

2222

1111





irz

irz





444

3333

sincos

),sin(cos





iz

irz





)]sin()[cos()7( 21212121   irrzz

2z1z

1
1r 2r

x

y
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Polar Form of Complex Numbers
Multiplication and Division in Polar Form 

)sin(cos

),sin(cos

2222

1111





irz

irz





444

3333

sincos

),sin(cos





iz

irz





)]sin()[cos()7( 21212121   irrzz

2z

2

1z

1
1r 2r

x

y
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Polar Form of Complex Numbers
Multiplication and Division in Polar Form 

)sin(cos

),sin(cos

2222

1111





irz

irz





444

3333

sincos

),sin(cos





iz

irz





)]sin()[cos()7( 21212121   irrzz

2z

2

1z

1
1r 2r

x

y

2
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Polar Form of Complex Numbers
Multiplication and Division in Polar Form 

)sin(cos

),sin(cos

2222

1111





irz

irz





444

3333

sincos

),sin(cos





iz

irz





)]sin()[cos()7( 21212121   irrzz

2z

2

1z

1
1r 2r

x

y

2
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Polar Form of Complex Numbers
Multiplication and Division in Polar Form 

)sin(cos

),sin(cos

2222

1111





irz

irz





444

3333

sincos

),sin(cos





iz

irz





)]sin()[cos()7( 21212121   irrzz

2z

21zz

2

1z

1
1r 2r

21rr

x

y

2
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Polar Form of Complex Numbers
Multiplication and Division in Polar Form 

)sin(cos

),sin(cos

2222

1111





irz

irz





444

3333

sincos

),sin(cos





iz

irz





)]sin()[cos()7( 21212121   irrzz

2z

21zz

2

1z

1
1r 2r

21rr

21  

x

y

2
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Polar Form of Complex Numbers
Multiplication and Division in Polar Form 

)sin(cos

),sin(cos

2222

1111





irz

irz





444

3333

sincos

),sin(cos





iz

irz





)]sin()[cos()7( 21212121   irrzz

2z

21zz

2

1z

1
1r 2r

21rr

21  

x

y

2

4z

43zz

4

3z

3

3r

1

3r

43  

x

y

4

107/471



2008_Complex(1)

Polar Form of Complex Numbers
Multiplication and Division in Polar Form 

2121 argarg)arg()9( zzzz 

)sin(cos   and   )sin(cos 22221111  irzirz 

• Division.
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Polar Form of Complex Numbers
Multiplication and Division in Polar Form 

2121 argarg)arg()9( zzzz 

)sin(cos   and   )sin(cos 22221111  irzirz 

• Division.

2

2

1
1 z

z

z
z 
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Polar Form of Complex Numbers
Multiplication and Division in Polar Form 

2121 argarg)arg()9( zzzz 

)sin(cos   and   )sin(cos 22221111  irzirz 

• Division.

2

2

1
1 z

z

z
z 

2

2

1
1 z

z

z
z 
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Polar Form of Complex Numbers
Multiplication and Division in Polar Form 

2121 argarg)arg()9( zzzz 

)sin(cos   and   )sin(cos 22221111  irzirz 

• Division.

2

2

1
1 z

z

z
z 

2

2

1
1 z

z

z
z 

2

1

2

1)10(
z

z

z

z
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Polar Form of Complex Numbers
Multiplication and Division in Polar Form 

2121 argarg)arg()9( zzzz 

)sin(cos   and   )sin(cos 22221111  irzirz 

• Division.

2

2

1
1 z

z

z
z 

2

2

1
1 z

z

z
z 

2

1

2

1)10(
z

z

z

z


2

2

1
2

2

1
1 argargargarg z

z

z
z

z

z
z 
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Polar Form of Complex Numbers
Multiplication and Division in Polar Form 

2121 argarg)arg()9( zzzz 

)sin(cos   and   )sin(cos 22221111  irzirz 

• Division.

2

2

1
1 z

z

z
z 

2

2

1
1 z

z

z
z 

2

1

2

1)10(
z

z

z

z


2

2

1
2

2

1
1 argargargarg z

z

z
z

z

z
z 










21

2

1 argargarg)11( zz
z

z
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Polar Form of Complex Numbers
Multiplication and Division in Polar Form 

2121 argarg)arg()9( zzzz 

)sin(cos   and   )sin(cos 22221111  irzirz 

• Division.

2

2

1
1 z

z

z
z 

2

2

1
1 z

z

z
z 

2

1

2

1)10(
z

z

z

z


2

2

1
2

2

1
1 argargargarg z

z

z
z

z

z
z 










21

2

1 argargarg)11( zz
z

z


)]sin()[cos()12( 2121

2

1

2

1   i
r

r

z

z
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Polar Form of Complex Numbers
Multiplication and Division in Polar Form 

)sin(cos

),sin(cos

2222

1111





irz

irz





)]sin()[cos()12( 2121

2
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2

1   i
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x
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Polar Form of Complex Numbers
Multiplication and Division in Polar Form 

)sin(cos

),sin(cos

2222

1111





irz

irz





)]sin()[cos()12( 2121
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1

2

1   i
r

r

z
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x

y
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Polar Form of Complex Numbers
Multiplication and Division in Polar Form 

)sin(cos

),sin(cos

2222

1111





irz

irz





)]sin()[cos()12( 2121

2

1

2

1   i
r

r

z

z

1z

1r

x

y

1

2z

2
2r
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Polar Form of Complex Numbers
Multiplication and Division in Polar Form 

)sin(cos

),sin(cos

2222

1111





irz

irz





)]sin()[cos()12( 2121
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1   i
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z
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1r

x

y

1

2z

2
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Polar Form of Complex Numbers
Multiplication and Division in Polar Form 

)sin(cos

),sin(cos

2222

1111





irz

irz





)]sin()[cos()12( 2121
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1
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1   i
r

r

z

z

1z

1r
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y

1

2z

2
2r

2 21 / zz

21  2

1

r

r

119/471



2008_Complex(1)

Complex Functions

-Exponential

-Trigonometric and Hyperbolic

-Logarithm

-General Powers
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Complex Function

Real function f defined on a set S of real numbers (usually an interval) 

is a  rule that assigns to every x in S a real number f (x), called the 

value of f at x. )(xff 

Complex function  f defined on a set S (a set of complex numbers) is a 

rule that assigns to every z in S a complex number w, called the value 

of f at z.

)(zfw 

z : complex variables

S : domain of definition of f or domain of f.  

zzzfw 3)( 2 example)
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Complex Function

)(zfw 

w is complex, and we write                              where u and v are the 

real and imaginary parts, respectively.

range of  f : the set of all values of a function f

ivuw 

Now w depend on                       . Hence u becomes a real function of 

x and y, so does v.
iyxz 

),(),()( yxivyxuzfw 

This shows that a complex function f (z) is equivalent to a pair of real 

functions u(x,y) and v(x,y), each depending on the two real variables x

and y. 
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Complex Function

21)(Let  zzzzfw 

constant:,  where 21 zz

Geometrically, what happens if we 

input a certain complex z into the 

function  f ?

2z

2

1z

1
1r 2r

x

y

123/471



2008_Complex(1)

Complex Function 21)( zzzzfw 

constant:,  where 21 zz

2z

2

1z

1

1r
2r

x

y

)sin(cos  irz 
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Complex Function 21)( zzzzfw 

constant:,  where 21 zz

2z

2

1z

1

1r
2r

x

y

z
r

)sin(cos  irz 
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Complex Function 21)( zzzzfw 

constant:,  where 21 zz

2z

2

1z

1

1r
2r

x

y

z
r

)sin(cos  irz 

)]sin()[cos( 1111   irrzz
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Complex Function 21)( zzzzfw 

constant:,  where 21 zz

2z

2

1z

1

1r
2r

x

y

z
r1

)sin(cos  irz 

)]sin()[cos( 1111   irrzz
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Complex Function 21)( zzzzfw 

constant:,  where 21 zz

2z

2

1z

1

1r
2r

x

y

z
r1

)sin(cos  irz 

)]sin()[cos( 1111   irrzz

128/471



2008_Complex(1)

Complex Function 21)( zzzzfw 

constant:,  where 21 zz

2z

2

1z

1

1r
2r

x

y

z
r1

zz1

rr1

)sin(cos  irz 

)]sin()[cos( 1111   irrzz

129/471



2008_Complex(1)

Complex Function 21)( zzzzfw 

constant:,  where 21 zz

2z

2

1z

1

1r
2r

x

y

z
r1

zz1

rr1

)sin(cos  irz 

)]sin()[cos( 1111   irrzz : rotation and multiplication
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Complex Function 21)( zzzzfw 

constant:,  where 21 zz

2z

2

1z

1

1r
2r

x

y

z
r1

zz1

rr1

)sin(cos  irz 

)]sin()[cos( 1111   irrzz

222211121 sincos)]sin()[cos(  irrirrzzz 

: rotation and multiplication
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Complex Function 21)( zzzzfw 

constant:,  where 21 zz

2z

2

1z

1

1r
2r

x

y

z
r1

zz1

rr1

)sin(cos  irz 

)]sin()[cos( 1111   irrzz

222211121 sincos)]sin()[cos(  irrirrzzz 

: rotation and multiplication
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Complex Function 21)( zzzzfw 

constant:,  where 21 zz

2z

2

1z

1

1r
2r

x

y

z
r1

zz1

rr1

21 zzz 

)sin(cos  irz 

)]sin()[cos( 1111   irrzz

222211121 sincos)]sin()[cos(  irrirrzzz 

: rotation and multiplication
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Complex Function 21)( zzzzfw 

constant:,  where 21 zz

2z

2

1z

1

1r
2r

x

y

z
r1

zz1

rr1

21 zzz 

)sin(cos  irz 

)]sin()[cos( 1111   irrzz

222211121 sincos)]sin()[cos(  irrirrzzz 

: rotation and multiplication

: translation
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Complex Function 21)( zzzzfw 

constant:,  where 21 zz

2z

2

1z

1

1r
2r

x

y

z
r1

zz1

rr1

21 zzz 

)sin(cos  irz 

)]sin()[cos( 1111   irrzz

222211121 sincos)]sin()[cos(  irrirrzzz 

: rotation and multiplication

: translation

The complex function f (z)

- rotate : θ1

- multiply by : r1

- translate : r2cos θ2, r2sin θ2
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Exponential Function

The most important analytic functions, the complex exponential function

ze .exp zalso written

)sin(cos)1( yiyee xz 
Definition of the complex exponential function

iyxiyxz eeee  

This definition is motivated by the fact the ez extends the real exponential function ex of 

calculus in a natural fashion. Namely (A,B,C) :

xzee xz    realfor        (A)  0sin  ,1cos  ,0  yyy

. allfor    analytic  is    (B) zez

is  that  ,   is    of  derivative  The   (C) zz ee
zz ee )()2(

x

x

x

xz yeiyee )sin()cos()( 

zz e
x

e



)(

zxx eyieye  sincos

( )z x iy 
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Trigonometric and Hyperbolic Functions

We now want to extend the familiar 

real trigonometric functions to 

complex trigonometric functions.

xixeix sincos 

Euler formula

xixe ix sincos 

By addition and subtraction, we 

obtain the real cosine and sine

)(
2

1
cos ixix eex 

)(
2

1
sin ixix ee

i
x 

This suggests the following 

definitions for complex values

z = x + iy

).(
2

1
sin

),(
2

1
cos)1(

iziz

iziz

ee
i

z

eez









Differ from a real cosine and 

sine : non-periodic
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Trigonometric and Hyperbolic Functions

)(
2

1
sin),(

2

1
cos)1( iziziziz ee

i
zeez  
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Trigonometric and Hyperbolic Functions

)(
2

1
sin),(

2

1
cos)1( iziziziz ee

i
zeez  

z

z
z

z

z
z

sin

cos
cot,

cos

sin
tan)2( 

As in calculus we define

.
sin

1
csc,

cos

1
sec)3(

z
z

z
z and

zzzzzz 2sec)(tan,cos)(sin,sin)(cos)4( 

zzizeiz   allfor     sincos)5( 
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Trigonometric and Hyperbolic Functions

)(
2

1
sin),(

2

1
cos)1( iziziziz ee

i
zeez  

z

z
z

z

z
z

sin

cos
cot,

cos

sin
tan)2( 

As in calculus we define

.
sin

1
csc,

cos

1
sec)3(

z
z

z
z and

zzzzzz 2sec)(tan,cos)(sin,sin)(cos)4( 

zzizeiz   allfor     sincos)5( 

The real and imaginary parts of cos z and sin z are needed in computing values, 

and they also help in displaying properties of our functions

( ) cos cos cosh sin sinh
(6)

( ) sin sin cosh cos sinh

a z x y i x y

b z x y i x y

 

 

2 2 2

2 2 2

( ) cos cos sinh
(7)

( ) sin sin sinh

a z x y

b z x y
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Trigonometric and Hyperbolic Functions
Show that

yxiyxzb

yxiyxza

sinhcoscoshsinsin)(

sinhsincoshcoscos)(
)6(





)(
2

1
sin),(

2

1
cos)1( iziziziz ee

i
zeez  From 
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Trigonometric and Hyperbolic Functions
Show that

yxiyxzb

yxiyxza

sinhcoscoshsinsin)(

sinhsincoshcoscos)(
)6(





)(
2

1
sin),(

2

1
cos)1( iziziziz ee

i
zeez  From 

)(
2

1
cos )()( iyxiiyxi eez  
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Trigonometric and Hyperbolic Functions
Show that

yxiyxzb

yxiyxza

sinhcoscoshsinsin)(

sinhsincoshcoscos)(
)6(





)(
2

1
sin),(

2

1
cos)1( iziziziz ee

i
zeez  From 

)(
2

1
cos )()( iyxiiyxi eez   )(

2

1 ixyixy ee  
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Trigonometric and Hyperbolic Functions
Show that

yxiyxzb

yxiyxza

sinhcoscoshsinsin)(

sinhsincoshcoscos)(
)6(





)(
2

1
sin),(

2

1
cos)1( iziziziz ee

i
zeez  From 

)(
2

1
cos )()( iyxiiyxi eez   )(

2

1 ixyixy ee  

)sin(cos
2

1
)sin(cos

2

1
xixexixe yy  
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Trigonometric and Hyperbolic Functions
Show that

yxiyxzb

yxiyxza

sinhcoscoshsinsin)(

sinhsincoshcoscos)(
)6(





)(
2

1
sin),(

2

1
cos)1( iziziziz ee

i
zeez  From 

)(
2

1
cos )()( iyxiiyxi eez   )(

2

1 ixyixy ee  

)sin(cos
2

1
)sin(cos

2

1
xixexixe yy  

1 1
cos ( ) ( )sin

2 2

y y y yx e e i e e x    
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Trigonometric and Hyperbolic Functions
Show that

yxiyxzb

yxiyxza

sinhcoscoshsinsin)(

sinhsincoshcoscos)(
)6(





)(
2

1
sin),(

2

1
cos)1( iziziziz ee

i
zeez  From 

)(
2

1
cos )()( iyxiiyxi eez   )(

2

1 ixyixy ee  

)sin(cos
2

1
)sin(cos

2

1
xixexixe yy  

1 1
cos ( ) ( )sin

2 2

y y y yx e e i e e x    

cos cosh sin sinhx y i x y 
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Trigonometric and Hyperbolic Functions
Show that

yxiyxzb

yxiyxza

sinhcoscoshsinsin)(

sinhsincoshcoscos)(
)6(





)(
2

1
sin),(

2

1
cos)1( iziziziz ee

i
zeez  From 

)(
2

1
cos )()( iyxiiyxi eez   )(

2

1 ixyixy ee  

)sin(cos
2

1
)sin(cos

2

1
xixexixe yy  

1 1
cos ( ) ( )sin

2 2

y y y yx e e i e e x    

cos cosh sin sinhx y i x y 

( ) ( )1
sin ( )

2

i x iy i x iyz e e
i
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Trigonometric and Hyperbolic Functions
Show that

yxiyxzb

yxiyxza

sinhcoscoshsinsin)(

sinhsincoshcoscos)(
)6(





)(
2

1
sin),(

2

1
cos)1( iziziziz ee

i
zeez  From 

)(
2

1
cos )()( iyxiiyxi eez   )(

2

1 ixyixy ee  

)sin(cos
2

1
)sin(cos

2

1
xixexixe yy  

1 1
cos ( ) ( )sin

2 2

y y y yx e e i e e x    

cos cosh sin sinhx y i x y 

( ) ( )1
sin ( )

2

i x iy i x iyz e e
i

   
1

( )
2

y ix y ixe e
i
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Trigonometric and Hyperbolic Functions
Show that

yxiyxzb

yxiyxza

sinhcoscoshsinsin)(

sinhsincoshcoscos)(
)6(





)(
2

1
sin),(

2

1
cos)1( iziziziz ee

i
zeez  From 

)(
2

1
cos )()( iyxiiyxi eez   )(

2

1 ixyixy ee  

)sin(cos
2

1
)sin(cos

2

1
xixexixe yy  

1 1
cos ( ) ( )sin

2 2

y y y yx e e i e e x    

cos cosh sin sinhx y i x y 

( ) ( )1
sin ( )

2

i x iy i x iyz e e
i

   
1

( )
2

y ix y ixe e
i

   

1 1
(cos sin ) (cos sin )

2 2

y ye x i x e x i x
i i
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Trigonometric and Hyperbolic Functions
Show that

yxiyxzb

yxiyxza

sinhcoscoshsinsin)(

sinhsincoshcoscos)(
)6(





)(
2

1
sin),(

2

1
cos)1( iziziziz ee

i
zeez  From 

)(
2

1
cos )()( iyxiiyxi eez   )(

2

1 ixyixy ee  

)sin(cos
2

1
)sin(cos

2

1
xixexixe yy  

1 1
cos ( ) ( )sin

2 2

y y y yx e e i e e x    

cos cosh sin sinhx y i x y 

( ) ( )1
sin ( )

2

i x iy i x iyz e e
i

   
1

( )
2

y ix y ixe e
i

   

1 1
(cos sin ) (cos sin )

2 2

y ye x i x e x i x
i i

   

1 1
cos ( ) ( )sin

2 2

y y y yx e e e e x
i
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The complex hyperbolic cosine and sine are defined by the formulas
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Complex Trigonometric and Hyperbolic Functions Are Related.
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is defined for z ≠ 0 by the relation

The natural logarithm of z = x + iy, ln z

The natural logarithm is defined as the inverse of the exponential function.
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is defined for z ≠ 0 by the relation

The natural logarithm of z = x + iy, ln z

The natural logarithm is defined as the inverse of the exponential function.
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is defined for z ≠ 0 by the relation

The natural logarithm of z = x + iy, ln z

The natural logarithm is defined as the inverse of the exponential function.
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 zzr arg,  (1) ln lnz r i 

The complex natural logarithm ln z (z ≠ 0) is infinitely many-valued.

arg Arg 2z z n   

Arg : principal valuez   

Differ from a real 
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 zzr arg,  (1) ln lnz r i 

The complex natural logarithm ln z (z ≠ 0) is infinitely many-valued.

Principal value of ln z
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The complex natural logarithm ln z (z ≠ 0) is infinitely many-valued.

Principal value of ln z
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Definition : General powers of a complex number  z = x + iy 
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Definition : General powers of a complex number  z = x + iy 

zcc ez ln)7( 
 0  complex,: zc

zizz  ArglnLn )2( 

Multi-valued         ln :z Multi-valued         

Ex.)  )1ln()2(exp)1( 2 iii i  

175/471



2008_Complex(1)

General Powers

Definition : General powers of a complex number  z = x + iy 

zcc ez ln)7( 
 0  complex,: zc

zizz  ArglnLn )2( 

Multi-valued         ln :z Multi-valued         

Ex.)  )1ln()2(exp)1( 2 iii i  

 }22ln){2(exp
42

1 inii  

176/471



2008_Complex(1)

General Powers

Definition : General powers of a complex number  z = x + iy 

zcc ez ln)7( 
 0  complex,: zc

zizz  ArglnLn )2( 

Multi-valued         ln :z Multi-valued         

Ex.)  )1ln()2(exp)1( 2 iii i  

 }22ln){2(exp
42

1 inii  






















 

iniiw

yxe

iyiyeee

x

xiyxw





22ln)1ln(

arctan,2ln,2

,1)sin(cos

42
1

41
1

2
1

177/471



2008_Complex(1)

General Powers

Definition : General powers of a complex number  z = x + iy 

zcc ez ln)7( 
 0  complex,: zc

zizz  ArglnLn )2( 

Multi-valued         ln :z Multi-valued         

Ex.)  )1ln()2(exp)1( 2 iii i  

 }22ln){2(exp
42

1 inii  






















 

iniiw

yxe

iyiyeee

x

xiyxw





22ln)1ln(

arctan,2ln,2

,1)sin(cos

42
1

41
1

2
1

    nin 42ln22lnexp
22

1
4



178/471



2008_Complex(1)

General Powers

Definition : General powers of a complex number  z = x + iy 

zcc ez ln)7( 
 0  complex,: zc

zizz  ArglnLn )2( 

Multi-valued         ln :z Multi-valued         

Ex.)  )1ln()2(exp)1( 2 iii i  

 }22ln){2(exp
42

1 inii  






















 

iniiw

yxe

iyiyeee

x

xiyxw





22ln)1ln(

arctan,2ln,2

,1)sin(cos

42
1

41
1

2
1

    nin 42ln22lnexp
22

1
4



   nin
ee

42ln22ln
22

1
4




179/471



2008_Complex(1)

General Powers

Definition : General powers of a complex number  z = x + iy 

zcc ez ln)7( 
 0  complex,: zc

zizz  ArglnLn )2( 

Multi-valued         ln :z Multi-valued         

Ex.)  )1ln()2(exp)1( 2 iii i  

 }22ln){2(exp
42

1 inii  






















 

iniiw

yxe

iyiyeee

x

xiyxw





22ln)1ln(

arctan,2ln,2

,1)sin(cos

42
1

41
1

2
1

    nin 42ln22lnexp
22

1
4



   nin
ee

42ln22ln
22

1
4




     

nine
n

42lnsin42lncos2
22

1
22

12
4 


180/471



2008_Complex(1)

General Powers

Definition : General powers of a complex number  z = x + iy 

zcc ez ln)7( 
 0  complex,: zc

zizz  ArglnLn )2( 

Multi-valued         ln :z Multi-valued         

Ex.)  )1ln()2(exp)1( 2 iii i  

 }22ln){2(exp
42

1 inii  






















 

iniiw

yxe

iyiyeee

x

xiyxw





22ln)1ln(

arctan,2ln,2

,1)sin(cos

42
1

41
1

2
1

    nin 42ln22lnexp
22

1
4



   nin
ee

42ln22ln
22

1
4




     

nine
n

42lnsin42lncos2
22

1
22

12
4 


    2lncos2lnsin2
2
1

2
12

4 ie
n


 

181/471



2008_Complex(1)

Analytic Functions

182/471



2008_Complex(1)

Analytic Functions

Definition) Analyticity

A function f (z) is said to be analytic in a domain D

if f (z) is defined and differentiable at all points of D. 

The function f (z) is said to be analytic at a point z = z0 in D if f (z) is analytic in a 

neighborhood of z0.

Also, by an analytic function we mean a function that is analytic in some domain.

Theorem 5) Analytic Functions. Their Derivatives.*

A power series with a nonzero radius of convergence R represents an analytic function 

at every point interior to its circle of convergence. 

The derivatives of this function are obtained by differentiating the original series term 

by term. All the series thus obtained have the same radius convergence as the original 

series. Hence, by the first statement, each of them represents an analytic function.

*proof) Kreyszig E. Advanced Engineering Mathematics, 9th edition, Wiley, 2006, p681 183/471
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Cauchy-Riemann Equations

Theorem 1) Cauchy-Riemann Equations

Let  f (z) = u(x,y) + iv(x,y) be defined and continuous in some neighborhood of a point z = 

x + iy and differentiable at z itself. Then at that point, the first-order partial derivatives 

of u and v exist and satisfy the Cauchy-Riemann equation (1).

Hence if f (z) is analytic in a domain D, those partial derivatives exist and satisfy (1) at 

all points of D.

Theorem 2) Cauchy-Riemann Equations

If two real-valued continuous functions u(x,y) and v(x,y) of two real variables x and y

have continuous first partial derivatives that satisfy the Cauchy-Riemann equation in 

some domain D, then the complex function f (z) = u(x,y) + iv(x,y) is analytic in D.

( ) ( , ) ( , )w f z u x y iv x y   ( , ) ( , )

( , ) ( , )

x y

y x

u x y v x y

u x y v x y



 Analytic

1)

2)

Ref. Cauchy-Riemann Equations 

185/471



2008_Complex(1)

Cauchy-Riemann Equations

( ) ( , ) ( , )w f z u x y iv x y   ( , ) ( , )
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Example) z x iy 

186/471



2008_Complex(1)

Cauchy-Riemann Equations

( ) ( , ) ( , )w f z u x y iv x y   ( , ) ( , )

( , ) ( , )

x y

y x

u x y v x y

u x y v x y



 Analytic

1)

2)

( ) (cos sin ) ( , ) ( , )z xf z e e y i y u x y iv x y    

Example) z x iy 

187/471



2008_Complex(1)

Cauchy-Riemann Equations

( ) ( , ) ( , )w f z u x y iv x y   ( , ) ( , )
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yeyxvyeyxu xx sin),(,cos),( 

Example) z x iy 
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Cauchy-Riemann Equations
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Cauchy-Riemann Equations
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Example)
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Cauchy-Riemann Equations

( ) ( , ) ( , )w f z u x y iv x y   ( , ) ( , )

( , ) ( , )

x y

y x

u x y v x y

u x y v x y
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Example)
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Cauchy-Riemann Equations
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y x
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u x y v x y



 Analytic
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2)

Example)

2)()( iyxzf 

)2(22 xyiyx 

xyvyxu 2,22 

yx vxu  2

2)( zzf 
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Cauchy-Riemann Equations
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y x
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Example)
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)2(22 xyiyx 

xyvyxu 2,22 
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xy vyu  2
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Cauchy-Riemann Equations
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Example)
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)2(22 xyiyx 
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xy vyu  2

2)( zzf  : analytic for all z.
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Cauchy-Riemann Equations
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Example)
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201/471



2008_Complex(1)

Cauchy-Riemann Equations
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Example)
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2)( zzf  : analytic for all z. zzf )(
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Cauchy-Riemann Equations
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Example)
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xyvyxu 2,22 
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xy vyu  2

iyxzf )(
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yx vu  11
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2)( zzf  : analytic for all z. zzf )(
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Cauchy-Riemann Equations

( ) ( , ) ( , )w f z u x y iv x y   ( , ) ( , )
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x y

y x

u x y v x y
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 Analytic
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Example)

2)()( iyxzf 

)2(22 xyiyx 

xyvyxu 2,22 

yx vxu  2

xy vyu  2

iyxzf )(

yvxu  ,

yx vu  11

xy vu  0

2)( zzf  : analytic for all z. zzf )( : not analytic for all z.
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Laplace’s Equation. Harmonic Functions
Theorem 3) Laplace’s Equation

If                                  is analytic in a domain D,

then both u and v satisfy Laplace’s equation 

in D and have continuous second partial derivatives in D.

0)8( 2  yyxx uuu

,0)9( 2  yyxx vvv

( , )x y y xu v u v  ( ) ( , ) ( , )f z u x y iv x y 

yyxu  22
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Laplace’s Equation. Harmonic Functions
Theorem 3) Laplace’s Equation

If                                  is analytic in a domain D,

then both u and v satisfy Laplace’s equation 

in D and have continuous second partial derivatives in D.

0)8( 2  yyxx uuu

,0)9( 2  yyxx vvv

( , )x y y xu v u v  ( ) ( , ) ( , )f z u x y iv x y 

Example) Verify that                          is harmonic in the whole complex plane and find a harmonic 

conjugate function v of u.

12,2  yuxu yx

2,2  yyxx uu

02  yyxx uuu

So u is harmonic in the whole complex plane.

yyxu  22
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Laplace’s Equation. Harmonic Functions
Theorem 3) Laplace’s Equation

If                                  is analytic in a domain D,

then both u and v satisfy Laplace’s equation 

in D and have continuous second partial derivatives in D.

0)8( 2  yyxx uuu

,0)9( 2  yyxx vvv

( , )x y y xu v u v  ( ) ( , ) ( , )f z u x y iv x y 

Example) Verify that                          is harmonic in the whole complex plane and find a harmonic 

conjugate function v of u.

yyxu  22

By the Cauchy-Riemann Equations

xuv xy 2

12  yuv yx

Integrating first equation with respect to y

)(xhdyuv x   )(2 xhxy

Differentiating v with respect to x,

.2
dx

dh
yvx 

Comparing this and vx = -uy,

1
dx

dh
( )h x x c  

cxxyv  2 (c is any real constant.)

The corresponding analytic function

)2(

)(

22 cxxyiyyx

ivuzf





icizz  2
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Line Integral in the Complex Plane
•Line integrals

(Complex definite integrals)

C dzzf .)(

curve C in the complex plane

Ex.)by a parametric representation.

)(,)()()()1( btatiytxtz 

If C is a closed path

 CC
dzzfdzzf )(by  or     ,)()3(

1. Linearity

.)()()]()([)4( 22112211  
CCC

dzzfkdzzfkdzzfkzfk

2. Sense reversal

 
0

0

)()()5(
z

Z

Z

z
dzzfdzzf

3. Partitioning of path

 
21

)()()()6(
CCC

dzzfdzzfdzzf

C dzzf .)(
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Line Integral in the Complex Plane
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•Line integrals

(Complex definite integrals)

C dzzf .)(

curve C in the complex plane

Ex.)by a parametric representation.

)(,)()()()1( btatiytxtz 

If C is a closed path
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dzzfdzzf )(by  or     ,)()3(

1. Linearity

.)()()]()([)4( 22112211  
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2. Sense reversal

 
0

0

)()()5(
z

Z

Z

z
dzzfdzzf

3. Partitioning of path
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Line Integral in the Complex Plane
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•Line integrals

(Complex definite integrals)
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curve C in the complex plane

Ex.)by a parametric representation.
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If C is a closed path
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1. Linearity
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Line Integral in the Complex Plane
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•Line integrals

(Complex definite integrals)

C dzzf .)(

curve C in the complex plane

Ex.)by a parametric representation.
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If C is a closed path
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dzzfdzzf )(by  or     ,)()3(

1. Linearity
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Line Integral in the Complex Plane

)(zfw 

x

yO

C

•Line integrals

(Complex definite integrals)

C dzzf .)(

curve C in the complex plane

Ex.)by a parametric representation.

)(,)()()()1( btatiytxtz 

If C is a closed path

 CC
dzzfdzzf )(by  or     ,)()3(

1. Linearity

.)()()]()([)4( 22112211  
CCC
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2. Sense reversal
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Line Integral in the Complex Plane

)(zfw 
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•Line integrals

(Complex definite integrals)

C dzzf .)(

curve C in the complex plane

Ex.)by a parametric representation.

)(,)()()()1( btatiytxtz 

If C is a closed path

 CC
dzzfdzzf )(by  or     ,)()3(

1. Linearity

.)()()]()([)4( 22112211  
CCC
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2. Sense reversal
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Line Integral in the Complex Plane

)(zfw 
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C
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•Line integrals

(Complex definite integrals)

C dzzf .)(

curve C in the complex plane

Ex.)by a parametric representation.

)(,)()()()1( btatiytxtz 

If C is a closed path

 CC
dzzfdzzf )(by  or     ,)()3(

1. Linearity

.)()()]()([)4( 22112211  
CCC
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2. Sense reversal
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Line Integral in the Complex Plane

Theorem 1) Indefinite Integration of Analytic Functions 

Let  f (z) be analytic in a simply connected domain D. Then there exists an 

indefinite integral of f (z) in the domain D, that is, an analytic function F(z) such 

that                     in D, and for all paths in D joining two points z0 and z1 in D we 

have
)()(,)()()()9( 01

1

0

zfzFzFzFdzzf
z

z


If f (z) is entire, we can take for D the complex plane which is certainly simply connected.

A function f (z) that is analytic for all z is called an entire function.

( ) ( )F z f z 

(Simple connectedness is quite essential)

• Simply connected

A domain D is called simply connected if every 

simple closed curve encloses only points of D.

• Simple closed

A simple closed path is a closed path that 

does not intersect or touch itself
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Line Integral in the Complex Plane

Theorem 1) Indefinite Integration of Analytic Functions 

Let  f (z) be analytic in a simply connected domain D. Then there exists an 

indefinite integral of f (z) in the domain D, that is, an analytic function F(z) such 

that                     in D, and for all paths in D joining two points z0 and z1 in D we 

have
)()(,)()()()9( 01

1

0

zfzFzFzFdzzf
z

z


If f (z) is entire, we can take for D the complex plane which is certainly simply connected.

A function f (z) that is analytic for all z is called an entire function.

( ) ( )F z f z 

(Simple connectedness is quite essential)

1D 2D

• Simply connected

A domain D is called simply connected if every 

simple closed curve encloses only points of D.

• Simple closed

A simple closed path is a closed path that 

does not intersect or touch itself
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Line Integral in the Complex Plane

Theorem 1) Indefinite Integration of Analytic Functions 

Let  f (z) be analytic in a simply connected domain D. Then there exists an 

indefinite integral of f (z) in the domain D, that is, an analytic function F(z) such 

that                     in D, and for all paths in D joining two points z0 and z1 in D we 

have
)()(,)()()()9( 01

1

0

zfzFzFzFdzzf
z

z


If f (z) is entire, we can take for D the complex plane which is certainly simply connected.

A function f (z) that is analytic for all z is called an entire function.

( ) ( )F z f z 

(Simple connectedness is quite essential)

1D 2D

• Simply connected

A domain D is called simply connected if every 

simple closed curve encloses only points of D.

1C

2C

• Simple closed

A simple closed path is a closed path that 

does not intersect or touch itself
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Line Integral in the Complex Plane

Theorem 1) Indefinite Integration of Analytic Functions 

Let  f (z) be analytic in a simply connected domain D. Then there exists an 

indefinite integral of f (z) in the domain D, that is, an analytic function F(z) such 

that                     in D, and for all paths in D joining two points z0 and z1 in D we 

have
)()(,)()()()9( 01

1

0

zfzFzFzFdzzf
z

z


If f (z) is entire, we can take for D the complex plane which is certainly simply connected.

A function f (z) that is analytic for all z is called an entire function.

( ) ( )F z f z 

(Simple connectedness is quite essential)

1D 2D

• Simply connected

A domain D is called simply connected if every 

simple closed curve encloses only points of D.

1C

2C

3D

• Simple closed

A simple closed path is a closed path that 

does not intersect or touch itself
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Line Integral in the Complex Plane

Theorem 1) Indefinite Integration of Analytic Functions 

Let  f (z) be analytic in a simply connected domain D. Then there exists an 

indefinite integral of f (z) in the domain D, that is, an analytic function F(z) such 

that                     in D, and for all paths in D joining two points z0 and z1 in D we 

have
)()(,)()()()9( 01

1

0

zfzFzFzFdzzf
z

z


If f (z) is entire, we can take for D the complex plane which is certainly simply connected.

A function f (z) that is analytic for all z is called an entire function.

( ) ( )F z f z 

(Simple connectedness is quite essential)

1D 2D

• Simply connected

A domain D is called simply connected if every 

simple closed curve encloses only points of D.

• Simply connected

: D1, D3

• Not simply connected 

: D2

1C

2C

3D

• Simple closed

A simple closed path is a closed path that 

does not intersect or touch itself
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Line Integral in the Complex Plane

Theorem 1) Indefinite Integration of Analytic Functions 

Let  f (z) be analytic in a simply connected domain D. Then there exists an 

indefinite integral of f (z) in the domain D, that is, an analytic function F(z) such 

that                     in D, and for all paths in D joining two points z0 and z1 in D we 

have
)()(,)()()()9( 01

1

0

zfzFzFzFdzzf
z

z


If f (z) is entire, we can take for D the complex plane which is certainly simply connected.

A function f (z) that is analytic for all z is called an entire function.

( ) ( )F z f z 

(Simple connectedness is quite essential)

?
1

0

2 
i

dzz

Example )

?cos 
i

i
zdz





223/471



2008_Complex(1)

Line Integral in the Complex Plane

Theorem 1) Indefinite Integration of Analytic Functions 

Let  f (z) be analytic in a simply connected domain D. Then there exists an 

indefinite integral of f (z) in the domain D, that is, an analytic function F(z) such 

that                     in D, and for all paths in D joining two points z0 and z1 in D we 

have
)()(,)()()()9( 01

1

0

zfzFzFzFdzzf
z

z


If f (z) is entire, we can take for D the complex plane which is certainly simply connected.

A function f (z) that is analytic for all z is called an entire function.

( ) ( )F z f z 

(Simple connectedness is quite essential)

?
1

0

2 
i

dzz

Example )

?cos 
i

i
zdz





D
x

y

D: simple 

connected domain
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Line Integral in the Complex Plane

Theorem 1) Indefinite Integration of Analytic Functions 

Let  f (z) be analytic in a simply connected domain D. Then there exists an 

indefinite integral of f (z) in the domain D, that is, an analytic function F(z) such 

that                     in D, and for all paths in D joining two points z0 and z1 in D we 

have
)()(,)()()()9( 01

1

0

zfzFzFzFdzzf
z

z


If f (z) is entire, we can take for D the complex plane which is certainly simply connected.

A function f (z) that is analytic for all z is called an entire function.

( ) ( )F z f z 

(Simple connectedness is quite essential)

?
1

0

2 
i

dzz

Example )

?cos 
i

i
zdz





i
i

zdzz





1

0

3
1

0

2

3

1
D

x

y

D: simple 

connected domain
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Line Integral in the Complex Plane

Theorem 1) Indefinite Integration of Analytic Functions 

Let  f (z) be analytic in a simply connected domain D. Then there exists an 

indefinite integral of f (z) in the domain D, that is, an analytic function F(z) such 

that                     in D, and for all paths in D joining two points z0 and z1 in D we 

have
)()(,)()()()9( 01

1

0

zfzFzFzFdzzf
z

z


If f (z) is entire, we can take for D the complex plane which is certainly simply connected.

A function f (z) that is analytic for all z is called an entire function.

( ) ( )F z f z 

(Simple connectedness is quite essential)

?
1

0

2 
i

dzz

Example )

?cos 
i

i
zdz





i
i

zdzz





1

0

3
1

0

2

3

1

3)1(
3

1
i

D
x

y

D: simple 

connected domain
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Line Integral in the Complex Plane

Theorem 1) Indefinite Integration of Analytic Functions 

Let  f (z) be analytic in a simply connected domain D. Then there exists an 

indefinite integral of f (z) in the domain D, that is, an analytic function F(z) such 

that                     in D, and for all paths in D joining two points z0 and z1 in D we 

have
)()(,)()()()9( 01

1

0

zfzFzFzFdzzf
z

z


If f (z) is entire, we can take for D the complex plane which is certainly simply connected.

A function f (z) that is analytic for all z is called an entire function.

( ) ( )F z f z 

(Simple connectedness is quite essential)

?
1

0

2 
i

dzz

Example )

?cos 
i

i
zdz





i
i

zdzz





1

0

3
1

0

2

3

1

3)1(
3

1
i

i
3

2

3

2


D
x

y

D: simple 

connected domain
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Line Integral in the Complex Plane

Theorem 1) Indefinite Integration of Analytic Functions 

Let  f (z) be analytic in a simply connected domain D. Then there exists an 

indefinite integral of f (z) in the domain D, that is, an analytic function F(z) such 

that                     in D, and for all paths in D joining two points z0 and z1 in D we 

have
)()(,)()()()9( 01

1

0

zfzFzFzFdzzf
z

z


If f (z) is entire, we can take for D the complex plane which is certainly simply connected.

A function f (z) that is analytic for all z is called an entire function.

( ) ( )F z f z 

(Simple connectedness is quite essential)

?
1

0

2 
i

dzz

Example )

?cos 
i

i
zdz





i
i

zdzz





1

0

3
1

0

2

3

1

3)1(
3

1
i

i
3

2

3

2


i

i

i

i
zzdz






 
 sincos

D
x

y

D: simple 

connected domain
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Line Integral in the Complex Plane

Theorem 1) Indefinite Integration of Analytic Functions 

Let  f (z) be analytic in a simply connected domain D. Then there exists an 

indefinite integral of f (z) in the domain D, that is, an analytic function F(z) such 

that                     in D, and for all paths in D joining two points z0 and z1 in D we 

have
)()(,)()()()9( 01

1

0

zfzFzFzFdzzf
z

z


If f (z) is entire, we can take for D the complex plane which is certainly simply connected.

A function f (z) that is analytic for all z is called an entire function.

( ) ( )F z f z 

(Simple connectedness is quite essential)

?
1

0

2 
i

dzz

Example )

?cos 
i

i
zdz





i
i

zdzz
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i
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Line Integral in the Complex Plane

Theorem 1) Indefinite Integration of Analytic Functions 

Let  f (z) be analytic in a simply connected domain D. Then there exists an 

indefinite integral of f (z) in the domain D, that is, an analytic function F(z) such 

that                     in D, and for all paths in D joining two points z0 and z1 in D we 

have
)()(,)()()()9( 01

1

0

zfzFzFzFdzzf
z

z


If f (z) is entire, we can take for D the complex plane which is certainly simply connected.

A function f (z) that is analytic for all z is called an entire function.

( ) ( )F z f z 

(Simple connectedness is quite essential)

?
1

0

2 
i

dzz

Example )

?cos 
i

i
zdz





i
i

zdzz





1

0

3
1

0

2

3

1

3)1(
3

1
i

i
3

2

3
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i

i

i

i
zzdz






 
 sincos
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)sinh0coscosh0(sin2  i

D
x

y

D: simple 

connected domain
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Line Integral in the Complex Plane

Theorem 1) Indefinite Integration of Analytic Functions 

Let  f (z) be analytic in a simply connected domain D. Then there exists an 

indefinite integral of f (z) in the domain D, that is, an analytic function F(z) such 

that                     in D, and for all paths in D joining two points z0 and z1 in D we 

have
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0
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z


If f (z) is entire, we can take for D the complex plane which is certainly simply connected.

A function f (z) that is analytic for all z is called an entire function.

( ) ( )F z f z 

(Simple connectedness is quite essential)
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Line Integral in the Complex Plane

Theorem 1) Indefinite Integration of Analytic Functions 

Let  f (z) be analytic in a simply connected domain D. Then there exists an 

indefinite integral of f (z) in the domain D, that is, an analytic function F(z) such 

that                     in D, and for all paths in D joining two points z0 and z1 in D we 

have
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If f (z) is entire, we can take for D the complex plane which is certainly simply connected.

A function f (z) that is analytic for all z is called an entire function.

( ) ( )F z f z 

(Simple connectedness is quite essential)
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Line Integral in the Complex Plane

Ex.)

D
x

y

D: simple connected 

domain

Ex.)
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Theorem 1) Indefinite Integration of Analytic Functions 

Let  f (z) be analytic in a simply connected domain D. Then there exists an 

indefinite integral of f (z) in the domain D, that is, an analytic function F(z) such 

that                     in D, and for all paths in D joining two points z0 and z1 in D we 

have
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If f (z) is entire, we can take for D the complex plane which is certainly simply connected.

A function f (z) that is analytic for all z is called an entire function.

( ) ( )F z f z 

(Simple connectedness is quite essential)
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Line Integral in the Complex Plane

Ex.)

D
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D: simple connected 

domain
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Theorem 1) Indefinite Integration of Analytic Functions 

Let  f (z) be analytic in a simply connected domain D. Then there exists an 

indefinite integral of f (z) in the domain D, that is, an analytic function F(z) such 

that                     in D, and for all paths in D joining two points z0 and z1 in D we 

have
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1
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zfzFzFzFdzzf
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If f (z) is entire, we can take for D the complex plane which is certainly simply connected.

A function f (z) that is analytic for all z is called an entire function.

( ) ( )F z f z 

(Simple connectedness is quite essential)
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Line Integral in the Complex Plane

Ex.)
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Theorem 1) Indefinite Integration of Analytic Functions 

Let  f (z) be analytic in a simply connected domain D. Then there exists an 

indefinite integral of f (z) in the domain D, that is, an analytic function F(z) such 

that                     in D, and for all paths in D joining two points z0 and z1 in D we 

have
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If f (z) is entire, we can take for D the complex plane which is certainly simply connected.

A function f (z) that is analytic for all z is called an entire function.

( ) ( )F z f z 

(Simple connectedness is quite essential)
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Line Integral in the Complex Plane

Ex.)
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D: simple connected 
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Theorem 1) Indefinite Integration of Analytic Functions 

Let  f (z) be analytic in a simply connected domain D. Then there exists an 

indefinite integral of f (z) in the domain D, that is, an analytic function F(z) such 

that                     in D, and for all paths in D joining two points z0 and z1 in D we 

have
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If f (z) is entire, we can take for D the complex plane which is certainly simply connected.

A function f (z) that is analytic for all z is called an entire function.

( ) ( )F z f z 

(Simple connectedness is quite essential)
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Line Integral in the Complex Plane

Ex.)
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Theorem 1) Indefinite Integration of Analytic Functions 

Let  f (z) be analytic in a simply connected domain D. Then there exists an 

indefinite integral of f (z) in the domain D, that is, an analytic function F(z) such 

that                     in D, and for all paths in D joining two points z0 and z1 in D we 

have
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If f (z) is entire, we can take for D the complex plane which is certainly simply connected.

A function f (z) that is analytic for all z is called an entire function.

( ) ( )F z f z 

(Simple connectedness is quite essential)
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Line Integral in the Complex Plane

Ex.)
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Theorem 1) Indefinite Integration of Analytic Functions 

Let  f (z) be analytic in a simply connected domain D. Then there exists an 

indefinite integral of f (z) in the domain D, that is, an analytic function F(z) such 

that                     in D, and for all paths in D joining two points z0 and z1 in D we 

have
)()(,)()()()9( 01

1

0
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If f (z) is entire, we can take for D the complex plane which is certainly simply connected.

A function f (z) that is analytic for all z is called an entire function.

( ) ( )F z f z 

(Simple connectedness is quite essential)
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Line Integral in the Complex Plane

Ex.)

D
x

y

D: simple connected 

domain

Ex.)

?
38

8

2/ 




i

i

z dze




i

i

z
i

i

z edze








38

8

2/
38

8

2/ 2







 )(2 2/42/34 ii ee   

)sin(cos2
2

3
2

34  ie  0)sin(cos2
22

4   ie

D

x

y

D: simple 

connected domain

?
i

i z

dz

i

i

i

i
z

z

dz


 Ln )(LnLn ii 

Theorem 1) Indefinite Integration of Analytic Functions 

Let  f (z) be analytic in a simply connected domain D. Then there exists an 

indefinite integral of f (z) in the domain D, that is, an analytic function F(z) such 

that                     in D, and for all paths in D joining two points z0 and z1 in D we 

have
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If f (z) is entire, we can take for D the complex plane which is certainly simply connected.

A function f (z) that is analytic for all z is called an entire function.

( ) ( )F z f z 

(Simple connectedness is quite essential)
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Line Integral in the Complex Plane

Ex.)
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Theorem 1) Indefinite Integration of Analytic Functions 

Let  f (z) be analytic in a simply connected domain D. Then there exists an 

indefinite integral of f (z) in the domain D, that is, an analytic function F(z) such 

that                     in D, and for all paths in D joining two points z0 and z1 in D we 

have
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If f (z) is entire, we can take for D the complex plane which is certainly simply connected.

A function f (z) that is analytic for all z is called an entire function.

( ) ( )F z f z 

(Simple connectedness is quite essential)
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then

.,)()]([)()10( 







  dt

dz
zdttztzfdzzf

b
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i
z

dz

C
2)11( 

Ex.) Show that by integrating 1/z counterclockwise around the unit circle we obtain 

(C the unit circle, counterclockwise)

(A) Represent the unit circle C

1

x

y

)20(

sincos)(





t

etittz it

counterclockwise integration corresponds to an increase of t from 0 to 2π

the function is not analytic at 0.

D
x

y

O

C

So, we will use (10) to find the integral.
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then
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  dt

dz
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dz
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Ex.) Show that by integrating 1/z counterclockwise around the unit circle we obtain 

(C the unit circle, counterclockwise)

(A) Represent the unit circle C

)20(

sincos)(





t

etittz it

the function is not analytic at 0.

D
x

y

O

C

(B) Calculate the derivative

(C) Substitute z(t) for every z in f (z)

(D) Integrate
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then

.,)()]([)()10( 
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dz
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Ex.) Show that by integrating 1/z counterclockwise around the unit circle we obtain 

(C the unit circle, counterclockwise)

(A) Represent the unit circle C

)20(

sincos)(





t

etittz it

the function is not analytic at 0.

D
x

y

O

C

(B) Calculate the derivative

itietz )(
(C) Substitute z(t) for every z in f (z)

(D) Integrate
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then

.,)()]([)()10( 
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C
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Ex.) Show that by integrating 1/z counterclockwise around the unit circle we obtain 

(C the unit circle, counterclockwise)

(A) Represent the unit circle C

)20(

sincos)(





t

etittz it

the function is not analytic at 0.

D
x

y

O

C

(B) Calculate the derivative

itietz )(
(C) Substitute z(t) for every z in f (z) itetztzf  )(/1)]([

(D) Integrate
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then

.,)()]([)()10( 
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Ex.) Show that by integrating 1/z counterclockwise around the unit circle we obtain 

(C the unit circle, counterclockwise)

(A) Represent the unit circle C

)20(

sincos)(





t
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the function is not analytic at 0.

D
x

y

O

C

(B) Calculate the derivative

itietz )(
(C) Substitute z(t) for every z in f (z) itetztzf  )(/1)]([

(D) Integrate

  
2

0
dtiee

z

dz itit

C
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then
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Ex.) Show that by integrating 1/z counterclockwise around the unit circle we obtain 

(C the unit circle, counterclockwise)

(A) Represent the unit circle C

)20(

sincos)(
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the function is not analytic at 0.

D
x

y

O

C

(B) Calculate the derivative

itietz )(
(C) Substitute z(t) for every z in f (z) itetztzf  )(/1)]([

(D) Integrate
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then
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Ex.) Show that by integrating 1/z counterclockwise around the unit circle we obtain 

(C the unit circle, counterclockwise)

(A) Represent the unit circle C
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the function is not analytic at 0.

D
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C

(B) Calculate the derivative

itietz )(
(C) Substitute z(t) for every z in f (z) itetztzf  )(/1)]([

(D) Integrate
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then

.,)()]([)()10( 
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Ex.) Show that by integrating 1/z counterclockwise around the unit circle we obtain 

(C the unit circle, counterclockwise)

(A) Represent the unit circle C
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sincos)(





t

etittz it

the function is not analytic at 0.

D
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C

(B) Calculate the derivative

itietz )(
(C) Substitute z(t) for every z in f (z) itetztzf  )(/1)]([

(D) Integrate
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then
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Ex.) Show that by integrating 1/z counterclockwise around the unit circle we obtain 

(C the unit circle, counterclockwise)

(A) Represent the unit circle C
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the function is not analytic at 0.
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C

(B) Calculate the derivative

itietz )(
(C) Substitute z(t) for every z in f (z) itetztzf  )(/1)]([

(D) Integrate

  
2

0
dtiee

z

dz itit

C 
2

0
dti i2

unit circle must contain z = 0, 

not simply connected
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then
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zdttztzfdzzf

b

aC


Example) Integral of (z-z0)
m with Integer Power m

Integrate counterclockwise around the circle C of radius ρ with center at z0.

m : integer,   

z0 : constant

mzzzf )()( 0
(A) Represent the unit circle C
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then

.,)()]([)()10( 
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Example) Integral of (z-z0)
m with Integer Power m

Integrate counterclockwise around the circle C of radius ρ with center at z0.

m : integer,   

z0 : constant

mzzzf )()( 0
(A) Represent the unit circle C

)sin(cos0 titzz   )20(  t
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then

.,)()]([)()10( 
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Example) Integral of (z-z0)
m with Integer Power m

Integrate counterclockwise around the circle C of radius ρ with center at z0.

m : integer,   

z0 : constant

mzzzf )()( 0
(A) Represent the unit circle C

)sin(cos0 titzz  

itezz  0

)20(  t

253/471



2008_Complex(1)

Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then
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Example) Integral of (z-z0)
m with Integer Power m

Integrate counterclockwise around the circle C of radius ρ with center at z0.

m : integer,   

z0 : constant

mzzzf )()( 0
(A) Represent the unit circle C

)sin(cos0 titzz  

itezz  0

)20(  t

,0  if  pm
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then

.,)()]([)()10( 
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zdttztzfdzzf

b

aC


Example) Integral of (z-z0)
m with Integer Power m

Integrate counterclockwise around the circle C of radius ρ with center at z0.

m : integer,   

z0 : constant

mzzzf )()( 0
(A) Represent the unit circle C

)sin(cos0 titzz  

itezz  0

)20(  t

,0  if  pm ,0  if m

255/471



2008_Complex(1)

Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then

.,)()]([)()10( 
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Example) Integral of (z-z0)
m with Integer Power m

Integrate counterclockwise around the circle C of radius ρ with center at z0.

m : integer,   

z0 : constant

mzzzf )()( 0
(A) Represent the unit circle C

)sin(cos0 titzz  

itezz  0
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then

.,)()]([)()10( 
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zdttztzfdzzf
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Example) Integral of (z-z0)
m with Integer Power m

Integrate counterclockwise around the circle C of radius ρ with center at z0.

m : integer,   

z0 : constant

mzzzf )()( 0
(A) Represent the unit circle C

)sin(cos0 titzz  

itezz  0

)20(  t

,0  if  pm ,0  if m

pzz
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)(
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0


is not analytic at z0.
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then
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Example) Integral of (z-z0)
m with Integer Power m

Integrate counterclockwise around the circle C of radius ρ with center at z0.

m : integer,   

z0 : constant

mzzzf )()( 0
(A) Represent the unit circle C

)sin(cos0 titzz  

itezz  0

)20(  t

,0  if  pm ,0  if m

pzz
zf
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1
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0


is not analytic at z0.
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then

.,)()]([)()10( 







  dt

dz
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Example) Integral of (z-z0)
m with Integer Power m

Integrate counterclockwise around the circle C of radius ρ with center at z0.

m : integer,   

z0 : constant

mzzzf )()( 0
(A) Represent the unit circle C

)sin(cos0 titzz  

itezz  0

)20(  t
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pzz
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is not analytic at z0.

mzzzf )()( 0

is analytic for all z.
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then
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  dt

dz
zdttztzfdzzf
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Example) Integral of (z-z0)
m with Integer Power m

Integrate counterclockwise around the circle C of radius ρ with center at z0.

m : integer,   

z0 : constant

mzzzf )()( 0
(A) Represent the unit circle C

(C) Substitute z(t) for every z in f (z)

(B) Calculate the derivative

(D) Integrate
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then
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  dt

dz
zdttztzfdzzf
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Example) Integral of (z-z0)
m with Integer Power m

Integrate counterclockwise around the circle C of radius ρ with center at z0.

m : integer,   

z0 : constant

mzzzf )()( 0
(A) Represent the unit circle C

)sin(cos0 titzz   )20(  t

(C) Substitute z(t) for every z in f (z)

(B) Calculate the derivative

(D) Integrate
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then
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dz
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Example) Integral of (z-z0)
m with Integer Power m

Integrate counterclockwise around the circle C of radius ρ with center at z0.

m : integer,   

z0 : constant

mzzzf )()( 0
(A) Represent the unit circle C

)sin(cos0 titzz  

itezz  0

)20(  t

(C) Substitute z(t) for every z in f (z)

(B) Calculate the derivative

(D) Integrate
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then
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  dt

dz
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Example) Integral of (z-z0)
m with Integer Power m

Integrate counterclockwise around the circle C of radius ρ with center at z0.

m : integer,   

z0 : constant

mzzzf )()( 0
(A) Represent the unit circle C

)sin(cos0 titzz  

itezz  0

)20(  t

(C) Substitute z(t) for every z in f (z)

dteidz it
(B) Calculate the derivative

(D) Integrate
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then

.,)()]([)()10( 







  dt

dz
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Example) Integral of (z-z0)
m with Integer Power m

Integrate counterclockwise around the circle C of radius ρ with center at z0.

m : integer,   

z0 : constant

mzzzf )()( 0
(A) Represent the unit circle C

)sin(cos0 titzz  

itezz  0

)20(  t

(C) Substitute z(t) for every z in f (z)

dteidz it

imtmezf )(

(B) Calculate the derivative

(D) Integrate
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then

.,)()]([)()10( 
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dz
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Example) Integral of (z-z0)
m with Integer Power m

Integrate counterclockwise around the circle C of radius ρ with center at z0.

m : integer,   

z0 : constant

mzzzf )()( 0
(A) Represent the unit circle C

)sin(cos0 titzz  

itezz  0

)20(  t

(C) Substitute z(t) for every z in f (z)

dteidz it

imtmezf )(

(B) Calculate the derivative

(D) Integrate
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then
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Example) Integral of (z-z0)
m with Integer Power m

Integrate counterclockwise around the circle C of radius ρ with center at z0.

m : integer,   

z0 : constant

mzzzf )()( 0
(A) Represent the unit circle C

)sin(cos0 titzz  

itezz  0

)20(  t

(C) Substitute z(t) for every z in f (z)

dteidz it

imtmezf )(

(B) Calculate the derivative

(D) Integrate
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then

.,)()]([)()10( 







  dt

dz
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Example) Integral of (z-z0)
m with Integer Power m

Integrate counterclockwise around the circle C of radius ρ with center at z0.

m : integer,   

z0 : constant

mzzzf )()( 0
2

1 ( 1)

0
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C
z z dz i e dt
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then

.,)()]([)()10( 







  dt

dz
zdttztzfdzzf
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Example) Integral of (z-z0)
m with Integer Power m

Integrate counterclockwise around the circle C of radius ρ with center at z0.

m : integer,   

z0 : constant

mzzzf )()( 0
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1 ( 1)
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( )m m i m t

C
z z dz i e dt
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then

.,)()]([)()10( 







  dt

dz
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Example) Integral of (z-z0)
m with Integer Power m

Integrate counterclockwise around the circle C of radius ρ with center at z0.

m : integer,   

z0 : constant

mzzzf )()( 0
2

1 ( 1)
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( )m m i m t

C
z z dz i e dt
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then
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  dt

dz
zdttztzfdzzf
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Example) Integral of (z-z0)
m with Integer Power m

Integrate counterclockwise around the circle C of radius ρ with center at z0.

m : integer,   

z0 : constant

mzzzf )()( 0
2

1 ( 1)

0
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C
z z dz i e dt
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then
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dz
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Example) Integral of (z-z0)
m with Integer Power m

Integrate counterclockwise around the circle C of radius ρ with center at z0.

m : integer,   

z0 : constant

mzzzf )()( 0
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1 ( 1)
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then

.,)()]([)()10( 







  dt

dz
zdttztzfdzzf
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Example) Integral of (z-z0)
m with Integer Power m

Integrate counterclockwise around the circle C of radius ρ with center at z0.

m : integer,   

z0 : constant

mzzzf )()( 0
2

1 ( 1)

0
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( )m m i m t

C
z z dz i e dt
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1 )1sin()1cos( dttmitmi m

1  if m i2
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then

.,)()]([)()10( 







  dt

dz
zdttztzfdzzf
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Example) Integral of (z-z0)
m with Integer Power m

Integrate counterclockwise around the circle C of radius ρ with center at z0.

m : integer,   

z0 : constant

mzzzf )()( 0
2

1 ( 1)
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( )m m i m t

C
z z dz i e dt
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1 )1sin()1cos( dttmitmi m

1  if m i2
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then

.,)()]([)()10( 







  dt

dz
zdttztzfdzzf
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Example) Integral of (z-z0)
m with Integer Power m

Integrate counterclockwise around the circle C of radius ρ with center at z0.

m : integer,   

z0 : constant

mzzzf )()( 0
2

1 ( 1)

0
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( )m m i m t

C
z z dz i e dt
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then

.,)()]([)()10( 







  dt

dz
zdttztzfdzzf

b

aC


Example) Integral of (z-z0)
m with Integer Power m

Integrate counterclockwise around the circle C of radius ρ with center at z0.

m : integer,   

z0 : constant

mzzzf )()( 0
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then
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  dt

dz
zdttztzfdzzf
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Example) Integral of (z-z0)
m with Integer Power m

Integrate counterclockwise around the circle C of radius ρ with center at z0.

m : integer,   

z0 : constant

mzzzf )()( 0
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then

.,)()]([)()10( 







  dt

dz
zdttztzfdzzf

b
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Example) Integral of (z-z0)
m with Integer Power m

Integrate counterclockwise around the circle C of radius ρ with center at z0.

m : integer,   

z0 : constant

mzzzf )()( 0
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Line Integral in the Complex Plane

Theorem 2) Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a≤t≤b. Let f (z)

be a continuous function on C. Then

.,)()]([)()10( 







  dt

dz
zdttztzfdzzf
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Example) Integral of (z-z0)
m with Integer Power m

Integrate counterclockwise around the circle C of radius ρ with center at z0.

m : integer,   

z0 : constant

mzzzf )()( 0
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dzzz
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Simple connectedness and analytic function is quite essential (충분조건) in Theorem 1.
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Cauchy’s Integral Theorem
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Cauchy’s Integral Theorem

Theorem 1) Cauchy’s Integral Theorem 

Let  f (z) be analytic in a simply connected domain D, then for every 

simple closed path C in D,

0)()1( C dzzf
D C
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Cauchy’s Integral Theorem

Theorem 1) Cauchy’s Integral Theorem 

Let  f (z) be analytic in a simply connected domain D, then for every 

simple closed path C in D,

0)()1( C dzzf

)()(,)()()()9(  14.1. Sec. 01
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zfzFzFzFdzzf
z

z


D C
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Cauchy’s Integral Theorem

Theorem 1) Cauchy’s Integral Theorem 

Let  f (z) be analytic in a simply connected domain D, then for every 

simple closed path C in D,

0)()1( C dzzf

)()(,)()()()9(  14.1. Sec. 01
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zfzFzFzFdzzf
z
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Cauchy’s Integral Theorem

Theorem 1) Cauchy’s Integral Theorem 

Let  f (z) be analytic in a simply connected domain D, then for every 

simple closed path C in D,

0)()1( C dzzf

)()(,)()()()9(  14.1. Sec. 01

1
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zfzFzFzFdzzf
z
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Cauchy’s Integral Theorem

Theorem 1) Cauchy’s Integral Theorem 

Let  f (z) be analytic in a simply connected domain D, then for every 

simple closed path C in D,

0)()1( C dzzf D C

Example) No Singularities (Entire Functions)

,0C
zdze

,0cos C zdz

),1,0(0  ndzz
C

n

Integrals are zero for any closed path, since these functions are entire (analytic for all z).

)sin(cos yiyeee xiyxz  

yevyeu xx sin,cos 

y

x

x vyeu  cos

x

x

y vyeu  sin

xyyx vuvu  ,)1(

equationRiemann -Cauchy
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Cauchy’s Integral Theorem

Theorem 1) Cauchy’s Integral Theorem 

Let  f (z) be analytic in a simply connected domain D, then for every 

simple closed path C in D,

0)()1( C dzzf D C

Example) No Singularities (Entire Functions)

,0C
zdze

,0cos C zdz

),1,0(0  ndzz
C

n

Integrals are zero for any closed path, since these functions are entire 

(analytic for all z).
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xyyx vuvu  ,)1(

equationRiemann -Cauchy
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Cauchy’s Integral Theorem

Theorem 1) Cauchy’s Integral Theorem 

Let  f (z) be analytic in a simply connected domain D, then for every 

simple closed path C in D,

0)()1( C dzzf D C

Example) Singularities outside the contour

0sec C zdz

0
42


C z

dz

xyyx vuvu  ,)1(

equationRiemann -Cauchy
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but all these points lie outside  

C; non lies on C or inside C.
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y
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Cauchy’s Integral Theorem

Theorem 1) Cauchy’s Integral Theorem 

Let  f (z) be analytic in a simply connected domain D, then for every 

simple closed path C in D,

0)()1( C dzzf D C

Example) Singularities outside the contour

0sec C zdz
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C z

dz
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Cauchy’s Integral Theorem

Theorem 1) Cauchy’s Integral Theorem 

Let  f (z) be analytic in a simply connected domain D, then for every 

simple closed path C in D,

0)()1( C dzzf D C

Example) Not analytic function  circleunit     theis )(: itetzC  ( ) [ ( )] ( )
b

C a
f z dz f z t z t dt 

?C dzz

?
2
C z

dz
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equationRiemann -Cauchy
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Cauchy’s Integral Theorem

Theorem 1) Cauchy’s Integral Theorem 

Let  f (z) be analytic in a simply connected domain D, then for every 

simple closed path C in D,

0)()1( C dzzf D C

Example) Not analytic function  circleunit     theis )(: itetzC  ( ) [ ( )] ( )
b

C a
f z dz f z t z t dt 

?C dzz

?
2
C z

dz

)20()(  tetz it
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equationRiemann -Cauchy
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Cauchy’s Integral Theorem

Theorem 1) Cauchy’s Integral Theorem 

Let  f (z) be analytic in a simply connected domain D, then for every 

simple closed path C in D,

0)()1( C dzzf D C

Example) Not analytic function  circleunit     theis )(: itetzC  ( ) [ ( )] ( )
b
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f z dz f z t z t dt 
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2
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)20()(  tetz it
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Cauchy’s Integral Theorem

Theorem 1) Cauchy’s Integral Theorem 

Let  f (z) be analytic in a simply connected domain D, then for every 

simple closed path C in D,

0)()1( C dzzf D C

Example) Not analytic function  circleunit     theis )(: itetzC  ( ) [ ( )] ( )
b
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Cauchy’s Integral Theorem

Theorem 1) Cauchy’s Integral Theorem 

Let  f (z) be analytic in a simply connected domain D, then for every 

simple closed path C in D,

0)()1( C dzzf D C

Example) Not analytic function  circleunit     theis )(: itetzC  ( ) [ ( )] ( )
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Cauchy’s Integral Theorem

Theorem 1) Cauchy’s Integral Theorem 

Let  f (z) be analytic in a simply connected domain D, then for every 

simple closed path C in D,

0)()1( C dzzf D C

Example) Not analytic function  circleunit     theis )(: itetzC  ( ) [ ( )] ( )
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Cauchy’s Integral Theorem

Theorem 1) Cauchy’s Integral Theorem 

Let  f (z) be analytic in a simply connected domain D, then for every 

simple closed path C in D,

0)()1( C dzzf D C

Example) Not analytic function  circleunit     theis )(: itetzC  ( ) [ ( )] ( )
b
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Cauchy’s Integral Theorem

Theorem 1) Cauchy’s Integral Theorem 

Let  f (z) be analytic in a simply connected domain D, then for every 

simple closed path C in D,

0)()1( C dzzf D C

Example) Not analytic function  circleunit     theis )(: itetzC  ( ) [ ( )] ( )
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Theorem 1) Cauchy’s Integral Theorem 
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Theorem 1) Cauchy’s Integral Theorem 
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This result does not follow from Cauchy’s integral theorem, because f (z) is not 

analytic at z=0. Hence the condition that f be analytic in D is sufficient(충분조건)

rather than necessary for (1) to be true.
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Independence of path

Theorem 2) Independence of Path

If  f (z) is analytic in a simply connected domain D, then the integral of f (z)

is independent of path in D.
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Independence of path

Theorem 2) Independence of Path

If  f (z) is analytic in a simply connected domain D, then the integral of f (z)

is independent of path in D.
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Theorem 2) Independence of Path

If  f (z) is analytic in a simply connected domain D, then the integral of f (z)
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Cauchy’s Integral Theorem

Multiply Connected Domains

If a function f (z) is analytic in any domain D* that 

contains D and its boundary curves, we claim that
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Cauchy’s Integral Theorem

Multiply Connected Domains
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Cauchy’s Integral Theorem

Multiply Connected Domains

If a function f (z) is analytic in any domain D* that 
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Cauchy’s Integral Theorem

Multiply Connected Domains

If a function f (z) is analytic in any domain D* that 

contains D and its boundary curves, we claim that
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Cauchy’s Integral Theorem

Multiply Connected Domains

If a function f (z) is analytic in any domain D* that 

contains D and its boundary curves, we claim that
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Cauchy’s Integral Theorem

Multiply Connected Domains

If a function f (z) is analytic in any domain D* that 
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Cauchy’s Integral Formula
Theorem 1) Cauchy’s Integral Formula*

Let  f (z) be analytic in a simply connected domain D. Then for any point z0 in D and 

any simple closed path C in D that encloses z0
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*Theorem & proof) Kreyszig E. Advanced Engineering Mathematics, 9th edition, Wiley, 2006, p654-655 317/471
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Theorem 1) Cauchy’s Integral Formula*
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Theorem 1) Cauchy’s Integral Formula*

Let  f (z) be analytic in a simply connected domain D. Then for any point z0 in D

and any simple closed path C in D that encloses z0

)(2
)(

)1( 0

0

zfidz
zz

zf

C




 


C
dz

zz

zf

i
zf

0

0

)(

2

1
)(*)1(



D

C

0z

Cauchy’s integral formula

( ) 0
C

f z dz Cauchy’s Integral Theorem

)1)(1(

1

1

1
)(

2

2

2











zz

z

z

z
zgIntegrate

counterclockwise 

around each of the 

four circles.

)a(

11 x

y

)b(

)c(

)d(

Singular points : (-1,0), (1,0)

Circles (a), (b), (c) enclose a 

singular point.

The circles (a) and (b) enclose the point z0 = 1 where g(z) is not analytic.

Hence in (1) we have to write 

1

1

1

1

1

1
)(

2

2

2














zz

z

z

z
zg

327/471



2008_Complex(1)

Cauchy’s Integral Formula
Theorem 1) Cauchy’s Integral Formula*

Let  f (z) be analytic in a simply connected domain D. Then for any point z0 in D

and any simple closed path C in D that encloses z0

)(2
)(

)1( 0

0

zfidz
zz

zf

C




 


C
dz

zz

zf

i
zf

0

0

)(

2

1
)(*)1(



D

C

0z

Cauchy’s integral formula

( ) 0
C

f z dz Cauchy’s Integral Theorem

)1)(1(

1

1

1
)(

2

2

2











zz

z

z

z
zgIntegrate

counterclockwise 

around each of the 

four circles.

)a(

11 x

y

)b(

)c(

)d(

Singular points : (-1,0), (1,0)

Circles (a), (b), (c) enclose a 

singular point.

The circles (a) and (b) enclose the point z0 = 1 where g(z) is not analytic.

Hence in (1) we have to write 

1

1

1

1

1

1
)(

2

2

2














zz

z

z

z
zg

1

1
)(

2






z

z
zf

328/471



2008_Complex(1)

Cauchy’s Integral Formula
Theorem 1) Cauchy’s Integral Formula*
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Cauchy’s Integral Formula
Theorem 1) Cauchy’s Integral Formula*

Let  f (z) be analytic in a simply connected domain D. Then for any point z0 in D

and any simple closed path C in D that encloses z0
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Cauchy’s Integral Formula
Theorem 1) Cauchy’s Integral Formula*

Let  f (z) be analytic in a simply connected domain D. Then for any point z0 in D

and any simple closed path C in D that encloses z0
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The circles (a) and (b) enclose the point z0 = -1 where g(z) is not analytic.
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Cauchy’s Integral Formula
Theorem 1) Cauchy’s Integral Formula*

Let  f (z) be analytic in a simply connected domain D. Then for any point z0 in D

and any simple closed path C in D that encloses z0
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singular point.

The circles (a) and (b) enclose the point z0 = -1 where g(z) is not analytic.
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Taylor and Maclaurin Series

The Taylor series of a function f (z), the complex analog of the real 

Taylor series is 
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A Maclaurin series is a Taylor series with center z0 = 0.
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Taylor and Maclaurin Series

The Taylor series of a function f (z), the complex analog of the real 
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Writing our the corresponding partial sum of (1), we thus have 

• Taylor’s formula with remainder
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Taylor and Maclaurin Series

The Taylor series of a function f (z), the complex analog of the real 

Taylor series is 
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Writing our the corresponding partial sum of (1), we thus have 
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Taylor and Maclaurin Series

The Taylor series of a function f (z), the complex analog of the real 
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Taylor and Maclaurin Series

The Taylor series of a function f (z), the complex analog of the real 

Taylor series is 
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Theorem 5) Analytic Functions. Their Derivatives.*

A power series with a nonzero radius of convergence R represents an analytic function 

at every point interior to its circle of convergence. 

Recall,
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Taylor and Maclaurin Series

The Taylor series of a function f (z), the complex analog of the real 
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Theorem 5) Analytic Functions. Their Derivatives.*

A power series with a nonzero radius of convergence R represents an analytic function 

at every point interior to its circle of convergence. 

Recall,

And we now show that every analytic function can be represented by 

power series, namely, by Taylor series (with various centers).
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Taylor and Maclaurin Series

The Taylor series of a function f (z), the complex analog of the real 

Taylor series is 
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And we now show that every analytic function can be represented by 

power series, namely, by Taylor series (with various centers).

• Comparison with Real Functions.

This is not always true always in general for real functions; there are real functions that 

have derivatives of all orders but cannot be represented by a power series.

(Example : this function cannot be represented by a 

Maclaurin series in an open disk with center 0 because 

all its derivatives at 0 are zero.)  
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Important Special Taylor (Maclauin) Series 

A Maclaurin series is a Taylor series with center z0 = 0.

• Maclarurin series

 








C nn

n

n

n

n

n dz
z

zf

i
af

n
azazf

1

)(

0

)(

2

1
or    )0(

!

1
,)(



Let                           then we have                                  ,                       .
z

zf



1

1
)(

1

)(

)1(

!
)(




n

n

z

n
zf !)0()( nf n 

1)1()(  zzf

22 )1()1()1(1)(   zzzf

33 )1(!2)1()1(2)(   zzzf

1

)1()(

)1(

!
)1(!)(








n

nn

z

n
znzf

Hence the Maclaurin expansion of 1/(1-z) is the geometric series

.1
1

1
)11( 2

0









zzz
z n

n








 1!

!

1
)0(

!

1 )( n
n

f
n

a n

n

f (z) is singular at z = 1; this point lies on the circle of convergence.

341/471



2008_Complex(1)

Taylor and Maclaurin Series ( )

0 1

0

Derivatives of Analytic Functions

! ( )
( )

2 ( )

n

nC

n f z
f z dz

i z z 




Important Special Taylor (Maclauin) Series 

A Maclaurin series is a Taylor series with center z0 = 0.

• Maclarurin series
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Important Special Taylor (Maclauin) Series 

A Maclaurin series is a Taylor series with center z0 = 0.

• Maclarurin series
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Important Special Taylor (Maclauin) Series 

A Maclaurin series is a Taylor series with center z0 = 0.

• Maclarurin series
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Find the Maclaurin series of cos z and sin z.

344/471



2008_Complex(1)

Taylor and Maclaurin Series ( )

0 1

0

Derivatives of Analytic Functions

! ( )
( )

2 ( )

n

nC

n f z
f z dz

i z z 




Important Special Taylor (Maclauin) Series 

A Maclaurin series is a Taylor series with center z0 = 0.

• Maclarurin series
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Important Special Taylor (Maclauin) Series 

A Maclaurin series is a Taylor series with center z0 = 0.
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Important Special Taylor (Maclauin) Series 

A Maclaurin series is a Taylor series with center z0 = 0.
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Find the Maclaurin series of           Ln(1 )z
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Important Special Taylor (Maclauin) Series 

A Maclaurin series is a Taylor series with center z0 = 0.
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Important Special Taylor (Maclauin) Series 
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• Maclarurin series

 








C nn

n

n

n

n

n dz
z

zf

i
af

n
azazf

1

)(

0

)(

2

1
or    )0(

!

1
,)(



Find the Maclaurin series of           Ln(1 )z

1)1(
1

1
)( 


 z

z
zf

2)1()(  zzf

3)1(!2)(  zzf

4)4( )1(!3)(  zzf

nnn znzf   )1()!1()1()( 1)(

*Ration test, Radius of Convergence ) Kreyszig E. Advanced Engineering Mathematics, 9th edition, Wiley, 2006, p669 349/471



2008_Complex(1)

Taylor and Maclaurin Series ( )

0 1

0

Derivatives of Analytic Functions

! ( )
( )

2 ( )

n

nC

n f z
f z dz

i z z 




Important Special Taylor (Maclauin) Series 

A Maclaurin series is a Taylor series with center z0 = 0.
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A Maclaurin series is a Taylor series with center z0 = 0.

• Maclarurin series

 








C nn

n

n

n

n

n dz
z

zf

i
af

n
azazf

1

)(

0

)(

2

1
or    )0(

!

1
,)(



Find the Maclaurin series of           Ln(1 )z

1)1(
1

1
)( 


 z

z
zf

2)1()(  zzf

3)1(!2)(  zzf

4)4( )1(!3)(  zzf

nnn znzf   )1()!1()1()( 1)(

1)0( f

1)0( f

!2)0( f

!3)0()4( f

)!1()1()0( 1)(   nf nn
1

( ) 11 1 ( 1)
(0) ( 1) ( 1)!

! !

n
n n

na f n
n n n


 

    

2 3 4 1

0

( 1)
Ln (1 )

2 3 4

n
n

n

z z z
z z z

n






        

*Ration test, Radius of Convergence ) Kreyszig E. Advanced Engineering Mathematics, 9th edition, Wiley, 2006, p669 352/471



2008_Complex(1)

Taylor and Maclaurin Series ( )

0 1

0

Derivatives of Analytic Functions

! ( )
( )

2 ( )

n

nC

n f z
f z dz

i z z 




Important Special Taylor (Maclauin) Series 
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Important Special Taylor (Maclauin) Series 

A Maclaurin series is a Taylor series with center z0 = 0.
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Important Special Taylor (Maclauin) Series 
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Replacing z by –z and multiplying both sides by -1, we get

356/471



2008_Complex(1)

Taylor and Maclaurin Series ( )

0 1

0

Derivatives of Analytic Functions

! ( )
( )

2 ( )

n

nC

n f z
f z dz

i z z 




Important Special Taylor (Maclauin) Series 

A Maclaurin series is a Taylor series with center z0 = 0.

• Maclarurin series

 








C nn

n

n

n

n

n dz
z

zf

i
af

n
azazf

1

)(

0

)(

2

1
or    )0(

!

1
,)(



Find the Maclaurin series of           1
Ln

1

z

z





2 3 4

(16)    Ln (1 )
2 3 4

z z z
z z      

Replacing z by –z and multiplying both sides by -1, we get











4

)(

3

)(

2

)(
)()1(Ln 

432 zzz
zz

357/471



2008_Complex(1)

Taylor and Maclaurin Series ( )

0 1

0

Derivatives of Analytic Functions

! ( )
( )

2 ( )

n

nC

n f z
f z dz

i z z 




Important Special Taylor (Maclauin) Series 

A Maclaurin series is a Taylor series with center z0 = 0.

• Maclarurin series

 








C nn

n

n

n

n

n dz
z

zf

i
af

n
azazf

1

)(

0

)(

2

1
or    )0(

!

1
,)(



Find the Maclaurin series of           1
Ln

1

z

z





2 3 4

(16)    Ln (1 )
2 3 4

z z z
z z      

Replacing z by –z and multiplying both sides by -1, we get











4

)(

3

)(

2

)(
)()1(Ln 

432 zzz
zz





4321

1
Ln )1(Ln )17(

432 zzz
z

z
z

358/471



2008_Complex(1)

Taylor and Maclaurin Series ( )

0 1

0

Derivatives of Analytic Functions

! ( )
( )

2 ( )

n

nC

n f z
f z dz

i z z 




Important Special Taylor (Maclauin) Series 

A Maclaurin series is a Taylor series with center z0 = 0.

• Maclarurin series

 








C nn

n

n

n

n

n dz
z

zf

i
af

n
azazf

1

)(

0

)(

2

1
or    )0(

!

1
,)(



Find the Maclaurin series of           1
Ln

1

z

z





2 3 4

(16)    Ln (1 )
2 3 4

z z z
z z      

 1z

359/471



2008_Complex(1)

Taylor and Maclaurin Series ( )

0 1

0

Derivatives of Analytic Functions

! ( )
( )

2 ( )

n

nC

n f z
f z dz

i z z 




Important Special Taylor (Maclauin) Series 
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A Maclaurin series is a Taylor series with center z0 = 0.

• Maclarurin series

 








C nn

n

n

n

n

n dz
z

zf

i
af

n
azazf

1

)(

0

)(

2

1
or    )0(

!

1
,)(



Find the Maclaurin series of           1
Ln

1

z

z





2 3 4

(16)    Ln (1 )
2 3 4

z z z
z z      

2 3 41
(17) Ln 

1 2 3 4

z z z
z

z
    



By adding both series we obtain 
















53
2

1

1
Ln )18(

53 zz
z

z

z  1z

362/471



2008_Complex(1)

Taylor and Maclaurin Series

The following examples show ways of obtaining Taylor series more quickly than by the use of 

the coefficient formulas. Regardless of the method used, the result will be the same This 

follows from the uniqueness

• Practical Methods 

• Substitution

• Integration

• Development by Using the Geometric Series
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Taylor and Maclaurin Series
• Practical Methods 

• Substitution

• Integration

• Development by Using the Geometric Series

Find the Maclaurin series of 21
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The following examples show ways of obtaining Taylor series more quickly than by the use of 

the coefficient formulas. Regardless of the method used, the result will be the same This 

follows from the uniqueness
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Taylor and Maclaurin Series
• Practical Methods 

• Substitution

• Integration

• Development by Using the Geometric Series

Find the Maclaurin series of 21
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The following examples show ways of obtaining Taylor series more quickly than by the use of 

the coefficient formulas. Regardless of the method used, the result will be the same This 

follows from the uniqueness
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Taylor and Maclaurin Series
• Practical Methods 
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• Development by Using the Geometric Series
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The following examples show ways of obtaining Taylor series more quickly than by the use of 

the coefficient formulas. Regardless of the method used, the result will be the same This 

follows from the uniqueness
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Taylor and Maclaurin Series
• Practical Methods 

• Substitution

• Integration

• Development by Using the Geometric Series

Find the Maclaurin series of 21
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The following examples show ways of obtaining Taylor series more quickly than by the use of 

the coefficient formulas. Regardless of the method used, the result will be the same This 

follows from the uniqueness
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Taylor and Maclaurin Series
• Practical Methods 
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• Integration

• Development by Using the Geometric Series

Find the Maclaurin series of 21

1
)(

z
zf












2

0

1
1

1
)11( zzz

z n

n

By substituting –z2 for z in (11) we obtain

)(1

1

1

1
)19(

22 zz 













0

2

0

2 )1()(
n

nn

n

n zz  86421 zzzz

1
)1(

)1(
lim

1







 n

n

n
R  1z

The following examples show ways of obtaining Taylor series more quickly than by the use of 

the coefficient formulas. Regardless of the method used, the result will be the same This 

follows from the uniqueness
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Taylor and Maclaurin Series
• Practical Methods 

• Substitution

• Integration

• Development by Using the Geometric Series

Find the Maclaurin series of

The following examples show ways of obtaining Taylor series more quickly than by the use of 

the coefficient formulas. Regardless of the method used, the result will be the same This 

follows from the uniqueness
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Integrating (19) term by term and using  f (0) = 0 we get
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Taylor and Maclaurin Series
• Practical Methods 

• Substitution

• Integration

• Development by Using the Geometric Series

Find the Maclaurin series of

The following examples show ways of obtaining Taylor series more quickly than by the use of 

the coefficient formulas. Regardless of the method used, the result will be the same This 

follows from the uniqueness

zzf arctan)( 

solution) We have 
21

1
)(

z
zf












642

0

2

2
1)1(

1

1
)19( zzzz

z n

nn

Integrating (19) term by term and using  f (0) = 0 we get













0

12

12

)1(
arctan

n

n
n

z
n

z

2

1
(arctan )

1
x

z
 



370/471



2008_Complex(1)

Taylor and Maclaurin Series
• Practical Methods 
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• Development by Using the Geometric Series

Find the Maclaurin series of

The following examples show ways of obtaining Taylor series more quickly than by the use of 

the coefficient formulas. Regardless of the method used, the result will be the same This 

follows from the uniqueness
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Taylor and Maclaurin Series
• Practical Methods 

• Substitution

• Integration

• Development by Using the Geometric Series

The following examples show ways of obtaining Taylor series more quickly than by the use of 

the coefficient formulas. Regardless of the method used, the result will be the same This 

follows from the uniqueness

Develop             in powers of z – z0, where c – z0 ≠ 0.
zc 
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*(proof) Kreyszig E. Advanced Engineering Mathematics, 9th edition, Wiley, 2006, p684-686 372/471
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Taylor and Maclaurin Series
• Practical Methods 

• Substitution
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• Development by Using the Geometric Series

The following examples show ways of obtaining Taylor series more quickly than by the use of 
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Taylor and Maclaurin Series
• Practical Methods 

• Substitution

• Integration

• Development by Using the Geometric Series

The following examples show ways of obtaining Taylor series more quickly than by the use of 

the coefficient formulas. Regardless of the method used, the result will be the same This 

follows from the uniqueness
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we now apply the sum formula for a finite geometric sum*
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Taylor and Maclaurin Series
• Practical Methods 

• Substitution

• Integration

• Development by Using the Geometric Series

The following examples show ways of obtaining Taylor series more quickly than by the use of 

the coefficient formulas. Regardless of the method used, the result will be the same This 

follows from the uniqueness
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Taylor and Maclaurin Series
• Practical Methods 

• Substitution
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• Development by Using the Geometric Series

The following examples show ways of obtaining Taylor series more quickly than by the use of 

the coefficient formulas. Regardless of the method used, the result will be the same This 

follows from the uniqueness
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Taylor and Maclaurin Series
• Practical Methods 

• Substitution
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• Development by Using the Geometric Series

The following examples show ways of obtaining Taylor series more quickly than by the use of 

the coefficient formulas. Regardless of the method used, the result will be the same This 

follows from the uniqueness
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Taylor and Maclaurin Series
• Practical Methods 

• Substitution
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• Development by Using the Geometric Series

The following examples show ways of obtaining Taylor series more quickly than by the use of 

the coefficient formulas. Regardless of the method used, the result will be the same This 

follows from the uniqueness
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Taylor and Maclaurin Series
• Practical Methods 

• Substitution

• Integration

• Development by Using the Geometric Series

The following examples show ways of obtaining Taylor series more quickly than by the use of 

the coefficient formulas. Regardless of the method used, the result will be the same This 

follows from the uniqueness
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Taylor and Maclaurin Series
• Practical Methods 

• Substitution
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• Development by Using the Geometric Series

The following examples show ways of obtaining Taylor series more quickly than by the use of 

the coefficient formulas. Regardless of the method used, the result will be the same This 

follows from the uniqueness
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Taylor and Maclaurin Series
• Practical Methods 

• Substitution

• Integration

• Development by Using the Geometric Series

The following examples show ways of obtaining Taylor series more quickly than by the use of 

the coefficient formulas. Regardless of the method used, the result will be the same This 

follows from the uniqueness
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Taylor and Maclaurin Series
• Practical Methods 
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• Development by Using the Geometric Series

The following examples show ways of obtaining Taylor series more quickly than by the use of 

the coefficient formulas. Regardless of the method used, the result will be the same This 

follows from the uniqueness
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Taylor and Maclaurin Series
• Practical Methods 
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• Development by Using the Geometric Series

The following examples show ways of obtaining Taylor series more quickly than by the use of 

the coefficient formulas. Regardless of the method used, the result will be the same This 

follows from the uniqueness

Develop             in powers of z – z0, where c – z0 ≠ 0.
zc 
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Laurent Series. Residue Integration (1)

Laurent series generalize Taylor series.

Indeed, whereas a Taylor series has positive integer powers (and a 

constant term) and converges in a disk, a Laurent series (Sec. 16.1) 

is a series of positive and negative integer powers of z – z0 and 

converges in an annulus (a circular ring) with center z0. 

Hence by a Laurent series we can represent a given function

f (z) that is analytic in an annulus and may have singularities outside the ring as well as in 

the “hole” of the annulus.

0z

x

y

We know that for a given function the Taylor series with a given center z0 is unique. We 

shall see that, in contrast, a function f (z) can have several Laurent series with the same 

center z0 and valid in several concentric annuli.

The most important of these series is that which converges for

0 < | z – z0 | < R, that is, everywhere near the center z0 except at z0 itself, where z0 is a 

singular point of  f (z) . 
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Laurent Series

Laurent series 

The series (or finite sum) of the negative powers of this Laurent series is called the 

principal part of the singularity of  f (z) at z0, and is used to classify this singularity 

(Sec. 16.2). The coefficient of the power 1/(z – z0 ) of this series is called the 

residue of  f (z) at z0. 

0z

x

y

0

0 1 0

2 1 2
0 1 2 2

0 0

( ) ( )
( )

( ) ( )
( ) ( )

n n
n n

n n

b
f z a z z

z z

b b
a a z z a z z

z z z z

 

 

  


        
 

 

If in an application we want to develop a function f (z) in powers of z – z0 when 

f (z) is singular at z0,we cannot use a Taylor series. Instead we may use Laurent 

series, consisting of positive integer powers of z – z0 (and a constant) as well as 

negative integer powers of z – z0 ; this is the new feature.
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Laurent Series

Theorem 1) Laurent’s Theorem

Let  f (z) be analytic in a domain containing two concentric circles C1 and C2 , with center  z0

and the annulus between them (blue in Fig). 

Then f (z) can be represented by the Laurent series

consisting of nonnegative and negative powers.

0

0 1 0

2 1 2
0 1 0 2 0 2

0 0

(1) ( ) ( )
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z z z z

 

 

  


        
 

 

The coefficients of this Laurent series are given by the integrals

[The variable of integration is denoted by z* since z is used in (1).]
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Laurent’s theorem
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Laurent Series

Theorem 1) Laurent’s Theorem
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Laurent’s theorem
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Find the Laurent series of z -5 sin z with center 0.

solution)
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2 1

0

Sec. 15.4. (14)
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(2 )!

sin ( 1)
(2 1)!

n
n

n

n
n

n

z
z

n

z
z

n









 

 




By (14) in sec. 15.4, we obtain
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Laurent Series

Theorem 1) Laurent’s Theorem
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Laurent’s theorem
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Example)

Find the Laurent series of z2 e1/z with center 0.

solution)

By (12) in sec. 15.4, with z replaced by 1/z we obtain a 

Laurent series whose principal part is an infinite series,
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Laurent Series

Theorem 1) Laurent’s Theorem
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Develop  1/(1- z) (a) in nonnegative powers of z, (b) in negative powers of z.

solution

(harmonic series)
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1
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y
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Laurent Series

Theorem 1) Laurent’s Theorem
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Laurent’s theorem
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Develop  1/(1- z) (a) in nonnegative powers of z, (b) in negative powers of z.

solution

(harmonic series)

).1  if  (valid z

z1

1
)a(

z1

1
)b(

x

y

O

pole

1
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Laurent Series

Theorem 1) Laurent’s Theorem
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Laurent’s theorem
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Develop  1/(1- z) (a) in nonnegative powers of z, (b) in negative powers of z.

solution

(harmonic series)

).1  if  (valid z ).1  if  (valid z

z1

1
)a(

z1

1
)b(

x

y

O

pole

1
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Laurent Series

Theorem 1) Laurent’s Theorem
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Laurent’s theorem
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Develop  1/(1- z) (a) in nonnegative powers of z, (b) in negative powers of z.

solution

(harmonic series)

).1  if  (valid z ).1  if  (valid z

z1

1
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Laurent Series

Theorem 1) Laurent’s Theorem
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Laurent’s theorem
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Develop  1/(1- z) (a) in nonnegative powers of z, (b) in negative powers of z.

solution

(harmonic series)

).1  if  (valid z ).1  if  (valid z

z1

1
)a( ).1  if  (valid     1 2

0






zzzz
n

n 

z1

1
)b(

11

11






zz

x

y

O

pole

1

394/471



2008_Complex(1)

Laurent Series

Theorem 1) Laurent’s Theorem
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Laurent’s theorem
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Develop  1/(1- z) (a) in nonnegative powers of z, (b) in negative powers of z.

solution

(harmonic series)
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Laurent Series

Theorem 1) Laurent’s Theorem
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Laurent’s theorem
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Develop  1/(1- z) (a) in nonnegative powers of z, (b) in negative powers of z.

solution

(harmonic series)
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Laurent Series

Theorem 1) Laurent’s Theorem
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Laurent’s theorem
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Develop  1/(1- z) (a) in nonnegative powers of z, (b) in negative powers of z.

solution

(harmonic series)
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Laurent Series

Theorem 1) Laurent’s Theorem
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Laurent’s theorem
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Develop  1/(1- z) (a) in nonnegative powers of z, (b) in negative powers of z.

solution

(harmonic series)
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Laurent Series

Theorem 1) Laurent’s Theorem
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Laurent’s theorem
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Develop  1/(1- z) (a) in nonnegative powers of z, (b) in negative powers of z.

solution

(harmonic series)

).1  if  (valid z ).1  if  (valid z

z1

1
)a( ).1  if  (valid     1 2

0






zzzz
n

n 

 (valid  if  1).z 

z1

1
)b(

11

11






zz 









0

11

n

n

zz 






0

1

1

n
nz








0

1

1

n
nz

x

y

O

pole

1

2

1 1

z z
   

399/471



2008_Complex(1)

Laurent Series

Theorem 1) Laurent’s Theorem
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Find all Laurent series of  1/(z3- z4) with center  0.
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Laurent Series

Theorem 1) Laurent’s Theorem
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Find all Laurent series of  1/(z3- z4) with center  0.
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Laurent Series

Theorem 1) Laurent’s Theorem
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Find all Laurent series of  1/(z3- z4) with center  0.
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Laurent Series

Theorem 1) Laurent’s Theorem
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Find all Laurent series of  1/(z3- z4) with center  0.

solution)

)10(    1
111

)1(

11
)I(

23
0

3

3








 z  z
zzz

z
zz n

n 

)1 (   
1

1

1
)b(

)1 (     
1

1
)a(

3-16.1 Example

0
1

0



















z
zz

zz
z

n
n

n

n

Multiplying by 1/z3, we get from Example 3

)1(    
111

)1(

11
)II(

54
0

43









z 
zzzzz n

n


x

y

O

pole

1

403/471



2008_Complex(1)

Laurent Series

Theorem 1) Laurent’s Theorem
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Find all Taylor and Laurent series of  f (z) with center  0.
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Laurent Series

Theorem 1) Laurent’s Theorem
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Find all Taylor and Laurent series of  f (z) with center  0.
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Laurent Series

Theorem 1) Laurent’s Theorem
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Find all Taylor and Laurent series of  f (z) with center  0.
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Laurent Series

Theorem 1) Laurent’s Theorem
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Find all Taylor and Laurent series of  f (z) with center  0.
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Laurent Series

Theorem 1) Laurent’s Theorem
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Find all Taylor and Laurent series of  f (z) with center  0.
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Laurent Series

Theorem 1) Laurent’s Theorem
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Find all Taylor and Laurent series of  f (z) with center  0.
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Theorem 1) Laurent’s Theorem

0z
1C

2C

C

Laurent’s theorem








 


1 00

0
)(

)()()1(
n

n

n

n

n

n
zz

b
zzazf

Find all Taylor and Laurent series of  f (z) with center  0.
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(III) From (d) and (b), valid for | z | > 2,
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Singularities and Zeros

We call z = z0 an isolated singularity of f (z) if z = z0 has a neighborhood without further 

singularities of f (z) .

Isolated singularities of  f (z) at  z = z0 can be classified by the Laurent series

0

0 1 0

( ) ( )  
( )

n n
n n

n n

b
f z a z z

z z

 

 

  


 

valid in the immediate neighborhood of the singular point  z = z0 , except at z0 itself, that 

is, in a region of the form
.0 0 Rzz 

A zero of an analytic function f (z) in a domain D is a z = z0 in D such that f (z0) = 0 .

A zero has order n if not only if but also the derivatives

)1(,,,  nfff  are all 0 at z = z0 but

A first-order zero is also called a simple zero. 

.0)( nf

For a second-order zero,                                        but                     

and so on.

0)()( 00  zfzf 0)( 0  zf
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Singularities and Zeros 






 


1 00

0
)(

)()()1(
n

n

n

n

n

n
zz

b
zzazf

The sum of the first series is analytic at z = z0, as we know from the last section. The 

second series, containing  the negative powers, is called the principal part of (1), as we 

remember from the last section. If it has only finitely many terms, it is of the form

).0(
)(

      )2(
00

1 





mm

m b
zz

b

zz

b


Then the singularity of f (z) at z = z0 is called a pole(극), and  m is called its order. Poles of 

the first order are also known as simple poles.
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Singularities and Zeros

Theorem 1) Poles

If f (z) is analytic and has a pole at z = z0, then | f (z)|→∞ as

z → z0 in any manner.

Theorem 4) Poles and Zeros

Let  f (z) be analytic at z = z0 and have a zero of nth order at

z = z0. then 1/ f (z) has a pole of nth order at z = z0; and so does

h(z) / f (z), provided h(z) is analytic at z = z0 and h(z0) ≠0.

0z
1C

2C

C

Laurent’s theorem

25 )2(

3

)2(

1
)(







zzz
zfThe function

has a simple pole at z = 0 and a pole of fifth order at z = 2.

Example)

2

y

O

pole

1 x
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Residue Integration Method 
The purpose of Cauchy’s residue integration: the evaluation of integrals

C dzzf )(

If f (z) has a singularity at a point  z = z0 inside C, but is otherwise analytic on C and inside C, 

then f (z) has a Laurent series











2

0

2

0

1

0

0
)(

)()(
zz

b

zz

b
zzazf

n

n

n

0z
1C

2C

C

Laurent’s theorem

that converges for all points near z = z0 (except at z = z0 itself), in some domain of the 

form 0 < | z - z0 | < R

Now comes the key idea. The coefficient b1 of the first negative power 1/ (z - z0 ) of 

this Laurent series is given by the integral formula (2) with  n = 1 , namely,

.)(
2

1
1 

C
dzzf

i
b


12)( bidzzf

C
 














C

n

n

C nn

dzzfzz
i

b

dz
zz

zf

i
a

**)()*(
2

1

*
)*(

*)(

2

1
)2(  16.1 Sec.

1

0

1

0




The coefficient b1 is called the residue of  f (z) at z = z0.

0

1 Res  ( ).
z z

b f z
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Several Singularities Inside the Contour

Theorem 1) Residue Theorem

Let  f (z) be analytic inside a simple closed path C and on C, except for finitely 

many singular points z1, z2, ∙∙∙, zk inside C. Then the integral of f (z) taken 

counterclockwise around C equals 2πi times the sum of the residues of f (z) at z1, z2, 

∙∙∙, zk :







k

j
zzC

zfidzzf
j1

)(Res2)()6( 
1z 2z

3z
C

417/471



2008_Complex(1)

Several Singularities Inside the Contour

Theorem 1) Residue Theorem

Let  f (z) be analytic inside a simple closed path C and on C, except for finitely 

many singular points z1, z2, ∙∙∙, zk inside C. Then the integral of f (z) taken 

counterclockwise around C equals 2πi times the sum of the residues of f (z) at z1, z2, 

∙∙∙, zk :







k

j
zzC

zfidzzf
j1

)(Res2)()6( 
1z 2z

3z
C

Integrate the function  f (z) = z-4 sin z

counterclockwise around the unit circle C.

solution) From (14) in Sec. 15.4 we obtain the Laurent series











!5!3)!12(
)1(sin

)14(  15.4 Sec

53

0

12 zz
z

n

z
z

k

n
n


!7!5!3

11sin
)(

3

34

zz

zzz

z
zf

which converges for |z| > 0 (that is, for all z ≠ 0). This series shows that f (z) has a pole of third order at z

= 0 and the residue b1 = -1/3!. From (1) we thus obtain the answer

.2)(   )1( 1ibdzzf
C



36

1
22

sin
14

i
iibdz

z

z

C


 










Example)
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Several Singularities Inside the Contour

Theorem 1) Residue Theorem

Let  f (z) be analytic inside a simple closed path C and on C, except for finitely 

many singular points z1, z2, ∙∙∙, zk inside C. Then the integral of f (z) taken 

counterclockwise around C equals 2πi times the sum of the residues of f (z) at z1, z2, 

∙∙∙, zk :







k

j
zzC

zfidzzf
j1

)(Res2)()6( 
1z 2z

3z
C

Integrate the function  f (z) = 1 / (z3 - z4) 

counterclockwise around the circle C: |z| = 1/2

solution) z3 - z4 = z3(1 - z) shows that  f (z) is singular at z = 0

and z = 1. 

Now z = 1 lies outside C. Hence it is of no interest here. 

0 < |z| < 1. This is series (I) in Example 4, Sec. 16.1,

)1(    
111

)1(

11
)II(

)10(1
111

)1(

11
)I(

4-16.1 Example

54
0

43

23
0

3

3






















z 
zzzzz

z  z
zzz

z
zz

n
n

n

n





izfi
zz

dz

zC
 2)( Res 2

0
43


 

we would have obtained the wrong answer, 0, because this series has no power 1/z.

We see from it that this residue is 1. Clockwise integration thus yields

CAUTION! Had we used the wrong series (II) in Example 4, Sec. 16.1,

Example)
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Formulas for Residues

To calculate a residue at a pole, we need not produce a whole Laurent series, but, more 

economically, we can derive formulas for residues once and for all.

Simple Poles. Two formulas for the residue of f (z) at a simple pole at z0 are

)()(lim)( Res  )3( 01
00

zfzzbzf
zzzz




and, assuming that  f (z) = p(z) / q(z), p(z0)≠0, and q(z) has a simple zero at z0 (so that f (z) has at 

z0 a simple pole, by Theorem 4 in Sec. 16.2)*

0 0

0

0

( )( )
(4)  Res  ( ) Res  

( ) ( )z z z z

p zp z
f z

q z q z 
 



*(proof) Kreyszig E. Advanced Engineering Mathematics, 9th edition, Wiley, 2006, p713-714 420/471
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Formulas for Residues
Simple Poles. Two formulas for the residue of f (z) at a simple pole at z0 are

)()(lim)( Res  )3( 01
00

zfzzbzf
zzzz




and, assuming that  f (z) = p(z) / q(z), p(z0)≠0, and q(z) has a simple zero at z0 (so that f (z) has at 

z0 a simple pole, by Theorem 4 in Sec. 16.2)

0 0

0

0

( )( )
(4)  Res  ( ) Res  

( ) ( )z z z z

p zp z
f z

q z q z 
 



By (4),

f (z) has some simple poles, and (3) gives the 

residues at the poles. Find the all residues of f (z). ))((

99
)(

3 izizz

iz

zz

iz
zf











solution)

i
z

iz

zz

iz
z

z
z























0

230 13

99
Res,0

y

O

pole
1

x
1

iiz  ,,0  : Poles

i
z

iz

zz

iz
iz

iz
iz

5
13

99
Res,

23























i
z

iz

zz

iz
iz

iz
iz

4
13

99
Res,

23























.5
)(

9

))((

9
)(lim

9
Res

3

i
iii

ii

izizz

iz
iz

zz

iz

iz

iz




















By (3),

Example)
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Formulas for Residues
Simple Poles. Two formulas for the residue of f (z) at a simple pole at z0 are

)()(lim)( Res  )3( 01
00

zfzzbzf
zzzz




and, assuming that  f (z) = p(z) / q(z), p(z0)≠0, and q(z) has a simple zero at z0 (so that f (z) has at 

z0 a simple pole, by Theorem 4 in Sec. 16.2)

Evaluate the following integral counterclockwise around any simple closed path 

such that (a) 0 and 1 are inside C, (b) 0 is inside, 1 outside, (c) 1 is inside, 0

outside (d) 0 and 1 are outside.

 








CC
dz

zz

z
dz

zz

z

)1(

3434
2

solution) The integrand has simple poles at 0 and 1, with residues [by (3)]

,4
)1(

34

)1(

34
 Res

0
0






















z
z z

z

zz

z

.1
34

)1(

34
 Res

1
1








 









z
z z

z

zz

z

x

y

O

pole

1

Example)

0 0

0

0

( )( )
(4)  Res  ( ) Res  

( ) ( )z z z z

p zp z
f z

q z q z 
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Formulas for Residues
Simple Poles. Two formulas for the residue of f (z) at a simple pole at z0 are

)()(lim)( Res  )3( 01
00

zfzzbzf
zzzz




and, assuming that  f (z) = p(z) / q(z), p(z0)≠0, and q(z) has a simple zero at z0 (so that f (z) has at 

z0 a simple pole, by Theorem 4 in Sec. 16.2)

Example)

x

y

O

pole

1

x

y

O 1

(a)

(b)

(c)

(d)

Evaluate the following integral counterclockwise around any simple closed 

path such that (a) 0 and 1 are inside C, (b) 0 is inside, 1 outside, (c) 1 is inside, 

0 outside (d) 0 and 1 are outside.

 








CC
dz

zz

z
dz

zz

z

)1(

3434
2

solution) ,4
)1(

34
 Res

0






 zz

z

z
.1

)1(

34
 Res

1






 zz

z

z

iπi 6)14(2     (a)  iπi 8)4(2     (b) 

iπi 2)1(2     (c)  0     (d)

0 0

0

0

( )( )
(4)  Res  ( ) Res  

( ) ( )z z z z

p zp z
f z

q z q z 
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Residue Integration of Real Integrals

certain classes of complicated real integrals can be integrated by the residue 

theorem, as we shall see.

We first consider integrals of the type

 



2

0
sin,cos    )1( dFJ

where                           is a real rational function of             and  sin,cosF cos sin

2sin
.)

5 4cos
Ex





Setting zei 

 

  























z
z

i
ee

i

z
zee

ii

ii

1

2

1

2

1
sin

1

2

1

2

1
cos

  )2(








Integrals of Rational Functions of cosθ and sinθ

, idz d ie   ,d dz iz 

 C iz

dz
zfJ )(     )3(

and, as θ ranges from 0 to 2π in (1), the variable               ranges 

counterclockwise once around the unit circle |z| = 1. 

iez 

Then,
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Residue Integration of Real Integrals

 



2

0
sin,cos    )1( dFJ

zei 

Integrals of Rational Functions of cosθ and sinθ

 C iz

dz
zfJ )(     )3(

real rational function

Show by the present method that .2
cos2

2

0










d

solution) We use                            and                   

Then the integral becomes

 zz 1
2

1
cos  ( )d dz iz 
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Residue Integration of Real Integrals

 



2

0
sin,cos    )1( dFJ

zei 

Integrals of Rational Functions of cosθ and sinθ

 C iz

dz
zfJ )(     )3(

real rational function

Show by the present method that .2
cos2

2

0










d

solution) We use                            and                   

Then the integral becomes

 zz 1
2

1
cos  ( )d dz iz 













 C

z
z

izdzd

1

2

1
2

cos2

2

0
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Residue Integration of Real Integrals

 



2

0
sin,cos    )1( dFJ

zei 

Integrals of Rational Functions of cosθ and sinθ

 C iz

dz
zfJ )(     )3(

real rational function

Show by the present method that .2
cos2

2

0










d

solution) We use                            and                   

Then the integral becomes

 zz 1
2

1
cos  ( )d dz iz 













 C

z
z

izdzd

1

2

1
2

cos2

2

0











C zz

dz

i )12)(12(

2

C : counterclockwise once 

around the unit circle |z| = 1
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Residue Integration of Real Integrals

 



2

0
sin,cos    )1( dFJ

Integrals of Rational Functions of cosθ and sinθ

 C iz

dz
zfJ )(     )3(

real rational function

Show by the present method that .2
cos2

2

0










d

Solution)
2

( 2 1)( 2 1)C

dz

i z z


   
 C : counterclockwise once 

around the unit circle |z| = 1

We see that the integrand has a simple pole at                     outside the unit circle C , so that it is of no 

interest here, and another simple pole at

121 z

(where                        ) inside C with 

122 z

012 z

)12)(12(

1
Res

2  zzzz
1212

1















zz 2

1


)12)(12(

1
Res2

2

)12)(12(

2

2 






zz

i
izz

dz

i zzC
  2

2

1
2

2









 i

i

x

y

O

pole

12 12 
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Residue Integration of Real Integrals
Improper Integral

As another large class, let us consider real integrals of the form

.)(     )4( 



dxxf

Such an integral, whose interval of integration is not finite is called an improper 

integral(이상적분), and it has the meaning

 






b

baa
dxxfdxxfdxxf

0

0

)(lim)(lim)(    )5(

If both limits exist, we may couple the two independent passages to -∞ and ∞, and write

 






R

RR
dxxfdxxf )(lim)(     )5(

The limit in (5) is called the Cauchy principal value of the integral. It is written





dxxf )(.pr.v
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Residue Integration of Real Integrals
Improper Integral

 






b

baa
dxxfdxxfdxxf

0

0

)(lim)(lim)(    )5(

 






R

RR
dxxfdxxf )(lim)(     )5(

We assume that the function f (x) in (5’) is a real rational function whose denominator is different from 

zero for all x and is of degree at least two units higher than the degree of the numerator. Then the 

limits in (5’) exist, and we may start from (5). 

(5*)     ( ) ( ) ( )
R

C S R
f z dz f z dz f x dx


   

around a path C

Path C of the contour 

integral in (5*)

RR x

y

S
poles

We consider the corresponding contour integral

Since f (x) is rational, f (z) has finitely many poles in the upper half-

plane, and if we choose R large enough, then C encloses all these 

poles. By the residue theorem we then obtain 

( ) 2 Res ( )
C

f z dz i f z 

dzzfzfidxxf
S

R

R  


)()(Res2)(   )6( 
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Residue Integration of Real Integrals
Improper Integral

 






b

baa
dxxfdxxfdxxf

0

0

)(lim)(lim)(    )5(

 






R

RR
dxxfdxxf )(lim)(     )5(

(5*)     ( ) ( ) ( )
R

C S R
f z dz f z dz f x dx


   

around a path C

dzzfzfidxxf
S

R

R  


)()(Res2)(   )6( 

We prove that, if R →∞, the value of the integral over the 

semicircle S approaches zero.*

)(Res2)(    )7( zfidxxf  





where we sum over all the residues of f (z) at the poles of f (z)

in the upper half-plane.

*(proof) Kreyszig E. Advanced Engineering Mathematics, 9th edition, Wiley, 2006, p719-720

Path C of the contour 

integral in (5*)

RR x

y

S
poles

432/471



2008_Complex(1)

Residue Integration of Real Integrals
Improper Integral

)(Res2)(    )7( zfidxxf  





Using (7) show that 



0 4

221



x

dx

solution)

x

y

1z2z

3z
4z

)(

)(

)(

)(
 Res)( Res  )4(  16.3 Sec.

00 zq

zp

zq

zp
zf

zzzz 




 
41

1

z
zf




RR x

y

S
poles
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Residue Integration of Real Integrals
Improper Integral

)(Res2)(    )7( zfidxxf  





Using (7) show that 



0 4

221



x

dx

solution) has four simple poles at the points                

4

4

43

3

43

2

4

1 ,,, iiii ezezezez   x

y

1z2z

3z
4z

)(

)(

)(

)(
 Res)( Res  )4(  16.3 Sec.

00 zq

zp

zq

zp
zf

zzzz 




 
41

1

z
zf




RR x

y

S
poles
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Residue Integration of Real Integrals
Improper Integral

)(Res2)(    )7( zfidxxf  





Using (7) show that 



0 4

221



x

dx

solution) has four simple poles at the points                

4

4

43

3

43

2

4

1 ,,, iiii ezezezez   

The first two of these poles lie in the upper half-plane  From (4) in the last 

section we find the residues

x

y

1z2z

3z
4z

)(

)(

)(

)(
 Res)( Res  )4(  16.3 Sec.

00 zq

zp

zq

zp
zf

zzzz 




 
41

1

z
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RR x

y

S
poles
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Residue Integration of Real Integrals
Improper Integral

)(Res2)(    )7( zfidxxf  





Using (7) show that 



0 4

221



x

dx

solution) has four simple poles at the points                

4

4

43

3

43

2

4

1 ,,, iiii ezezezez   

The first two of these poles lie in the upper half-plane  From (4) in the last 

section we find the residues

  443

34 4
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1
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1
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1z2z
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)(
 Res)( Res  )4(  16.3 Sec.

00 zq
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zq

zp
zf

zzzz 
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z
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y

S
poles
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Residue Integration of Real Integrals
Improper Integral

)(Res2)(    )7( zfidxxf  





Using (7) show that 



0 4

221



x

dx

solution) has four simple poles at the points                

4

4

43

3

43

2

4

1 ,,, iiii ezezezez   

The first two of these poles lie in the upper half-plane  From (4) in the last 

section we find the residues
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1
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RR x

y

S
poles

437/471



2008_Complex(1)

Residue Integration of Real Integrals

)(Res2)(    )7( zfidxxf  





Using (7) show that 



0 4

221



x

dx

solution)

x

y

1z2z

3z
4z
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z
zf




1
sin ( )

2

iz izz e e
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Improper Integral

RR x

y

S
poles
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Residue Integration of Real Integrals

)(Res2)(    )7( zfidxxf  





Using (7) show that 



0 4

221



x

dx

solution) has four simple poles at the points                

x

y

1z2z

3z
4z
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1

z
zf




1
sin ( )

2

iz izz e e
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Improper Integral

RR x

y

S
poles
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Residue Integration of Real Integrals

)(Res2)(    )7( zfidxxf  





Using (7) show that 



0 4

221



x

dx

solution) has four simple poles at the points                
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z z
f z e
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1
sin ( )

2

iz izz e e
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Improper Integral

RR x

y

S
poles

440/471



2008_Complex(1)

Residue Integration of Real Integrals

)(Res2)(    )7( zfidxxf  





Using (7) show that 



0 4

221



x

dx

solution) has four simple poles at the points                
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y
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1
sin ( )

2

iz izz e e
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Improper Integral

RR x

y

S
poles
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Residue Integration of Real Integrals

)(Res2)(    )7( zfidxxf  





Using (7) show that 



0 4

221



x

dx

solution) has four simple poles at the points                

 
1

41
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4

i

z z
f z e


 x

y

1z2z
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1

z
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2

41
Res

4

i

z z
f z e 




By (1) in Sec. 13.6 and (7) in this section, 

1
sin ( )

2

iz izz e e
i

 

Improper Integral

RR x

y

S
poles
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Residue Integration of Real Integrals

)(Res2)(    )7( zfidxxf  





Using (7) show that 



0 4

221



x

dx

solution) has four simple poles at the points                
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By (1) in Sec. 13.6 and (7) in this section, 
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Improper Integral

RR x

y

S
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Residue Integration of Real Integrals

)(Res2)(    )7( zfidxxf  





Using (7) show that 



0 4

221



x

dx

solution) has four simple poles at the points                
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Residue Integration of Real Integrals
Another Kind of Improper Integral

This is called the Cauchy principal value of the integral. It is written 
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Residue Integration of Real Integrals
Another Kind of Improper Integral

Theorem 1) Simple Poles on the Real Axis*

If  f (z) has a simple pole at z = a on the real axis, then 
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Another Kind of Improper Integral

Theorem 1) Simple Poles on the Real Axis
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principal value of the integral of a rational function f (z) from -∞

to ∞.

For sufficiently large R the integral over the entire contour in Fig. 

374 has the value J given by 2π i times the sum of the residues of 

f (z) at the singularities in the upper half-plane.
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Theorem 1) Simple Poles on the Real Axis
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Residue Integration of Real Integrals
Another Kind of Improper Integral
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Another Kind of Improper Integral
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Cauchy-Riemann Equations
Theorem 1) Cauchy-Riemann Equations

Let  f (z) = u(x,y) + iv(x,y) be defined and continuous in some neighborhood of a point z = x + 

iy and differentiable at z itself. Then at that point, the first-order partial derivatives of u

and v exist and satisfy the Cauchy-Riemann equation (1).

Hence if f (z) is analytic in a domain D, those partial derivatives exist and satisfy (1) at all 

points of D.
xyyx vuvu  ,)1(

Proof) By assumption, the derivative           at z exist. 
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in terms of u and v the derivative in (2) becomes
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Cauchy-Riemann Equations
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f (z) differentiable at z
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