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Review of the Last Lecture

System Model

system represented in a "standard" form
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System, Input and Output

Input output
/

u(t) y(t)
\>

Output depends on inputs !

Depending on the system input output relationship,
e Static System vs. Dynamic system

e Linear System vs. Nonlinear System
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Static System vs. Dynamic System

Ex) Balance _
Static System Weight = Kxx

@ Input outputs

> Balance >
Obiject weights
Dynamic System Weight = KsXx,
T Settling time =
Interested in static weight => Static System
measurement
Interested in FAST weight => Dynamic System
measurement
Settling time < 0.1msec
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Linear vs. Nonlinear

Linear systems : linear superposition principle
u(t) = o, (t) + U, (1) > Y =y, (1) +a,Y,(t)

u,(t) f

smmmed Linear +

System /\/\/\/\/
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U(s)

Angular
input

System = Schematic = Block Diagram -2 Transfer
Functions
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Why use Laplace Transform?
Algebraic Manipulation of ODE

solve the ODE

System described by
time domain transform system -1

representation

U(s) — | System described by
"transfer function"

—» Y(s)

Solution of ODE is hard.

Tranform in to a “domain” where solve by multiplication —
it’s easier to solve

Solve in the new domain

Perform “inverse” transform.
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Laplace Transformation

. Definition: £ [f(t)] = = F(s)

£ f(t) = F(s) , s=c +jo (complex variable)

f(t) : a time function such that f(t)=0 for t<O0

- Inverse Laplace Transformation

p [FEI=1W®
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Existence of Laplace Transformation

e f(t) Laplace - transformable
if i) f(t) piecewise-continuous
i) f(t) of exponential order as t approaches infinity
e”|f(t))  bounded, o exist.

- or g | f (t)| approaches zero as t approaches infinity.

_ 0 foro>o
olf lime™|f(t)= ‘
t—0 o foro<o,
the 0. : the abscissa of convergence
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Existence of Laplace Transformation

example : 1) t, sinwt, tsinwt...

lime™" |tsin wt| = the abscissa of convergence o, =0

t—0

{Oif0>0

o If c<0

2) e @ te ™ e %sinwt, c=const.

lime™" ‘te‘Ct the abscissa of convergence o, =—C

t—w

B 0 if o>-cC
o if o<—cC

e e te' does not possess L. T.

. (1) :{e for 0<t<T <w LIf(t)] exists.

0 for t<0, T<t

- The signals that can be physically generated always have
corresponding

Laplace transforms
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Laplace Transformation of simple function

o Exponential function

0 for t<O0
PO =9,
Ae for t>0

a : constants
L[Ae ] = j Ae e dt
0

= T Ae @Hotgt
0

1 —(s+a)mw 1 0

—A-——e ]
S+« S+«
— A[_ 1 e—(0+a)-oo—ja)‘oo + 1 ]
S+« S+«
Al

S+

o,

Q
\Y%
|
Q

v
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(s=0+ jw)
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Laplace Transformation of simple function

e step function

A t>0
f(t)=
0 t<0

‘L)[ f (t)] = J;:o Ae*'dt ZA[—%e_S'OO +%e—s~0]

= A[OJ%] if Re[s]>0

e unit step input function 1t—t )= L =t
0 t<t,
1 t>0
1(t) =
® {O t<0

ol
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Laplace Transformation of simple function

e Sinusoidal Functions

Asinwt t>0
fy=1" "
0 t<0

1 . |
COS wt ZE(ert +e71)

Sin ot = — (e —g 1)
2)

e Ramp function

At t>0
f(t)=
0 t<O

L[Asinwt] = j i_(eiwt —e l)e gt

2 2]

- 11

2] S—jo S+ jo

( ™\

- _J

4 ™\
L[Acoswt] =

- J

L[A]= A j:te‘stdt
—st —st

=A£te - © dt}
—S 0 0 —S

= A%j:e“dt:{ }

o0
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Laplace Transformation of simple function

¢ Pulse function

A A A
foole for 0stst B[f(t)]:BL—l(t)}—BL—l(t_tO)}
0 for t<O,t,<t ° 0

f(t) = 21t) - 21t t,) { J

0 0

o Impulse function A1l
e[f(t)]=ging{t—g(1—e%3)}
0 0

. A
lim — for 0<t<t, d
f (t) = tg—>o0 tO I:A(l_ e—tOS):|
. dt A-s
t,—0 i (t S) S
dt, ~°

[y=%1 Seoul National Univ. System Analysis Spring 2009
g '“fx Department of Mechanical 14

pivrd  and Aerospace Engineering



Laplace Transformation of simple function

e Unit impulse function ; impulse function of magnitude 1

Iiml for 0<t<t,
f(t)= ot

0 for t<0, t,<t

o0 =0 0 0+
5(t)={ 0 tt;tO L’[&(t)]=j5(t)e—stdt:j 5(t)dt=D

The unit-impulse function occuring at t=t,

e t=t 0 to+
S(t) = O Llst-t)]= o=t e tdt=] S(t—t )e Sbdt =
® { 0 tey, ClOCWI=[ol-tedi=ot-t)e @

S(t—t)= %Kt —1)
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Useful Theorems

Theorem 1. Linearity
Llaf (t)]=aF(s)

Theorem 2. Superposition

'LJ[ fl (t) * fz (t)] - I:1 (S) * Fz (S)

Theorem 3. Translation in time.

L[f(t-a)lt-a)]= T f(t-a)lit-a)edt (a>0)

~ [ tEe e dr (et t-a=1)

_ T f(0)U(r)e e dr =D (o f(0)l(r)=0 for r <0)

f(t) u(t) f(t-a) u(t-a)

A~

8] t 0 t
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Useful Theorems

Theorem 4. Complex differentiations

£t (t)] = —% F(s)

1
4’[1]=% l’[t-l]:_%F(g,):S_2

L[t*]= L[t t]= —% SiJ :% L[tf (t)] = —% F(s)

proof) let. F(s)= [ f(t)edt

0

9 E@E) = T%[ f(t)e™ |dt=- th (e " dt =— £[tf (t)]

ds
d2
similarly, Z[t*f(t)]=(- 1)2 F(s)
Theorem 5. Translation in the s—-domain
L[e* f()]=F(s-a) L[e* coswt] = { }
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Useful Theorems

Theorem 6. Real Differentiation

Df () :% f (t)

d <d
roof) let. £2[— f(t)]=|— f (t)e Sdt
proof ) [ f O] !dt (t)

o]

‘: - j f (t)e~dt(-s)

0

=—f(0)+s-F(s)

= f(t)e™

similarly, .£[D?f (t)] = £[D - Df (t)] = .£[Df '(t)]
=s{s-F(s)— f(0)} =s*-F(s)—s- f(0)— f (0)
dn

L
[dt”

f(O)]=s"-F(s)—s"*- f(0)—s"2- f (0)
...m £0D(0)
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Useful Theorems

Theorem 7. Real Integration I(t) f(t)dt=D1f(t)-D1f(0)

£ﬁ f (t)dt} =

0

O gy 8

t
[ f(@)dz-edt
0

0

t

=—5e-stjf(r)dr —j—le-stf(t)dt
S . , o S
t 0
“2[f(r)de] +=[ef@dt=
SO t=0 SO

Theorem 8. Complex Integration

L’[@} j'oo F(s)ds

S
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Useful Theorems

Theorem 9. Final value Theorem
Iimf(t){ J

Theorem 10. Initial value Theorem

qu\f(t){ }
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Inverse Laplace Transformation

L:f @)= F(s)
L1F(s) > f(t)

C+jo
f(t)=£'1[F(s)]=% j F(s)e®ds ( c : real constant )
c—jw

+ Inverse Laplace Transformation by Partial Fraction Method

P(s) a,s"+a,,s" +--+a,

F (S) = = 1 (n>=m)
Q(s) s"+b, ;ST +---bs+Db,
s"+b s"+---+bs+Db, — real complex conjugate, a, b : real num.
2
:(S—Cl)(S—CZ)---(S +d18+d2)
a (04 S+
= F(s) = 1 2, ... 2/81 )i
s—-c, S-¢C, s°+d;s+d,
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Examples of Inverse Laplace Transformation

1 a b C
= + +
(s+2)°(s+3) (s+2) (s+2)°* (s+3)
a(s+2)(s+3)+b(s+3)+c(s+2)° =1
let s=-2,thanb=1 lets=-3,thanc=1

ex) F(s) =

L} — —
a(s+2)+b+c-s+2: L & a+c-(s+3) (S+2): L >
s+3 s+3 s+3 (s+3)
-1 1 1

s a=-1b=1c=1 F(s)= + >t
(s+2) (s+2)° (s+3)

=> |nverse Laplace Transformation

ft)y=—e" +te™ +e°
(partial fraction method)

1
10 1OXZX4 10 4

7165425 (s+3)2+4 4 (5+3)°+42

ex) F(s) =

S f@) = %sin 4te™
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Solution of Differential Equation by Laplace Transformation

v(t)

X(f)  spring
K
mass mx + Bx+ K =T
Fl)——» ma T+ BT+ KT
B
damper

y'+2y'+4y=1 y(0)=0,y(0)=2

4 N\
L.T:

\_ Y,

4 )

. Y,
Y(s) = 2s+1 i_i s+1-1

s(sz+23+4):4s 4(s+1)2+(\/§)2

Y { J
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Laplace Transform Table

Item no. J @) F(s)
L. 5(1) 1
2 u(7) !
)
3. tu(r) |
5_2
4. [ul(t) nl
gt 1
S . e—ﬂi.-! 1 ( I) l
S+ d
6. sin wiu(t) &
52 + w?
7. cos wtu(t) e
52 _|_ wz Nise Ch.2
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Laplace Transform Theorems Nise Ch2

Item no. Theorem Name
I. LIfO)=F(s) = [oo f(r)edt Definition
. Lk f(1)] = kF(s) Linearity theorem
3 LA+ f2(t)] = Fi(s) + Fa(s) Linearity theorem
4. Lle ™ f(1)] = F(s+a) Frequency shift theorem
5. Lf(t—=T)] = e M F(s) Time shift theorem
_ I ; ali
0. 2| f(at)] _ —F(i) Scaling theorem
&l il
7. . Fﬁ] — SF(s) — £(0-) Differentiation theorem
dt
8. _ 'd%r" 5 Differentiation theorem
Z pr = s°F(s) —s f(0—) — f(0-)
£
0. P d"f _ $F(s) - n @k =10y Differentiation theorem
Ldt | k=1
10. Al Fls Integration theorem
2| fo_ flr)dr] = E )
11. f(o0) = limﬂsF{s} Final value theorem'
§—
12. F{0+) = lim sF(s) Initial value theorem”

§— 00
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