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Chapter 2.

Laplace Transform

Nise Ch.2.1-2.3
MIT OCW  Lec.3
Palm Ch .3
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Review of the Last Lecture

Step input response Transient response  . (  )

System Model  

Frequency response Sinusoidal input response . (   )
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( )u t ( )y t

Input                                                     output

system

System, Input  and  Output

Output depends on inputs !

• Static System vs Dynamic system  .  
• Linear System vs Nonlinear System  .   

Depending on the system input output relationship,
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Ex) Balance

=>    Static System

Static System  vs.  Dynamic System

=>    Dynamic System

Interested in static weight 
measurement

Interested in FAST weight 
measurement

Settling time < 0.1msec

Static System Weight K x = *

Dynamic System Weight K x = * , 
Settling time  = 
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Linear systems   :   linear superposition principle

1 1 2 2( ) ( ) ( )u t u t u tα α= + 1 1 2 2( ) ( ) ( )y t y t y tα α= +

Linear   vs.   Nonlinear

Linear 
System

u1(t) y1(t)

Linear 
System

u2(t) y2(t)

Linear 
System

u1(t) y(t)?

u2(t) +
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System Schematic Block Diagram Transfer 
Functions

G s( )

H1 s( )

C s( )

H2 s( )

U s( )
Y s( )

C s G s H( ) ( ) 1 s( )
C s G s H1+ ( ) ( ) 2 s( )

Y s( )= U s( ) 
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Why use Laplace Transform?
Algebraic Manipulation of ODE   

Solution of ODE is hard.

Tranform in to a “domain” where 
it’s easier to solve

Solve in the new domain

Perform “inverse” transform.

Laplace domain is a frequency 
domain.

Integration, Differentiation 
becomes multiplication, division.
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⋅ Definition:  £ [f(t)] =           

£: f(t) ⇒ F(s) , s=σ +jω (complex variable) 

f(t) : a time function such that    f(t)=0   for   t<0

⋅ Inverse Laplace Transformation

L
1[ ( )] ( )F s f t− =

0

( ) ( )stf t e dt F s
∞

− =∫

Laplace  Transformation
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• f(t)  Laplace – transformable

if    i) f(t)  piecewise-continuous

ii) f(t)  of exponential order as t  approaches infinity

- bounded,   α exist.

- or                      approaches zero  as t approaches infinity.

• If                                                          

the              :   the abscissa of convergence

Existence  of  Laplace  Transformation

0
lim ( ) ct

t
c

for
e f t

for
σ σ σ

σ σ
−

→∞

>⎧
= ⎨∞ <⎩

cσ

( )te f tσ−

)(tfe tα
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2

0( )
0 0, T< t

te for t Tf t
for t

⎧ ≤ ≤ < ∞⎪• = ⎨
<⎪⎩

0 0
lim sin

0
t

t

if
e t t

if
σ σ

ω
σ

−

→∞

>⎧
= ⎨∞ <⎩

0
lim t ct

t

if c
e te

if c
σ σ

σ
− −

→∞

> −⎧
= ⎨∞ < −⎩

0cσ =

c cσ = −

, , sin , .ct ct cte te e t c constω− − − =

, sin , sin ...t t t tω ωexample :   1)

the abscissa of convergence   

2)

the abscissa of convergence   

2 2

,t te te• does not possess L T   . .

L f t exists[ ( )] .

- The signals that can be physically generated always have         
corresponding      

Laplace transforms 

Existence  of  Laplace  Transformation
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0 0
( )

0t

for t
f t

Ae for tα−

<⎧
= ⎨ ≥⎩

0

( )

0

( ) 0

( )

[ ]

1 1[ ]

1 1[ ]

1[0 ]

t t st

s t

s

j

Ae Ae e dt

Ae dt

A e e
s s

A e
s s

AA
s s

α α

α

α

σ α ω

α α

α α

α α

∞
− − −

∞
− +

− + ⋅∞

− + ⋅∞− ⋅∞

= ⋅

=

= − +
+ +

= − +
+ +

= + =
+ +

∫

∫

L

Laplace  Transformation  of  simple  function
• Exponential function  

A,  
a constants:                             

α−

( )s jσ ω= +

σ

jω
σ α> −
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• step function 
0

( )
0 0
A t

f t
t
≥⎧

= ⎨ <⎩

• unit step input function   

0

0

1 1[ ( )] [ ]

1[0 ] Re[ ] 0

st s sf t Ae dt A e e
s s

A if s
s

∞ − − ⋅∞ − ⋅= = − +

= + >

∫L

Laplace  Transformation  of  simple  function

0
0

0

1
1( )

0

1 0
1( )

0 0
1[1( )]

t t
t t

t t

t
t

t

t
s

≥⎧
− = ⎨ <⎩

≥⎧
= ⎨ <⎩

=L
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• Sinusoidal Functions

1cos ( )
2
1sin ( )

2

j t j t

j t j t

t e e

t e e
j

ω ω

ω ω

ω

ω

−

−

= +

= −

0

2 2

2 2

[ sin ] ( )
2

1 1 1( )
2

[ cos ]

j t j t stAA t e e e dt
j

j s j s j
A

s
AsA t

s

ω ωω

ω ω
ω
ω

ω
ω

∞
− −= −

= −
− +

=
+

=
+

∫L

L

• Ramp function 

Laplace  Transformation  of  simple  function

0

0
0

20

[ ]

1 1

st

st st

st

At A te dt

e eA t dt
s s

A e dt A
s s

∞ −

∞− −∞

∞ −

=

⎛ ⎞
⎜ ⎟= −
⎜ ⎟− −⎝ ⎠

= ⋅ = ⋅

∫

∫

∫

L

sin 0
( )

0 0
A t t

f t
t

ω ≥⎧
= ⎨ <⎩

0
( )

0 0
At t

f t
t
≥⎧

= ⎨ <⎩



System Analysis   Spring 2009Seoul National Univ.
Department of Mechanical                           
and Aerospace Engineering

14

0
0

0

0
( )

0 0, < t

A for t t
tf t

for t t

⎧ ≤ ≤⎪= ⎨
⎪ <⎩

0
0 0

( ) 1( ) 1( )A Af t t t t
t t

= − −

0

0

0

0

0
0

0

0
0

0

1[ ( )] lim (1 )

(1 )
lim

( )

t s

t

t s

t

Af t e
t s

d A e
dt A s Ad st s

dt

−

→

−

→

⎡ ⎤
= −⎢ ⎥

⎣ ⎦

⎡ ⎤−⎣ ⎦ ⋅
= = =

L

• Pulse function 

• Impulse function 

0
0

0

0

lim 0
( )

0 0,

t

A for t t
tf t

for t t t

→∞

⎧ ≤ <⎪= ⎨
⎪ < <⎩

0

0
0 0

0

[ ( )] 1( ) 1( )

1 (1 )t s

A Af t t t t
t t

A e
t s

−

⎡ ⎤ ⎡ ⎤
= − −⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦

= −

L L L

Laplace  Transformation  of  simple  function
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[ ]

0
0

0

0

0

0 0

1lim 0
( )

0 0,

0
( ) ( ) ( ) ( ) 1

0 0

t

st

for t t
tf t

for t t t

t
t t t e dt t dt

t
δ δ δ δ

→∞

∞ +
−

−

⎧ ≤ <⎪= ⎨
⎪ < <⎩

∞ =⎧
= = = =⎨ ≠⎩

∫ ∫L

The unit -impulse function occuring at   

[ ]
0

0 0

0

0
0 0 0

0 0

0 0

( ) ( ) ( ) ( ) 1
0

( ) 1( )

t
st t sst

t

t t
t t t t t e dt t t e dt e

t t

dt t t t
dt

δ δ δ δ

δ

+∞
− −−

−

∞ =⎧
= − = − = − = ⋅⎨ ≠⎩

− = −

∫ ∫L

0t t=

Laplace  Transformation  of  simple  function

• Unit impulse function impulse function of magnitude   ;     1
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Theorem 1. Linearity

Theorem 2. Superposition

Theorem 3. Translation in time.

( 0)a >

Useful   Theorems

0

( )

0

[ ( )1( )] ( )1( )

( )1( ) ( . )

( )1( ) ( ) ( ( )1( ) 0 0)

st

s a

a

s sa sa

f t a t a f t a t a e dt

f e d let t a

f e e d e F s f for

τ

τ

τ τ τ τ

τ τ τ τ τ τ

∞
−

∞
− +

−

∞
− − −

− − = − −

= − =

= = = <

∫

∫

∫ Q

L

[ ( )] ( )af t aF s=L

1 2 1 2[ ( ) ( )] ( ) ( )f t f t F s F s± = ±L
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Theorem 4.  Complex differentiations

Theorem 5. Translation in the s-domain

[ ( )] ( )dtf t F s
ds

= −L

1[1]
s

=L 2

1[ 1] ( )dt F s
ds s

⋅ = − =L

2 3
2

0

0 0
2

2 2
2

1 2[ ] [ ] [ ( )] ( )

) . ( ) ( )

( ) ( ) ( ) [ ( )]

, [ ( )] ( 1) ( ) [ ( )] ( 1) ( )

st

st st

n
n n

n

d dt t t tf t F s
ds dss s

proof let F s f t e dt

d F s f t e dt tf t e dt tf t
ds s

d dsimilarly t f t F s t f t F s
ds ds

∞
−

∞ ∞
− −

⎛ ⎞
= ⋅ = − = = −⎜ ⎟⎜ ⎟

⎝ ⎠

=

∂ ⎡ ⎤= = − = −⎣ ⎦∂

= − = −

∫

∫ ∫

L L L

L

L L

2 2

( )[ cos ]
( )

at s ae t
s a

ω
ω

−
=

− +
L[ ( )] ( )ate f t F s a= −L

Useful   Theorems
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{ }

0

0
0

2

2

( ) ( )

) . [ ( )] ( )

( ) ( ) ( )

(0) ( )
( ) (0)

, [ ( )] [ ( )] [ ( )]
( ) (0) ( ) (0) '(0)

[ ( )] ( )

st

st st

n
n

n

dDf t f t
dt

d dproof let f t f t e dt
dt dt

f t e f t e dt s

f s F s
s F s f

similarly D f t D Df t Df t
s s F s f s F s s f f

d f t s F s s
dt

∞
−

∞
∞− −

=

=

= − −

= − + ⋅
= ⋅ −

′= ⋅ =

= ⋅ − = ⋅ − ⋅ −

= ⋅ −

∫

∫

L

L L L

L 1 2

( 1)

(0) '(0)

(0)

n n

n

f s f

f

− −

−

⋅ − ⋅

−K

Useful   Theorems

Theorem Real Differentiation 6.      
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Theorem 7. Real Integration

Theorem 8. Complex Integration

)0()()( 11
0 fDtfDdttft −− −=∫

0 0 0

0 00

1

0 00

( ) ( )

1 1( ) ( )

1 1 ( ) (0)( ) ( )

t t
st

t
st st

t
st

t

f t dt f d e dt

e f d e f t dt
s s

F s ff d e f t dt
s s s s

τ τ

τ τ

τ τ

∞
−

∞ ∞
− −

∞ −
−

=

⎡ ⎤
= ⋅⎢ ⎥

⎣ ⎦

= − − −

= + = +

∫ ∫ ∫

∫ ∫

∫ ∫

L

( )f t
t

⎡ ⎤ =⎢ ⎥⎣ ⎦
L ( )

s
F s ds

∞

∫

Useful   Theorems
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Theorem 9. Final value Theorem

Theorem 10. Initial value Theorem

0
( ) ( )lim lim

t s
f t sF s

→∞ →

=

0
( ) ( )lim lim

t s
f t sF s

→ →∞

=

Useful   Theorems
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[ ]

-1

-1

: ( ) ( )
: ( ) ( )

1( ) ( ) ( )
2

c j
st

c j

f t F s
F s f t

f t F s F s e ds
j

ω

ωπ

+

−

→

→

= = ∫

 

 

L 

L

L

1
1 0
1

1 1 0

( )( )
( )

m m
m m
n n

n

a s a s aP sF s
Q s s b s b s b

−
−
−

−

+ + +
= =

+ + +
L

L
( )n m≥

c real constant(  :   )

Inverse Laplace Transformation by Partial Fraction Method*       

1
1 1 0

2
1 2 1 2

         real complex conjugate,    a , b : real num. 

( )( ) ( )

n n
ns b s b s b

s c s c s d s d

−
−+ + + + ⇒

= − − + +

L

L

1 2 1 2
2

1 2 1 2

( ) sF s
s c s c s d s d
α α β β+

⇒ = + + + +
− − + +

L L

Inverse  Laplace  Transformation
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2 2

2

d
ds

2

1)  ( )
( 2) ( 3) ( 2) ( 2) ( 3)

      ( 2)( 3) ( 3) ( 2) 1
      2, 1, 3, 1

2 1 ( 3) ( 2) 1      ( 2)         
3 3 3 ( 3)

      1,  1

a b cex F s
s s s s s

a s s b s c s
let s than b let s than c

s s sa s b c a c
s s s s

a b

= = + +
+ + + + +

+ + + + + + =
= − = = − =

+ + − + −
+ + + ⋅ = ⎯⎯→ + ⋅ =

+ + + +

∴ = − = 2

1 1 1,  1,       ( )
( 2) ( 2) ( 3)

c F s
s s s
−

= = + +
+ + +

2 2 3  ( ) t t tf t e te e− − −= − + +

Inverse Laplace Transformation=>     

partial fraction method(   )

Examples  of  Inverse  Laplace  Transformation

2 2 2 2 2

3

110 410 10 44)  ( )
6 25 ( 3) 4 4 ( 3) 4

10    ( ) sin 4
4

t

ex F s
s s s s

f t te−

× ×
= = =

+ + + + + +

∴ =
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Solution of Differential Equation by Laplace Transformation

{ }2

2

2 4 1     (0) 0 ,  (0) 2

1L.T:  ( ) (0) (0) 2 ( ) (0) 4 ( )

1 2 1         ( 2 4) ( ) 2

y y y y y

s Y s sy y sY s y Y s
s

ss s Y s
s s

′′ ′ ′+ + = = =

′− − + − + =

+
+ + = + =

( )22 2

2 1 1 1 1 1         ( )
( 2 4) 4 4 ( 1) 3

1 1 1     ( ) cos 3 sin 3
4 4 4 3

t t

s sY s
s s s s s

y t te te− −

+ + −
= = −

+ + + +

∴ = − +
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Laplace Transform Table

Nise Ch .2
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Laplace Transform Theorems Nise Ch .2
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