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System without Input Derivatives

ex1) Consider a system defined by y+6y+11y+6y=06u

Choose state Variables! X1 =Yy - Phase variables (each subsequent state
variable is defined to be the derivative of
X, = y the previous state variable.)
Xy = y

Then we obtain,

X, = X,
X, |= X, |+ |u, y=] | .
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System with Input Derivates

ex2) Consider a mechanical system,

S o =
Choose state variables, 0.0
iiiiiiccdcccddccccc
: . K b b .
X=X, X===X—-——X+—U

m m m
The right side includes U term. To explain the reason we should not include

differentiation of u, assume u=/o5(t) (unit impulse function)

XZ:—%jydt—%er%&(t)

Xzincludes (k/m) &(t) term. It means  X,(0) = and cannot be accepted as

a state variable.

That’s why the standard form is
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System with Input Derivatives

Method 1: Choose a state variable that includes u

. k_b. b.
j=——y-—y+—U0 >
m m m
Al el
dt

To eliminate || term,

So we choose state variables as, X =Y, X,=

b . K b . b K b b
X,=y——U=|—-——y——y+—U|-—U=——X——| X, +—U

m m m m m m m m

k b b)Y — U termhas
=——X-——X—-|—|Uu .
m m m been eliminated.
s Tk
X2 X2
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System with Input Derivatives

Method 2: Include the input derivates in the output equation

Consider a second-order system, y+ay+a,y=bu+bu-+bu

Y(s) b,s*+bs+b,

U(s) s*+as+a, - |
U(s) 1 Z(S) ) Y (s) Z+az+a,z=U
s?+a,5+a, 0,s” +hys+b, y=b,7+b,7+b,z
let, X, =2z, X,=2 X =X,
%, =-
b,Z+bZ2+b,z= =Y

X=X, X, =—a,X —aX, +Uu

y = (b, —a,by)x + (b, —aby)x, +byu
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System with Input Derivates

Method 2: Include the input derivates in the output equation

MR KT

N-th order differential equation,

y:[bz_azbo : bl_a1bo]|::l:|+bou

yM+ay"++a y+a,y

_py™ (n-1) -
=b,u™ +bu™" +---+b _Uu+bu

X, 0
X, 0
. . u,
X4 0
X, 1]
_Xl_
X
7 |+byu
_Xn_
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System with Input Derivatives

etV et [

ex2) Consider this mechanical system again,
my =—ky —b(y—u), my+by+Kky =bu
Y(s) bs Z(s) - Y(s)

b
k
.__W\,_—i m H ©

_ | = , = 00
U(s) ms®+bs+k  U(s) Z(s) T

(ms®+bs+k)Z(s)=U(s), bsZ(s)=Y(s)

State variables,

$Z(s) = =U(9) = 5 Z(8) ~~Z(s) = %=
" m m X =X,
D Block Di , . k b 1
&. l s*Z(s) J 1 1 sZ(s) . 1| Z(s) . y —
m*(% S x2 s XI |
3 System Matrices:
S 0 1 0] c=[0 1]
T k] = k b (B=|1
- “m m) |ml O[O
m m m
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System with Input Derivatives

ex) Consider a spring-mass—-damper system

e e d?y dy duj
7 | dt? (dt dt (y-1)
1 d’y | dy du
Y m or m +b—=L+ky=b—+ku
i a2 Cdt Y dt
[ RO ¢ N
77177 ,//,gzz/c///;/;-////,,,,////,9/;,/:,:', TranSfer FunCtion = Y(S) = Zt)s+ k
U(s) ms”+bs+Kk
State EQ:
b,=0, b =b, b=k b—ab—k——+0 LS
Output Eq: o TR 277 m T m
b K
o a=—, 8,=— Cap P2 b 4 b
State variables: m m b —aby m.m m
Rewrite 0 1
equations: : 0 |
kK b
e i [n Rl
X, —— | % 1 m mJ| X
m m )
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Matlab Example

If, m=10kg, b=20N-s/m, k=100N/m

Mg MERERS R

Unit-Step Response (Method 2)

15

t=0:0.02:8;
A=[01;-10-2];

B=[0;1];

c=[102];

D=[0];

sys=ss(A,B,C,D);
[y,t]=step(sys,t);

plot(t,y)

arid

title('Unit—Step Response (Method 2)','Fontsize',15)
xlabel('t(sec)','Fontsize', 15)

Output y(m)

0.5

ylabel('Output y(m)','Fontsize',15)
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Transformation of Mathematical Models with MATLAB

Y(s)  numerator polynomial in's

_num

U(s) denominator polynomial ins den

MATLAB command, [A, B, C, D] = tf2ss(num,den) gives a state space representation.

Y (s) _ S

ex) Consider,
U(s) s°®+14s®+56s+160

One of many possible state-space representations is,

X, =14 -56 160 | x | |1
X, |=| 1 0 0 ||x,[+|0]u
X, 0 1 0 ||x;| [O

>>num=[00 1 0];
>> den=[114 56 160];

>> [A,B,C,D]=tf2ss(hum,den)

A=
-14 -56 -160
1 0 O
O 1 O
B =
1
0
0
C=
O 1 O
D=
0
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