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Newton’s Laws

1)First law : conservation of momentum
no external force

= no momentum change

linear momentum : mv

angular momentum : J

dv

2) Secondlaw: > F = ma= ma
do
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Three Basic Elements in Modeling Mechanical Systems

i) Inertial elements ( kinetic energy ):
masses: M moments of inertial : J

ii) Spring elements ( Potential energy )

[ =k, -A0=k(6,-6,)
’ C 7 F F=k
=K AX

% [ =k(X1-X2)
| A

Torsional spring

iii) Damper elements ( Energy dissipation ) ¢ stfiness
7 by F =bx
E
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Spring Elements
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Damping Elements

Frame

Piston
motion
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Examples of Modeling Mechanical Systems

exl) t=0, w(0)=0,

equation of motion :

do =—bw
dt
J d—C()era)zO —>d—w+2a)=0
t d J
let, o(t) = ce™ — 1e™ Jr%eﬂt =0 aoff) 4
b "
A=——
J w,e” =0.3680),
L : :
w)=ce 7,120, w)=a=C Sl (time constant)
b
o(t) =w.e 7
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Examples of Modeling Mechanical Systems
Spring-Mass

ex2)

X(t) =X, cos \/%t =X, Cosat

2
% =Rk 2
o Period T=—22_[seq]
mX+kx=0 — X‘+£x=0 vk/m
m
« Frequen f:lzi\ﬁ H
X(t) = Acos\/Et + Bsin \/Kt quency T 2z\ym (F]
m m
x(0)=A=Xx, « Natural frequency
X(O):—A\/Esin\/EHB\/Ecos\/Et :B\/K:O k
m m m m m o =2rf = p- [rad /sec]
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Examples of Modeling Mechanical Systems

Spring-mass-damper

k ’—bx

%(0) = X,
b 1
d?x .
ad, > » () m—2=—kX—bX
dt
bE
= . b K
— X+—X+—x=0
m m
Kk
let, —=af,

b b

_:2 —
S, =20, N ¢
X+22mx+aix=0, xt)=c-&" X +2Lni+afx=0

rA=—Cw,t4(¢w,) — 0? = (o, £ 1o,
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Examples of Modeling Mechanical Systems

b k X(O)ZX0
X+—X+—x=0 %(0) = X, =0
m m
k b b
|Et, _:a)r?, —:2 a)n, i
m m 5 2Jmk .

X+2lw X+’ x =0
Laplace Transform

(S*X(S) =S X, — X, ) + 2@, (SX () — X,) + @’ X (s) =0
(s° +2lw s+ @’ )X (S)—S X, —2Lw X, =0

(s* +2Lw.s+w>)X(S) =5 X, +2Lw, X,

S+ X, + 24, X,

s’ +2Lw. S+’

X(s)=
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Examples of Modeling Mechanical Systems

S X, +20w, X, S« X, N 20w, X,
°+2lw s+w.  ST+2lw S+ ST+2lw S+’

X(s) =

s’ +2lw S+ a)2 : charateristic polynomial
s’ +2¢w. s+’ =0 : characteistic equation

S=—Cw, J_r\/(ga)n) —~w’ =—Cw, T \/¢* -1 : charateristic roots
1) £ <1 underdamped

~Cw to A -1=~Co + jo \1-C°

X (s) = (s+Sw,) X, L. X,
(s+lw )+’ (1- é’) (s+lw )+’ (1-<7)

X(t) =e ™| X, cos 1—§2a)nt+%xosin —m t

1-¢
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Examples of Modeling Mechanical Systems

2) ¢ >1 overdamped

s=—Cw tw -1

(s+24w,) - X,

X(s) =
(s) (3+§wn—w§\/m)(s+§wn+w§M)
) =kl T gl

3) £ =1 critically damped
$=—¢w,
(s+2lw.) - X,

(s+ ¢, )2

x(t) = ke e 4k, tet e

X(s)=
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Examples of Modeling Mechanical Systems

1) (<1 Underdamped

X(t) =e LXO cos1-Cw t —e X, Siny—¢ ot

{a)n: natural frequency w, =\J1- o,
¢ . damping ratio

2) ¢>1 Overdamped

X(t) _ kle(—g’a)n +\/za)n )t (—é’a)n —\/za)n )t

A=—Cw, +/C° —lw,

3) =1 -

+k,e

X(t) = ke " +k,te ™"
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Dry Friction (no lubricant)

4

— 3
F——
Fu — { ( '} o
ma T =hbw
i)
e Fus = Static Friction Force
_ Fuk = Kinetic Friction Force
L
- F
Fys A eFus = ussN s : Static Friction Coefficient
. 3 Fuk = kN  gk: Kinetic Friction Coefficient
X =0 X#0
T B .
- _ F !f F<F. F,=F,son(x)
“|Fgsan(F) IfF>F,
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Friction (with lubricant)

i

I—)v
F——
Fu — { : } =
mg T =bw
I
[ bx+G-Nsgn(x) VX > ¢
F, =1 F if |X| <& and |[F<(F,+G-N)
(F, +G-N)sgn(F) otherwise e, if X <eand |F|>(F,+G-N)
b: viscous friction coefficient
G: load-dependent factor
N: normal force
Fs: the maximum static friction
& :asmall bound for zero velocity detection
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